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Autometrized Griss Algebras II

By N. PRABHAKARA RAO

This is a continuation of [5] wherein we have introduced the notion of
a Griss algebra and made a preliminary study of a Griss algebra autometri-
zed by the "symmetric difference'’. In this paper, we study about congru-
ence relations (algebraic and metric), construction of quotient algebras,
direct limt of Griss algebras and about the uniformities on Griss algebras

through the metric.

1. As any Griss algebra is a universal algebra (even though it may not
in general "equationally defined"), there is already the notion of a con-
gruence relation (which we call "algebraic congruence relation" in this
paper) as an equivalence relation having substitution property with re-
spect to all the operations. Specifically, here, in the case of a Griss

algebra an equivalence relation 6 1is an algebraic congruence relation if

and only if
(1.1) a=b(8) and c = d(8) imply ave = bud(6),
(1.2) a=pb(6) and e = d(B) imply a-c¢ = b-d(6).

For universal algebras which are equationally definable, the quotient sets
(obtained through congruence relations) can be made into again algebras of
the same "species'" satisfying the same set of equations. But here by

means of an example (see Example 1 below), we show that it is not possible
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to make the quotient of a Griss algebra by an algebraic congruence rela-
tion into a Griss algebra. However we obtain a necessary and sufficient
condition on an algebraic congruence relation 6 of a Griss algebra G to
make G/8 into a Griss algebra (see Theorem 1 below).

As we have mentioned in our earlier paper [5] several Griss algebras
are 'mormal autometrized algebras' (in the sense of [8]). For the sake of
completeness we give here the definition:

An autometrized algebra A = (A, +, <, *) 1is called normal if and only
if

(1) a<a+x0 for any a in A,

(2) (a+b)yx(c+d)<a*xec +b+d for any a, b, ¢, d in A,

(3) (a*b)*(cxd)<axc + bxd for any a, b, ¢, d in A,

(4) a<b implies there exists an x 2z 0 such that a + x = b.

In [8] we have introduced the notion of a congruence relation (called
"metric congruence relation' in this paper) in a normal autometrized alge-
bra as an equivalence relation 6 satisfying (1.1) and

(1.3) a = p(®) and e =d(0) imply a=xc = b xd(6)

¥(9),

(1.4) a=5b(®) and xz*ry <a*h imply wx
and we have obtained a necessary and sufficient condition on such a con-
gruence 6 to make A/6 into a normal autometized algebra. Now conse-
quently in the case of a normal autometrized Griss algebra, we show that
the two possible ways of constructing a quotient (i.e. through algebraic
and metric congruences) lead to the same Griss algebra (see Theroem 4 be-
low).

If © is any equivalence relation on a set G, as usual G/6 denotes

the quotient set (i.e. the set of all O-equivalence classes) and for any

x in G, * denotes the equivalence class containing .
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Now we prove the following theorem:

Theorem 1. Let © be an algebraic congruence relation on a Griss al-
gebra G. For any a, b in G/9 define a-b=a-b and a<bhb if
and only if @ - b = 0. Then G/6 <is a Griss algebra if and only if 6
has the following property

(A) a~-b=0(0) and b - a = 0(8) imply a = b(8) for any a, b in G.

Proof. Suppose © has the property (A). We shall show G/6 is a
Griss algebra.

Let a = al and 5 = b Then a 5 a,(8) and b =D (0). Hence a -

1

b = a, - b1(6) (by 1.2), so that a - b = a, - b,. Hence - is well de-
fined. Let a <) and a = al, b=b . Then a-Db= 0 and hence we
have a, - b, =&, - b, =a-b=a- b =0 vhich implies that a, <DB,.

Hence < 1is well defined.

Since 0 - a=0 for every a in G, we have 0 - a = 0 which im-

1l

plies that 0 < a. Hence 0 is the least element of G/8. Also, if =z
<y then x -y = 0 which implies that x - y = 0. Hence if xz <y

then x < y.

a <a is obvious. Let a<bh and b <a. Then a- b = 0(0) and

h-a=0(6). Hence a = b(8) by (A). Hence a =bh. Let as<Db and

1

D <c. Then a-b=0(8) and b - c = 0(8). Hence (a-Dblu® - e)

0(6) which implies that (a - b) U (P - ¢) = 0. Since a-c < (a - b)u

0 which

0. Hence a - ¢

(b -¢), wehave a-c < {(a~b)u(® - c)
implies that & < ¢. Hemce < is a partial ordering on G/6.
@ <qub and b <qub imply aub is an upper bound of a and b.

