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Algebra of Sequences in Locally Convex Algebras

*
By Ajit Kaur CHILANA and Usha KIRAN

0. Introduction

Pietsch [6] and Rosier [7] combine a perfect sequence space A of sca-
lars and a locally convex space E and topologize them to make them into
locally convex spaces. In this paper, we take F to be a locally convex
algebra and study the conditions on A and Z which make the resulting
space a locally convex algebra with properties such as A-convexity, local

multiplicative convexity and having jointly continuous multiplication.
1. Notation and Terminology

The basic terminology will be as in [4]. A complex (real) algebra F
with a locally convex linear topology for which multiplication is sepa-
rately continuous will be called a locally convex algebra. E is called
locally multiplicatively convex, in short, Ime, if there exists a basis of
idempotent convex neighborhoods of zero [5]. Following [3], an absolutely
convex set B in E is called right (left) A-convex 1if it absorbs Bz
(xB) for every « in E, it will be called A-convex if it is both right

and left A-convex. A locally convex algebra is called (right, left) A-

* Authors would like to thank U. G. C. {India) for All India Research
Fellowship.
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convex if there exists a basis of (right, left) A-convex neighborhoods of
zero. Following [2], a subset U of E is called right (left) boundedly
multiplicatively convex, in short, bme, if for every bounded set B there
exists a scalar p > 0, depending upon B and U, such that UBcplU (BU c
pU)}. It will be called bme if it is both right and left bmec. A locally
convex algebra is called (right, left) locally boundedly multiplicatively
convex, in short Ibme, if there exists a basis of (right, left) bmc neigh-
borhoods of zero. Multiplication in a locally convex algebra will be call-
ed right (left) hypocontinuous if given a neighborhood U of zero and a
bounded set B there exists a neighborhood V of zero satisfying VB<U
(BV<U). We say that multiplication is hypocontinuous if it is both right
and left hypocontinuous. Multiplication is jointly continuous if for each
neighborhood U of zero there exists a neighborhood ¥V of zero such that
V2cU. Let 2L(E) be a basis of absolutely convex closed neighborhoods
of zero which will be taken to be A-convex in case E is A-convex and
similarly for other conditions on E. Let ¥(E) = {pU: U eU(E)} be the
corresponding collection of seminorms. Let A be a normal sequence space
such that ¢ cAcm, where ¢ 1is the space of all complex (real) sequences
with only a finite number of nonzero co-ordinates and m is the space of
all bounded complex (real) sequences. Let A* denote the a-dual of A.
Let A{E} be the space of all E-valued sequences x = (mn) such that the
scalar sequence (pU(xn)) is in A for each U in 2U(F). Let N denote

the set of natural numbers.
2. A-hypocontinuity and A-local multiplicative convexity in algebras

Definition 2.1. A subset U of E is called right (left) A-multipli-

catively comvex, in short, right (left) A-me, if for every =z = (mn) in
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ME} there exists a scalar a > 0, depending upon « and U such that
for each n in N, an<:aU (xnUczaU). It will be called A-me if it is

both right and left A-mc.

Definition 2.2. A locally convex algebra is called (right, left) A-
locally multiplicatively comvex, in short, (right, left) A-lme if there is
a basis of closed absolutely convex (right, left) A-mc neighborhoods of

Z€eYo.

Definition 2.3. Multiplication in a locally convex algebra E is said
to be right (left) A-hypocontinuous if given a neighborhood U of zero
and x = (xn) in A{E} there exists a neighborhood V of zero satisfy-
ing Vxn<:U (anW:U) for each neN. We say that multiplication is A-

hypocontinuous if it is both right and left A-hypocontinuous.

Clearly, if U 1is any other normal sequence space such that Acu
then E is U-lmc implies that E is A-lmc which further implies that E
is A-convex. Also E 1is u-lmc implies that E has u-hypocontinuous
multiplication which in turn implies that E has A-hypocontinuous multi-
plication. We investigate the possibility of implications in the reverse

direction.

Theorem 2.4. Suppose that E has a continuous norm, then E has ¢p-
hypocontinuous multiplication. Further, if E is A-convex, then it is p-

Ime.

Proof. Let p be a continuous norm on Z. Let (x) ep{E}. Then
p(xn) = 0 and therefore x, = 0 for all but a finite number of n's. The

rest of the proof follows easily.
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Theorem 2.5. Let A# P be a normal sequence space of bounded sequen-
ces and E be a metrizable locally convex algebra. Then (right, left) A-

hypocontinuity is equivalent to (right, left) hypocontinuity.

