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Abstract

Howards and Kobin give a sharp upper bound for crossing number of knots
on rectangular mosaics [3]. Here we extend the proof to create a new bound
for hexagonal mosaics in all three natural settings and shorten the proof in the
rectangular setting.

1. Introduction

Mosaics were introduced as a way of modeling quantum knots by Lomonaco and
Kauffman in [6]. Since then they have been studied in numerous papers. An
r-mosaic in the rectangular sense of Lomonaco and Kauffman is an r x r board
consisting of a combination of square tiles with arcs of a link running across them.

The concept of hexagonal mosaics was introduced in [1] by McLoud-Mann et
al. Instead of tiling a portion of the plane with square tiles, they tiled it with
regular hexagons. The hexagonal tiles are pictured up to rotation in Figure 1. In
the hexagonal context an r-mosaic is the set of all tiles in a hexagonal grid within
distance r of a central tile. So a hexagonal 1-mosaic contains 1 tile, a 2-mosaic
contains that tile plus the 6 tiles adjacent to it and so on.

In knot theory in general, finding bounds relating crossing number to other in-
variants can be notoriously difficult. Howards and Kobin give the following sharp
bound relating crossing number and mosaic number for rectangular r-mosaics.

Theorem 8.2 [3]. Given a rectangular r-mosaic with r > 3 and any knot K
that is projected onto the mosaic, the crossing number ¢ of K is bounded above by
the following:
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< (r—2)2-2 ifr=2k+1
c
T l(r—=2)2=(r-3) if r = 2k.

The odd case is easy to prove, but the proof of the even case is fairly complicated
and needed the introduction of a tool called the complement of a mosaic. Here we
refine the complement and introduce a more streamlined proof for the theorem
above. Simultaneously we also establish new, sharp bounds for hexagonal mosaics.

We note that the complement is also useful in other settings within hexagonal
mosaics including in the proof in our paper [4] where we extend the results of
Ludwig, Paat, etc in [7] to find an infinite family of knots which cannot achieve
their crossing number on the smallest hexagonal grid on which they fit.

Hexagonal mosaics are interesting in their own right, but we also point out
that they generate knots very efficiently. On a hexagonal 2-mosaic there is only
one tile where crossings can occur (the other six tiles are on the boundary and
have no crossings) so the only non-trivial knots we can get on a hexagonal 2-
mosaic are trefoils. See, for example, the one shown in Figure 4. The existence
of a nontrivial knot on a 2-mosaic, however, already shows some of the potential
power of hexagonal mosaics since in rectangular mosaics a 1-mosaic is too small
even for an unknot, 2-mosaics and 3-mosaics only yield unknots and even up
through 5-mosaics the only knots one can get are the trefoil and figure eight
knot, but hexagonal 3-mosaics already yield knots up to crossing number 19 and
hexagonal 5-mosaics contain knots up through crossing number 108.

One might worry that the computational complexity is greater in hexagonal
mosaics than in rectangular mosaics because one has more possible tiles and
perhaps this cancels out the advantage of getting so many more knots on a small
board, but in fact for r = 5 where one can only get a few knots in the rectangular
setting, it is easy to show that one can hit knots with every crossing number
of the form 3k,k € Z for 0 < k < 23 while using on the interior only three
types of tiles: one type of crossing tile (Type 27 in Figure 1) together with two
non-crossing tiles (17 and 5 in the same figure), two fewer than the five options
one has in the rectangular setting. Figure 2 shows a connect sum of k = 23
trefoils in the standard setting. Each time we replace one of the Type 27 tiles
in the figure with a Type 17 tile we drop crossing number by 3. We do this
several times in the mosaic on the right in Figure 2. In the enhanced setting we
can add in one or two crossings in the boundary tiles allowing us to hit every
crossing number of the form 3k + 1 (for 2 < k < 23) in the middle of the figure
and 3k + 2 (for 4 < k < 23) on the right. With a little work one can almost
certainly dramatically improve these bounds and get good bounds for prime knots
as well (but we used this example because we could explain the construction for a
large collection of crossing numbers without adding a large appendix of figures).
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Thus even restricting to a smaller collection of interior tiles than are available in
rectangular mosaics still leads to dramatically more non-trivial knots.
The authors appreciate the reviewer’s careful reading and helpful comments.

Figure 1. Here we see the hexagonal tiles up to rotation. Numbers to the
left of the tile are given so that we can refer to specific tiles by name when
convenient.

Figure 2. On the left we see a standard mosaic consisting of the connect
sum of 23 trefoils built using only Tiles 27, 17, and 5 on the interior. On
the far right we see an enhanced mosaic, but it also shows how to lower the
crossing number in any of the settings by multiples of 3 by replacing Tile 27
by Tile 17. The center and right figures show that in the enhanced setting
we can add in our choice of one or two more crossings in the boundary tiles
in the enhanced setting to achieve crossing numbers of the form 3k + 1 and
3k 4 2.
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2. Definitions

We now establish some definitions. As mentioned above a hezagonal r-mosaic is
a board of radius r centered around a given hexagon. A 2-mosaic (such as the one
seen in Figure 4) has the original tile plus the six adjacent tiles for a total of seven
tiles and so on. We see 3-mosaics in Figure 11, 4-mosaics in Figure 3, 5-mosaics
in Figure 9 etc. Note that a hexagonal r-mosaic in some sense forms a regular
hexagon with r tiles on each of the outer sides just as a rectangular r-mosaic forms
a square with r tiles on each of the outer sides. As with rectangular mosaics for
a specific link on a mosaic the midpoint of each tile edge is called a connection
point if it is the endpoint of an arc drawn on that tile. Then we say that a tile
within a hexagonal mosaic is suitably connected if each of its connection points is
identified with a connection point of an adjacent tile. As is standard practice, we
only consider mosaics in which all of the tiles are suitably connected (and then
we say the mosaic itself is suitably connected).

The tiles t away from the center tile are called the " corona, so the six tiles
adjacent to the center tile on a hexagonal mosaic form the first corona and the 12
tiles just outside those form the second corona, etc. As in the rectangular case, we
call the tiles farthest from the center (the 7 — 15 corona) the boundary tiles. All
the other tiles of the mosaic are called interior tiles. We will always arrange our
mosaics so that the top and bottom edges of each corona are horizontal. So that
we can specify individual tiles we will index them with the first number indicating
the row from top to bottom and the second index increasing as we count tiles from
left to right, so tile T7 3 would be the third tile from the left in the top row. See
Figure 7 for a sample board with all of the tiles labeled. The boundary tiles
(like every corona) form a hexagon of sorts. We call the six tiles that correspond
to vertices of the hexagon corner tiles (tiles Th 1,714,741, Ta 7, T7 1, and T7 4 in
Figures 3 or 7, for example) and the rest of the tiles that lie on the edges of the
hexagon edge tiles (such as tiles T1 2, T1 3 and T5 5 in the same figures).

At times we will also want to divide the interior tiles into their own outer ring
and interior. We call the subset of the interior tiles up through the r — 3' corona
the central tiles and call the r—2°9 corona that forms the outer ring of the interior
tiles the penultimate corona. See Figure 7 for a picture demonstrating the tiles
corresponding to each of the above definitions in this paragraph.

