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Abstract
The class of coarsely convex spaces is a coarse geometric analogue of the

class of nonpositively curved Riemannian manifolds. It includes Gromov hyper-
bolic spaces, CAT(0) spaces, proper injective metric spaces, and systolic com-
plexes. It is well known that quasi-isometric embeddings of Gromov hyperbolic
spaces induce topological embeddings of their boundaries. Dydak and Virk
studied maps between Gromov hyperbolic spaces which induce continuous maps
between their boundaries. In this paper, we generalize their work to maps
between coarsely convex spaces.

1. Introduction

The class of coarsely convex spaces is introduced by the second author
and Shin-ichi Oguni [8]. This class includes Gromov hyperbolic spaces, and
Busemann nonpositively curved spaces, especially, CAT(0) spaces. Moreover, it
is shown that systolic complexes and proper injective metric spaces are coarsely
convex spaces, by Osajda and Przytycki [14], respectively, by Descombes and
Lang [3]. Recently, Chalopin, Chepoi, Genevois, Hirai, and Osajda [2] showed
that Helly graphs are coarsely dense in their injective hulls, especially, those
spaces are coarsely convex. This result may become a rich source of coarsely
convex spaces. Indeed, Osajda and Huang [13] showed that Artin groups of type
FC and Garside groups act geometrically on Helly graphs, hence they do on
coarsely convex spaces.

Let X be a proper coarsely convex space. In [8], the authors constructed the
ideal boundary ∂X of X, and they showed that the open cone O∂X is coarsely
homotopy equivalent to X via the “exponential map” and the “logarithmic map.”
As a corollary, it follows that the coarse Baum–Connes conjecture holds for
coarsely convex spaces. In this paper, we consider maps between coarsely convex
spaces which induce continuous maps between their boundaries.
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Dydak and Virk [4] introduced the class of visual maps between Gromov
hyperbolic spaces that induce continuous maps between their boundaries. They
also introduced its subclass, called radial maps, and showed that these maps
induce Hölder maps between boundaries.

Then they showed that radial coarsely n-to-one maps between proper
geodesic Gromov hyperbolic spaces induce continuous n-to-one maps between
boundaries. As a consequence, they obtained a dimension rising theorem
for radial maps, with respect to the topological dimensions of the Gromov
boundaries, and to the asymptotic dimensions of hyperbolic groups.

A metric space (X,d) is coarsely convex if X has a family of quasi-geodesics
XL, called the system of good quasi-geodesics, satisfying some conditions.
Especially, along quasi-geodesics in XL, the metric d satisfies coarsely convex
inequality (Definition 2.1 (ii)q).

In this paper, we introduce the class of visual maps between coarsely con-
vex spaces, that do induce continuous maps between their ideal boundaries
(Proposition 3.5 and Corollary 3.7).

We present a fixed point property of the maps induced by the visual iso-
metries. Let M be a metric space and f : M → M be an isometry. We say that
f is elliptic if the set {fn(x) : n ∈ N} is bounded for some x ∈ M.

Theorem 1.1. Let X be a proper coarsely convex space and let f : X → X

be an isometry. We suppose that f is visual. Then, either f is elliptic, or, the
induced map ∂f : ∂X → ∂X has a fixed point.

Let X and Y be coarsely convex spaces with systems of good quasi-geodesics
XL and Y L, respectively. We also introduce the class of XL-radial and XL-Y L-
equivariant maps, which is in fact a subclass of visual maps (Theorem 3.11).

The following is a generalization of the large scale dimension raising theorem
for hyperbolic spaces by Dydak and Virk [4, Theorem 1.1].

Theorem 1.2. Let X and Y be proper coarsely convex spaces, and let XL
and Y L be systems of good quasi-geodesics of X and Y , respectively. Let f :
X → Y be a large scale Lipschitz map which is XL-radial and XL-Y L-equivariant.
If f is coarsely (n+ 1)-to-one and coarsely surjective then

dim(∂Y ) ≤ dim(∂X) + n.

We also study extension problems. Let f : ∂X → ∂Y be a continuous map
between ideal boundaries of coarsely convex spaces. Then we construct a visual
map radf : X → Y , called the radial extension of f, which induces the given map
f of the boundaries. On the other hand, let F : X → Y be a visual XL∞-Y L∞-
equivariant map. We also show that the radial extension of the induced map ∂F :



VISUAL MAPS BETWEEN COARSELY CONVEX SPACES 9

∂X → ∂Y is coarsely homotopic to the map F. These results are summarized in
Theorem 7.7.

The organization of the paper is as follows. In Section 2, we review the defi-
nition and basic properties of coarsely convex spaces. In Section 3, we introduce
the class of visual maps and its subclasses. At the end of the section, we give a
proof of Theorem 1.1.

In Section 4, we study on coarsely surjective maps. In Section 5, we show that
coarsely n-to-one maps induce n-to-one maps between boundaries (Theorem 5.4),
and give a proof of Theorem 1.2. In Section 6, we discuss maps between direct
products of coarsely convex spaces and give an explicit example of a map satisfy-
ing the assumptions in Theorem 1.2 whose domain and range are not Gromov
hyperbolic spaces.

In Section 7, we give the construction of the radial extension and give the
proof of Theorem 7.7.

2. Coarsely convex space

In this section, we review the theory of coarsely convex spaces and their
boundaries.

Throughout this paper, we use the following notations. For points x, y in a
metric space X, we denote by x, y the distance between x and y. For a subset
A ⊂ X and a point x ∈ X, we denote by x,A the distance between x and A.
We denote by diamA the diameter of A. For a map F : P → Q, we denote by
DomF the domain of F, that is, DomF = P . For a, b ∈ R, we denote by a ∨ b

the maximum of {a, b}.

2.1. Coarse map. Let X, Y be metric spaces. Let f : X → Y be a map.
(1) The map f is bornologous if there exists a non-decreasing function

ψ : R≥0 → R≥0 such that for all x, x′ ∈ X, we have

f(x), f(x′) ≤ ψ(x, x′).

Especially, for constants A ≥ 1, B ≥ 0, f is a (A,B)-large scale Lipschitz
map if for all x, x′ ∈ X, we have f(x), f(x′) ≤ Ax, x′ +B.

(2) The map f is metrically proper if for each bounded subset B ⊂ Y , the
inverse image f−1(B) is bounded.

(3) The map f is coarse if it is bornologous and metrically proper.
(4) The map f is a coarse embedding if it is bornologous and there exists a

non-decreasing function ψ′ : R≥0 → R≥0 such that ψ′(t) → ∞ (t → ∞) and
for all x, x′ ∈ X, we have

ψ′(x, x′) ≤ f(x), f(x′).
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(5) The map f is coarsely surjective if there exists C ≥ 0 such that
C-neighbourhood of f(X) is Y .

(6) The map f is a coarse equivalence map if it is a coarse embedding and
coarsely surjective.

For more details on the above notions, we refer [15].

2.2. Coarse homotopy. Higson and Roe [10] introduced coarse homo-
topy, then they reformulated the definition using the ideal of the Lipschitz
homotopy [9, 1.C3]. The following formulation is based on [11, Section 11] and
[16, Definition 3.9]. See also [7, Definition 3.2].

Let f, g : X → Y be coarse maps between metric spaces. The maps f and g

are coarsely homotopic if there exist a metric subspace Z = {(x, t) : 0 ≤ t ≤ Tx}
of X × R≥0 and a coarse map h : Z → Y , such that
(1) the map X ∋ x ↦→ Tx ∈ R≥0 is bornologous,
(2) h(x, 0) = f(x), and
(3) h(x, Tx) = g(x).

Here we equip X × R≥0 with the l1-metric, that is,

dX×R≥0((x, t), (y, s)) := x, y + |t− s|

for (x, t), (y, s) ∈ X × R≥0.

2.3. Coarsely convex space.

Definition 2.1. Let X be a metric space. Let λ ≥ 1, k ≥ 0, E ≥ 1,
and C ≥ 0 be constants. Let θ : R≥0 → R≥0 be a non-decreasing function.
Let L be a family of (λ, k)-quasi-geodesic segments. The metric space X is
(λ, k,E,C, θ,L)-coarsely convex, if L satisfies the following.

(i)q For v, w ∈ X, there exists a quasi-geodesic segment γ ∈ L with Dom γ =
[0, a], γ(0) = v and γ(a) = w.

(ii)q Let γ, η ∈ L be quasi-geodesic segments with Dom γ = [0, a] and Dom η =
[0, b]. Then for t ∈ [0, a], s ∈ [0, b], and 0 ≤ c ≤ 1, we have that

γ(ct), η(cs) ≤ cEγ(t), η(s) + (1 − c)Eγ(0), η(0) + C.

(iii)q Let γ, η ∈ L be quasi-geodesic segments with Dom γ = [0, a] and Dom η =
[0, b]. Then for t ∈ [0, a] and s ∈ [0, b], we have

|t− s| ≤ θ
(
γ(0), η(0) + γ(t), η(s)

)
.
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The family L satisfying (i)q, (ii)q, and (iii)q is called a system of good quasi-
geodesic segments, and elements γ ∈ L are called good quasi-geodesic segments.
We call the inequality in (ii)q the coarsely convex inequality.

