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Relations Between Some Conjectures in Knot Theory

By Yoshihiko MARUMOTO

We consider the following conjectures:
C.1 : Every non-trivial strongly invertible knot has Property Pl'
C.2 : Every non-trivial strongly invertible knot has Property R.

C.3 : If a band is attached to a trivial knot resulting a trivial knot.

then the band is isotopic to a half twisted trivial band.

C.4 : If a band is attached to a trivial knot resulting a trivial link

of 2 components, then the band is isotopic to a trivial band.

In §1, we state C.3 and C.4 more precisely.

Concerning Property P. and Property R, many mathematicians have studied

1
(for example, see [6] and [7]), but C.1 and C.2 are still open, and of
course, so are C.3 and C.4. For C.1 and C.2, we refer the reader to Prob-
lem 1.15 and Problem 1.16 in [2], and for C.3 and C.4 to Problem 1.2 in [2]
and Section 10 of [8].

In this paper, we shall prove the following results:
Theorem 1. C.1 and C.3 are equivalent.

Theorem 2. C.2 and C.4 are equivalent.
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For the proof of Theorem, we use Montesinos' technique [4, 5].
The author would like to express his sincere gratitude to the members of

Kobe Topology Seminar for helpful conversations.
1. Preliminaries

Throughout this paper, we work in the combinatorial category.
By Dn, " and RS, we denote respectively an n-disk, an n-sphere and
a 3-space, and by I the unit interval [0, 1]. We denote

(G, y> 2) B> 5y 2 0}

o]
i

and R

{(, y, 2) eR> ; y = 0.

We may regard & as a one point compactification B ui=} of R.

For a manifold M, ¥ and <nt M are the boundary and the interior of
M. In this paper, every submanifold is locally flat,

For manifolds M and W, let M0 be a submanifold of M. And f 1is

an embedding of MO into N, then ¥

identifying MO and f(MO).

U

f N is obtained from M u N by

A knot X 1is an embedded Sl in 53 (or R3), and a Ilink L 1is a dis-
joint union of knots. A link I (or a knot X) is triviagl if each
component bounds a mutually disjoint 2-disk. A simple arc o in a mani-
fold M, with ondM=03a, is wunknotted if there exists an simple arc a'
in oM such that aua' bounds a 2-disk.

A knot K is strongly imvertible [4] 1if there exists an orientation
preserving involution of SS which induces an involution of X with two
fixed points. By Waldhausen's results [10], this involution is essential-
ly a rotation about an axis.

Let N be a regular neighbourhood of a knot X in 53, then we choose
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a meridian-longitude pair (m, &) for ON, where m bounds a disk in ¥
and 2 is homologous to zero in .5'3 - int N, and m, & are oriented
such that their intersection number is +1 on oN. Let f be a homeo-
morphism of 93N onto itself with f(m) = mOLQ,B, then (,5‘3 - int N) }.JIV
is said to be obtained from 5> by perfoming (o, B)-surgery along K.
Especially, in the case of B8 = 1, we call it o-surgery.

A knot K, in SS, has Property P1 if, for any #l-surgery along K,
53 is not obtained; and X has Property R if, for any O-surgery along

X, Slx SZ is not obtained.

Proposition 0. Trivial knot has neither Property P, nor Property R.

Let M be a 3-dimensional manifold, 7 : ¥ 53 be a simplicial map,

and L be a link in S°. Then M is said to be a eovering space of 53

branched over L if M- ﬂ'l(L) 8% -1 is a covering

LIPS e
space. We say that M is a 2-fold covering space of 53 branched over
L if the associated covering space is 2-fold. By Waldhausen's

results [9, 10] imply the following [1] ;

Proposition 1. Let M be a 2-fold covering space of 5% branched
over a link L. Then M is homeomorphic to S'x $° if and only if L
8 a trivial link of 2 components. And M <is homeomorphic to 6'3 if and

only 1f L s a trivial knot.

We use the following maps p, u : ROV (=} o RSV{“’} defined by
1) p(®) = u(») ==,
(2) plrcos ©, rgin®, 8) = (r cos 20, r sin 20, z)

for (r cos 9, r sin 8, z)e RS, and
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3) ule, y, 3) = (-x, -y, 8} for (x, y, ) eRs.
Then u is an orientatoon preserving involution of SS, where the fixed
point set Fix{u) of u is the z-axisV{w}; and p : 53-» 33 is a 2-
fold covering space of S3 branched over Fix(u).

An iZsotopy of a manifold M is a homeomorphism H of MxI onto it-
self such that H is level preserving, i.e., H(x, t) = (htcr), t), where
ht is a homeomorphism of M onto itself for ¢eI, and ho = iM.