Proof. Clearly (right, left) hypocontinuity in £ implies (right,
left) A-hypocontinuity. Let E have right A-hypocontinuous multiplica-
tion. Then there exists an increasing sequence & = {pn: n €N} of semi-
norms defining the topology of E with the property that if y = (yk) €
ME} and neN then there exists p%1ef> such that pn(xyk) < pm(x) for
all keiN and xeE. Let o= (uh) e A\P. Since A is normal we may
suppose that o 2> 0 for all n in N. Let Bn = l/an if o, >0 and
Bn =1 if o = 0. Let if possible E not have right hypocontinuous
multiplication. Then there exists a seminorm p,, @ bounded sequence (xm)

. | -
and a sequence (ym) in F such that pn(xm, ym) > mqmg%(ym). Put X, =
0 if o =0 and z' =2 if o # 0. Then (x') is a bounded sequen-

m m m m m
ce. As (am) €A and X 1is normal, (pj(amxé)) e A for each jeNN. So
(umxé) e ME}. Since E has A-hypocontinuity, there exists a seminorm pj
’ . .

such that pn(amxmy) < pj(y) for all yeE. Since ¢ ¢, there exists

k > 4 such that Oy # 0. Then pj(y) < pk(y) for all ye¢E. So we have
, < . . )

(k/uk)pk(yk) < pn(xkyk) < pk(yk)/ak. Therefore k < 1, which is absurd

Hence we get the result for right hypocontinuity. Similarly we can prove

for other cases.

Corollary 2.6. In a metrizable locally convex algebra hypocontinuity

is equivalent to Qp—hypoeontinuity for any p > 0.

Theorem 2.7. Let A # § be a normal sequence space of bounded sequen-

ces. Then a locally comvex algebra E 1is (right, left) lbme if and only
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if it is (vight, left) A-Ime.

Proof. 1t is enough to show that every (right, left) A-mc set is
(right, left} bmc. Let A be a right i-mc set in E. If possible, let
A be not right bmc. Then there exists an absolutely convex bounded set
B such that AB is not absorbed by 4. Let o = (o) eA\p. We may
suppose 0o, 2 0 for all =n. Then for each #n with o, # 0 there exists
acneA and yneB such that oY, ¢nA. Put x, = 0 and Y, = 0 when
o, = 0. Now for each Ue@U(E), pU(anyn) = anpU(yn) and as (yn) is a
bounded sequence in E and (an) € X we have that (pU(dhyn)) is in A,
So (o9, e A{E}. Since 4 is right A-mc, we have a © > 0 such that
for each #neN, xn(anyn) epd. Since of9g we can choose an m > p with
um # 0. Then xmynle(m/am)A which gives a contradiction. Similarly we

can prove that a left A-mc set is left bmc.
Corollary 2.8. 4n Zp—lmc algebra is lbme for each p > 0.

Example 2.9. Consider the algebra ([0, 1] of all continuous complex
valued functions on the closed interval [0, 1]. A norm p is defined

on this algebra by p(f) = sup{|f(@)g@)| : xe [0, 1]}, where

g (x) ={

Then E = ([0, 1], p) is a normed linear space which is A-convex (Exam-

x for 0<x < 1/2

1 -2 for 1/2 <x < 1.

ple 2 of [3]). So by applying Theorem 2.4 we get that E is @-1lmc and
consequently E has @-hypocontinuous multiplication. On the other hand,
it is proved in Example 2.24 of [2] that E is not lbmc and does not have
hypocontinuous multiplication. Again by Theorem 2.5, E does not have A-

hypocontinuous multiplication for any A with @ ci and ¢# Al
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Example 2.10. Consider the set [0, 1] with the Lebesgue measure. Let
us consider (equivalence classes of) measurable functions defined on [0, 1].
Let for p 21, |]f|kj = { Ll |f(x)|pdx}l/p. L consists of all functions
£ for which ||F|l, IFll,, <<+ l]f|%, -++ are all finite. A base of neigh
borhoods for 0 in the topology T, on f is given by the sets of the

type {f:]|f|% < €} where p =1 and € > 0 (see [1]). The multiplica-
tion in I" is jointly continuous and therefore hypocontinuous. So Lw

has A-hypocontinuous multiplication for all A. But ¥ is not A-convex

and therefore can not even be 50—1mc.