We say that a metric space X is a coarsely convex space if there exist
constants λ, k, E, C, a non-decreasing function θ : R≥0 → R≥0, and a family of
(λ, k)-quasi-geodesic segments L such that X is (λ, k,E,C, θ,L)-coarsely convex.

Remark 2.2. The condition (iii)q is used to show that the coarse Baum–
Connes conjecture holds for coarsely convex spaces [8]. Roughly speaking, (iii)q is
a triangle inequality for “parameters.” A more rigorous statement is the following.

Let X be a geodesic space. We suppose that the family L consists of only
geodesic segments. We also suppose that L is “invertible,” that is, if a geodesic
γ : [0, a] → X lies in L, so does the geodesic γ̄ defined by γ̄(t) = γ̄(a− t).

Then L satisfies (iii)q by the triangle inequality. Indeed, let γ, η ∈ L. First
we assume that γ(0) = η(0). For t ∈ Dom γ and s ∈ Dom η, we have

|t− s| =
⏐⏐γ(0), γ(t) − η(0), η(s)

⏐⏐ ≤ γ(t), η(s).

Here, for the first equality, we use the assumption that both γ and η are geo-
desics, for the second inequality, we use the triangle inequality. The general case
follows from the assumption that L is invertible.

We say that a metric space is geodesic (C, L)-coarsely convex if it is
(1, 0, 1, C, idR≥0 ,L)-coarsely convex. Gromov hyperbolic spaces, CAT(0) spaces,
systolic complexes [14], and proper injective metric spaces [3] are geodesic
(C,L)-coarsely convex for some C and L.

The class of coarsely convex spaces is closed under direct products. Let X
and Y be metric spaces and γ : [0, a] → X and η : [0, b] → Y be maps. Then we
define the map γ ⊕ η : [0, a+ b] → X × Y by setting

γ ⊕ η(t) :=
(
γ

(
a

a+ b
t

)
, η

(
b

a+ b
t

))
, t ∈ [0, a+ b].

If γ and η are quasi-geodesic segments, so is γ ⊕ η.

Proposition 2.3 ([8]). Let (X,dX) and (Y, dY ) be coarsely convex metric
spaces with systems of good quasi-geodesic segments XL and Y L, respectively.
Then the product with the ℓ1-metric (X × Y, dX×Y ) is coarsely convex, whose
system of good quasi-geodesic segments X×Y L consists of all γ ⊕ η for γ ∈ XL
and η ∈ Y L.

In the rest of this section, let X be a (λ, k,E,C, θ,L)-coarsely convex space.
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2.4. Ideal boundary. Let γ : R≥0 → X be a map. Let γn : [0, an] → X

be quasi-geodesic segments in X. A sequence {(γn, an)}n with an → ∞ is an
L-approximate sequence for γ if for all n, we have γn ∈ L, γn(0) = γ(0) and {γn}n

converges to γ pointwise on N. A map γ : R≥0 → X is L-approximatable if there
exists an L-approximate sequence for γ.

We define a family of quasi-geodesic rays, denoted by L∞, as a family con-
sisting of all L-approximatable maps γ : R≥0 → X such that γ(t) = γ(⌊t⌋) for all
t ∈ R≥0. We set L̄ := L ∪ L∞. We remark that γ ∈ L∞ is a (λ,k1)-quasi-geodesic
ray, where k1 := λ+ k. See [8, Lemma 4.1].

Proposition 2.4 ([8, Proposition 4.2]). The family L̄ satisfies the following.
(1) Let γ, η ∈ L̄ be quasi-geodesics. Then for t ∈ Dom γ, s ∈ Dom η and

0 ≤ c ≤ 1, we have

γ(ct), η(cs) ≤ cEγ(t), η(s) + (1 − c)Eγ(0), η(0) +D,

where D := 2(1 + E)k1 + C.
(2) We define a non-decreasing function θ̃ : R≥0 → R≥0 by θ̃(t) := θ(t+ 1) + 1.

For γ, η ∈ L̄ and for t ∈ Dom γ, s ∈ Dom η, we have

|t− s| ≤ θ̃
(
γ(0), η(0) + γ(t), η(s)

)
.

Lemma 2.5 ([8, Lemma 4.3]). Let γ, η ∈ L̄ be quasi-geodesics such that
γ(0) = η(0). For all a ∈ Dom γ, b ∈ Dom η and 0 ≤ t ≤ min{a, b}, we have

γ(t), η(t) ≤ E
(
γ(a), η(b) + λθ̃

(
γ(a), η(b)

)
+ k1

)
+D.

For quasi-geodesic rays γ and η in L∞, we say that γ and η are equivalent if

sup
{
γ(t), η(t) : t ∈ R≥0

}
< ∞,

and we denote by γ ∼ η. For γ ∈ L∞, we denote by [γ] its equivalence class.
The ideal boundary of X is the set ∂X := L∞/∼ of equivalence classes of
quasi-geodesic rays in L∞.

Let O ∈ X be a base point. We define L∞
O as the subset of L∞ consisting

of all quasi-geodesic rays in L∞ stating at O. The ideal boundary of X with
respect to O is the set ∂OX := L∞

O /∼ of equivalence classes of quasi-geodesic
rays in L∞

O .

Lemma 2.6 ([8, Lemma 4.5]). For γ,η ∈ L∞
O , γ and η are equivalent if and

only if γ(t), η(t) ≤ D for all t ∈ R≥0.
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We define a subset LO ⊂ L as the set of all γ ∈ L with Dom γ = [0, aγ ],
aγ ≥ 2θ(0), and γ(0) = O. Set L̄O := LO ∪ L∞

O .
For x ∈ X \ B̄(O, 2λθ(0) + k), set

L̄O(x) := {γ ∈ LO : Dom γ = [0, aγ ], γ(aγ) = x},

and for x ∈ ∂OX, set

L̄O(x) := {γ ∈ L∞
O : γ ∈ x}.

Definition 2.7. We define a product ( · | · )O : L̄O × L̄O → R≥0 ∪ {∞} as
follows. For γ, η ∈ L̄O,

(γ | η)O := sup
{
t ∈ Dom γ ∩ Dom η : γ(t), η(t) ≤ 2D + 2

}
.

We also define a product ( · | · )O : (X ∪ ∂OX) × (X ∪ ∂OX) → R≥0 ∪ {∞}
as follows.
(1) If x ∈ B̄(O, 2λθ(0) + k) or y ∈ B̄(O, 2λθ(0) + k), set

(x | y)O := 0.

(2) If x, y ∈ (X \ B̄(O, 2λθ(0) + k)) ∪ ∂OX, set

(x | y)O := sup{(γ | η)O : γ ∈ L̄O(x), η ∈ L̄O(y)}.

When the choice of the base point is clear, we write (x | y) instead of (x | y)O.

We quote some lemmas from [8] which we need later.

Lemma 2.8 ([8, Lemma 4.14]). Let γ ∈ L∞
O be a quasi-geodesic ray

and let {(γn, an)}n be an L-approximate sequence for γ. Then we have
lim infn→∞(γ | γn) = ∞.

Lemma 2.9. There exists a constant Ω ≥ 1 depending on λ, k, E, C, θ(0)
such that the following holds:

(i) For x, y ∈ X ∪ ∂OX and for γ ∈ L̄O(x) and η ∈ L̄O(y), we have

(γ | η) ≤ (x | y) ≤ Ω(γ | η).

(ii) For triplet γ, η, ξ ∈ L̄O, we have

(γ | ξ) ≥ Ω−1 min{(γ | η), (η | ξ)}.
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(iii) For triplet x, y, z ∈ X ∪ ∂OX, we have

(x | z) ≥ Ω−1 min{(x | y), (y | z)}.

(iv) Let γ, η ∈ L̄O. For all t ∈ R≥0 with t ≤ (γ | η), we have

γ(t), η(t) ≤ Ω.

(v) Let γ, η ∈ L̄O. If γ(a) = η(b) for some a ∈ Dom γ and b ∈ Dom η, then for
all t ∈ Dom γ ∩ Dom η with 0 ≤ t ≤ max{a, b}, we have

γ(t), η(t) ≤ Ω.

Proof. (i), (ii) and (iii) follow from [8, Lemma 4.12], [8, Lemma 4.8] and
[8, Corollary 4.13], respectively.

First, we give a proof of (iv). Set a := (γ | η). If a = ∞, by Lemma 2.6, we
have γ(t), η(t) ≤ D for all t ∈ R≥0. We suppose a < ∞. By [8, Lemma 4.7], we
have γ(a), η(a) ≤ D1 + 2k1. Then by Proposition 2.4,

γ(t), η(t) ≤ E(D1 + 2k1) +D (∀t ∈ [0, a]).

Next, we give a proof of (v). Let t ∈ Dom γ ∩ Dom η with 0 ≤ t ≤ max{a, b}.
First we suppose t≤min{a,b}. Then by Lemma 2.5, γ(t),η(t)≤E(λθ̃(0)+k1)+D.

Now we suppose min{a, b} < t ≤ max{a, b}. Since γ(a) = η(b), we have
|a− b| ≤ θ̃(0). Then

γ(t), η(t) ≤ γ(t), γ(a) + γ(a), η(b) + η(b), η(t) ≤ 2(λθ̃(0) + k1).