An isotopy H of 33 will be called a u-isotopy if, for all telI,
uht = htu. For a subset 4 in M, if ht,A is the identity map for any

t, then we say H fixzes A.

From the definition, we can easily see the following lemma,

Lemma 1. Zet E be a u-isotopy of SS, then there exists an isotopy

H of 5% such that le = phl.

Let KX be a knot in Ss, and B be an embedding of Dlx I into 33
such that B(D'x I)nK = B(D x 3I). Then we define
F(X; B) = (X - B(Dlx aI))UB(aplx I)
and B is said to be a band attaching to K. Two bands Bl and 62,
attaching to a knot X, are equivalent if there exists an isotopy H of

53 such that hl(K) = K and hl(Bl(Dlx n) = BZ(Dlx .

Now we restate the conjectures (.3 and C.4 more precisely.

C.3 : Let K be a trivial knot in SS, and Bi be a band attaching
to K such that F(X; Bi) ig a trivial knot for < = 1,2. Then Bl and

8

, are equivalent.
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C.4 : In the hypothesis of C.3, we assume F(X; Bi) is a trivial link
of 2 components instead of a trivial knot. Then Bl and 82 are equi-

valent.

2. A property on trivial knots

Let X be a trivial knot in 33 such that u(X) = X and KnFix(u)

:{P

1 Pz}, two points.

Because K is a trivial knot, the following is easily seen [3],

Lemma 2. There exists a 2-disk D in Ss such that 9D = K and

Dnu(D) 1is a set of simple closed curves.

Moreover we can prove the following by well known cut-and-paste techmnique:

Lenma 3. There exists a 2-disk D in 53 such that 9D = K and

Dau{D) = K.
Now we will prove the following lemma :

Lemma 4. Let S be a 2-sphere in SS with u(S) = S, then there ex-
ists a u~-isotopy H of 5% and a simple closed curve k 1in Sr\R2 such

that H fizes k and hl(S)r\RZ = k.

Proof. We can suppose that Sr\Rz is a set of simple closed curves,

2 ~ ~
and we put SnR = {al, Tt A, A, A e,

a, = u(ai), u(ai)naj = @ and u(ei) =c; for all < and 4.

. . . 2
Then, in ¢g.'s, there exists an inner most curve on S and R, and
7

cee cn} such that

put a one of these curves. Then ai is also an inner most curve. We
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choose a 2-disk Ai on S such that BAi =a, and int Air\Rz =@, and
let Di be a 2-disk on Rz such that BDi =a,. Then there exists a 3-
disk V. in s° such that 23V, = D,V A,, We can suppose that D.xIT
Z T i 1 Z
is embedded in 53 such that Dix‘I(\S = BDix I and Dix If\V£= Dix {0}
=D7;XInR2. Then V,L.UDixI is a 3-disk and
' = - ,MNB8D.x I))VY D, x
S (5 - (8,V9D,x D)V D, {1}
is a 2-sphere such that S'n RZ doesn't contain a;.
We put S'" = p_l(p(S')), then 5" 1is also a 2-sphere such that u(S")=S"
and S"n.R2= S(\Rz - {ai, 5i}. By the construction of S", we get a u-iso-
topy of 5° which moves S to S" and fixes Snk° - {ai, &i}'
Repeating this process, we can move S to SO by a wu-isotopy of 53
. . 2 -_ L)
which fixes {cl, s cn}, and Son R® = {e,, , cn}.
Suppose n22. For some e and cj (¢ # §), there exists an arc Y
3
on R+n5’0
bounds a 2-disk B in Rz such that Br\cj = @. (B may intersect with

such that Y spans e and cj. We may suppose that e;

other e, for r#<, j.) Let B' be a regular neighbourhood of B in
Rz, and we put ¢' = 9B'. Then & = yYyVu(y) is a closed curve on S, !
is a simple closed curve in 33 - 5 and has a linking number +1 or -1
with &, this means that ¢' is not homotopic to zero in 53 - 8. This is
a contradiction. The case n = 0 1is impossible. Hence #»n = 1. Therefore

k= ¢ is fixed by the above u-isotopy of Ss. This completes the proof.

Lemma 5. Let S be a 2-sphere in $°  such that u@Ss) = 8§ and Sr\Rz

18 a simple closed curve in Rz’and K be a trivial knot on S with

Uy = K and XnFix(u) = {P EE}. Then there exists a u-isotopy H of

1’
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s such that H fixes {Pl, P2} and hy (K)(\Rf is an unknotted arc

spanning P. and pP,.