All of the possible hexagonal mosaic tiles up to rotation are shown in Figure 1.
Rectangular mosaics can never have crossing tiles as boundary tiles and be suit-
ably connected, but hexagonal mosaics in theory could. If one prohibits crossings
and only allow tiles 1 through 5 from Figure 1 for the boundary tiles, then we
call it a standard hexagonal mosaic. This setting is parallel to the rectangular
case in that once the interior tiles are determined there are exactly two ways the
boundary tiles can connect up. If we choose not to limit the tiles available for use
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as boundary tiles and thus to allow crossings in the boundary tiles we call these
enhanced hexagonal mosaics. Finally, there is also a setting that falls between
standard hexagonal mosaics and enhanced ones. If one loosens up the boundary
requirements to allow Tile 6 from Figure 1, but not enough to allow crossings we
will call these semi-enhanced hexagonal mosaics. To help keep track of the setting
during proofs we will denote a mosaic M if it applies to all settings, M if it is on
a rectangular board, M on a standard hexagonal board, M for semi-enhanced
hexagonal, and M for enhanced hexagonal boards.

A saturated rectangular mosaic has a crossing on every interior tile. A saturated
standard or semi-enhanced hexagonal mosaic is one in which every interior tile is
a 3 crossing tile (one of the tiles labeled 24, 25, 26, and 27 in Figure 1). We will
see in Lemma 4.6 that in an enhanced mosaic if the interior tiles are saturated
then crossings can only occur on half of the boundary edge tiles (the boundary
corona alternates between edges with crossing tiles and edges without). Thus a
saturated enhanced hexagonal mosaic is one in which every interior tile is a 3
crossmg tile and half of the edges of the boundary tiles are filled with crossings as
seen in L4 in Figure 3 and L5 in Figure 10 (note: this is called a super saturated
mosaic in [1]). Given a link mosaic call the arcs that result from intersecting the
link with the interior tiles the interior arcs of the mosaic.

Our results establish new bounds for standard, enhanced, and semi-enhanced
hexagonal mosaics and reprove the rectangular result more concisely. In [1] they
require that there are no crossings on boundary tiles, but also in their proofs
they require that there are only two ways to connect up through the boundary
thus they implicitly fall into the standard case and not the semi-enhanced setting.
Since the arguments would get redundant if we gave detailed proofs in all three
hexagonal settings we will mainly focus this paper on standard hexagonal mosaics
to match [1] and on the broadest case of enhanced mosaics, and will only sketch
some of the details in the semi-enhanced case, but the arguments in those cases
are no harder.

In [3] the idea of the complement for a rectangular mosaic was introduced. We
extend the idea to hexagonal mosaics, but simplify it slightly as we do not need the
Type 0 tiles from that paper in this new argument even in the rectangular setting.
As in [3] the complement is used to find a sharp bound on the crossing number
of knots on mosaics. In Theorem 5.5 we reprove that result and in Theorem 5.6
we extend the result to hexagonal r-mosaics.

We now define the complement of a mosaic. The complement is only defined
on the interior tiles of the mosaic and does not live on the boundary tiles. Let
L be an embedding of a link on a mosaic. Examine the interior tiles. On each
of these tiles we pick arcs for the complement based on the arcs of L already on
that tile.
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Figure 3. Here we see three ways of connecting up a collection of interior

tiles through the boundary. The interior tiles on the three mosaics are iden-
tical and only the boundary tiles are different. The link on the left is Ly
(a standard hexagonal mosaic). The link on the right is L, (an enhanced
hexagonal mosaic).

Figure 4. The trefoil embedded in a hexagonal mosaic with 7 = 2. We note
that for » = 2 standard mosaics and enhanced mosaics are the same because
all boundary tiles are corner tiles so it is impossible to have crossings in the

and ;1\2

The arcs of the complement in the rectangular case are dictated according to
the tiles pictured in Figure 5. Note that if the tile is disjoint from the link as shown
in Tile 1, one can pick the complement as drawn or rotated 7. This, of course,
means the complement is not well defined. For both Tiles 4 and 5 the complement
is blank (in [3] the complement for Tile 5 was blank, but the complement to Tile
4 had a dot on it to distinguish it and to indicate what was called a Type 0 tile
in the complement).

The choice for the arcs of the complement in the hexagonal case is dictated by
the tiles pictured in Figure 6. Parallel to the rectangular case, the complement
is defined so that it and the link together hit each the tile’s potential connection
points exactly once per tile. Note that again as the figure shows the complement is
not well defined. There are four tiles where there are two different ways to choose
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Figure 5. The figure shows the knot intersecting a square tile in green arcs
and the complement is drawn in blue. In [3] the complement for Tile 5 was
blank, but Tile 4 had a single dot on it and was called a type O tile. The type
0 tile is not needed in this paper and for both Tiles 4 and 5 the complement is
trivial since both of those tiles contain 2 arcs of the link hitting all 4 possible
connection points for the square tile.

the complement. These are the tiles where the L is disjoint from the tile and the
ones where it only passes through in a single arc. Also as in the rectangular case,
for the tiles where L is completely disjoint from the tile, we can pick the arcs of
the complement as drawn or rotated (in this case by %).

The complement is completely contained on the interior of the mosaic and
while the original link, of course, consists of a union of (possibly knotted) loops,
the complement will consist of the union of s > 0 loops together with w > 0
arcs which have their end points on the boundary of the interior of the mosaic
(as demonstrated by the arc of the complement drawn in Figure 7). As you can
see in the figures defining the complement, any time an arc of the complement
crosses an arc of the original link our convention dictates that the strand from
the complement goes under the strand of the link. Also note that arcs of the
complement never cross each other, so loops in the complement are always unknots
which are split from the actual link.

3. Families of links denoted L, and a families of knots denoted A,

In this section we give the construction for a family of knots and links which will
achieve the sharp bound on crossing number on r-mosaics. Recall we will call a
mosaic M, M if it is on a rectangular board, M on a standard hexagonal board,
M on a semi-enhanced hexagonal board, and M if it is on an enhanced hexagonal
board.

The definitions of L, and A, on rectangular r-mosaics:

For rectangular mosaics the knots which achieve the sharp bound are provided
in [3] and break down into distinct cases of r odd or even. The theorem is easy
in the odd case (say r = 2k + 1,k € Z,k > 1) so we will skip it in this paper.
For r even (let r = 2k, k € Z, k > 2), for alternating saturated boards once the
interior tiles are chosen the two ways to choose arcs in the boundary tiles to close
up the link indeed yield distinct links. One is not reduced, having a possible type
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Figure 6. The figure shows the knot intersecting a hexagonal tile in green
arcs and the complement is drawn in blue. When the link intersects the tile
in a single arc there are usually two choices for the complement (pictured in
the top row). For the bottom row and the right half of the row above it the
complement is trivial since all of those tiles contain 3 arcs of the link hitting

all 6 connection points for the hexagonal tile.

Figure 7. On the left we see a system for numbering the tiles in a mosaic
with the first index based on the row and the second based on how far from
the left the tile lies in the row. We also see that the outermost corona
consists of the boundary tiles, the penultimate corona is shaded in blue, and
the central tiles are the tiles inside the shaded ring. On the right we see a
knot K together with an arc of the complement a. Our goal is to replace
K1 by a new knot K3 which has at least as many crossings as K1, but fewer
arcs in its complement.
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Figure 8. Here we see rectangular 6-mosaics Lg, a 4 component link and
Ag, a maximal crossing number knot obtained by smoothing three crossings
of Lg.

I Reidemeister move in each of the four corners. The other is reduced and has
r—2 components. Call this second, reduced link L, (see Figure 8 for Lg). We can
smooth r — 3 crossings of L, to yield a reduced alternating knot which we now call
A,.. Note that A, is not uniquely determined. Depending on which crossings we
smooth we can get different choices for A,., but this does not cause any problems.
It is easy to pick crossings to smooth that yield a reduced knot and all of these
choices for A, on an even board have (r — 2)? — (r — 3) crossings and maximize
crossing number. See Figure 8 for a picture of Ag. Although not called A, in the
previous paper, these are the same knot mosaics used in [3].