Lemma 2.10. For γ,γ′ ∈ L̄O, t∈ Domγ and t′ ∈ Domγ′, set α :=γ(t), γ′(t′).
Then we have

(γ | γ′) ≥ max{t, t′} − θ̃(α)
E(α+ λθ̃(α) + k1)

.

Proof. By Proposition 2.4 we have

|t− t′| ≤ θ̃
(
γ(0), γ′(0) + γ(t), γ′(t′)

)
= θ̃(α).

Set u := min{t, t′}. We have

γ(u), γ′(u) ≤ γ(t), γ′(t′) + λ|t− t′| + k1 ≤ α+ λθ̃(α) + k1.
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Set c := (E(α+ λθ̃(α) + k1))−1. Then we have

γ(cu), γ′(cu) ≤ cEγ(u), γ′(u) +D ≤ D + 1.

Therefore

(γ | γ′) ≥ cu ≥ max{t, t′} − θ̃(α)
E(α+ λθ̃(α) + k1)

.

In the rest of this section, we suppose that X is proper, that is, all closed
bounded subset is compact. By a diagonal argument, we have the following.

Lemma 2.11 ([8, Proposition 4.17]). Let {vn}n be a sequence in X such that

lim
n→∞

O, vn = ∞.

Then there exist a (λ, k1)-quasi-geodesic ray γ ∈ L∞
O starting at O, and a

sequence (Nn) in N such that lim infn→∞(vNn
| [γ]) = ∞.

Corollary 2.12. Let (xn)n be a sequence in X such that limnO, xn = ∞.
Then there exists a subsequence (xNn)n such that limk,l(xNk

| xNl
) = ∞.

Proof. By Lemma 2.11, there exist γ ∈ L∞
O and sequence (Nn) in N such

that lim infn→∞(xNn | [γ]) = ∞. So by Lemma 2.9 (iii), we have.

(xNk
| xNl

) ≥ Ω−1 min{(xNk
| [γ]), ([γ] | xNl

)} → ∞.

By [8, Corollary 4.21], the inclusion L∞
O ↪→ L∞ induces the bijection

∂OX → ∂X. Thus we identify ∂OX with ∂X.

2.5. Topology on the boundary. We define a topology on X ∪ ∂OX

as follows. For n ∈ N, set

Vn := {(x, y) ∈ (X ∪ ∂OX)2 : (x | y) > n} ∪ {(x, y) ∈ X2 : x, y < n−1}.

The family {Vn}n∈N forms an uniform structure on X ∪ ∂OX, which is metriz-
able. For x ∈X ∪ ∂OX, set Vn(x) := {y ∈X ∪ ∂OX : (x,y) ∈ Vn}. Then {Vn(x)}n

is a fundamental neighbourhood of x and the inclusion X ↪→ X ∪ ∂OX is a
topological embedding. Lemma 2.11 implies the following.

Proposition 2.13 ([8, Proposition 4.18]). Let X be a coarsely convex
space. If X is proper, then X ∪ ∂OX is compact.



16 Y. Ezawa and T. Fukaya

2.6. Metric on the boundary.

Proposition 2.14. For sufficiently small ϵ > 0, there exist a metric dϵ,∂X

on ∂X and a constant 0 < K < 1 such that

1
K

(x | y)−ϵ ≤ dϵ,∂X(x, y) ≤ (x | y)−ϵ

for all x, y ∈ ∂OX.

We refer [8, Section 4.5] for details.

2.7. Sequential boundary. Let (xn)n be a sequence in X. We say that
(xn)n tends to infinity if

lim
n,m→∞

(xn | xm) = ∞.

Lemma 2.15. Suppose that X is proper. Then for a sequence (xn)n in X

tending to infinity, there exists x ∈ ∂X such that xn → x.

Proof. By Lemma 2.11, there exist γ ∈ LO and (Nn)n ⊂ N such that
limn→∞(xNn

| [γ]) = ∞. So set x := [γ] and we have xNn
→ x. Since for all

m,n ∈ N

(xm | x) ≥ Ω−1 min{(xm | xNn
), (xNn

| x)},

we have (xm | x) → ∞.

Lemma 2.16. For γ ∈ L∞
O and a sequence (xn)n ⊂ X satisfying

lim sup
n→∞

xn, Im γ < ∞,

we have lim(xn | [γ]) = ∞.

Proof. Set S := lim supn→∞ xn, Im γ < ∞. There exists N such that for
all n > N, xn, Im γ ≤ S. We choose γn ∈ LO joining O and xn. Set [0, an] =
Dom γn. For each n > N, there exists tn ∈ R≥0 such that γn(an), γ(tn) < S + 1.
Thus by Lemma 2.10, we have

(xn | [γ]) ≥ (γn | γ) ≥ an − θ̃(S + 1)
E(S + 1 + λθ̃(S + 1) + k1)

.

Since an → ∞, we have (xn | [γ]) → ∞.
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3. Visual map and radial map

Throughout this section, let X be a proper (λ, k, E, C, θ,XL)-coarsely con-
vex space, and let Y be a proper (λ′, k′, E′, C ′, θ′, Y L)-coarsely convex space.
Let a ∈ X and b ∈ Y be base points of X and Y , respectively. Moreover, let Ω
be a constant satisfying the statements of Lemma 2.9 for both X and Y .

3.1. Visual map.

Definition 3.1. We say that a large scale Lipschitz map f : X → Y is
visual if for every pair of sequences (xn)n, (yn)n in X with (xn | yn)a → ∞, we
have (f(xn) | f(yn))b → ∞.

Lemma 3.2. Let f : X → Y be a large scale Lipschitz map. f is visual if
and only if for all r > 0 there exists s > 0 such that for x, y ∈X with (x | y)a > s,
we have (f(x) | f(y))b > r.

Proof. Suppose that there exists r > 0 such that for all s > 0, there exist
x,y ∈X satisfying (x | y)a > s and (f(x) | f(y))b ≤ r. Then we can find sequences
(xn)n∈N and (yn)n∈N such that

(xn | yn)a > n, (f(xn) | f(yn))b ≤ r (∀n ∈ N).

Then (xn | yn)a → ∞ and lim supn(f(xn) | f(yn))b ≤ r. So f is not visual. The
converse is clear.

Proposition 3.3. Let f : X → Y be a visual map. Then f is metrically
proper.

Proof. We prove the contraposition. Suppose f is not metrically proper.
Then there exists a sequence (xn)n in X such that xn, a→ ∞ and supn f(xn), b <
∞. By Corollary 2.12 there exists (Nn)n ⊂ N such that (xNn

| xNn
) → ∞.

For each n ∈ N, we choose γn ∈ Y Lb with Dom γn = [0, Ln] such that
γn(Ln) = f(xNn

). By Lemma 2.9 (i) we have

(f(xNn
) | f(xNn

))b ≤ Ω(γn | γn)b ≤ ΩLn

≤ Ω
(
λ′(f(xNn), b+ k′))

≤ λ′Ω
(

sup
n
f(xn), b+ k′

)
< ∞.

Therefore f is not visual.
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Definition 3.4. Let f : X → Y be a visual map. We define a map
∂f : ∂X → ∂Y as follows. For x ∈ ∂X, we choose a representative γ ∈ XL∞

a of x,
that is, γ ∈ x. Then we define ∂f(x) := lim f(γ(n)). The following proposition
says that the limit does exist. We say that ∂f is induced by f.

Proposition 3.5. Let f : X → Y be a visual map. The map ∂f is well-
defined, and for x∈∂X, ∂f(x) does not depend on the choice of the representative
γ ∈ x.

Proof. For x∈ ∂X, we choose a representative γ ∈ XL∞
a of x, that is, γ ∈x.

For n ∈ N, set xn := γ(n), yn := f(xn). By Lemma 2.16, we have (xn | xm)a → ∞.
Since f is visual, we have (yn | ym)b → ∞. Then by Lemma 2.15, there exists
y ∈ ∂Y such that yn → y. Therefore ∂f(x) = y is well-defined.

We will show that y does not depend on the choice of γ. Let η ∈ x and set
x′

n := η(n), y′
n := f(x′

n), y := limn→∞ y′
n. Since

(xn | x′
n)a ≥ Ω−1 min{(xn | x)a, (x | x′

n)a} → ∞,

we have (yn | y′
n)b → ∞. So

(y | y′)b ≥ Ω−1 min{(y | yn)b, (yn | y′)b}
≥ Ω−2 min{(y | yn)b, (yn | y′

n)b, (y′
n | y′)b} → ∞.

Therefore y = y′.

Lemma 3.2 and following Lemma 3.6 imply that ∂f is continuous on ∂X.

Lemma 3.6. Let f : X → Y be a visual map and ∂f : ∂X → ∂Y be a map
induced by f. For r > 0 there exists s > 0 such that for x, y ∈ ∂X with (x | y)> s,
we have (∂f(x) | ∂f(y)) > r.

Proof. We fix r > 0. By Lemma 3.2, there exists s′ > 0 such that for
all p, q ∈ X

(p | q)a > s′ ⇒ (f(p) | f(q))b > Ω2r.

