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This is a continuation of [5] wherein we have introduced the notion of 

a Griss algebra and made a preliminary study of a Griss algebra autometri-

zed by the "symmetric difference". In this paper, we study about congru-

ence relations (algebraic and metric), construction of quotient algebras, 

direct limt of Griss algebras and about the uniformities on Griss algebras 

through the metric. 

1. As any Griss algebra is a universal algebra (even though it may not 

in general "equationally defined"), there is already the notion of a con­

gruence relation (which we call "algebraic congruence relation" in this 

paper) as an equivalence relation having substitution property with re-

spect to all the operations. Specifically, here, in the case of a Griss 

algebra an equivalence relation 0 is an algebraic congruence relation if 

and only if 

(1.1) a=b(0) and c-d(0) imply auc-bud(0), 

(1.2) a - b(0) and c - d(0) imply a-c - b-d(0). 

For universal algebras which are equationally definable, the quotient sets 

(obtained through congruence relations) can be made into again algebras of 

the same "species" satisfying the same set of equations. But here by 

means of an example (see Example 1 below), we show that it is not possible 

1 51 
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to make the quotient of a Griss algebra by an alge~raic congruence rela­

tion into a Griss algebra. However we obtain a necessary and sufficient 

condition on an algebraic congruence relation 8 of a Griss algebra G to 

make G/8 into a Griss algebra (see Theorem 1 below). 

As we have mentioned in our earlier paper [5] several Griss algebras 

are "normal autometrized algebras" (in the sense of [8]). For the sake of 

completeness we give here the definition: 

if 

An autometrized algebra A= (A,+, 5, *) is called normaZ if and only 

(1) a 5 a "0 for any a in A, 

(2) (a+ b) *(a+ d) 5a*a + b*d for any a, b, a, d in A, 

(3) (a*b) * (a*d) 5a*a + b*d for any a, b, a, d in A, 

(4) a 5b implies there exists an x ~ 0 such that a + x = b. 

In [8] we have introduced the notion of a congruence relation (called 

"metric congruence relation" in this paper) in a normal autometrized alge­

bra as an equivalence relation 8 satisfying (1.1) and 

(1. 3) 

(1. 4) 

a= b(8) 

a .. b (8) 

and 

and 

a=d(8) imply a*a 

x * y 5 a * b imply x _ y (8), 

and we have obtained a necessary and sufficient condition on such a con­

gruence 8 to make A/8 into a normal autometized algebra. Now conse­

quently in the case of a normal autometrized Griss algebra, we show that 

the two possible ways of constructing a quotient (i.e. through algebraic 

and metric congruences) lead to the same Griss algebra (see Theroem 4 be­

low). 

If 8 is any equivalence relation on a set G, as usual G/8 denotes 

the quotient set (i.e. the set of all 8-equivalence classes) and for any 

x in G, x denotes the equivalence class containing x. 
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Now we prove the following theorem: 

Theorem 1. Let 8 be an algebraic congruence relation on a Criss al­

gebra G. For any a, b in G/8 define a - b = a7 and as b if 

and only if a - b = o. Then G/8 is a Criss algebra if and only if 8 

has the follo~ing property 

(A) a - b = 0(8) and b - a= 0(8) irrrply a - b(8) for any a, b in G. 

Proof. Suppose 8 has the property (A). We shall show G/8 is a 

Griss algebra. 

b = a
1 

- b
1 

(8) (by 1.2), so that a - b a
1 

- b
1

• Hence is well de-

fined. Let as b and a= al, b =bl. Then a - b = o and hence we 

have al - bl= al - bl= a - o = a - b = o which implies that al s bl. 

Hence s is well defined. 