The definitions of L,« and A,, on standard hexagonal r-mosaics and ﬁr and AT
on semi-enhanced hexagonal r-mosaics:

Now we define L, and A, in the standard hexagonal setting. Unlike rectangular
mosaics, the definitions are the same for both even and odd r with the only
exception being As as we will see below. Examine a saturated hexagonal 7-
mosaic in which every interior tile is chosen to be the same alternating 3 crossing
tile - either Tile 26 or 27 from Figure 1. Choosing one tile yields a mirror image
of the result from the other, and we will arbitrarily choose to use tile 27 from
Figure 1 in the construction in this paper.

Once the alternating interior tiles are set the choice of the standard setting
means there are only two ways to connect the link up through the boundary tiles
(the two mosaics on the left in Figure 3 show the two ways one could connect up
an alternating, saturated standard hexagonal 4-mosaic). For each r, one of the
two ways results in a reducible link with many nugatory crossings, but the other
is not reducible. The irreducible link is called LT L2 (which is also AQ since L2
is a knot) is the trefoil shown in Figure 4. See Figure 9 for Ls. We will see in
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Lemma 4.3 that all saturated standard hexagonal r-mosaics including L, contain
r — 1 components.

Figure 9. Here L5 in the standard hexagonal setting (left) is converted
into an alternating knot As (right) by smoothing crossings replacing three

crossing tiles with two crossing tiles s1, s2, and s3. The same general strategy
is used for A, for all r > 4.

For r > 3, we can take the link L,« and form an alternating knot A,« from it
by removing r — 2 of the existing (3 crossing) interior tiles and replacing them
with Tile 21, a two crossing tile, in Figure 1. The replacement is equivalent
to smoothing one of the three crossings on each of the original tiles. Any time
we smooth a crossing between 2 different components we reduce the number of
components of the link by one. There is one component of L, which crosses itself
three times in the most central tile (the 0*" corona), call it ¢;. We see ¢; labeled
in L5 depicted on the left in Figure 9. The horizontal interior arc of ¢; that
passes through that center-most tile crosses all of the other link components on
central tiles (two components twice and the rest four times). We can then choose
one of these central crossing tiles for each of the other r — 2 components and
smooth them to change L, from an r — 1 component link into a knot. Smoothing
a crossing in an alternating link results in another alternating link so the end
result of this process is an alternating knot. We see the process of smoothing 3
crossings to turn Ls into As as described above in Figure 9 with the smoothed
tiles marked sp, s2, and s3. Call the alternating knot AT A,«, of course, need
not be uniquely defined as there are many other ways to choose which crossings
to smooth, but any of the choices will work as long as we restrict to the central
tiles as this prevents nugatory crossings which might be created by smoothing in
the penultimate corona.
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Note that this process works for » > 3 and works trivially for » = 2, but does not
work for r = 3. The problem for = 3 is that there are only 2 components in Ly
and all of the arcs on the central tiles belong to a single component (since the entire
set of central tiles consists of only a single tile) as you can see in Figure 11. All of
the crossings between distinct components occur in the penultimate corona and
up to symmetry they break down into two equivalence classes. Because smoothing
must be done between distinct components and thus in the penultimate corona,
no matter which of the two types of crossings we pick the tile substitution trick
above results in a knot with a nugatory crossing instead of a reduced alternating
knot as it did in all the other cases where the substitution could be done on one
of the central tiles. As a result A3 has crossing number 19, one less than would
have been predicted simply by taking a saturated mosaic and smoothing r — 2
crossings to obtain a knot. This problem is special to A3 and does not cause
problems for 143 or ;1;, as we’ll see below.

In the semi-enhanced setting, we can form L, from L, by swapping tiles of Type
6 for tiles of Type 5 in the boundary corona whenever this lowers the number of
components and then we change any necessary crossings to make the new link
alternating. We then form A, from L, (for r > 3) by smoothing crossings on
central tiles to get a reduced alternating knot. We see the process of forming L;
from L7 in Figure 13. For r = 3 we see As depicted in the middle in Figure 12.

The definitions ofL and A on enhanced hexagonal r-mosaics:

Now we define L and A in the enhanced hexagonal setting. The interior tiles
of L are saturated and identical to the interior tiles for L,. The boundary tiles
then are filled in alternating sides of the boundary corona filled with crossmg tiles
and sides without crossings like in L5 the board on the left in Figure 10. AT is
then formed from L,. by smoothing crossings as before, depicted in Figure 10.
As we will see below, L\r contains r + 1 components for r > 2 and r smoothings
will combine these components into a single knot. As before we can form the
alternating knot ;1\7 by replacing interior tiles, but now since there are crossings
in boundary tiles we can also choose to smooth crossings of distinct components
of L that occur in the boundary tiles if we prefer.

L,. is a knot when r = 2 SO L2 = AQ, so we need only describe how to form
to AT for r > 2. Rotate LT if necessary so that the top edge of boundary tiles
contains crossings as it does in the figures in this paper. To form :4: we note that
L\r contains three components running between diametrically opposed corners of
the boundary corona. We call these three components bigons since they have only
two interior arcs. L; also always contains one component with three interior arcs
which we call a triangle. If r is odd the triangular component hits the center tile
of the three sides of the boundary corona which have no crossings as seen in L;
depicted in Figure 10. If r is even it hits the two most central crossing tiles on
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Figure 10. Here on the left i\5 in the enhanced hexagonal setting is con-
verted into an alternating knot As on the right by smoothing crossings.

Smoothings s1, s2, and s3 combine bigons with other components by replac-
ing a boundary crossing tile by a boundary non-crossing tile and smoothings
s4 and ss replace three crossing tiles with two crossing tiles giving the final
necessary smoothings on central tiles. The same general strategy is used for
;X; for all » > 4.

each of three boundary edges that do contain crossings as seen in Z; in Figure 3.
For both even and odd boards the remaining components consist of r —3 hexagons
in the sense that they have 6 interior arcs, two horizontal ones, two with positive
slope and two with negative slope.

Call the bigon component which hits 77 1, the top left tile, ¢;. As we move
left to right across the top edge of tiles call the second component we come to co
the third component c3 and so on until we get to tile 77 , in the top right corner
which intersects the second bigon which we will call ¢; (the argument does not
depend on the exact value of j, but to be precise if r = 2k — 1 then j = k if r = 2k
then j = k +1). Call the third bigon ¢;11. ¢;jy1 is horizontal, does not intersect
the top edge and runs from 7;.; on the far left to tile 7}, ,_; on the far right.
Note that in the top edge c; shares a crossing with co, co shares a crossing with
c3 and so on until ¢;_; shares a crossing with ¢;. Smooth the boundary crossing
between ¢; and cs to combine these into a single link component which we will
call ¢12 (see smoothing s; in Figure 10). Now smooth the crossing that had been
between ¢ and c3 to form component c¢i23. Continue until we have smoothed
j — 1 crossings and formed c123.. j—1; (Smoothing so in Figure 10).