Set s := Ω2s′. Let x, y ∈ ∂X with (x | y)a > s. We choose representative γ ∈ x

and η ∈ y. For n ∈ N, set xn := γ(n) and yn := η(n). Since

(xn | yn)a ≥ Ω−2 min{(xn | x)a, (x | y)a, (y | yn)a}
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and (xn | x)a → ∞, (y | yn)a → ∞, for sufficiently large n, we have (xn | yn)a > s′.
Then (f(xn) | f(yn))b > Ω2r. Now we have

(∂f(x) | ∂f(y))b ≥ Ω−2 min{(∂f(x) | f(xn))b, (f(xn) | f(yn))b, (f(yn) | ∂f(y))b}.

Since (∂f(x) |f(xn))b → ∞ and (f(yn) |∂f(y))b → ∞, we have (∂f(x) |∂f(y))b>r.

Corollary 3.7. Let f : X → Y be a visual map. Then the map

f ∪ ∂f : X ∪ ∂X → Y ∪ ∂Y

is continuous at every point in ∂X.

Proof. We fix x ∈ ∂X. We will show that for r > 0, there exists s > 0
such that, for y ∈ X ∪ ∂X,

(x | y)a > Ωs ⇒ (∂f(x) | (f ∪ ∂f)(y))b > Ω−1r.

For r > 0, we choose s > 0 satisfying the statements of both Lemma 3.2
and Lemma 3.6 for f and r.

First let y ∈ ∂X with (x | y)a > s. Then by Lemma 3.6, we have
(∂f(x) | ∂f(y))b > r.

Now let y ∈ X with (x | y)a > Ωs. Let γ ∈ XL∞
a with γ ∈ x. By the

proof of Proposition 3.5, there exists n ∈ N such that (x | γ(n))a > Ωs and
(∂f(x) | f(γ(n)))b > r. Then

(y | γ(n))a ≥ Ω−1 min{(y | x)a, (x | γ(n))a} > s.

Thus by Lemma 3.2, (f(γ(n)) | f(y))b > r. Therefore

(∂f(x) | f(y))b ≥ Ω−1 min{(∂f(x) | f(γ(n))b, (f(γ(n)) | f(y))b} > Ω−1r.

3.2. Maps compatible with systems of good quasi-geodesics. Let
τ ≥ 0 be a constant. We say that a map σ : R≥0 → R≥0 is a τ -rough contraction
if σ(0) = 0, limt→∞ σ(t) = ∞, and

ρ(t) ≤ t (∀t ∈ R≥0),
|ρ(t) − ρ(s)| ≤ |t− s| + τ (∀t, s ∈ R≥0),
t ≤ s ⇒ ρ(t) ≤ ρ(s) (∀t, s ∈ R≥0).
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We say that σ is a rough contraction if it is τ -rough contraction for some
τ ≥ 0.

Dydak and Virk [4, Definition 3.2] introduced a class of radial functions,
in the setting of Gromov hyperbolic spaces. The following is its analogue in
the setting of coarsely convex spaces. We remark that the following is slightly
weaker than the one defined by Dydak and Virk.

Definition 3.8. Let σ : R≥0 → R≥0 be a rough contraction. We say that
a map f : X → Y is σ-XL-radial if for γ ∈ XLa, we have

σ(t) ≤ f(γ(t)), f(a) (∀t ∈ Dom γ).

We say that f is XL-radial if it is σ-XLa-radial for some σ and a ∈ X.

The above condition is equivalent to the following. Let σ : R≥0 → R≥0 be
a rough contraction. We say that a map f : X → Y is weakly σ-XLa-radial if
for all x ∈ X, there exist γx ∈ XLa and Tx ∈ R≥0 such that x = γx(Tx) and

σ(Tx) ≤ f(x), f(a).

Lemma 3.9. Let σ : R≥0 → R≥0 be a rough contraction. If a large scale
Lipschitz map f : X → Y is weakly σ-XLa-radial, then it is σ̂-XLa-radial for some
rough contraction σ̂.

Proof. Let γ ∈ XLa. We fix t ∈ Domγ and set x= γ(t). Since f is weakly
σ-XLa-radial, there exist γx ∈ XLa and Tx ∈ R≥0 such that x = γx(Tx) and

σ(Tx) ≤ f(γx(t)), f(a).

Since γ(t) = x = γx(Tx), we have |t− Tx| ≤ θ(0). We suppose that σ is τ -rough
contraction. Then we have

|σ(Tx) − σ(t)| ≤ |Tx − t| + τ ≤ θ(0) + τ.

Thus we have

f(γ(t)), f(a) = f(γx(Tx)), f(a)
≥ σ(Tx)
≥ σ(t) − θ(0) − τ.

Set σ̂(t) := (σ(t) − θ(0) − τ) ∨ 0. Then f is σ̂-XLa-radial.
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In the study of maps between Gromov hyperbolic spaces, the Morse lemma
plays an essential role. In the case of coarsely convex spaces, in general, the
Morse lemma does not hold. Instead, we introduce the following.

Definition 3.10. Let ρ : R≥0 → R≥0 be a rough contraction. Let H > 0.
We say that a map f : X → Y is ρ-H-XLa-Y Lb-equivariant if f(a) = b, and, for
γ ∈ XLa with Dom γ = [0, Lγ ] and for η ∈ Y Lb with Dom η = [0, Lη] satisfying
η(Lη) = f(γ(Lγ)), we have

f ◦ γ(t), η(ρ(t)) < H (0 ≤ ∀t ≤ min{Lγ , ρ
−1(Lη)}).

We say that f is XL-Y L-equivariant if it is ρ-H-XLa-Y Lb-equivariant for some
ρ, H, a ∈ X and b ∈ Y .

Theorem 3.11. For λ1 ≥ 1, ν1, H, τ > 0, and τ -rough contractions

σ, ρ : R≥0 → R≥0,

there exists a metrically proper map ρ̂ : R≥0 → R≥0 such that the following
holds: Let f : X → Y be a (λ1, ν1)-large scale Lipschitz, σ-XLa-radial, and
ρ-H-XLa-Y Lb-equivariant map satisfying f(a) = b. Then for x, y ∈ X, we have

(f(x) | f(y))b ≥ ρ̂((x | y)a).

Especially, f is visual.

Proof. Let γ, η ∈ XLa, be a good quasi-geodesics joining the base point
a and x, y, respectively. Set [0, Lγ ] = Dom γ, [0, Lη] = Dom η. We remark that
(γ | η)a ≥ Ω−1(x | y)a.

Let γ′, η′ ∈ Y Lb be a good quasi-geodesics joining the base point b and f(x),
f(y), respectively. Set [0, Lγ′ ] = Dom γ′, [0, Lη′ ] = Dom η′. We have

min{Lγ , Lη} ≥ (γ | η)a ≥ Ω−1(x | y)a.

Since γ′ is (λ′, k′)-quasi geodesic and f is σ-XLa-radial, it follows that

λ′Lγ′ + k′ ≥ b, f(x) ≥ σ(Lγ) ≥ σ(Ω−1(x | y)).

By switching x and y, and applying the same argument, we obtain

λ′Lη′ + k′ ≥ σ(Ω−1(x | y)a).
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So we have

min{Lγ′ , Lη′} ≥ 1
λ′σ(Ω−1(x | y)a) − k′

λ′ .(1)

Here we introduce the following constants,

T := λ1Ω + ν1 + 2H, c := (E′T )−1

and we define a function δ : R≥0 → R≥0 by

δ(t) := sup
{
u ∈ R≥0 : ρ(u) ≤

(
1
λ′ min{σ(Ω−1t), ρ(Ω−1t)} − k′

λ′ − τ

)
∨ 0

}
.

We remark that, since ρ is a τ -rough contraction, for any α ∈ R≥0, we have

ρ(sup{u ∈ R≥0 : ρ(u) ≤ α}) ≤ α+ τ.

We will show that

(f(x) | f(y)) ≥ c{ρ ◦ δ((x | y)a) − τ}.(2)

We set

S := 1
λ′ min{σ(Ω−1(x | y)a), ρ(Ω−1(x | y)a)} − k′

λ′ ,

s := δ((x | y)a) = sup{u ∈ R≥0 : ρ(u) ≤ (S − τ) ∨ 0}.

Then we have ρ(s) ≤ S ∨ τ and ρ ◦ δ((x | y)a) = ρ(s).
First, we assume that S < τ . Then ρ ◦ δ((x | y)a) ≤ τ , so clearly (2) holds,

since (f(x) | f(y)) ≥ 0.
Now we assume that S ≥ τ . Since ρ(s) ≤ S and λ′ ≥ 1, we have

ρ(s) ≤ ρ(Ω−1(x | y)a) ≤ ρ((γ | η)a).

Thus

s ≤ (γ | η)a ≤ min{Lγ , Lη}.

By (1) and ρ(s) ≤ S, we have

0 ≤ ρ(s) ≤ min{Lγ′ , Lη′}.

Since f is ρ-H-XLa-Y Lb-equivariant, we have

max
{
γ′(ρ(s)), f ◦ γ(s), f ◦ η(s), η′(ρ(s))

}
< H.
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By Lemma 2.9 (iv) we have

γ(s), η(s) ≤ Ω.