Since 0 - a 0 for every a in G, we have if":a O which im­

plies that Os a. Hence O is the least element of G/8. Also, if x 

s y then x - y = 0 which implies that x - y = 0. Hence if x s y 

-then x s y. 

as a is obvious. Let as b and b s a. Then a - b = 0(8) and 

b - a = 0(8). Hence a == b (8) by (A). Hence a= b. Let a s b and 

o $ 
-c. Then a - b - 0 (8) and b - c = 0 (8). Hence (a b) u (b c) -

0 (8) which implies that (a b) u (b c) 0. Since a - e s (a b) u 

--
(b - c), we have a - e s (a b) u (b e) 0. Hence a - e 0 which 

implies that as c. Hence s is a partial ordering on G/8. 

as a ub and b s a ub imply a ub is an upper bound of a and b. 

Let as c and b s c. Then a - e = 0(8) and b e = 0(8) which im-

ply that (a - e) u (b - e) = 0(8). Now (aub) - e (a - c) u (b - e) = 0 
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which implies that aub s c. Hence aub is the smallest upper bound of 

a and 5. Hence (G/0, s) is a join semilattice with least element O. 
-Also (au o) c au b c = (au b) c = (a - c) u (b - c) = a - c u 

(a - c) u (D - c). Since a - C $ (a - b) u (b - c) we also have 

a c a--=-c s (a - b) u (b - c) (a - o) u (o - c). If a - o = o then 

a - b = 0 which implies that as o. And a - a= a - a= 0. Hence G/0 

is a Griss algebra. 

Suppose G/8 is a Griss algebra. Let a - b = 0(8) and b - a= 0(8). 

Then a:-:--r; = 0 and ~ = 0 which imply that a s o and b s a. 

Since s is a partial ordering on G/8 it follows that a= b. Hence a 

= b(0). This completes the proof of the theorem. 

Clearly all algebraic congruence relations in Boolean algebras, Brou­

werian algebras and semi-Brouwerian algebras have the property (A). How­

ever the following example shows that in a Griss algebra every algebraic 

congruence relation may not have the property (A). 

Example l. Let G be the set consisting of elements 0, a, b, c, 1 

where u and - are defined by the following tables: 

u 0 

0 0 

a a 

b b 

C C 

1 1 

a 

a 

a 

1 

a 

1 

b 

b 

1 

b 

b 

1 

C 

C 

a 

b 

C 

1 

1 

1 

1 

1 

1 

1 

0 

a 

b 

C 

1 

0 

0 

C 

C 

C 

C 

a 

0 

0 

C 

0 

C 

b 

0 

C 

0 

0 

C 

C 

0 

C 

C 

0 

C 

1 

0 

0 

0 

0 

C 

Clearly (G, u, - 0) is a Griss algebra. Let 8 = {(O, 0), (a, a), 

(b, b), (c, c), (1, 1), (a, O), (0, a)}. It is routine to verify that 8 
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is an algebraic congruence relation on G. Now a - b c _ 0(0) and b -

a= c = 0(0). But at b(0). 

In the remainder of this section G stands for a normal autometrized 

Griss algebra. The following theorem shows that in such an algebra, alge­

braic congruence relations having the property (A) and metric congruence 

relations are the same. 

Theorem 2. Algebraic congruence relations having the property (A) and 

metric congruence relations are one and the same in G. 

Proof. Suppose 8 is an algebraic congruence relation having the pro­

perty (A). Let a - b(0) and c = d(0). Then a - c = b - d(0) and 

c - a= d - b(0) by (1.2). Hence (a c) u (c a) - (b d) u (d - b)(0) 

by (1.1). Hence it follows that a* c - b * d(0). Let a = b(0) and 

c*d"'a*b. Since a=b(0) we have a*b=0(0). Now c-d<;,c*d"' 

a*b 0. Hence c - d = 0 so that c - d = 0(0). Similarly we can show 

that d - c = 0(0). Hence c = d(0) by the property (A). Hence 0 is a 

metric congruence relation. 