The third bigon c;11 crossed co in the boundary tile T}.,1,; so now it crosses
c123..j—1; in that tile. Smooth that crossing to form ci23.. jj+1 again decreasing
the number of components by one (smoothing sz in Figure 10). If r = 3 all
we have left besides cj23 is a triangular component. In that case, we smooth a
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Figure 11. Here L3 is on the left and A3 on the right. The central picture
is the result of smoothing a crossing of L3, but before removing a nugatory
crossing to form A3 Note L3 has 2 components, but a reduced alternating
knot cannot be obtained by smoothing a single crossing so A3 has 2 fewer
crossings that L3. Here we smoothed ¢, the bottom left crossing in L3, to
get the middle picture and then did a type I move (or equivalently a second
smoothing on the same tile) to get As on the right. Because of all the
symmetry, it is easy to check that c is not unique and that no crossing in L3
can be smoothed to immediately result in a reduced alternating knot.

crossing between these two components to form ;1\3 as in Figure 12. So now we
turn our attention to r > 3. If r is even the triangle was one of the smoothed
components combined with ¢; and all the remaining unsmoothed components
’"52 hexagons that were disjoint from the boundary tiles of f/; containing
crossings. If r is odd the remaining components consist of one triangle and ’"53
hexagons that were disjoint from the boundary tiles of f; containing crossings.
On the odd board (r > 3), the triangle has a horizontal interior arc in the top half
of the mosaic that crossed c¢; twice on central tiles. In both the even and odd cases,
each of the remaining hexagonal components has two horizontal interior arcs in

are

the top half of the board. The lower of these two arcs crossed ¢; on a central
tile (twice, of course). This means that they all now cross cias.. j;+1 on a central
tile. Smooth one of those crossings for each component to form Z; (smoothings
s4 and s5 in Figure 10). Again note that this process forms a reduced, alternating
knot smoothing as few crossings as possible, but our choices were far from unique.
Many other crossings could have been smoothed to create a reduced, alternating
knot with the same crossing number. f; had r + 1 components so we note that
the crossing number of ;1: is exactly r lower than the crossing number of f; . The
crossing number of L, (enhanced) is the crossing number of L, (standard) plus
3(r —2) because they each have the same number of crossings on the interior tiles,
but L, has 3(r — 2) crossings on its boundary tiles.
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Figure 12. We see a knot with maximal crossing number on a 3-mosaic in
each of the settings. Standard Ags is on the left, semi-enhanced Ag in the
middle and enhanced A3 on the right.

4. Useful Lemmas

In this section we establish some useful results for hexagonal r-mosaics. The
equivalent lemmas are either clear or well known in the rectangular setting.

LEMMA 4.1. Let M1 and M2 be saturated standard hexagonal r-mosaics. A
rotation of My by 0 or % together with a combination of crossing changes and
planar isotopies of individual tiles is sufficient to get from My to Ms.

ProoOF. All of the connection points of the boundary of the interior tiles are
used by M, and M, since they are both saturated. There are two ways to connect
a standard saturated mosaic up through the boundary tiles. If the boundary tiles
of My and M, do not already match a rotation of M, by £ will cause the two
sets of boundary tiles to match. Now we just need to work on the interior tiles.
All interior tiles of A} and Ms are three crossing tiles (Tiles 24-27 in Figure 1).
Any two such tiles are homotopic (rel 9) and thus we can get from any one of
these types of tiles to any other with crossing changes and planar isotopies of the
individual tiles. g

LEMMA 4.2.  All saturated standard hexagonal r-mosaics have the same num-
ber of components.

PROOF. Since crossing changes, planar isotopies and rotations do not alter the
number of components this follows directly from the previous lemma. O

LEMMA 4.3.  On a standard hexagonal r-mosaic saturated links (including Lr)
have r — 1 components for r > 2. The enhanced hexagonal r-mosaic L, contains
r + 1 components for r > 2 and 1 component if r = 2. The semi-enhanced

hezxagonal r-mosaic L, contains [5] components for r > 2 and 1 component if
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r = 2. Fach L, has the smallest number of components of any saturated r-mosaic
i its category.

PROOF. The standard case is a special case of the Theorem 3.1 in [1]. In an
enhanced 2-mosaic there cannot be any crossmgb in the boundary tiles because all
boundary tiles in that case are corner tiles so L2 =Ly =1Lo= K2 Ky = Ko.
As mentioned previously for r > 2 L,, contains 3 bigon components, one triangle,
and r — 3 hexagonal components.

Note that L, shows Theorem 3.1 in [1] would not hold for semi-enhanced hexag-
onal mosaics. For example, L7 has only 4 components as shown by Figure 13,
The difference between standard hexagonal mosaics and semi-enhanced is that for
standard hexagonal mosaics such as L, each of the boundary tiles, which used
four connection points had to be a Type 5 tile, but in the semi-enhanced setting
any of these tiles could be replaced by Type 6 tiles. Swapping the tiles is equiv-
alent to doing a band sum between two arcs of a link (or knot). The band sum
will decrease the number of components if and only if it is between distinct com-
ponents of the link. Under those conditions, the bands allow us to turn L, into
a saturated link L, with only [§] components. Every saturated semi-enhanced
hexagonal mosaic can be formed from a saturated standard hexagonal mosaic
swapping out some Type 5 boundary tiles for Type 6 boundary tiles and thus one
can show that [£] is indeed the smallest number of components on any saturated
semi-enhanced hexagonal r-mosaic.

We see the shadows of L7 and [:7 in Figure 13. In L7 we have the expected 6
components. Components c¢; and cy enter tile 77 o and c; and c3 enter tile T} 5
allowing us to insert Type 6 boundary tiles reducing the number of components
in the semi-enhanced case from 6 to 4.

The general formula holds because for » = 4 or 5 the smoothings allow us to
combine 2 components dropping the total number in the link by one, for r = 6
or 7 we can combine up to 3 components dropping the number by two, and each
time r increases by two we get one more component that can be combined using
Type 6 boundary tiles. L has exactly » — 1 components and |Z] components
which hit each of the edges of the boundary corona containing the type 5 tiles.
Thus we can drop by as much as [§] — 1 components giving a lower bound of
r—1—= (5] =1)) =7 —15] = [§]. We, however, achieve this bound exactly
for L, and thus it achieves the smallest number of components in a saturated
semi-enhanced r-mosaic.

O

CLAIM 4.4. Let 8, be the number of crossings of a saturated standard hexag-
onal r-mosaic and s, be number of crossings of a saturated semi-enhanced hexag-
onal r-mosaic. We observe that 5, = s, = 9r? — 27r + 21 for r > 2.
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Figure 13. Here the shadow of L7 is on the left and L7 on the right. L7
has 6 components as expected by [1]. L7 shows that by allowing Tile 6
from Figure 1 in the boundary tiles we can get a saturated semi-enhanced

hexagonal 7-mosaic with only 4 components combining ¢; and c2 in one
boundary tile and c2 and c3 in another. We do not worry about over and
under crossings here since the figure is crowded and changing crossings does
not have any impact on the number of components in a link.

PROOF. In asaturated standard (or semi-enhanced) hexagonal mosaic all cross-
ings are on interior tiles and there are 3 crossings on each interior tile, so s,” = s, is
3 times the well known centered hexagonal number which tells how many hexagons
are in a centered hexagonal grid or radius r — 150 5. = (3% (3r> —9r +7)) =
9r? — 27r + 21.

O

CLAM 4.5, Hezagonal r-mosaics L, (standard) and L, (semi-enhanced) have
crossing number 5, = 8, = 9r2 — 27r 4+ 21 for r > 2.

This is clear since there L, and L, have 3 crossings on each interior tile, none
on the boundary tiles, contain no nugatory crossings, and are alternating.

LEMMA 4.6. An enhanced hexagonal r-mosaic cannot have crossings on ad-
jacent sides of the (hexagonal) boundary corona without an endpoint of an arc of
the complement falling between those crossing tiles.