Thus,

γ′(ρ(s)), η′(ρ(s)) ≤ γ′(ρ(s)), f ◦ γ(s) + f ◦ γ(s), f ◦ η(s) + f ◦ η(s), η′(ρ(s))
≤ H + λ1γ(s), η(s) + ν1 +H

≤ λ1Ω + ν1 + 2H = T.

Since c = 1/(E′T ), we have

γ′(cρ(s)), η′(cρ(s)) ≤ 1 + C ′ ≤ 2D′ + 2.

Thus we have

(γ′ | η′)b ≥ cρ(s) = cρ ◦ δ((x | y)a).

Therefore (2) holds.

Lemma 3.12. Let f : X → Y be a map. Suppose that there exists a non-
decreasing map ρ̂ : R≥0 → R≥0 such that for all x, y ∈ X, (f(x) | f(y))b ≥
ρ̂((x | y)a). Then for all u, v ∈ ∂X, we have

(∂f(u) | ∂f(v))b ≥ Ω−2ρ̂(Ω−2(u | v)a).

Proof. Let u, v ∈ ∂aX. We choose representatives γ ∈ u and η ∈ v. For
n ∈ N, set xn := γ(n) and yn := η(n). We have

(xn | yn)a ≥ Ω−2 min{(xn | u)a, (u | v)a, (v | yn)a}.

Since (xn | u)a → ∞ and (v | yn)a → ∞, we have (xn | yn)a ≥ Ω−2(u | v)a for
sufficiently large n. Then (f(xn) | f(yn))b ≥ ρ̂(Ω−2(u | v)a). Now we have

(∂f(u) | ∂f(v))b ≥ Ω−2 min{(∂f(u) | f(xn))b, (f(xn) | f(yn))b, (f(yn) | ∂f(v))b}.

Since (∂f(u) | f(xn))b → ∞ and (f(yn) | ∂f(v))b → ∞, we have

(∂f(u) | ∂f(v))b > Ω−2ρ̂(Ω−2(u | v)a).
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We say that a map σ : R≥0 → R≥0 is a rough-isometric contraction if it is a
rough contraction and there exist constants A,B ≥ 0 such that |σ(t) − σ(s)| ≥
A|t− s| −B for all s, t ∈ R≥0.

Corollary 3.13. Let σ, ρ : R → R be rough-isometric contractions. Let
f : X → Y be a large scale Lipschitz, σ-XLa-radial, and ρ-H-XLa-Y Lb map
satisfying f(a) = b. Then the induced map ∂f : ∂X → ∂Y is a Lipschitz map.

Proof. Let ϵ > 0 be a sufficiently small constant and, dϵ,∂X and dϵ,∂Y be
a metric on ∂X and on ∂Y , respectively, constructed in Proposition 2.14. Let K
be a constant satisfying the statement of Proposition 2.14 for both ∂X and ∂Y .

Since σ and ρ are rough-isometric contractions, by the proof of Theorem 3.11
and Lemma 3.12, there exist constants κ, ν such that for all x, y ∈ ∂X, we have

(∂f(x) | ∂f(y))b ≥ κ(x | y)a − ν.

We use the following constant

V := 1
K

(
κ

2ν

)ϵ

.

For x, y ∈ ∂X with dϵ,∂X(x, y) ≥ V , we have

dϵ,∂Y (∂f(x), ∂f(y)) ≤ diam ∂Y ≤ diam ∂Y

V
dϵ,∂X(x, y).

For x, y ∈ ∂X with dϵ,∂X(x, y) ≤ V , we have

(x | y)a ≥
(

1
Kdϵ,∂X(x, y)

)1/ϵ

≥
(

1
KV

)1/ϵ

≥ 2ν
κ
.

Thus ν ≤ (1/2)κ(x | y)b. By Theorem 3.11,

dϵ,∂Y (∂f(x), ∂f(x′)) ≤
(

1
(f(x) | f(y))b

)ϵ

≤
(

1
κ(x | y)a − ν

)ϵ

≤
(

2
κ(x | y)a

)ϵ

≤ K

(
2
κ

)ϵ

dϵ,∂X(x, x′).

Definition 3.14. Let ρ : R≥0 → R≥0 be a rough contraction. Let f : X →
Y be a map. Let T > 0. We say that f is ρ-T -XL∞

a -Y L∞
b -equivariant if f(a) = b,

and for γ ∈ XL∞
a there exists η ∈ Y L∞

b such that

f ◦ γ(t), η(ρ(t)) < T (∀t ∈ R≥0).
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Lemma 3.15. Let ρ : R≥0 → R≥0 be a rough contraction. Let f : X → Y

be a visual map. Let γ ∈ XL∞
a and η ∈ Y L∞

b be quasi-geodesic rays satisfying
f ◦ γ(t), η(ρ(t)) < T for all t ∈ R≥0. Then we have ∂f([γ]) = [η].

Proof. For n ∈ N, set xn := γ(n). By Lemma 2.16, xn → [γ]. By Corol-
lary 3.7, f(xn) → ∂f([γ]), that is, (f(xn) | ∂f([γ]))b → ∞. By the assumption of γ
and η, for all n∈N, f(xn), η(ρ(n))<T . Thus by Lemma 2.16, (f(xn) | [η])b → ∞.
Then

(∂f([γ]) | [η])b ≥ Ω−1 min{(∂f([γ]) | f(xn))b, (f(xn) | [η])b} → ∞.

Therefore ∂f([γ]) = [η].

Lemma 3.16. For H > 0 there exists T > 0 such that if a large scale
Lipschitz map f : X → Y is XL-radial and ρ-H-XLa-Y Lb-equivariant, then it is
ρ-T -XL∞

a -Y L∞
b -equivariant.

Proof. Let γ ∈ XL∞
a . There exists XL-approximate sequence {(γn, α

′
n)}

of γ. Set αn := (γ | γn)a. By Lemma 2.9 (iv) for all t ∈ [0, αn], we have

γ(t), γn(t) ≤ Ω.

We suppose that f is a (λ1, ν1)-large scale Lipschitz map. Then

f(γ(t)), f(γn(t)) ≤ λ1Ω + ν1.(3)

Set xn := γn(α′
n) and yn := f(xn). Let ηn ∈ Y Lb be a good quasi-geodesic from b

to yn. Since f is XL-radial, b, yn → ∞. Then there exist η ∈ Y L∞
b and (Nn)N ⊂N

such that ηNn
is a Y L-approximate sequence of η. Set βn := (ηNn

| η)b.
Now we fix t ∈ R≥0. By Lemma 2.8, there exists n such that ρ(t) ≤ t ≤

min{αNn
, βn}. By Lemma 2.9 (iv),

ηNn(ρ(t)), η(ρ(t)) ≤ Ω.(4)

By (3), (4) and the assumption that f is a ρ-H-XLa-Y Lb-equivariant map,

f(γ(t)), η(ρ(t)) ≤ f(γ(t)), f(γNn
(t)) + f(γNn

(t)), ηNn
(ρ(t)) + ηNn

(ρ(t)), η(ρ(t))
≤ λ1Ω + ν1 +H + Ω.

We denote by T , the right most side of the above inequality. Then we have that
f is ρ-T -XL∞

a -Y L∞
b -equivariant.
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3.3. Proof of Theorem 1.1. Let X be a proper coarsely convex space.
Set X̄ := X ∪ ∂X. By Theorem 3.7, f extends to the continuous map f ∪ ∂f :
X̄ → X̄. By [8, Proposition 6.6], X̄ is a coarse compactification. So Theorem 1.1
follows from [6, Corollary 1.7].

4. Coarsely surjective map

By Proposition 3.3, visual maps are coarse maps, so they induce continuous
maps on Higson coronae. Austin and Virk [1] showed that coarsely surjective
maps induce surjections on Higson coronae. In [8, Section 6.2], it is shown that
for a proper coarsely convex space X, X ∪ ∂X is a coarse compactification. Then
by the universality of the Higson compactification [15, Proposition 2.39], we have
the following.

Proposition 4.1. Let X and Y be proper coarsely convex spaces. Let
f : X → Y be a visual map. If f is coarsely surjective, then the induced map
∂f : ∂X → ∂Y is surjective.

For a reader’s convenience, we give the proof of Proposition 4.1 without
using Higson coronae.

Proof. We use the same setting for X and Y as those stated at the be-
ginning of Section 3. Since f is coarsely surjective, there exists S > 0 such that
S-neighbourhood of f(X) is equal to Y . Then for η ∈ Y L∞

b and n ∈ N, there
exists xn ∈ X such that η(n), f(xn) ≤ S. We suppose that f is a (λ1, ν1)-large
scale Lipschitz map. We have

xn, a ≥ 1
λ1

(
f(xn), b− ν1

)
≥ 1
λ1

(
η(n), b− η(n), f(xn) − ν1

)
≥ 1
λ1

(
η(n), b− S − ν1

)
→ ∞.

Thus there exist γ ∈ XL∞
a and (Nn)n ⊂ N such that

lim
n→∞

(xNn
| [γ])a = ∞.