Now suppose 0 is a metric congruence relation on G. Let S be the 

metric ideal corresponding to 0 (Note that there ix a one to one corres­

pondence between metric congruence relations and metric ideals in a normal 

autometrized algebra (see Theorem 2 of [8])). Let a= a
1

(0) and b = b
1 

(0). Then (a - b) * (a
1 

- b
1

) = [(a ub) *bJ * [(a 1 ub 1 ) *b] <;, [(a ub) * 

(a
1 

ub
1
)] u (b*b

1
) (by the third condition of normality). b = b

1
(8) im-

plies that And imply that a ub = a
1 

ub
1 

(8). Hence it follows that (a ub) * (a
1 

ub
1

) ES. So (a - b) * (a
1 

- b
1

) 

ES which implies that a -· b = a
1 

- b
1 

(8). Hence 0 is an algebraic 
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congruence relation on G. Now let a - b = 0(0) and b - a= 0(0). 

Then a* b = 0 (0) which implies that a = b (0). Thus 0 is an algebraic 

congruence relation having the property (A). This completes the proof. 

In [8] we have shown (Theorem 3) that if 0 is a metric congruence re­

lation on a normal autometrized algebra A then (A/0, +, s, *) where +, 

s, * are defined by a + b = a + b, a * 'h = a * b and a s '[; to mean 

there exists an x ~ 0 such that a+ x = b(0) is a normal autometrized 

algebra if and only if 0 has the following property: 

(B) a+ 2
1 

- b(0) and b + 2
2 

= a(0) for some 2
1

, 22 ~0 imply a= b(0). 

Now if 0 is an algebraic congruence relation satisfying the property 

(A) on G then 0 is a metric congruence relation (by Theorem 2) and 0 

has the property (B) (since a= b u2
2 

=bub u2 2 = b ua = a u2
1 

- b(0) ). 

Hence by above (G/0, u, s, *) is a normal autometrized algebra where 

a u f; = a u b, a * '[; = a * b and a $ D if and only if there exists an X in 

G such that a u x = b (0). The following theorem shows that G/0 is a 

normal autometrized Griss algebra. 

Theorem 3. For a3 '[; in G/0 define a - 'h = a - b. Then G/0 is a 

Griss algebra. 

Proof. Clearly is well defined. We know that $ is a partial or-

-dering on G/0. Now we show that aub is the smallest upper bound of a 

and o. Since aub au b (0) have - s au b and 'h s a ub. Let -- we a a 

and '[; $ 
- Then there exist $ C c. 2 1 , z2 such that au z

1 
= C (0) and 

buz
2

=c(0). Now C = CUC =auz
1

ubuz 2 = aubu2
1 

u z
2

. Hence aub $ 

-c. Thus aub is the smallest upper bound -of a and '[;. Hence (G/0, u) 

is a join semilattice. Clearly 5 is the least element of G/0. For any 
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a, b, c in G/8, (aub) c = aub - c = (aub) - c = (a - c) u (b - a) 

"a=---c u ~ = (a - c) u (.b c). Since (a - c) u [(a - b) u (b - a)] 

(a - a) u (a - b) u (b - a) = ~' we have 

a - c = ~ s; (a - b) u (b - c) = ~ u b - a = (a - E) u (o - c). 

Suppose a - 'jj = 0. Then a - b = 0(8) which implies that (a - b) * 0 ES 

where S is the metric ideal corresponding to 8. Since (a u b) * b = 

a - b s; (a - b) * 0 (by the first condition of normality) and since 

(a - b) *OES we have (aub) *bES. Hence aub = b(8) which implies 

that au .b = au b = b. Hence a s; b. Also a - a = a"-=--a = 0. Hence 

G/0 is a Griss algebra. 

Now combining Theorems 1, 2 and 3 we have the following: 

Theorem 4. Suppose e is an algebraic congruence relation having the 

property (A) on G. Then G/0 constructed via Theorem 1 and Theorem 3 

are the same. 