PROOF. Examine a corner tile of the boundary corona. Without loss of gen-
erality we let it be tile 77 ;. Every corner tile has 3 potential connection points
since it has 3 sides that are disjoint from other tiles of the mosaic and three that
are not. Thus at most 2 of these three connection points can be used by a link
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and one is unused. If the unused connection point intersects 75 o, the adjacent
interior tile, then we have an arc of the complement starting there as the lemma
claims. If not then one of the connection points of one of the adjacent boundary
tiles must be missed. Without loss of generality let it miss the connection point
between T3, and 75 ;. This then means that T5; cannot use all 4 of its possi-
ble connection points thus it contains only one arc and no crossings. If that arc
misses one of the two interior connection points of 75 ; we again have an arc of the
complement there satisfying the lemma. If not then it must miss the connection
point between 75 ; and T3 ;. The same argument is now made for T3 ; as we just
made for T3 ;. This pattern repeats until we either miss a connection point with
the interior yielding an arc of the complement or we reach the next corner tile
(T},1) without any crossings in the boundary tiles. O

CramM 4.7. The enhanced hexagonal r-mosaic f; has crossing number 9r? —
24r + 15 for r > 2 and no enhanced hexagonal r-mosaic can have more crossings
than this.

ProOOF. By Lemma 4.6 a saturated enhanced hexagonal mosaic can have cross-
ings on up to three of the edges of boundary tiles and no more. Since each of
these have r — 2 possible crossing tiles we get 5, + 3(r — 2) = 9r? — 247 + 15,
which matches f; . O

Cram 4.8. On a standard hexagonal r-mosaic, the knot A, has cTrossing
number 8, — (r —2) = 9r? — 28r + 23 for r = 2,r > 3. It has crossing number
19 = 9r2 — 28r + 22 when r = 3 because there is no way to smooth the crossmgs
of L3 without creating one nugatory crossing. For the semi-enhanced setting, A,
has crossing number §," — ([5] —1) = 9r? = 27r +22 — [ for r > 2. Of course,
Ay = As.

Proor. This is clear since for r # 3 A, is formed from L, by smoothing r — 2
crossings and A, is formed fror.r'lnljr by smoothing [§] — 1 crossings. For r = 2
and 3, only one component of L, enters the Type 5 boundary tiles so swapping
Type 5 and 6 tiles in the boundary does not decrease the number of components.

O

CrLamM 4.9. On an enhanced hexagonal r-mosaic the knot ;1: has crossing
number 3, + 3(r —2) —r = 9r? — 257 + 15 for r > 2 and crossing number 3 for
r=2.

This is clear since :4\2 = A2 is a trefoil and for r» > 2 Zl\r is formed from E by
smoothing r crossings yielding a reduced alternating knot.
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Figure 14. On the left L' adds a to the interior arcs of K from Figure 7
leaving the boundary tiles in I unchanged and maximizing the number of
crossings in the boundary tiles O. The green arcs are the same in the two
figures. The purple is changed. On the right we form L? from L' by replacing
and tiles outside a in O which are not already saturated with saturated tiles.
Again the changes are depicted in purple.

Figure 15. L? in Figure 14 had multiple components. On the left K2 bands

components of L2 together to form a knot. On the right we form a final knot
K3 from K? making sure that K3 has at least as many crossings as K did,
but K3 has one less arc in its complement than K did.

5. Bounding Crossing Number

ProOPOSITION 5.1. The knot projection with the largest number of crossings
that can be obtained on an r-mosaic can be chosen so it has mo arcs or loops
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in its complement. This is true for rectangular r-mosaics as well as standard,
semi-enhanced, and enhanced hexagonal r-mosaics.

The process we develop here reproves Corollary 7.16 in [3] for rectangular mo-
saics vastly reducing the length of the proof of the main result in that paper
and also leads to a brand new result for standard, semi-enhanced, and enhanced
hexagonal mosaics.

Proof of Proposition 5.1: In Section 3 we formed a knot called A, by smoothing
crossings of a saturated link L, for all rectangular and hexagonal settings. In each
case we want to show that it is impossible to find a knot on an r-mosaic with
higher crossing number than A,. We show that for the various types of hexagonal
r-mosaics with the single exception of Ay and for rectangular r-mosaics with
even r there can never be a knot on an r-mosaic with more crossings than A,
(regardless of crossing number).

For hexagonal mosaics, the aberrant and less interesting case is the standard
hexagonal 3-mosaic where it is posmble to find a knot isotopic to Ay with one
nugatory crossing. This is not true for Ag or As. For rectangular r-mosaics we
are skipping the case of odd r since it is easy and covered in [3], but note that
we can embed a knot isotopic to A,, but with up to two nugatory crossings, so
in those cases there will be embeddings of knots with more crossings than A,
but they are always are reducible, isotopic to A, and there never exist knots
with higher crossing number than A, in any of these settings. The construction
below is nearly identical for rectangular, standard, and semi-enhanced hexagonal
mosaics and we will point out the few minor differences as we go along. There is
extra work for enhanced hexagonal mosaics as seen below.

By definition the complement of a link mosaic consists of loops and arcs. Let
s > 0 be the number of loops in the complement and w > 0 be the number of arcs
for a given mosaic. Of all knots one can embed on an r-mosaic we will choose
K from the collection of embedded knots that maximize the number of crossings
(not the crossing number, but the number of crossings in the specific embedding).
If there are no knots with more crossings than A, we are done, so further assume
the choices for K have more crossings than A,.. Over all options for K!, examine
the ones whose complements minimize s and then among those possible choices
pick one that then minimizes w (in other words choose K! and its complement so
that the number of crossings for the knot is maximized, but within those options
so that the ordered pair (s, w) is minimized lexicographically). We will first show
that this implies s = 0 and then that w = 0, too. The argument for s = 0 is the
same for all forms of hexagonal mosaics and essentially the same for rectangular
mosaics. The argument that w = 0 will require adjustments going from one case
to the other.
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Figure 16. We can combine an arc of the complement with an arc of the link
(or another arc of the complement) by banding them together or smoothing
a crossing between the knot and the complement as shown above for the
complement with the link. The top row shows how to do this for rectangular
mosaics and the bottom rows show it for hexagonal mosaics. Each time the
knot is drawn in green and the complement in blue and to the right we see
the arcs banded together with purple arcs. Note that if the two arcs being
combined do not already cross each other we use the band to gain an extra
crossing.

Showing that s = 0:

If s > 0 (there are loops in the complement), then we examine one of those
loops which we call m;. We will show that you can take the connect sum of m;
with K or with another component of the complement leading to a contradiction.
We know m; must, of course, either enter a tile with another component of the
complement or a tile containing a portion of K (or possibly both). First imagine
it intersects a tile containing an arc of K'. We then can band together m; with
K to get a new knot with one less loop in its complement. This tile replacement
process is shown in Figure 16. In the figure a tile of K drawn in green and the
complement drawn in blue is pictured and directly to its right is a way to combine
the two together. The result is the connect sum of K! and the (unknotted) loop
from the complement. The connect sum is a new mosaic and the knot it represents
is isotopic to K. The new knot mosaic still contains all the crossings of K! (and
often even more crossings). This shows there was a knot mosaic with at least as
many crossings as K and fewer loops in its complement contradicting our earlier
minimality assumption.

We established above that if s > 1 then there is a loop m; of the complement,
and that m; cannot enter any of the tiles containing K without a contradiction.
Thus it must enter a tile containing another component of the complement (one
can see this, for example, because a tile containing a global minimum of m; must
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Figure 17. We can combine two arcs of the complement when the knot

itself is disjoint from the tile. If the component of the complement, m1,
never enters a tile containing the knot there must be a tile that it enters
which also contains a different component of the complement, ma, and we
band m1 to ma. On the left we see the only possible square tiles with only
arcs of the complement and a way to connect them and on the right we see
the two possibilities for hexagonal tiles.

also contain an arc not from m; below the minimum, either from K' or another
component of the complement and since the tile is disjoint from K the second arc
must be from another component of the complement). Call the second component
of the complement ms, but note that ms may be a loop, but also might be an
arc of the complement. For hexagonal r-mosaics we see one of the first two tiles
in top row of Figure 6 and for rectangular r-mosaics we see the tile labeled 1
in Figure 5 since those are the only mosaic tiles that are disjoint from the knot
and we assumed the knot does not enter the tile. If the arcs of m; and mo are
separated by an arc of a third component of the complement mg then we retake
ms so the arcs are adjacent in that tile. Now we band m; and ms together as in
Figure 17, taking a connect sum of either two loops or a loop and an arc. This
yields a different complement for the same mosaic (as we pointed out earlier the
complement is not well defined). The knot is unchanged, but the number of loops
in the complement dropped by one, so we get our final contradiction of s being
greater than 0. Thus the complement contains no loops.