Let a<¢é and b <e. Then a-c¢ = 0(0) and b - ¢ = 0(8) which im-

ply that (@ -e)u (b - ¢) £ 0(8). Now (aub) -c = (a- ¢ v -¢) =0
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which implies that aub < ¢. Hence aqub is the smallest upper bound of

a and bB. Hence (G/6, <) is a join semilattice with least element 0.

Also (aub) ~-¢=aub-c=(aub) -c=(a-cJub-c)=a-c u

o
i
Q
|

=(@-2)u®d-¢c). Since a-c¢ < (a-b)u(b-c) we also have

a-~-cs@-DHuvp-¢)=(@-b)u(p-2¢). If a-b =0 then

Q1
]

Qt
It

@ - b =0 which implies that @ <h. And a-a=a-a=0. Hence G/
is a Griss algebra.

Suppose G/8 is a Griss algebra. Let a - b = 0(0) and b - a = 0(0).

Then @ - 5 =0 and b - @ = 0 which imply that a <% and b < a.
Since < is a partial ordering on G/6 it follows that a = b. Hence a

2 p(6). This completes the proof of the theorem.

Clearly all algebraic congruence relations in Boolean algebras, Brou-
werian algebras and semi-Brouwerian algebras have the property {A). How-
ever the following example shows that in a Griss algebra every algebraic

congruence relation may not have the property (A).

Example 1. Let G be the set consisting of elements 0, a, b, e, 1

where u and - are defined by the following tables:
u 0 a b e 1 - 0 a b e 1
0 0 a b c 1 0 0 0 0 0 0
a a a 1 a 1 a e 0 ¢ e 0
b b 1 b b 1 b e e 0 e 0
e e a b e 1 c e 0 0 0 0
1 1 1 1 1 1 1 c e e e e

Clearly (G, u, ~, 0) is a Griss algebra. Let 6 = {(0, 0), (a, a),

b, b), (e, e), (1, 1), (e, 0), (0, e}}. It is routine to verify that 6
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is an algebraic congruence relation on G. Now a - b = ¢ = 0(6) and b -

a=c¢=0(6). But a # b(8).

In the remainder of this section G stands for a normal autometrized
Griss algebra. The following theorem shows that in such an algebra, alge-
braic congruence relations having the property (A) and metric congruence

relations are the same.

Theorem 2. Algebraic congruence relations having the property (A) and

metric congruence relations are one and the same in G.

Proof. Suppose O is an algebraic congruence relation having the pro-

perty (A). Let a = p(8) and ¢ = d(8). Then a~-c¢ = b - d(8) and

|
[H]
1

e-a=d-b(0) by (1.2). Hence (a-e)u(e - a) B - d)u(d - b)(8)

by (1.1). Hence it follows that axc = b«d(8). Let a

]

b(8) and

e+d <a+b. Since a = b(8) we have a+b = 0(8). Now ¢ -d < cxd <

a+b =0. Hence ¢ -d =0 so that ¢ - d = 0(8). Similarly we can show
that d - ¢ = 0(8). Hence e = d(8) by the property (A). Hence 6 is a
metric congruence relatiom.

Now suppose 6 is a metric congruence relation on G. Let § be the
metric ideal corresponding to 6 (Note that there ix a one to one corres-

pondence between metric congruence relations and metric ideals in a normal

autometrized algebra (see Theorem 2 of [8])). Let «a al(e) and b = b,
(8). Then (a - B)x(a, - b,) = [(@aub) *b]l«[(a,ub)«b ] < [(aub)+

(a, ub Jlud=b) (by the third condition of normality). b = b,(6) im-

plies that b *b1 €eS. And « al(e), blE b (8) imply that aub = a, ub,
(6). Hence it follows that (aub) » (a, Ubl] €$. So f(a-Db)«(a, - b1)

e S which implies that a - b = a, - bl(e). Hence 6 1s an algebraic
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congruence relation on G. Now let a - b = 0(6) and b - a = 0(8).

Then a*b = 0(0) which implies that a = b(6). Thus 6 1is an algebraic

congruence relation having the property (A). This completes the proof.