Then we have

(γ(n) | xNn
)a ≥ Ω−1 min{(γ(n) | [γ])a, ([γ], xNn

)a} → ∞.(5)

We will show that ∂f([γ]) = [η]. Set y := ∂f([γ]) and yn = f(γ(n)). Since
f ∪ ∂f is continuous at [γ] ∈ ∂aX, we have (y | yn)b → ∞. Now we have

(y | [η])b ≥ Ω−2 min{(y | yn)b, (yn | f(xNn))b, (f(xNn) | [η])b}.
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By Lemma 2.16, we have (f(xNn
) | [η])b → ∞. Since f is visual, by (5), we have

(yn | f(xNn
))b = (f(γ(n)) | f(xNn

))b → ∞.

Thus (y | [η])b = ∞, therefore ∂f([γ]) = y = [η].

5. Coarsely n-to-one map

We say that a map is n-to-1 if its point-inverses contain at most n points.
The following proposition is a generalization of [4, Theorem 7.1] in the case

of Gromov hyperbolic spaces, to that of coarsely convex spaces.

Proposition 5.1. Let X and Y be proper coarsely convex spaces, with
base points a ∈ X and b ∈ Y , respectively. Let f : X → Y be a visual map, and
∂f : ∂X → ∂Y be the map induced by f. The following is equivalent.
(A) ∂f is n-to-one.
(B) For all R > 0, there exists S > 0 such that, for all x1, . . . , xn+1 ∈ X

with (xi | xj) < R (∀i, j, i ̸= j), there exist 1 ≤ k < m ≤ n + 1 satisfying
(f(xk) | f(xm))b < S.

We say that the map f is visually n-to-one if f satisfies the statement (B)
of Proposition 5.1.

Proof. First, we suppose that (B) is negative, and we will show that (A)
is negative.

Since (B) is negative, there exists R > 0 such that for all l ∈ N, there exist
xl

1, . . . ,x
l
n+1 ∈X with (xl

i |xl
j)a<R and (f(xl

i) |f(xl
j))b>l for all i, j∈{1, . . . ,n+1}

with i ̸= j. Since X is proper and by Proposition 2.12, by replacing subsequence,
we can assume that for each i, the sequence (xl

i)l converges to some xi ∈ ∂X

when l→ ∞. Since (xl
i | xl

j)a <R, we have xi ̸= xj . Since (f(xl
i) | f(xl

j))b ≥ l→ ∞,
we have ∂f(xi) = ∂f(xj). Therefore ∂f is not n-to-one.

Next, we suppose that (A) is negative, and we will show that (B) is negative.
There exist n+ 1 points a1, . . . , an+1 ∈ ∂X, which are mutually different, such
that ∂f(ai) = ∂f(aj) for all i, j. Set z := ∂f(a1). For t > 0, we define

U(ai, t) := {x ∈ X ∪ ∂X : (x | ai)a ≥ t}.

Let Ω be a constant satisfying the statement of Lemma 2.9 for both X

and Y . We take R > 0 satisfying U(ai,Ω−1R) ∩ U(aj ,Ω−1R) = ∅ for all i ̸= j.
We will see that for all S > 0, we have U(ai, R) ∩ f−1(U(z,ΩS)) ̸= ∅.

Let γi ∈ XL∞
a with γi ∈ ai. By Corollary 3.7, we have z = ∂f(ai) =

limn→∞ f(γi(n)). Since (ai | γi(n))a → ∞, for sufficiently large n, we can
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assume that γi(n) ∈ U(ai, R). Similarly, by (z | f(γi(n)))b → ∞, for sufficiently
large n, we can assume that f(γi(n)) ∈ U(z,ΩS). Then γi(n) ∈ U(ai, R) ∩
f−1(U(z,ΩS)) ̸= ∅.

For each i, we choose xi ∈ U(ai, R) ∩ f−1(U(z, ΩS)). Then we have
(xi | xj) < R for all i ̸= j. Indeed, if we suppose (xi | xj) ≥ R, then

(ai | xj)a ≥ Ω−1 min{(ai | xi)a, (xi | xj)a} ≥ Ω−1R,

so xj ∈ U(ai,Ω−1R), and this contradicts the assumption of R.
On the other hand, since f(xi) ∈ U(z,ΩS), we have

(f(xi) | f(xj))b ≥ Ω−1 min{(f(xi) | z)b, (z | f(xj))b} ≥ S.

Therefore (B) is negative.

Miyata and Virk [12] introduced the following notion, which they called (B)n.
Later, Dydak and Virk [4] reintroduced and they named it coarsely n-to-one.

Definition 5.2. Let X and Y be metric spaces. We say that a coarse map
f : X → Y is coarsely n-to-one if for all R > 0, there exists S > 0 such that
for all subset A ⊂ Y with diam(A) < R, there exist B1, . . . , Bn ⊂ X satisfying
diam(Bi) < S for all i and f−1(A) = B1 ∪ · · · ∪Bn.

We use the following characterisation of coarsely n-to-one maps due to
Dydak and Virk.

Proposition 5.3 ([4, Proposition 7.3]). Let X and Y be metric spaces and
let f : X → Y be a bornologous map. Then the following is equivalent.
(A) f is coarsely n-to-one.
(B) For all R>0, there exists S>0 such that, for all n+1 points x1, . . . ,xn+1 ∈

X with xi, xj > S for all i ̸= j, there exist 1 ≤ k < m ≤ n + 1 such that
f(xk), f(xm) > R.

Theorem 5.4. Let X and Y be proper coarsely convex spaces and let
f : X → Y be a visual, ρ-T -XL∞

a -Y L∞
b -equivariant map. If f is coarsely n-to-one,

then the induced map ∂f : ∂X → ∂Y is n-to-one.

Proof. We use the same setting for X and Y as those stated at the
beginning of Section 3.

We suppose that ∂f is not n-to-one. Thus there exist mutually different
n+ 1 elements a1, . . . , an+1 ∈ ∂X such that ∂f(a1) = ∂f(a2) = · · · = ∂f(an+1).
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We choose γi ∈ XL∞
a satisfying γi ∈ ai for each i = 1, . . . , n+ 1. Since f is

ρ-T -XL∞
a -Y L∞

b -equivariant, for each γi, there exists ηi ∈ Y L∞
b such that for all

t ∈ R≥0,

f ◦ γi(t), ηi(ρ(t)) < T.

Now set R :=D′ +2T and let S>0 be a constant satisfying (B) in Proposition 5.3
for the coarsely n-to-one map f. Since a1, . . . , an+1 are mutually different, we
can take s ∈ R≥0 such that γi(s), γj(s)> S for all i ̸= j. Then by Proposition 5.3,
there exists a pair of indices k, m such that

f ◦ γk(s), f ◦ γm(s) > R = D′ + 2T.

Therefore

ηk(ρ(s)), ηm(ρ(s))
≥ f ◦ γk(s), f ◦ γm(s) − f ◦ γk(s), ηk(ρ(s)) − ηm(ρ(s)), f ◦ γm(s)
> D′ + 2T − 2T = D′.

So by Lemma 2.6, we have [ηk] ̸= [ηm]. However, by Lemma 3.15, we have
[ηk] = ∂f(ak) = ∂f(am) = [ηm]. This is a contradiction.

Corollary 5.5. Let X and Y be proper coarsely convex spaces. Suppose
that there exists a visual σ-T -XL∞

a -Y L∞
b -equivariant map f : X → Y which is

coarsely surjective and coarsely (n+ 1)-to-one. Then

dim ∂Y ≤ dim ∂X + n.

Proof. By Proposition 4.1 and Theorem 5.4, the induced map ∂f : ∂X →
∂Y is surjective and (n+1)-to-one. Since both ∂X and ∂Y are compact Hausdorff
spaces, ∂f is a closed map. Then we obtain the desired inequality by dimension
raising theorem [5, Theorem 4.3.3].

Proof of Theorem 1.2. By Theorem 3.11, f is visual. By Lemma 3.16,
f is σ-T -XL∞

a -Y L∞
b -equivariant. Then Theorem 1.2 follows from Corollary 5.5.

Corollary 5.6. Let X and Y be proper coarsely convex spaces, and let
f : X → Y be a visual σ-T -XL∞

a -Y L∞
b -equivariant coarse embedding map. Then

∂f is a topological embedding. Moreover, if f is coarsely surjective, then ∂f is a
homeomorphism.



30 Y. Ezawa and T. Fukaya

Proof. Since f is coarsely one-to-one, by Theorem 5.4, ∂f is one-to-one.
Since ∂X and ∂Y are compact Hausdorff spaces, ∂f is a topological embedding.
If f is coarsely surjective, by Proposition 4.1, ∂f is surjective, thus ∂f is a
homeomorphism.

6. Example

Dydak and Virk constructed an example of a coarsely 2-to-1 map from the
Cayley graph of the free group of rank 2 with respect to the standard gener-
ating set to the hyperbolic plane. In this section, by taking direct products
of their examples and some coarsely convex spaces, we construct examples of
coarsely 2-to-1 maps between coarsely convex spaces satisfying the assumptions
in Theorem 5.4. First, we prepare some lemmas.