Showing that w = 0:

We now argue that w = 0, too, showing the complement can have no arcs
either. For the sake of contradiction, assume w > 0. Recall K! has as many
crossings as any knot embedded on an r-mosaic but as few arcs as possible in
its complement (but as we showed above no loops in the complement). We will
use an outermost arc of the complement (we define the outside of an arc of the
complement and outermost arcs of the complement in the next paragraph) to
build a sequence of links and knots until we end with a knot K3 which has at
least as many crossings as K! and fewer arcs in its complement, a contradiction
of the assumption that w > 0.

As always the arcs of the complement lie on the interior tiles of the mosaic with
both endpoints of the boundary corona like the blue arc of the complement a on
the right in Figure 7. Let the set of interior tiles containing a be called A. Let
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the two tiles of the boundary corona which contain the endpoints of a be called
A (if the endpoints of a lie on the same tile then A is a single tile, of course).
A divides the boundary corona into two pieces: we allow one of the pieces to
be trivial if A consists of a single tile or adjacent tiles. If one side of A in the
boundary corona contains fewer boundary tiles than the other does (or no tiles
at all), the smaller side is called the outside of a. If a is a diameter in the sense
that the number of boundary tiles on both sides is equal then either side may be
called the outside. If there are acrs in the complement, there must be some arc
a with no arcs of the complement outside of it and we will call this an outermost
arc of the complement.

The tiles of our mosaic break down into 6 groups, the first two sets are A and
A. In the mosaic on the right in Figure 7 A, of course, is the set of tiles containing
the blue arc labeled @ and are shaded pink. The tiles of A consists of the two tiles
T5,; and Tg 5 labelled and shaded orange. The interior tiles not containing a, but
outside a are called O. In the same figure these are the interior tiles below A.
The interior tiles not containing a but inside a are called I (all the interior tiles
above A in Figure 7).

The portion of the boundary corona outside A U A is called O (in Figure 7 0
consists of tiles {Ts1,T7.1,T7,2,T7.3,T7.4}), and the boundary tiles inside A U A
are called I. Our algorithm will produce mosaics K, L, L2, K2, and K3. All of
these mosaics will perfectly agree on the tiles I and I , but we will change some
of the tiles in A, 4, O, and O.

Now that the outside of an arc is defined, in our proof we choose a to be an
outermost arc of the complement of K.

Step 1: form L' by adding a to K':

To start the construction let J be the set of interior arcs of K! (K intersected
with the interior tiles of the mosaic) and form L, a link whose interior arcs consist
of JUa. Once the interior arcs are defined we only have a few ways to form a link
through the boundary tiles: exactly two in the case of rectangular mosaics and
standard hexagonal mosaics but a few more in the enhanced and semi-enhanced
cases. We can always choose to connect so that either K' N7 or K' N O remains
unchanged as we form L', but the other side will be altered. We choose L! to be
the link formed by connecting through the boundary tiles in the way that leaves
KNI unchanged, but alters K NO and K' N A. We see this step as we go from
the knot K in Figure 7 to the link L' depicted on the left in Figure 14. In the
rectangular case and standard hexagonal case this choice completely determines
L', but in the enhanced and semi-enhanced cases we have some choice. In the
semi-enhanced case make the exact same choices on A U O as we did for the
standard case so the two links would look identical on A U O. In the enhanced
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case we choose to fill in A and O in the unique manner that has as many crossing
tiles as possible on A U O.

In each of the settings we formed a new link from K' by adding a to it, but
in the enhanced case we might lose some crossings in the boundary tiles and if
so we will have to make sure losses are compensated for in another part of the
construction. We see crossings vanish in boundary tiles 772 and 773 when we
form L' in Figure 14 from K' in Figure 7 (in that specific case we also gain
crossings in boundary tiles 751, 75,1 and Ts 5, more than compensating for the
lost crossings, but this need not always be the case). In the rectangular case, the
standard hexagonal case, and the semi-enhanced case all the original crossings of
K will persist in each of the stages of the construction of K3 showing K3 clearly
has at least as many crossings as K'. The enhanced hexagonal case requires a
little more attention. The entire construction is shown for enhanced hexagonal
mosaics in Figures 7, 14, and 15.

Step 2: form L? from L' by saturating the tiles of L' N O:

Since a is outermost and there are no loops in the complement, the tiles of O are
disjoint from the complement and thus K! and now L' used all of the connection
points in O. We can thus freely replace these tiles of L' with saturated tiles: tile
26 or 27 in the hexagonal setting and the crossing tile in the rectangular case.
Call this new link L2 This step is depicted in Figure 14 as we form L? on the
right from L' on the left by adding three crossings on tile T5 3. We have now
ensured the tiles of L2 N (O U O) are fully saturated having as many crossings
as possible. Clearly L? has at least as many crossings as L' and more unless L'
was already saturated on these tiles making this step trivial. Because we are only
currently concerned with the number of crossings in the mosaic, crossing changes
are unimportant so we may choose the assignments of over and under at each
crossing to ensure that L2N O U O is identical to L, N O U O using the same type
of argument as we did in the proof of Lemma 4.1.

Step 3: form a knot K? from the link L?:

We now have moved a out of the complement and have saturated the tiles of O,
but we may have formed a link with multiple components and need to get back
to a knot. If L? has only one component we rename it K2 and proceed to the
next step.

If L? has multiple components call the one containing a, C, and choose a
component not containing a and call it Cj. Since the tiles of K' N (I UT) =
L>N(IUT) and K is a single knot, Cj, cannot strictly contained in I U I. Since
LN (0OU0) = L,N(0OUO) and L, never has an entire component outside
a properly embedded arc on the interior tiles of a hexagonal mosaic, Cj, must
intersect the tiles A U A at least twice in the hexagonal case (in general you can
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draw a properly embedded arc on L, that is disjoint from one or more of the
components of L,., but those missed components will lie on the inside of the arc,
not the outside).

Here is the only time in the paper where we have to take special care in the
rectangular case that is not also necessary in the hexagonal cases. In the even
rectangular case L, could have an entire component outside of an arc a if a is
long enough to hit opposite sides of the mosaic, but that never happens in our
situation since A, only requires smoothing r — 3 crossings of L, so a hits at most
r—3 tiles and thus must have endpoints either on the same side of the boundary of
the interior of the mosaic or adjacent sides eliminating this risk. In the hexagonal
setting we do not need to use the bound on the length of a to ensure there is no
component strictly contained on O U O or T U since this cannot happen outside
a no matter how long a is.

As we know a C A and has its endpoints on A: let a’ be a extended into AU A
so that a C o’ C C,. If Cy crosses a’ then it does so twice and these are new
crossings that did not exist in K' and we can smooth one of them netting one
extra crossing (the one which we did not smooth) while decreasing the number
of components by one. We do this in Tile T3 4 in L? on the right in Figure 14 as
one step in forming K2, dropping from 3 to 2 components in Figure 15.