2. Imai and Iseki [4] introduced the notion of a homomorphism in a 

Griss algebra. As any Griss algebra G = (G, u, - 0) is a universal al­

gebra of "species" (2, 2, 0), in the terminology of universal algebra, a 

mapping f from a Griss algebra G into an algebra H of "species" 

(2, 2, 0) is called a homomorphism if and only if 

(2.1) (a ub)f = af ubf for any a, b E G 

(2.2) (a - b)f = af - bf for any a, bEG 

(2.3) Of= 0. 

The definition of Imai and Iseki coincides with this definition if H 

is also a Griss algebra. We observe (see Example 2 below) that a homomor­

phic image (in the sense of universal algebra) of a Griss algebra need not 
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be a Griss algebra. This fact also establishes that in general Griss al­

gebras are not equationally definable. Hence there is need for us to es­

tablish the homomorphism theorems for Griss algebras (see Theorems 5, 6, 7 

and 8 below). 

The class of Griss algebras together with homomorphisms form a category. 

We show that this category is closed under the formation of direct limits 

(see Theorem 9 below). 

The following example shows that a homomorphic image of a Griss algebra 

need not be a Griss algebra. 

Example 2. Let G
1 

be the Griss algebra as in Example 1. Let G2 be 

the set consisting of elements 0', a', b 1 , l' where u is defined by 

the following table. For any x, y in G2 define X - y = 0'. Let 

f:GI ➔ G2 be defined by Of = cf = 01, 
u 0' a' b' l' 

af = a' 
' bf= b' 

' If= l'. Clearly f 
0' 0' a' b' l' 

is a homomorphism from GI onto G2. 
a' a' a' 1 I l' 

Now a' - b' = 0' but a' t b'. Hence 
b' b' l' b' 11 

G2 is not a Griss algebra. 
l' l' l' l' l' 

If f is a homomorphism from a Griss algebra G
1 

to a Griss algebra 

G2, define ker f = {(x, y) EG
1 

xG2 I xf = yf}. Clearly ker f is an al­

gebraic congruence relation having the property (A). So we can talk of the 

quotient G1/ker f 

G
1
/ker f by [x]f ( 

for any homomorphism f on G
1

. We denote elements of 

Now we prove the following: 

Theorem 5. Let f:G
1 
➔ G2 be a homomorphism. Then nf:G 1 ➔ G1/ker f 

defined by xn - [x]f is a homomorphism. Further there exists a unique f -
homomorphism f:G

1
/ker f ➔ G2 such that Tif 0 f = f and f is injective. 
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If f is surjective then G
1
/ker f is isomorphic to G2. 

Proof. It is routine to verify that TTf is a homomorphism. Let [p]f 

EG/ker f, pEG 1. Then pfEG 2. Define f by [pJ'J' = pf. Clearly f 

is a homomorphism such that TTf 0 f = f. 

homomorphism such that TT 0 g = f. Then 
f 

[pl g for any [pl E G/ker f. Hence 

Suppose g:G
1
/ker f ➔ G2 is a 

[pl f = Pf = PTTf0 g = (pTTig = 

f = g. If f is surjective, 

clearly f is onto so that G
1
/ker f is isomorphic to G2. 

Denote by Horn(G
1

, G2), the set of all homomorphisms from G
1 

to G2. 

Theorem 6. Let f E Horn(G 1
, G2) and g E Horn(G 1

, G
3

) such that ker g 

c ker f. Then there exists h E Horn(G 1/ker g~ G1/ker f) such that TT 0 h 
g 

i 0 TTf where i is the identity mapping on G
1

. 

Proof. Let [y]g E G/ker g. Since TT is surjective there exists an 
g 

XE Gl such that XTT = [y ]g. Define h:G 1/ker g ➔ G1/ker f by [y]g h 
g 

[yl. Let [y 1 ]g = [y 2lg · Then (y 1, y 2) E ker g c ker f which implies 

that [yll = 
f 

[y 21 . Hence h is well defined. It is routine to verify 

that h is a homomorphism. For any XEG
1 

we have XTT 0 h = (xTT )h = 
g g 

c ker f. Then there exists such that f = TT og*. 
g 

Proof. By the above theorem there exists h E Horn (G 
1 
/ker g, G 

1 
/ker f) 

such that TTg 0 h ioTTf. Now g* = h 0 f has the required properties. 