6.1. Lemmas for direct products of coarsely convex spaces.

Lemma 6.1. For i = 1, 2, let Xi and Yi be metric spaces and fi : Xi → Yi

be maps. The following holds.
(i) If f1 and f2 are coarsely surjective, so is f1 × f2.
(ii) If f1 and f2 are large scale Lipschitz maps, so is f1 × f2.
(iii) If f1 is coarsely n-to-one and f2 is coarsely m-to-one, then f1 × f2 is

coarsely nm-to-one.
Moreover, if Xi and Yi are coarsely convex and XiL are systems of good
quasi-geodesics of Xi, the following holds.
(iv) If f1 is σ1-Xi

La1-radial and f2 is σ2-X2La2-radial, where σ1, σ2 are affine
maps, then f1 × f2 is min{σ1, σ2}-X1×X2L(a1,a2)-radial.

Proof. (i) and (ii) are clear and we leave the proof to the reader. (iii) is
due to Miyata and Virk [12, Proposition 3.4]. We suppose that Xi and Yi are
coarsely convex. Let Xi

L be the systems of good quasi-geodesics of Xi. Then by
[8, Proposition 3.3], all element in the system of good quasi-geodesics X1×X2L of
X1 ×X2 is of the following form:

α1γ1 ⊕ α2γ2 : [0, a1 + a2] ∋ t ↦→ (γ1(α1t), γ2(α2t)) ∈ X1 ×X2

where γi ∈ Xi
L, Domγi = [0, ai] and αi = ai/(a1 + a2). Now it is easy to see that

(iv) holds.

For the topological structure of the ideal boundaries of products of coarsely
convex spaces, the following is known.
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Proposition 6.2 ([8, Proposition 4.26]). Let X and Y be proper coarsely
convex spaces. Then the ideal boundary ∂(X × Y ) of the product X × Y is
homeomorphic to the join ∂X ⋆ ∂Y .

Since the ideal boundary of the hyperbolic plane H is the circle S1 and that
of the real line R is the two points space S0, the ideal boundary of the prod-
uct H × R is the suspension ΣS1 which is homeomorphic to the 2-dimensional
sphere S2. Similarly, let Cay(F2) be the Cayley graph of the free group of rank
2 with the standard generating set. Then the ideal boundary of Cay(F2) × R is
the suspension of the Cantor set.

6.2. Lemma for a product of geodesic coarsely convex spaces. For
technical reasons, in the rest of this section, we only consider geodesic coarsely
convex spaces. For i = 1, 2, let Xi be geodesic (Ci,Xi

L)-coarsely convex spaces
and Yi be geodesic (C ′

i, Yi
L)-coarsely convex spaces. Let ai ∈ Xi and bi ∈ Yi be

base points.

Lemma 6.3. Let fi : Xi → Yi be a map preserving base points and dis-
tances from base points, that is, fi(ai) = bi and bi, fi(x) = ai, x for all x ∈ Xi.
If fi is idR≥0-H-Xi

Lai
-Yi

Lbi
-equivariant, then f1 ×f2 is idR≥0-2H-X1×X2L(a1,a2)-

Y1×Y2L(b1,b2)-equivariant.

Proof. Let γ1 ⊕ γ2 ∈ X1×X2L(a1,a2). Set [0, ci] = Dom γi. Then Dom γ1 ⊕
γ2 = [0, c1 + c2]. We choose ηi ∈ Yi

Lbi
such that Dom ηi = [0, di] and fi(γi(ci)) =

ηi(di). Then we have η1 ⊕ η2 ∈ Y1×Y2L(b1,b2) and f1 × f2(γ1 ⊕ γ2(c1 + c2)) =
η1 ⊕ η2(d1 + d2). Since γi and ηi are geodesics, and fi preserve the distance from
base points,

ci = γi(ci), ai = fi(γi(ci)), bi = ηi(di), bi = di.

Moreover, since fi is idR≥0 -H-XiL-YiL-equivariant,

fi(γi(s)), ηi(s) < H (∀s ∈ [0, ci]).

Now set ei := ci/(c1 + c2). For all t ∈ [0, c1 + c1], we have

f1 × f2(γ1 ⊕ γ2(t)), η1 ⊕ η2(t) = (f1 ◦ γ1(e1t), f2 ◦ γ2(e2t)), (η1(e1t), η2(e2t))
= f1 ◦ γ1(e1t), η1(e1t) + f2 ◦ γ2(e2t), η2(e2t)
< 2H.
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6.3. Example. Dydak and Virk constructed a map f : Cay(F2) → H2

from the Cayley graph of the free group of rank 2 with respect to the standard
generating set to the hyperbolic plane [4]. The map f satisfies the following:
(i) f is a large scale Lipschitz map.
(ii) f(e) = O, here e ∈ F2 is the unit and O ∈ H2 is the origin.
(iii) For all x ∈ Cay(F2), we have x, e = f(x), O.
(iv) f is coarsely two-to-one.

By (iii), f is idR≥0-radial. Since both H2 and R is geodesic coarsely convex
space, by Proposition 2.3 so is the product H2 × R. Then by Lemma 6.1, f × id:
Cay(F2) × R → H2 × R is a large scale Lipschitz, coarsely two-to-one map. By
Lemma 6.3 and Theorem 3.11, f × id is visual, and by Theorem 5.4, the induced
map ∂(f × id) : ∂(Cay(F2) × R) → S2 is two-to-one, where ∂(Cay(F2) × R) is
homeomorphic to the suspension of the Cantor set. Similarly,

f × f : Cay(F2) × Cay(F2) → H2 × H2

is a large scale Lipschitz, coarsely four-to-one map, and induced map

∂(f × f) : ∂(Cay(F2) × Cay(F2)) → S3

is four-to-one map, where ∂(Cay(F2) × Cay(F2)) is homeomorphic to the
topological join of two Cantor sets.

7. Radial extension

In this section, we will show that continuous maps between the boundaries
of coarsely convex spaces extend to visual maps between those coarsely convex
spaces. The idea is the following. Let X and Y be coarsely convex spaces and let
f : ∂X → ∂Y be a continuous map. We first construct a map Of : O∂X → O∂Y ,
where O∂X and O∂Y are open cones over ∂X, and ∂Y , respectively. Then the
extension might be obtained by a composition of the “logarithmic map” logϵ :
X → O∂X, Of, and the “exponential map” expϵ : O∂Y → Y . However, in general,
the map logϵ is defined only on the subset of X, and the composite expϵ ◦ Of is
not necessarily bornologous. So we need some modifications.

7.1. Open cone. Let Z be a compact metrizable space. The open cone
over Z, denoted by OZ, is the quotient R≥0 ×Z/({0} ×Z). For (t, z) ∈ R≥0 ×Z,
we denote by tz the point in OZ represented by (t, z).

Let dZ be a metric on Z. We assume that the diameter of Z is at most 2.
We define a metric dOZ on OZ by

dOZ(tx, sy) := |t− s| + min{t, s}dZ(x, y).
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The function dOZ does satisfy the triangle inequality. See [16] for details. We
call dOZ the induced metric by dZ .

Definition 7.1. Let Z and W be compact metric spaces and let f : Z →W

be a continuous map. We define the map Of : OZ → OW by Of(tz) := tf(z).

We remark that Of is proper, but not necessarily bornologous. However, by
composing with the following radial contraction, we will obtain a coarse map.

Definition 7.2. Let r : R≥0 → R≥0 be a rough contraction. The radial
contraction associated to r is the map ϕr : OZ → OZ defined by ϕr(tz) := r(t)z
for tz ∈ OZ.

The following proposition says that for any proper continuous map from the
open cone, by composing an appropriate radial contraction, we obtain a coarse
map. In fact, being metrically proper and pseudocontinuous is enough to this
result. We refer [10, Section 4] and [8, Definition 5.2] for the definition of pseudo-
continuous maps. We remark that continuous maps are pseudocontinuous.

Proposition 7.3 ([10, Lemma 4.12]). Let V be a metric space, and let
F : OZ → V be a metrically proper pseudocontinuous map. Then there exists
a 0-rough contraction r : R≥0 → R≥0 such that, for the radial contraction ϕr :
OZ → OZ associated to r, the composite F ◦ ϕr : OZ → V is a coarse map.

Remark 7.4. Let ϵ > 0 be a constant which will be fixed at the beginning
of Section 7.2. We can assume without loss of generality that the function r in
Proposition 7.3 satisfies the following. For t, t′ ∈ R≥0 with tϵ, t′ϵ ∈ r−1([1,∞)),
we have

|r(tϵ)1/ϵ − r(t′ϵ)1/ϵ| ≤ |t− t′|.

Indeed, we define the map r′ : R≥0 → R≥0 by r′(t) := r(t) for t ∈ r−1([0, 1)),
and r′(t) := r(t)ϵ for t ∈ r−1([1,∞)). Then r′(t) ≤ r(t) for all t ∈ R≥0 and for
t, t′ ∈ R≥0 with tϵ, t′ϵ ∈ r−1([1,∞)),

|r′(tϵ)1/ϵ − r′(t′ϵ)1/ϵ| = |r(tϵ) − r(t′ϵ)| ≤ |tϵ − t′ϵ| ≤ |t− t′|.