Example 2.711. Let I” denote the subalgebra of essentially bounded
measurable functions on [0, 1]. Consider L00 with the subspace topology
T* induced on it by the topology Ty of Lw. Then (Loo, T*) 1is an A-
convex algebra which is not 1bmc (Example 5.5 of [2]). So by Theorem 2.4,
it is p-1mc and by Theorem 2.7, it is not A-lmc for any A such that ¢ <

Aem and ¢ # A. Also I” has jointly continuous multiplication and

therefore, it has A-hypocontinuous multiplication for all A.
3. A{E} as a locally convex algebra

Let A be a perfect sequence space. A family o consisting of bound-
ed subset of A* is called a normal topologizing system for A if JN
has the following properties: (i) If M, , M, €M then there exists MedZ
such that My M,c ¥; (ii) If MeuZ and 0 > 0 then pMed; (i) If o
€ A* then aeM for some Meo;(iv) The normal hull of every set in <%
is in <. Rosier [7] has proved that if ¢ is a normal topologizing
system for A then the collection of all M°, MeoZ forms a neighborhood

base at zero for a locally convex topology on A. Also we denote by A{E];m
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the space A{E} equipped with the locally convex Hausdorff «7-topology de-
fined by the family of seminorms TrM,U(x) = sup {Zn |0Ln|pU(xn) : aeMl,

where Me M and UeU(E).

Theorem 3.1. If E has A-hypocontinuous multiplication then A{E}drz 8

a locally convex algebra.

Proof. Let xzeA{E}. For each UecaL(E), there exists a V in U(E)
such that max{pU(xnyn), pU(ynxn)} < pyly,) for all y = (y,) e ME} and
neN., Since A 1is normal, we have that xzy and yx are in A{E} for
all y in A{E}. Also we have max{ﬂM,U(xy), WM,U(yx)} < WM’V(y) for

all y in A{E}. Hence the conclusion follows.

Theorem 3.2. Let E have M-hypocontinuous multiplication. Then

(i) E is Alme implies that ME}, is A-convex.

(i) If E 4is lme and VMcM for each M in <N then ME}, is
lme, where VM is the normal hull of the set {(@) 2 (e) e M}.

(i) If E hos jointly continuous multiplication and for every Meom
there exists M' e sych that VMcM' then MEY, has jointly continu-

ous multiplication.

Proof. (i) Let E be A-lmc and 9U(EF) a base of closed absolutely
convex A-mc meighborhoods of 0 in E. Let x = (x )¢ MEY, UeQU(E)
and Meun. Since U 1is A-mc, there exists a number p = 0 such that
max{pU(zxn), pU(acnz)} < p-pU(z) for z¢E and neN. So for y = (yn)

in A{E},

TrM,U(acy) sup{ 2 |0Ln|pU(xnyn) taeM < sup{Z |0Ln|p~pU(yn) : aeM}
= p.'n’M’U(y).

Similarly we can prove that TTM,U(yn) < p‘ﬂM,U(y)' Thus A{E}Jn is A-



128

convex
(ii) Let E be lmc and %(E)} be a base of closed absolutely convex

idempotent neighborhoods of 0 in E. Let UeU(E) and MesM. Then

Ta | |)(5M whenever (un)¢sM. Also pU(zlzz) < pU(zl)pU(zz) for z,, z,
¢E. So for « = (:x:n), y = (yn) e AM{E} we have
TrM’U(xy) = sup {Zn lunlp[](xnyn) T aeM
< sup {Z (/| |pU(x IGE |pU(y )) @ aeM}
< swp{ ¢, /o [p,(x)) 2 Vo lp,y,) : aeh}
< sup {Zn]8n|pu(xn) 1 BeM} sup {ansnlpu(yn) : BeM}
= FM’U(x)WM’U(y).
Thus w is a submultiplicative seminorm for each Ue?(E) and Mesm.

M, U
Hence A{E}m is Imc.

(iti) Since £ has jointly continuous multiplication, for each U in
U(E) there exists V in 9(E) such that V?cU. If M, M'eum are
such that JMcM' and U, Ve@(E) are such that V?cU, then we can
prove in a manner similar to the one above that

Ty,u @) < Ty @My 5 (Y)

for z, y in ME}. Hence A{E} has jointly continuous multiplication.
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