Theorem 8. Let f E Horn(G
1

, G2) and g E Horn(G 1
, G) such that ker g 

c ker f. If g is surjective then there exists q:, E Horn(G 3, G2) such 
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that f = go<i>. 

Proof. Since g is surjective, g:G
1
/ker g ➔ G3 is an isomorphism 

such that Tig 0 g = g. Also f:G
1
/ker f ➔ G

2 
is a homomorphism such that 

Tif 0 f = f. By Theorem 6 there exists a homomorphism h:G 1/ker g ➔ G1/ker f 

such that Let It is routine to verify that 

<f> is a homomorphism from G
3 

to G
2

• 

Tig 0 h0 f = ioTifof = iof = f. This completes the proof. 

Following Gratzer [3] by a direct family of Griss algebras we mean a 

triple of the following objects: 

(1) A directed partially ordered set (I, 5); 

(2) Griss algebras Ai, i EI; 

(3) Homomorphisms f .. 
1,J 

of A. 
1, 

into A. 
J 

for all i 5 j such that 

f • • f "k = f "k 
1,J J 1, 

if i5j5k and f .. 
1,1, 

is the identity mapping for 

each i e: I. 

Let A 

LJ{A. I i EI} 
1, 

be a direct family of Griss algebras A. 
1, 

by X = y if and only if xe:A., ye:A. 
1, J 

and define on 

for some i, j EI 

and there exists a k EI such that xfik = yfjk" Then = is an equiva­

lence relation. Let A
00 

denote the set of all equivalence classes. We 

call A
00 

the direct limit of the direct family. 

The following theorem shows that the category of Griss algebra is 

closed under the formation of direct limits. 

Theorem 9. The direct limit A
00 

of a direct family A of Griss al­

gebras is a Griss algebra. 

Proof. Let x e: A., y EA . for some i, j EI. 
1,, J 

Let k 

be an upper bound of i and j. Put and Then 
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- - -
X = X 1 and y - y'. Define X - y x' y' and X $ y if and only if 

x' - y' 0 (Note that 0. = o. = (= 0 say) where oi, oj, ... are 1, J 
the least elements of Ai, A., ... ) . It is routine to verify that - is 

J 
well defined. Let - and - - - - Then x' y' 0 and X $ y X = Xl' y Y1 • - = so 

- - - - -
X - Y1 = X - y = x' - y' 0. Hence x $ y 1. Thus $ is well defined. 

1 1 

-
X $ X is obvious. Let X $ y and -y $ x. Hence xf ik - yfjk = 0 and 

yfjk - xf ik = 0 where k is an upper bound of i and j. Hence (xfik -

yfjk)f ks Okfks 0 (where s is an upper bound of k, k) and (yfjk s 

xfik)fkt Okfkt Qt (where t is an upper bound of k, k). Hence it 

follows that xfis - yfjs = Os and yfjt - xfit = Ot. Let p be an 

upper bound of s and t. Now xfip - yfjp = xfisfsp - yfjsfsp = (xfis -

yfjs)fsp = Osfsp = Op. Hence xfip,,; yfip" Similarly we can prove yfip 

,,; xf . . Hence xf. = yf. which implies that x = y. Let x,,; y and 
1,p 1,p JP 

y ,,; z . Let x E A . , y E A . , z E A . 1, J q Since x,,; y, xfik - yfjk = O 

(xfik - yfjk)fks = Okfks 

where k 

is an upper bound of i and j. Hence = 0 
s 

where k ,., Since - yf. - zf = 0 where is an upper bound s. y $ z, m 
Jm qm 

of j and q. Hence (yfjm - zf qm)f mt = 0✓mt = ot for some t :;:: m. To 

show x,., z we have to show xf. - zf = 0 where n is an upper bound 1,n qn 

of i and q. Now let p be an upper bound of s, n, t. We have then 

(xf in - zfqn)f np = xf ip - zfqp 

,,; (xfip - Yfjp) u (yfjp - zfqp) 

