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On a Composition of Knot Groups II—

Algebraic Bridge Index

By Toru MAEDA

The bridge index of (3,1)-knots was introduced by H. Schubert [4].
Let K be a (3,1)-knot. An overpass of a regular projection p(X) of
the knot X is a subarc of the diagram p(X) which contains an over-
crossing points but no undercrossing points, the number of the maximal-
overpasses is called the bridge number of the projection p(X). The bridge
index b(K) of K is the least bridge number of all regular projections
of K. For the composition Kl#K2 of (3,1)-knots Kl and K2, H. Schubert

proved
(%) b(Kl#KZ) = b(Kl) + b(Kz) -1

For any locally flat, piecewise linear or smooth (n+2,n)-knots, n 2 1,
A.B. Sosinskii gave a similar result to the above Schubert's equation (+)
in [5], Theorem 3.2 . One of the purposes of our paper is to show that
the A.B. Sosinskii's statement is false. Before describing this, 1let us

review the A.B. Sosinskii's statement.

n

Let K : 5 ~» Sn+2 be a locally flat, piecewise linear or smooth knot.

n+2

For a set of generators of the knot group ﬂl(S -K(Sn)) of K, we can
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choose {z,a ..,as} such that =« is a meridian and the linking number

10-
of a, with K(Sn) is zero for each ©Z. The minimal system of generators
chosen in this way will be called a canonical system of generators of the
knot group of K. A.B. Sosinskii's statement is as follows

"If {x,al,...,as} and {y’bl""’br} are canonical systems for the knot
groups of two knots Kl and K2 respectively, then the elements 3z (= = = y),
al""’as’bl""’br form a minimal system of generators of the knot group
Kl#Kz. Thus, on adding a knot ( whose knot group is not the infinite

cyclic group Z), we strictly increase the minimum number of generators of

the knot group of the original knot."

In our paper, we will also give the definition of 'the algebraic bridge
index" ( § 1 and § 2 ) and give an explanation of '"the composition of knot
groups" ( § 3 ) which was introduced in [7],p.108. After these preliminaly
arrangements, we will give an example which shows that a similar equation

(3.1) for the equation (+) does not hold.
1. Algebraic bridge index

After this, G is always considered to be a finitely presented group
which has a Wirtinger presentation (see [3]) and whose first homology

group Hl(G) is isomorphic to Z.

Definition 1. x (e G) is a meridian element of G if G has a

Wirtinger presentation whose set of generators contains .

If the second homology group H2(G) of G is trivial, we can regard G
as a knot group, because of the main theorem in M.A. Kervaire [1], p.106 .

T. Yajima [6] proved that &« 1is a meridian element of & if and only if
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x 1is a weighted element of G, i.e. xG, the normal closure of z in G,
is equal to G.

We will denote the pair of G and its meridian element x by (G,x)

Definition 2. Let =x be a meridian element of ¢ and P(G,x) be any
Wirtinger presentation of G whose set of generators contains . The
algebraic bridge number of P(G,x) is the number of the generating symbols

in P(G,x) .

Definition 3. The algebraic bridge index of (G,x), denoted by B(G,x),
is the least algebraic bridge number for all Wirtinger presentations whose

sets of generators contain .

It is trivial that B(G,x) =1 if and only if G is isomorphic to Z.

Now, we will give a knot group G which has two meridian elements x,

and Y, such that B(G,ml) # B(G,yl), i.e. the algebraic bridge index
depends on not only the group & but also its meridian element.Let G be

a group which has the following Wirtinger presentation :

(1.1) <z, 1

rx (2 x_lx_l l(x x_lx_lx )"
1’72 1

2%y Ty T)w, (wywy e ey

G 1is the knot group of the figure-eight knot.(This group G is not iso-

morphic to Z, because the factor group of G by (xi)G , the normal
closure of xi , 1s the dihedral group of order 10. Therefore, B(G,xl)

2. Next, we change the presentation (1.1) to (1.2) by adjoining ay

= xlx;l, and then, by deleting x, on Tietze transformations.

1-12 -1 -1
X, ax.a, x.a, > .