In [8] we have shown (Theorem 3) that if © is a metric congruence re-

lation on a normal autometrized algebra A then (A/O, +, <, *) where +,

<, * are defined by a+ b =a + b, a*hb=a=b and a <)h to mean

there exists an « 2 0 such that a + 2 = p(6) is a normal autometrized

algebra if and only if © has the following property:

(B) a + z = b(®) and b + z, = a(8) for some 3., 3, >0 imply a= b(8).
Now if © is an algebraic congruence relation satisfying the property

(A) on G then © 1is a metric congruence relation (by Theorem 2) and 6

has the property (B) (since a =D uz, = bub vz, = bua = a ug, = b(0) ).

Hence by above (G/6, u, £, *) 1is a normal autometrized algebra where

aub =aub, axb=axb and a £b if and only if there exists an zx in
G such that aqux = b(8). The following theorem shows that G/6 1is a

normal autometrized Griss algebra.

Theorem 3. For a, b in G/8 define a-b =a - b. Then G/O is a

Griss algebra.

Proof. Clearly - is well defined. We know that < is a partial or-

dering on G/08. Now we show that aub is the smallest upper bound of a

and b. Since aub = qub(®) we have a <aub and b <aub. Let a

¢ and D = ¢. Then there exist =z

IA

1> B, such that a vz, = c(8) and

buz, = c(®). Now ¢ =cuec =quz ubusz, =aubuz uz,. Hence aub <

¢. Thus aub is the smallest upper bound of & and b. Hence (G/6, v)

is a join semilattice. Clearly 0 is the least element of G/6. For any
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a, b, e in 6/, (aub) -c=aub-c¢=(aub) ~e=(a-c)u(d - ) =

a-cub-c=(@-ce)u®d-¢). Since (a-AAul[la-DHuv® - )] =

@-ca)u{a-b)Yu®d -¢e) =a - ¢, we have

a-¢c=a-c<@@a-Hud-¢)=a-~bub-c=(a-blu®-a).
Suppose @ - b = 0. Then a - » = 0(8) which implies that (a - B) *0¢S
where S 1is the metric ideal corresponding to ©. Since ({aub) *b =
a->b < (a->b)*0 (by the first condition of normality) and since

(a - b)*x0eS we have (aub) *beS. Hence aub

1]

b(8) which implies

that aub = aqgub =b. Hence a<bh. Also a-a=a ~a = 0. Hence

G/8 1is a Griss algebra.

Now combining Theorems 1, 2 and 3 we have the following:

Theorem 4. Suppose © <is an algebraic congruence relation having the
property (A) on G. Then G/O constructed via Theorem 1 and Theorem 3

are the same.

2. Imai and Iséki [4] introduced the notion of a homomorphism in a
Griss algebra. As any Griss algebra G = (G, v, -, 0) 1is a universal al-
gebra of "species" (2, 2, 0), in the terminology of universal algebra, a
mapping f from a Griss algebra G into an algebra H of "species"

(2, 2, 0) is called a homomorphism if and only if

(2.1) (aub)f =afubf for any a, beG

(2.2) (a-Db)f=af - bf for any a, beG

(2.3) 0f =o0.

The definition of Imai and Iséki coincides with this definition if H
is also a Griss algebra. We observe (see Example 2 below)} that a homomor-

phic image (in the sense of universal algebra) of a Griss algebra need not
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be a Griss algebra. This fact also establishes that in general Griss al-
gebras are not equationally definable. Hence there is need for us to es-
tablish the homomorphism theorems for Griss algebras (see Theorems 5, 6, 7
and 8 below).

The class of Griss algebras together with homomorphisms form a category.
We show that this category is closed under the formation of direct limits
(see Theorem 9 below).

The following example shows that a homomorphic image of a Griss algebra

need not be a Griss algebra.

Example 2. Let G, be the Griss algebra as in Example 1. Let G, be
the set consisting of elements 0', a', b', 1' where U is defined by
the following table. For any 2, ¥y in G, define x - y = 0'. Let

f:G, > G, be defined by 0f = ¢f = 0',
1 2

v 0 a' b! 1

af = a', bf = b', 1f = 1'. Clearly f
Ol OI al bl 1!

is a homomorphism from G, onto G,.
a' a' a' 1’ 1!

Now a' - b' = 0' but a' £ b'. Hence
b! b’ 1 b! 1

G, 1is not a Griss algebra.