(xfikfkp - yfjkfkp) u (yfj✓mp - zfq✓mp) 

[ (xf ik - yf jk)f kp] u [ (yfjm - zf qm)f mp] 

[(xfik - Yfjk)fksfsp] u [(yfjm - zfqm)fmtftp] 

osf sp u Otf tp = op u op = op = OJnp· 

Hence xf. - zf = 0 which implies x,,; z. Therefore ,,; is a partial 
1,n qn 

ordering. Clearly O is the least element. 
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Now we show (A
00

, :S:) is a join semilattice. Let x, y E A
00

• Let x E 

Ai, y EAj. Suppose x' = xfik and y' = yfjk where k is an upper bound 

of i and j. It is our claim that x' uy' is the smallest upper bound 

- -of x and y. Let t be an upper bound of i and k. Then we have 

xfit - [(x' uy')fkt] = xfit - [(xfik uyfjk)fkt] = xfit - [xfit uyfjt] = Ot. 

Hence xfik - [(x' uy')fkt] - 0 which implies that x:,; x' uy'. Similar­

ly we can prove y :,; x' u y' . Let z be an upper bound of x and y. Let 

ZEA Let x" xf. and z' = zfqm where m is an upper bound of i 
q 1,m 

and q. Suppose y" = yfjn and z" = zfqn where n is an upper bound 

of j and 

z')f 0 = mp p 

means that 

and ZEA 
q 

where s is 

of s, p, r. 

q. Since -
X :,; z we have x'' - z' - 0 which means that (x" -

- -for some p :?: m. Since y :,; z we have y" - z" = 0 which 

(y" 

To 

an 

- z")f = 0 for some r :s: n. Note that x' uy' EAk nr r 

show x' u y':,; z we have to show (x' uy')f - zf = 0 
ks qs 

upper bound of k and q. Now let t be an upper bound 

Then we have 

[(x'fks uy'fks) - zfqs] 

[(x'fks uy'fks)fst] - zfqs1st 

(x'fkt uy'fkt) - zfqt 

(xfikf kt u yfjkf kt) - zfqt 

(xf it u yfjt) - zfqt 

(xfi✓mt u yfjnf nt) - zfqt 

(x"f u y"f ) - zf mt nt qt 

(x"f - zf ) u (y"f - zf ) mt qt nt qt 

(x"f mpfpt zf q✓mt) u (y"f nrf rt - zf qnf nt) 

(x"f f rrrp pt 

(x"f f rrrp pt 

Z If ) U (y"f f - z"f ) mt nr rt nt 

z'fmpfpt) u (y"fnJrt - z"fnrfrt) 
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[ (x"f - z 'f )f ] u [ (y"f - z"f )f ] rrp mp pt nr nr rt 

Qpfpt u Qrfrt = Qt u Qt = Qt = Qsfst· 

Hence (x' uy')f - zf = Q which implies x' uy' ,.; z. 
ks qs So x' u y' is 

the smallest upper bound of x and y. 

It is routine to verify that x - x = O - -and that x - y 0 implies 

Let X, y, z E A
00

• Suppose XEA., yEA. 
1, J 

and z EA 
q 

Let x' = 

where k is an upper bound of i and j. Then 

ex u y J - z = x, u y, - z 
(x' uy')fk - zf (where s is an upper bound of k and q) 

B qs 

(x'fks uy'fks) - zfqs = (x'fks - zfqs) u (y'fks - zfqs) 

(xfikf ks - zfqs) u (yfjkfks - zfqs) 

(xf is - zf qs) u (yfjs - zf qs) 

[ (xf is - zfqs)fss] u [ (yfjs zfqs)f ss] 

= xf,;
8 

- zf uyf. - zf 
" qs Js qs 

= ex - z) u cz - y) . 