1

2
Proof. Let k = KnR . Then, by the similar arguments of the proof
of Lemma 4, we can eliminate the intersection kAKX except P1 and PZ'

3
In fact, this is done by a wu-isotopy H of S~ which fixes {Pl, Pz}

This completes the proof of Lemma 5.
Combining the above Lemmas 3, 4 and 5, we have the following :

‘s .. , 3
Proposition 2. Let K be a trivial knot in S such that u(X) = K
3
and Kn fix(u) = {Pl, PZ}' Then there exists a u-isotopy H of S such
that H fixes {Pl’ PZ} and hl Xn Ri is an unknotted simple arc span-

ning P1 and P2.

Remark 1. In Proposition 2, from the definition of unknotted simple
arc, we can choose a wu-isotopy H' of 33 such that hi fixes {Pl’PZ}

2
and hihl(K)CR .
3. Proof of Theorems 1 and 2

We will prove Theorems 1 and 2 by using Montesinos' technique [4, 5].

Let X be a trivial knot in 53 and in this section X always means
Fizx(u), i.e., z-axisY {©}. As mentioned in §1, p : 53 > .S-'3 is a 2-fold
covering space of 53 branched over X.

First we prove C.1 implies C.3, and C.2 implies C.4.

Let B be an attaching band to KX such that F(X; B) is a trivial

knot or a trivial link of 2 components.
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Choose a regular neighbourhood B of B8 in 53, then p_l[B} is a
regular neighbourhood of the knot p_l(a) where o is a centerline of 8
defined by o = B(oXI) for oe1int Dl, and, by the definition of the map
p, p (&) 1is a strongly invertible knot in s°.

Let f be an orientation preserving homeomorphism of 9B onto itself
such that 3BnK is fixed as a set. Then the manifold QSS -~ int B)‘}{B
is homeomorphic to SS, because any homeomorphism of 9B is extended to
the whole 3-disk B.

Let ? be an orientation preserving homeomorphism of 3(p_1(B)) onto
itself such that pf = fp. Then M = (S° - int p‘l(B))‘j{p‘I(B) is a 2-
fold covering space of (33 - int B)fF'B branched over the link

K (s - B))\f{ (XnB).
We can choose the above homeomorphism f of OB onto itself such that
F(X; B) = (X n(53 - B)) ?.J(KAB).
Then M 1is obtained from 83 by perfoming a surgery along p-l(a). We
remark that it is u-surgery for some integer u. (Fig.l)

Now we suppose F(X; B) is a trivial knot, then, by Proposition 1, M
is homeomorphic to SS. Hence we can check that the surgery is *l-surgery
by easy calculation of the 1-st homology group of M. Then, by hypothesis
c.1, p_l(a) is a trivial knot. By Lemma 1, Proposition 2 and Remark 1,we
can get an isotopy G of S3 such that g, fixes onkK and gl(u]<:R2.
This implies that, for an attaching band Bi such that F(X; Bi) is a
trivial knot, their centerlines are isotopic keeping X fixed. If Bl is

(2v+1) half twisted for v30 (Fig.2), then the complement of F(X; Bl)

has the fundamental group represented by {a, b ; a(ba)v = (ba)vb 7.
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Figure 1

(2v+1)~crossings

Figure 2

It is well known that, if v2 1, this group is not isomorphic to the infi-
nite cyclic group, hence F(X; Bl) is not a trivial knot. Therefore Bl
is a half twisted, i.e., this results the bands Bl and 82 are equi-
valent, Therefore C.3 1is implied.

Next, suppose C.2, then the surgery is O-surgery. By the similar
arguments in the case of C.1, we can conclude C.4.

Now we will prove C.3 implies C.1, and C.4 dimplies C.2.

Let k be a strongly invertible knot in S3 such that wu(k) = k and
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Figure 3
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knk = {Pl, Pz}. Let V be a regular neighbourhood of %k in 5% such
that u(V) = V. Choose a homeomorphism ¢ of 9V onto itself such that
093 - int V)i; V is homeomorphic to 53 or Slx Sz, and that ¢ induces

the #1- or O0-surgery, moreover we can assume that ou = u¢ and
¢(KN3V) = KndV. We put o =p(k), then a is a simple arc spanning
p(Pl) and p(Pz) such that int ank = §. Let U=p(V), then U 1is a
3-disk. Now there exists an orientation preserving homeomorphism o of
oU onto itself such that p¢ = $p and $(K(\3U) = KndU (see Fig.3).
Since ¢ induces *1- or O-surgery, we can find a band B8 attaching to
K such that F(X; B) = (Kn (S° - U))\E{(an/).

If we suppose C.3, F(X; B) is a trivial knot by Proposition 1.

Under the assumption C.4, we get F(X; B) a trivial link of 2 components
by Proposition 1. 1In both cases, we conclude that %k is a trivial knot

in S5°. This implies C.1 or C.2.
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