< . -
(1.2) LaQy 2 B3y Ty 04T 4y Ty

1

It is trivial that the element y, = aixl is a weighted element of G.
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Therefore, Yy, is a meridian element of G. In fact,

-1 -1 4 l -1

G=<yja :a ylal ¥y 1y 1917
= <Y Y Yglgedy t ) Yy a ly 1 4y ot ly
1°72°93°94°71 ° llll 1’
2 2 -2
¥ = 9 ylal’ ¥z = a 91“1’ Yg = 4919 2

< 0 o =yl
YsYooY oY ys@q 2 Ay S Y3 Yo Y s

-2

- aylya = a %y.a = a%y.al? >
y2 " yl 1’ y3 s | yl 1° y4 = lyl 1
l -1 -1.2
-1-1-1.2 A

=Wy ¥y ¥y ) YWYy, Y ) >

This implies that B(G,yl) < 4. To calculate B(G,yl), we consider the
mapping h from the generators YyYy¥s and Y, into the symmetric group
S5 of degree 5 such that h(yl) = (15), h(yz) = (45), h(y3) = (34) and
h(y4) = (23). This mapping %4 induces a homomorphism from & onto SS
Since we need at least four transpositions to generate S5, B(G,yl) 24
Therefore, B(G,yl) = 4. This implies that B(G,xl) # B(G,yl).

2. Classes of meridian elements

If f 1is an automorphism of &, it is clear that B(G,x) = B(G,f(x))
for an arbitrary meridian element x of G. Using this fact,we can define an

equivalence relation for the set of all meridian elements of G as follows:

Definition 4. Let =z and ' be two meridian elements of (. « and x'
are equivalent in a weak sense, denoted by x ~ x' , 1if there exists an

automorphism f of G such that f(x) =

We will denote by [x] the equivalence class of z in the set of all

meridian elements of G modulo " ~ " . Then we can define the algebraic
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bridge index of (G,[x]), denoted by B(G,[x]}, as B(G,x).

The example in § 1 shows that there exists G which has some different
equivalence classes. The group ¥ = (the binary icosahedral group) x 2
gives us the same result, because F has at least three classes (see 73,
p.107). Moreover, we can show that (the generators of the direct factor Z
of N )+(the center of the binary icosahedral group) can not be meridian
elements of N but are mapped to the generators of the infinite cyclic

group Hl(N) under the commutator homomorphism.

For a group G with an abelian commutator subgroup G',the following
facts are trivial. The set of all meridian elements of (¢ is xG'\)x_lG'.
The number of the equivalence classes is 1 if and only if for the auto-
morphism f of G' which is induced by an meridian element of G , there
exists an automorphism g of &' such that g-lofcg = 1. The other case,

the number of the equivalence classes is 2, i.e. xG' and xﬁlG'
3. Algebraic bridge index of composite knot groups

Definition 5. (G,[z]) is the composition of (Gl,[x]) and (Gz,[y]),
denoted by (Gl,[x])#(Gz,[y]), if G 1is the amalgamated product group of
Gl and G2 under the mapping x +y and =z is the image of &« under

the natural inclusion from Gl into G.

It is clear that G has a Wirtinger presentation whose generators in-
clude the element 2. Therefore, this definition is well defined.Moreover,
all of (G,[z]) obviousely form a commutative semigroup g; with identity
(Z,[11). The commutator subgroup G' of G such that (G,[z]) = (Gl,[m])

#(Gz,[yJ) is the free product of the commutator subgroups of Gl and G2
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by (3.3) in [7], p.108.

All of knot groups form a commutative subsemigroup of & , because

Hy(6) = Hy(6)) + Hy(G,) for all (6,[z]) = (6,[z]) # (G,,[¥D).

Since the above definition of the composition is similar to the compo-

sition of knots, we can raise the following question :

Question. Does the equation

(3.1) B((6,, [=])#(6,,[¥1)) = B(G,[z]) + B(G,,[y]) - 1
hold ?

We get infinite examples which induce the mnegative answer to the

question. Let Gp g be the group with the following presentation

s

(3.2) <=ma : glaz=al, P =1> (.9 = (p.g-1) =1, p>q> 1.