To prove x - y,.; (x - z) u (z - y), it is sufficient to show that (x - y) 

u ex - z) u cz - y) (x - z) u (z - y). Now let k (resp. n, m, s, t) be 

an upper bound of i and j (resp. i and q, q and j, m and n, k and 

s). Then we have 

(x - y) u (x - z) u (z - y) = xf.k - yf "k uxf. - zf uzf - yfJ•m 1.- J 1.-n qn qm 

(xf ik - yfjk) u (xfin - zf qn)f ns u (zfqm - yfjm)fms 

(xfik - Yfjk)f kt u [ (xfin - zfqn)fns u (zf qm - yfjm)fms]fst 

(xfit - yfjt) u [ (xf in - zfqn) u (zf qm - yfjm)f mt] 

(xfit - yfjt) u (xf it - zfqt) u (zfqt - yfjt) 

*) 
(xfit - zfqt) u (zfqt - yfjt) 
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xfit - zfqt u zfqt - Yfjt 

ex - z) u cz - ii). 

Thus x - y s (x - z) u (z - y). Hence 

pletes the proof. 

A 
00 

is a Griss algebra. This corn-

3. In this section, we introduce uniform structures on a Griss algebra 

via the distance function and extend some of the major results of Rema [6] 

on "auto-topologies in Boolean algebras". 

Following Gratzer [2], by a dual ideal P of a Griss algebra G we 

mean a nonempty subset P of G satisfying the following: 

(3.1) ac:P and as b imply bEP. 

(3. 2) a E P and b E P imply existence of an element d E P such that 

d $ a and d s b. 

Now we prove the following theorem: 

Theorem 10. A dual ideal P of a Griss algebra G is non principal if 

and only if, for each p E P there exists an element q E P such that q < p. 

Proof. Suppose p E P implies existence of an element q E P such that 

q < p. If P is a principal dual ideal, say [a), then a E P implies 

that q < a for some q E P; but q E P yields q 2: a which is absurd. So 

P is non principal. 

Suppose P is a non principal dual ideal. Let p E P. Since P -I [p), 

there exists an element rEP such that r f- [p). Hence p 1, r. Now r 

E p and p E P. Since p is a dual ideal, it follows that there exists an 

element qEP such that q $ r and q $ p. If q = p then p $ r which 

is not true. Hence q 'f p and so q < p. This completes the proof of 

the theorem. 
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Now we state below a few theorems the proofs of which follow almost as 

on the same lines as in [6]. 

Theorem 11. Let P be any dual ideal of G. Then the subsets A = 
p 

{ (x, y) I d(x, y) ~ p} (p E P) form a base for a uniformity and define a 

uniform struature on G. 

The uniformities defined above are called auto-uniformities and the 

corresponding topologies are called auto-topologies. 

Theorem 12. Let P be a non prinaipal dual ideal of G. Then the sub--

sets U = {(x, y) I d(x, y) < p} (pEP) p 

define a uniform struature on G. 

form a base for a uniformity and 

The uniformities defined above are called striat auto-uniformities and 

the corresponding topologies are called striat auto-topologies. 

Theorem 13. Let P be a non prinaipal dual ideal of G. Then the 

striat auto-uniformity and the auto-uniformity defined by P on G are 

equivalent. 

Theorem 14. Let P be any dual ideal of G, and TP be the auto-topo­

logy defined by P on G. Then 

(1) The subsets A/a) = { x I d(x, a) ~ p} (a E G, p E P) are alosed 

in (G, Tp). 

(2) The subsets Ap(a) are open in (G, TP) and aonstitute a base of 

neighborhoods at a. 

From the above theorem, the following is clear. 

Theorem 15. Let TP be the auto-topology defined by P on G. Then 
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(G, Tp) is zero dimensional. 

I take this opportunity to thank Dr. K. L. N. Swamy for his valuable 

guidance throughout the preparation of this paper. 
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