1 1’ 1t 1! 1

If f is a homomorphism from a Griss algebra G, toa Griss algebra

G,, define ker f = {(x, y) G *G, | f = yf}. Clearly ker f is an al-

2’
gebraic congruence relation having the property (A). So we can talk of the
quotient G,/ker f for any homomorphism f on G,. We denote elements of

Gl/ker f by [x]f (x eGl). Now we prove the following:

Theorem 5. Let f:G, » G, be a homomorphism. Then ﬂf:G1 > G, /ker f
defined by xﬂf = [x]f is a homomorphism. Further there exists a unique

homomorphism  f:G /ker f = G, such that ﬂfOf = f and T 1is injective.
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If f is surjective then G, /ker f is isomorphic to G,.

Proof. It is routine to verify that Trf. is a homomorphism. Let [p]f
€G,/ker f, peG,. Then pfeG,. Define F by [p]ff' = pf. Clearly F
is a homomorphism such that 1Tf°f’ = f. Suppose g:G /ker f> G, 1is a
homomorphism such that Trf°g = f. Then [p]ff‘ = pf = pﬂfOQ = (pﬂf.)g =
[p]fg for any [p]feGl/ker f. Hence f=g. If f is surjective,

clearly f 1is onto so that Gl/ker f is isomorphic to G,.

Denote by Hom(G,, Gz)’ the set of all homomorphisms from G, to Gz'

Theorem 6. Let feHom(G,, G,) and geHom(G,, G;) such that ker g

c ker f. Then there exists heHom(G,/ker g, G,/kexr f) such that TTgOh =

i°1Tf where 1 is the identity mapping on G, .

Proof. Let [y]ge G,/ker g. Since TTg is surjective there exists an
zeG, such that ocTrg = [y]g. Define h:G /ker g > G /ker f by [y]gh =
[y]f. Let [yl]g = [yz]g. Then (y,, y,) eker g < ker f which implies
that [yl]f = [yz]f. Hence % 1is well defined. It is routine to verify
that % 1is a homomorphism. For any xeG, we have xﬂgo}z = (xﬂg)h =

9% = [z} - am, = @7, = @ion,. Hence m oh = iem.

b r g f
Theorem 7. Let feHom(G , G,)) and geHom(G,, G,) such that Xker g

c ker f. Then there exists g* eHom(Gl/ker g, Gz) such that f = Trgog*.

Proof. By the above theorem there exists heHom(Gl/ker g, G,/ker f)

such that Trg°h = fom,. Now g* = hof has the required properties.

7

Theorem 8. ILet feHom(G,, G,) and g eHom(G,, G,) such that ker g

c ker f. If g is surjective then there exists ©c<Hom(G,, Gz) such
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that f = god.

Proof. Since g is surjective, Q:Gl/ker g > G, 1is an isomorphism
such that ﬂgoé = g. Also ?:Gl/ker f > G, 1is a homomorphism such that
ﬂff’]-“ = f. By Theorem 6 there exists a homomorphism #:G,/ker g ~ G,/ker f
such that ﬂgc»h = ioﬂf. Let & = (g) 'ohof. It is routine to verify that
® is a homomorphism from G, to G,. And god = 1Tg°§° (@) " tohoT =

ngoho:f' = ionfo? = 120f = f. This completes the proof.

Following Gratzer [3] by a direct family of Griss algebras we mean a
triple of the following objects:

(1) A directed partially ordered set (I, <£);

(2) Griss algebras Ai’ 1el;

(3) Homomorphisms fij of Ai into Aj for all < < j such that
fij fjk = fik if 4 <4 <k and fii is the identity mapping for
each Z¢I.

Let A be a direct family of Griss algebras Ai and define = on
U{Ai l4¢I} by 2=y if and only if e, ye/lj for some %, jel
and there exists a keI such that xfik = yfjk' Then = is an equiva-
lence relation. Let A denote the set of all equivalence classes. We
call A the direct limit of the direct family.

The following theorem shows that the category of Griss algebra is

closed under the formation of direct limits.

Theorem 9. The direct limit A_ of a direct family A of Griss al-

gebras is a Griss algebra.