In [2], the author proved that the group Gp q is a knot group whose

>

commutator subgroup is < a, : aﬁ = 1>, and that Gp q has the fol-

lowing presentations

-1 q -P,..P
_3 < 3 H = = >
(3.3) x,al x alx al, x a1 mal s
-1 -1 -1 .\r -1 -p -1_\P
<z ..tz = (. x x. (x. 2 z = (x. = 2. (¢ " >
1’72 72 (2 1) 1(2 1)’ 1 (2 l) 1(2 1)

= %, = za ). Since
17 % Ty = xap . ooin

a, belongs to the commutator subgroup of Gp q,it follows from (3.2) that

where »r(g-1) + sp = 1 for some integer s , and «x

xz and a., from a canonical system of G . B 3.4), B(G ,[x]) = 2.
1 y 0.q y (3.4) (p,q[]

Let (G,[2]) = (G% q,[x]) # (Gm n,[y]) which satisfies the following

condition : there exists an integer k such that (i) qk +1 =0 (mod p),

(ii) nk—l—l = 0 (mod m) and (iii) (n+l,m) = 1. The existence of the



463

above required integers p,q,m,n and k¥ is easily shown by putting p be
an odd number greater than 1 , ¢ = p-1, m be a prime number greater than

3, 25ns<m2 and k = 1. Therefore, We will show that B(G,[z]) = 2.

_ -1 _ g _ -p_DP -1 7 _ g-m_,m
= < . = = = = >
G z,al,bl Pz lajz=a;, 2 =afza, 2 blz bl’ z bl zbl
- R ! _ 9 - PP -1 _ N _a=m_,m
< z,al,bl,cl. 2 az =a;, 2 =aza, 3 blz = bl, z = bl zbl,
-1 -1,-1
e, =2 blalzal bl >,
k+1 k k
_ ng-l-1 -k k _ n q (g-1) ,-»n n
Then, e, = bla1 b1 . Therefore, =z ez ey = ( bl aj bl )( bl
-az—lbll }. Since nk_l—l =0 (mod m) and qk+1 = 0 (mod p), z_kclzkcl =
K+1_
b 1. Moreover, (nk+l—1,m) =1 from (n-1,m) =1, (n+l,m) =1 and
nk_l-l = 0 (mod m). Therefore, there exists an integer ¢ such that ¢
-(nk+l—1) = 1 (mod m). Hence, (z—kclzkcl)t = bl and then, a, = ((z-kclzk
-nt -k k . t.u - .. .
-cl) cl(z eq2 cl) )", where u(g-1) =1 (mod p). This implies that G

has the following presentation :

R ! _ A9 _ A7 P_4P =1 — _ ~m
(3.5) <ze, i Az=4l, 2=aFubl, 27825, -5 zBZL

-1 ~1_-1
= >
cl 2 BlAlel Bl

. -k k t . -n u
where Bl is the word (z e 2 cl) and Al is the word (Bl clBl) .

The presentation (3.5) shows that {z,cl} generates G and that ¢, is

an element of the commutator subgroup of &. Therefore, {z,cl} is a canon-
ical system of G. Hence, the Sosinskii's statement is false. To prove
B(G,[z2]) = 2, we change the presentation (3.5) by adjoining 2y = 7 and

8, = &C

2 1 and then, by deleting 2z and c_.

1

-1,,-1_.-1
< . * A% * *
(3.6) 2158, ° Rl zzBlAlzl Al Bl 5
1. *~q9 (- =P ‘lA*p
17 A ATEAT L WG = a AT Ta AT,
1oy peM . o =lpm
3= 3 BBy L Wy =By s BY ,

=
i

=
l
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where A; and B; are the words in 2z, and z,. induced from A1 and B1

1 2
in the above manner. Moreover, we change the relators Wi,Wé,Wé and WL
. . -1
1 1 ! ] T
to Wl’WQ’WS and Wu by replacing all z,'s in Wi,Wz,W3 and W)+ to R1 2y

The presentation obtained in such a manner satisfies the conditions in

Lemma 2, [3]. Therefore, G has a Wirtinger presentation

N _ -1 . .
(3.7) < By58, ¢ Rl’ B; = hﬁzjhb s 2 =1,2 and J = 1,2,3,4 >.

Hence, B(G,[z]) = B(G,[z]) = 2. This implies that the equation (3.1)

does not hold.
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