If C,, does not cross a’ then it must enter AUA and turn back instead of crossing
a’. We now argue that even if C}, enters A and turns back it must also enter A
and turn back. This is certainly true vacuously in the rectangular case and the
enhanced case because in the rectangular case any arc that enters A must connect
to a and thus must be part of C, not Cp. In the enhanced case the construction
ensured that such an arc must either connect to a or cross a’ so again it cannot
turn back in A. In the standard hexagonal case and the semi-enhanced case it
is possible for an arc to enter A and turn back, not connecting to a or crossing
C,, but because in both cases our construction ensures that L? looks like Lr on
O U O and since every component of L, that intersects O U O also intersects A
at least twice we know C}p must enter A at least twice. Since earlier we took care
of the case where C}, crosses a we may conclude that Cj, enters A at least twice
and turns back without crossing a either time. In that case we band the new
component to a adding in a crossing as in Figure 16 reducing our total number
of components by one and increasing our crossings. Repeat until we have a single
knot and call this knot K2.

We did this to the tile 7y > in L? on the right in Figure 14 as the other step
in forming K2 in Figure 15. In Figure 16 the blue arcs represent a C C, passing
through the tile and the green arcs represent an arc of Cj,. We band sum together
Cy and C, within that tile as shown in Figure 16 to form a new link with one
less component than L2 had, but with one crossing that was not part of K'. If
L? had t + 1 components, K2 has at least ¢ more crossings on the interior tiles
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than K did. In the standard mosaic case or the rectangular case we have found
a knot with more crossings than K*! since L? had more crossings than K!, a
contradiction.

Step 4: Finally, form a final knot K3 out of K?:

As we mentioned above we are working to form a new knot K3 from K' and
the first steps were to form L' then L? then K2. Clearly none of the stages ever
have fewer crossings on the interior tiles than K* and all of them have fewer arcs
in the complement. In the rectangular, standard hexagonal, and semi-enhanced
hexagonal settings there are no crossings in boundary tiles to worry about so we
can let K3 = K? and we have our contradiction to minimality so from here on
we restrict to the enhanced hexagonal setting.

In the enhanced hexagonal setting a worry is we may have lost crossings in the
boundary tiles forming L! (which we will now call L1 since we are only worried
about enhanced hexagonal mosalcs) To make sure this is not a problem we
examine the boundary tiles of L'. Since I is unchanged losses can only happen
on A or O. A originally had the end points of a on it, so K K1 could not have
had crossings on those tiles, so we only have to worry about O. Tt is, of course,
possible that O has more crossings than it did before, but this would only help
us so we look at how many crossings we could possibly lose.

LEMMA 5.2. Boundary crossing tiles cannot occur on adjacent sides of the
boundary hexagon of a mosaic outside of the an outermost arc such as a.

Proor. This follows directly from Lemma 4.6 and the definition of an outer-
most arc of the complement. O

LEMMA 5.3.  The total number of crossings ole NO can exceed that ofL1 ale)
(which equals the number for K2n O) by no more than r — 2.

ProoF. Obviously a has to be relatively long to be problematic or Kino
could not have r — 2 crossings on it. There are two crltlcal points for the number
of possible lost crossings on O as we go from K K1 to L1 which form worst case
scenarios. The first is when a runs from one corner tile to an adjacent corner tile
with each of the tiles of K1 N O containing crossings. In this case we lose those
r — 2 crossings when ) we form L. If a were slightly longer and cut off part of a
second or third side K1NO, then O would have to contain boundary tiles without
crossings and these become crossing tiles of Iino decreasing the total number
of crossings lost. The other maximum occurs When a is a diameter running from
one corner of the mosaic to another corner and K1 N O consists of two sides each
containing r — 2 crossings and a third without crossings. In this case as we form
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L', on L' N O we lose the 2(r — 2) crossings, but the side that started without
crossings gives us r — 2 new crossings for a net loss of r — 2 crossings total.
g

We now observe that by construction K2 is saturated on OUO and K2 (OU
0) = I’n (O U O) has been chosen to exactly match L, N (OUO). K2n (0OU0)
can be thought of as a series of arcs with endpoints on AU A. Within this series
there may be a few arcs each with one or both endpoints on A, but all the rest
of the arcs have both endpoints on A. We will show that if there are j arcs with
both endpoints on A and n crossings lost in O then J > n. We will then use these
arcs to cancel out any lost crossings. .

Let n equal the number of crossings of K1NO minus the number of crossings on
K2n0. We showed above n < r—2. Let {e1,e2...€e;} be the arcs in I/(\QQ(OUO)
where each e; has both endpoints on A. We will argue j > n. Each e; is used to
create a new crossing that wasn’t contained in Kl compensating for any crossings
lost in the boundary tiles. This breaks down into cases based on how many edges
of the boundary hexagon intersect AUO.

If AUO is contained on a single edge then all the tiles of K2 O are either
crossing tiles or none are. If they are all crossing tiles then n is negative and we
are done so we assume that none of them are. In that case each of these tiles
intersects an edge of K2 N (O U O) which hits A twice yielding {e1,ea...¢;}.

If AU O intersects two sides of the boundary hexagon then one of those sides
contains crossing tiles and the other contains only non-crossing tiles by Lemma 5.2.
Again each of the lost crossings in O came from the new non-crossing tiles, and
again each of these tiles intersect an edge of K2n (O U O) which hits A twice. If
we rotate the mosaic so that the side now containing the non-crossing tiles is at
the bottom then each e; will contain a local minimum on one of these tiles and
will look like an edge of L, N (O U O) with L, rotated so that its bottom edge
contains no crossing tiles.

If AUO intersects three sides of the boundary hexagon then there will be 7 — 2
edge tiles in 0 running between two corner tiles in o} regardless of whether these
are crossing tiles or not they intersect » — 2 arcs of K2n (Ou O) with both
endpoints on A giving e, e ...¢e,._o and since we showed n < r — 2 < j we have
the desired set of arcs. The other sides may well contribute more such arcs, but
that is just a bonus and not needed for the argument.

Finally it is possible that AU O intersects four sides of the boundary hexagon.
In that case there are two entire boundary edges contained in AU O, one of which
contains r — 2 crossing tiles and the other of which contains none. If we examine
the boundary edge with no crossing tiles we see at least r — 3 arcs of K2n (OU O)
with both endpoints on A. It is possible that (at most) one of the tiles yields an
arc with an endpoint on A or we would already have the desired  — 2. One can
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Figure 18. Here on the left we see an edge €] entering the tiles of A, but not

crossing a (depicted in blue). Adding a crossing to either tile individually as
we do in the middle picture for the tile on the left turns the knot into a link
of two components, but in that case adding a crossing to both tiles yields
a knot with two more crossings than we started with as we see on the far
right.

easily argue that the side with crossings on it also has multiple arcs of I/('\QD(OUO)
with both endpoints on A pushing us well past the desired bound of r — 2 edges
in our set {e1,es...¢e;}.

Now we have shown that in each case 7 > n and we have at least as many arcs
of K21 (ou O) with both endpoints on A as crossings we lost in the boundary
forming K*2. K2. Examine these arcs one at a time starting with any given e;. We
alrggdy gained a crossing back in step 3 for each e; that was part of a component
of L2 not containing a when it was banded together to form K2 so we need only
find a way to add crossings when e; is one of the other edges. By definition
e; C K2n (O U O). Let ¢ be the arc of K2 N (O UO U A) containing e; and
extending it into A by one tile one each end. If €} crosses a at leabt once after
entering A then this netted a new crossing in K K2 that didn’t exist in K1 and that
compensates for the lost crossing in the boundary.