Proof. Llet x,

J

yeA,. Let zed,, yeAj for some <, jel. Let k

be an upper bound of < and J. Put z' = xfik and y' = yfjk‘ Then
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z=x' and y =y'. Define % -y =a' - y' and x <y if and only if

1
o
]

x' - y' = 0 (Note that ﬁi (= 0 say) where 0;, 0 are

j’
the least elements of A., 4., -+- ). It is routine to verify that - is

7
well defined. Let z <y and x =2, ¥y =y,. Then z' - y' =0 and so

£ -y =x-y=z" -y =0. Hence Z < y,- Thus < is well defined.
T <x is obvious. Let & <y and y < x. Hence zfig - yfbk = 0 and
yfﬁk - xfik = 0 where k is an upper bound of < and j. Hence (xfék -
yfﬁk)fks = Okf'kS = 0S (where s 1is an upper bound of k, k) and (yfﬁk -
xfik)fkt = Okfkt = Ot (where t 1is an upper bound of %k, k). Hence it

follows that xfis - yfﬁs = Os and yfﬁt - xfit = Ot' Let p be an

upper bound of s and ¢. Now xfép - yfﬁp = xfésfép - yfﬁsfép = (xfés -
yfﬁs)fép = Osfép = Op' Hence xfép < yfép. Similarly we can prove yfép
< xfép. Hence xfip = yfﬁp
y <z. Let «x €A,y eAj, 3 eAq. Since z <y, of i - yfak = 0 where %k

which implies that 2 =y. Let % <y and

is an upper bound of < and J. Hence (xfik - yfﬁk)fks = Okfks = Os

where k < s. Since y < z, yfﬁm - Zfém = 0 where m 1is an upper bound

of j and ¢. Hence (yfﬁm - zfﬁm)fﬁt = Omfﬁt = Ot for some ¢t = m. To

show x < z we have to show z=f. - z Z 0 where n is an upper bound
in qn PP

of 2 and ¢g. Now let p be an upper bound of s, n, £. We have then

(xfm - qun)fnp = xfip - qup

(xf’bp - yfgp) u (nyp - qup)
= (xfikfkp - nyk‘fkp) v (yfgmfmp - 2 qump)

[(xftk - yfjk)fkp] U [(nym - qum)fmp]

[(xfzk - yfjk)fksfsp] y [(nym - zfqm)fmtftp]
Osfép UOtf%p = Op qu = 0p = Onfﬁp'
which implies =z < z. Therefore < is a partial

IA

<l

Hence xfén - zf&n =

ordering. Clearly 0 is the least element.
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Now we show (Aw, <) is a join semilattice. Let =z, fy_eAw. Let =z«
| - [ - 5
Ai’ y eAj. Suppose « xfik and y yfjk where k is an upper bound
of Z7 and j. It is our claim that «'uy' is the smallest upper bound

of x and y. Let ¢ be an upper bound of < and k. Then we have

xfit - [ Uy')fkt] = xfit - [(xfi,k ny:]k)fkt] = xf’bt - [xfituyfj‘f;] = Ot'

Hence xfik - [(x Uy’)‘fkt] = 0 which implies that x <z'yy'. Similar-

ly we can prove y <x'uy'. Let Z be an upper bound of x and jy. Let
[T | J— 3 ;
zeAq. Let =« xfim and 2 zf'qm where m is an upper bound of <
and ¢. Suppose y" = yfjn and 32" = qun where » is an upper bound
of § and g. Since x £z we have x" - 3' = 0 which means that (z" -
2')f,,, = 0, for some p =m. Since y <2 we have y'" - 3" = 0 which
- = ' '
means that (y" Z”)fnr Or for some »r < wn. Note that x'uy eAk
1 1 - =
and =z eAq. To show x'Uy'<z we have to show (x'uy )fks qus 0

where s 1is an upper bound of %k and ¢g. Now let ¢ be an upper bound

of s, p, r. Then we have

(@' vy )y = 201 5y

[ VY Fg) = 5]
= [(m'fksuy'fks)f t] - qufs.b

= (x‘fktuy'fkt) - zfqt

= @l V¥l ) - Bl

= (xfimfthyfjnfnt) - qut

= (x"fmt Uy"fnt) - qut

= (x”fmt - Zf t) U (y”fnt - zfqt)

x”fmp pt qumt) (Ch P qunfnt)
= (x"fmpfpt - 3 fmt) U (y"fm,,fl,,t - z”fnt)

= @ Fpy = B T U F g = By
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(@S = 85 ] U L@ e = 260 ]
= Ol ot V0 g = 0p U0y = 0y = Ogfey
Hence (x’ Uy')fks - zqu Z 0 which implies x'uy' < 2z. So x'uy' is

the smallest upper bound of x and

<

It is routine to verify that z - x = 0 and that z - y = 0 implies
x <y. Let z,y, zcA_. Suppose zed,, yeAj and sz eAq. Let x' =
xfik and y' = yfjk where k 1is an upper bound of < and . Then

zuy) -z =x"uy' - z

n

(' Uy')fks - zqu (where s 1s an upper bound of k and g)

G g V8 Tg) = g = @ g = A1) 0§ Ty, = )

= (xfikfks - qus) U (yfjkfks - & )

fas

@f;e - qus) u (yfjs - qus)

[(xfis - zqu)fss] v [(yfjs - qus)fss]
*fio - quszfj - qus

(- 2)u(z - 7).

To prove x -y < (x - 2) u (2 - y), it is sufficient to show that (z - y)
Uu@-3u@E-y) =(Ex-2)u(z-y). Now let k (resp. n, m, 8, t) be
an upper bound of 4 and j (resp. ¢ and ¢, g and J, m and #»n, k and

8). Then we have

(5—”'1-/)“(57‘ E)U(E - Z;) =xf7:k" Z/kaUxfm - qunuzfqm"‘ nym

= (xfik - yfgk) v (xf'm - zfqn)fns v (qum - nym)fms
(xf’l:k - nyk)fkt u [(xfmn - qun)fns v (zfqm - nym)fmS]fst
Ty~ F59) 9 (@, ~ ) 0 Gl gy = VT )]

1t

@fyy = 93 v Gy - 2 qt) u (zfqt - 4F54)
(acf'.t - zfqt) U (qut - yfjt) ")

7

*) In fact xfit - yfjt < (&f;, - qut) u (qut - yfjt)
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@y = Bl VAl gy ~ W5
= (x-2)ulz-y)-
Thus x -y < (z-2)u(z-y). Hence A  is a Griss algebra. This com-

pletes the proof.

3. In this section, we introduce uniform structures on a Griss algebra
via the distance function and extend some of the major results of Rema [6]
on "auto-topologies in Boolean algebras".

Following Gratzer [2], by a dual ideal P of a Griss algebra G we
mean a nonempty subset P of G satisfying the following:

(3.1) a<P and g <p 1imply beP.

(3.2) aeP and peP imply existence of an element deP such that

d<a and d < b.

Now we prove the following theorem:

Theorem 10. A4 dual ideal P of a Griss algebra G <is non principal if

and only if, for each peP there exists an element qeP such that q<p.

Proof. Suppose peP implies existence of an element geP such that
qg <p. If P is a principal dual ideal, say [a), then aeP implies
that g <a for some qeP; but geP yields g 2 a which is absurd. So
P is non principal.

Suppose P is a non principal dual ideal. Let peP. Since P # [p),
there exists an element 2reP such that r¢ [p). Hence p £r. Now r
€eP and peP. Since P is a dual ideal, it follows that there exists an
element geP such that g <r and g <p. If g =p then p<r which
is not true. Hence g # p and so g < p. This completes the proof of

the theorem.
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Now we state below a few theorems the proofs of which follow almost as

on the same lines as in [6].

i

Theorem 11. Let P be any dual ideal of G. Then the subsets Ap
{(z, ) | d=, y) < p} (PeP) Fform a base for a uniformity and define a

uniform structure on G.

The uniformities defined above are called auto-uniformitiec and the

corresponding topologies are called auto-topologies.

Theorem 12. Let P be a non prineipal dual ideal of G. Then the sub-
sets Up = {(z, y) | d(=x, y) < p} (peP) form a base for a uniformity and

define a uniform structure on G.

The uniformities defined above are called strict auto-uniformities and

the corresponding topologies are called striet auto-topologies.

Theorem 13. Let P be a non principal dual ideal of G. Then the
strict auto-uniformity and the auto-uniformity defined by P on G are

equivalent.

Theorem 14, Let P be any dual ideal of G, and T, be the auto-topo-
logy defined by P on G. Then
(1) The subsets Ap(a) ={x | d(xz, a) < p}l (aeG, peP) are closed
in (G, TP).
(2) The subsets Ap(a) are open in (G, TP) and constitute a base of

neighborhoods at a.
From the above theorem, the following is clear.

Theorem 15. ILet TP be the auto-topology defined by P on G. Then
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G, T

p)

18 zero dimensional.
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