Thus our only remaining concern is the case where e; enters A at both endpoints
but €] does not cross a. We could then use one of the band sum replacements
shown in Figure 16 to connect e; and a. V We use such a move on K2 in Figure 15
in tile T5 5 to go from K2 on the left to K3 on the right. Since in general €} enters
A twice we have two choices where we can do this. If banding either one turns K2
into another knot as it did in the Figure 15 then we make this choice getting one
extra crossing again negating the lost crossing in the boundary tile. It is possible
that both choices for bands individuzll\ly turn K2 into a link of two components.
This can only be true if the arcs of K2 — (a U ¢€}) cross an odd number of times
as they do in Figure 18. In that case, however, as we see in the figure adding
in both possible crossing bands like we do on the far right yields a knot because
the first band creates a link and the second band joins the two link components
back together. We follow the process above for each edge in {ej,ez...¢e;} and
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call the result K3. K3 has at least as many crossings as K1 and one less arc in
the complement contradicting minimality.

Thus we have shown that w = 0 and we may thus assume that the complement
of K is trivial.

Proposition 5.1 in turn leads directly to the following Corollary.

COROLLARY 5.4.  For rectangular r-mosaics and for standard, semi-enhanced,
and enhanced hexagonal r-mosaics for r > 2, the knot projection with the largest
number of crossings that can be obtained on an r-mosaic can be obtained by
smoothing the crossings of a saturated mosaic.

PROOF. Since we may assume there are no arcs or loops in the complement we
see immediately that the maximal crossing knot may be obtained by smoothings
from a mosaic board whose interior is saturated. Note that the corollary is trivially
true for hexagonal 2-mosaics since Ly = Ly = L2 = Ay, = Ay = Ag For an
enhanced mosaic if the interior tiles are saturated all corner tiles must be Tile 2
from Figure 1. Three of the boundary edges cannot have crossings on them and
must also be made of Tile 2 by Lemma 5.2. The remaining 3 edges must be made
up of Tiles 10 or 11 if they contain a crossing and Tiles 5 or 6 if not. Note that
Tiles 5 and 6 can be obtained from Tiles 11 or 12 by smoothing. Thus if the
complement is trivial we already knew that the interior tiles could be obtained by
smoothing three crossing tiles, but now we know any boundary tiles which could
have contained a crossing, but do not can also be thought of as smoothings of
crossing tiles so we may in every setting assume we started with a saturated link
and smoothed crossings.

O

We now come to the main results of the paper. We first reprove the following
theorem from [3] more efficiently.

THEOREM 5.5. (Theorem 8.2 in [3]) Given a rectangular r-mosaic with r > 3
and any knot K that is projected onto the mosaic, the crossing number ¢ of K is
bounded above by the following:

{@«2)22 ifr=2k+1
c<
T l(r—=22=(r-3) if r =2k.

Note that A, achieves this crossing number for r > 3, proving the bound is
sharp.
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In the rectangular theorem above we start with r > 3 because one cannot find
a non-trivial knot on a rectangular r-mosaic with r < 3 so the result is trivially 0
when r < 3). We now state the new result for hexagonal r-mosaics and will prove
both theorems together below.

THEOREM 5.6. Given a standard hexagonal r-mosaic and any knot K that is
projected onto the mosaic, the crossing number ¢ of K is bounded above by the
following:

3=9r2 —28r +23 ifr=2
¢ <419 =9r2 —28r + 22 ifr=3
972 — 287 + 23 if r > 3.

Given a semi-enhanced hexagonal r-mosaic and any knot K that is projected
onto the mosaic, the crossing number ¢ of K is bounded above by the following:

< Zf’f':2
C
92T+ 21 - ([5]1-1) =92 —27r + 22— [5]  ifr>2.

Given an enhanced hexagonal r-mosaic and any knot K that is projected onto
the mosaic, the crossing number ¢ of K is bounded above by the following:

3 ifr=2
c<
912 — 251 + 15 ifr > 2.

Note that A, AT, and ;1: achieve the exact bounds for r > 2, proving the bounds
are sharp.

PROOF. In each of the cases in Theorems 5.5 and 5.6, A, is a knot mosaic
achieving the maximal predicted crossing number giving an upper bound for c.
First let’s examine hexagonal 2 and 3-mosaics. For hexagonal 2-mosaics we see
the trefoil Ag = AQ = ;1\2 clearly achieves maximal crossing number for all three
hexagonal settings. Moving up to r = 3, the hexagonal 3-mosaic cases Ay, As,
and 1/4; are all depicted in Figure 12. The exceptional case is standard hexagonal
3-mosaics. We can smooth one crossing of L to get a knot, but it will always
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have a nugatory crossing so to get a reduced knot we must smooth 2 crossings
showing Aj is maximal. For semi-enhanced hexagonal 3-mosaics, we know they
can only have crossings on interior tiles and thus can have crossing number at
most 21. It is easy to check that any 21 crossing semi-enhanced 3-mosaic is a link
of at least 2 components so As with crossing number 20 must achieve the highest
crossing number of any knot on a semi-enhanced 3-mosaic. The proof for 21\3 is
the same as the proof for Zl\r r > 3 so we will defer it to the paragraph below.
Now we move on to the remaining cases: even rectangular boards with r >
4, standard and semi-enhanced hexagonal boards where r > 3, and enhanced
hexagonal boards where r > 2. In all of the remaining cases let j be the number
of components in L,.. In each case A, is obtained by smoothing j — 1 crossings
of the saturated mosaic L,.. We know from Corollary 5.4 that the knot which
achieves the maximal crossing number is always achieved by smoothing crossings
of a saturated mosaic. In the even rectangular case there are two saturated
mosaics up to crossing changes and L, requires fewer smoothings to become a
reduced knot than the one with nugatory crossings in each of the four corners.
In the hexagonal settings L, was always chosen to have the smallest number of
components possible for any saturated link mosaic in its class, thus in all of these
cases if we smooth fewer than j — 1 crossings of a saturated mosaic we are left
with a link of several components so it is impossible to find a knot with more
crossings than A, on the mosaic board. Since A, is reduced and alternating we
know it achieves its crossing number in this embedding finishing the proof.
O

6. Open Questions And Conjectures

Hexagonal mosaics are rich with open questions. Most theorems for rectangular
mosaics translate into interesting questions in the hexagonal setting. Here are a
few specific ideas.

Ganzell and Henrich show that any virtual knot or link can be represented as
a virtual mosaic and go on to provide related computational results in [2].

Conjecture 1.  Virtual knots and links can be represented on virtual hexagonal
mosaics.

One would then hope to extend Ganzell and Henrich’s computational results
in this setting.

Alternatively, random knots are of great interest. Mosaics are a good way to
build random knots. Hexagonal mosaics build knots far more efficiently than
rectangular mosaics. A rectangular 4-mosaic has at most 4 crossings and the only
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knots it supports are the unknot and the trefoil. A hexagonal 4-mosaic can have
up to 57 crossings and as shown above can contain knots of crossing number up
to 55.

Conjecture 2.  (Easier Conjecture) All knots can be created as a hexagonal r-
mosaic for some r with interior tiles consisting only of the four tiles that contain
3 crossings and the two tiles that contain three arcs but no crossings.

Conjecture 3.  (Harder Conjecture) All knots can be created as a hexagonal r-
mosaic for some r with interior tiles consisting only of the four 8 crossing tiles.

Note that one uses five rectangular mosaic tiles (up to rotation) to generate
every knot in rectangular mosaics, so this would imply that our computational
complexity rises a little, but the number of knots we can create rises faster.

Finally, given a fixed r this paper gave an upper bound for crossing number on
a rectangular or hexagonal r-mosaic. For rectangular r-mosaics Lee, Hong, Lee,
and Oh establish a bound in the opposite direction in [5] showing that given a
fixed crossing number, the mosaic number of a knot is less than or equal to that
crossing number plus one.

Question 1.  What is the best bound one can get when extending the results of [5]
to hexagonal r-mosaics?
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