If the radial contraction associated with r satisfies the statement of Proposi-
tion 7.3, so does the one associated with r′. Therefore we can replace r with r′.

Lemma 7.5. Let r : R≥0 → R≥0 be a 0-rough contraction satisfying
Remark 7.4. Set δ := sup{u ∈ R≥0 : r(uϵ) ≤ 1}. For u, u′ ∈ R≥0, we have

|r(uϵ)1/ϵ − r(u′ϵ)1/ϵ| ≤ |u− u′| + 2δ.

Especially, the map t ↦→ r(tϵ)1/ϵ is a 2δ-rough contraction.
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Proof. If min{r(uϵ), r(u′ϵ)} ≤ 1, then

|r(uϵ)1/ϵ − r(u′ϵ)1/ϵ| ≤ r(uϵ)1/ϵ + r(u′ϵ)1/ϵ ≤ u+ u′ ≤ |u− u′| + 2δ.

If min{r(uϵ), r(u′ϵ)} > 1, then by Remark 7.4,

|r(uϵ)1/ϵ − r(u′ϵ)1/ϵ| ≤ |u− u′|.

7.2. Exponential and logarithmic map. In the rest of this section,
let X and Y be proper (λ, k,E,C, θ,L)-coarsely convex spaces. We fix a positive
number 0 < ϵ < 1 satisfying the statement of Proposition 2.14. Let dϵ,∂aX and
dϵ,∂bY be a metric given by Proposition 2.14 for ∂aX and ∂bY , respectively. Let
K be the constant in the statement of Proposition 2.14.

First, we review the construction of the exponential map and the logarithmic
map for coarsely convex spaces. We refer [8, Section 5] for details.

The exponential map expϵ : O∂bY → Y is defined as follows. For each y ∈
∂bY , we choose a quasi-geodesic ray ηy ∈ Y L∞

b with ηy ∈ y. Then for t ∈ R≥0,
we define expϵ(ty) := ηy(t1/ϵ).

We remark that expϵ is proper, however, not necessarily bornologous. It is
shown that expϵ is pseudocontinuous ([8, Lemma 5.4]).

Now we introduce the logarithmic map. We define the subspace XVis ⊂ X

as follows.

XVis :=
⋃

γ∈XL∞
a

γ(R≥0).

The logarithmic map logϵ : XVis → O∂aX is defined as follows. For v ∈
XVis, we choose a geodesic ray γv ∈ XL∞

a and a parameter tv ∈ R≥0 such that
γv(tv) = v. Then we define logϵ(v) := tϵ[γv]. The map logϵ is a coarse map
([8, Proposition 5.6]).

Since the domain of logϵ is a subspace of X, we need to deform X to the
subspace XVis.

Proposition 7.6 ([8, Section 5.5]). There exists a 1-rough contraction
χ : R≥0 → R≥0 such that the map φ : X → X given by

φ(v) := γv(χ(Tv)) (v ∈ X)

is a coarse map, and φ(X) ⊂ XVis. Here v ∈ X, γv ∈ XLa, Tv ∈ R≥0, and
v = γv(Tv). Moreover, φ is coarsely homotopic to the identity.
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7.3. Radial extension. In the rest of this section, let f : ∂aX → ∂bY be
a continuous map.

Let Of : O∂aX → O∂bY be the map given by Definition 7.1. Since Of is
continuous and expϵ : O∂bY → Y is pseudocontinuous, the composite expϵ ◦ Of
is pseudocontinuous. Thus by Proposition 7.3, there exists a 0-rough contrac-
tion r : R≥0 → R≥0 such that the composite expϵ ◦ Of ◦ ϕr is a coarse map,
where ϕr is a radial contraction ϕr : O∂aX → O∂aX associated to r.

Now we define the map rad f : X → Y by the composite

rad f := expϵ ◦ Of ◦ ϕr ◦ logϵ ◦ φ(6)

where φ is the map given in Proposition 7.6. We call it the radial extension of
f associated to the map r. Since rad f is the composite of coarse maps, it is a
coarse map. In Proposition 7.11, we will show that the coarse homotopy class of
rad f does not depend on the choice of the map r.

The main purpose of this section is to prove the following.

Theorem 7.7. Let X and Y be coarsely convex space with the system of
good quasi-geodesics XL and Y L, respectively. Let f : ∂X → ∂Y be a continuous
map. Then there exists a 0-rough contraction r : R≥0 → R≥0 such that the
radial extension rad f of f associated to r is XL-radial and XL-Y L-equivariant.
Moreover, the following statements hold:

(i) For a continuous map f : ∂X → ∂Y , the induced map ∂ rad f : ∂X → ∂Y

is equal to f.
(ii) Let F : X → Y be a visual ρ-T -XL∞

a -Y L∞
b -equivariant map. Then rad ∂F

is coarsely homotopic to F.

In the rest of this section, let Ω be a constant satisfying the statement of
Lemma 2.9 for both X and Y .

Lemma 7.8. There exists a non-decreasing map ψ : R≥0 → R≥0 ∪ {∞} with
limt→∞ ψ(t) = ∞ such that for p, q ∈ ∂aX with p ̸= q, we have

(f(p) | f(q))b ≥ ψ((p | q)a).

Proof. We define a map ψ : R≥0 → R≥0 ∪ {∞} by

ψ(t) := inf{(f(p) | f(q))b : (p, q) ∈ (∂aX)2, (p | q)a ≥ t} (t ≥ 0).

By the definition, ψ is non-decreasing. Since ∂aX is compact, f is uniformly
continuous. So by Proposition 2.14, we have limt→∞ ψ(t) = ∞.
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We remark that if ∂aX has at least one accumulation point, then the range
of the map ψ in Lemma 7.8 does not contain ∞.

Set rad′ f := expϵ ◦ Of ◦ ϕr ◦ logϵ : XVis → Y . First, we consider this map.

Proposition 7.9. Suppose that the map r : R≥0 → R≥0 satisfies

r(tϵ)1/ϵ ≤ Ω−1ψ

(
Ω−1(t− θ̄(0))
E(λθ̄(0) + k1)

)
(∀t ∈ R≥0).

Then the map rad′ f is XL-radial and XL-Y L-equivariant.

We remark that XVis is a subspace of the coarsely convex space, however,
both being σ-XLa-radial and being ρ-H-XLa-Y Lb-equivariant make sense for the
map rad′ f.

Proof. Let x∈XVis. We choose γx ∈ XL∞
a , Tx ∈R≥0 such that x= γx(Tx)

and logϵ(x) = T ϵ
x[γx]. For [γx], we choose ηx ∈ Y L∞

b such that f([γx]) = [ηx] and
expϵ(s[ηx]) = ηx(s1/ϵ) for s ∈ R≥0. Then we can compute rad′ f(x) as follows.

x
logϵ

↦−−→ T ϵ
x[γx] ϕr↦−−→ r(T ϵ

x)[γx] Of↦−−→ r(T ϵ
x)f([γx]) expϵ↦−−→ ηx(r(T ϵ

x)1/ϵ).

We have

ηx(r(T ϵ
x)1/ϵ), b ≥ 1

λ
r(T ϵ

x)1/ϵ − k1.(7)

Set

ρ(t) := r(tϵ)1/ϵ and σ(t) :=
(

1
λ
ρ(t) − k1

)
∨ 0.

By (7), rad′ f is weakly σ-XLa-radial, so it is XL-radial, by Lemma 3.9.
Now let ξ ∈ XLa with Dom ξ = [0, Lξ]. We put x := ξ(Lξ). We use the

above computation for x, that is, rad′ f(x) = ηx(r(T ϵ
x)1/ϵ). Let η ∈ Y Lb with

Dom η = [0, Lη] such that η(Lη) = ηx(ρ(Tx)) = rad′ f(ξ(Lξ)). Since Dom ηx =
R≥0, by Lemma 2.9 (v),

ηx(s), η(s) ≤ Ω (0 ≤ ∀s ≤ Lη).(8)

We fix t ∈ R≥0 with t ≤ min{Lξ, ρ
−1(Lη)} and set w := ξ(t). We choose

γw ∈ XL∞
a and Tw ∈ R≥0 such that w = γw(Tw) and logϵ(w) = T ϵ

w[γw]. Since
γw(Tw) = ξ(t), by Lemma 2.10,

(γw | ξ)a ≥ t− θ̃(0)
E(λθ̃(0) + k1)

.
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Applying the same argument for x = γx(Tx) = ξ(Lξ), we have

(γx | ξ)a ≥ Lξ − θ̃(0)
E(λθ̃(0) + k1)

.

So we have

(γx | γw)a ≥ Ω−1 min{(γx | ξ)a, (γw | ξ)a} ≥ Ω−1(t− θ̃(0))
E(λθ̃(0) + k1)

.

We choose ηw ∈ Y L∞
b such that f([γw]) = [ηw] and expϵ(s[ηw]) = ηw(s1/ϵ) for all

s ∈ R≥0. By Lemma 7.8,

([ηx] | [ηw])b ≥ ψ(([γx] | [γw])a) ≥ ψ

(
Ω−1(t− θ̃(0))
E(λθ̃(0) + k1)

)
.

Since γw(Tw) = ξ(t), we have |Tw − t| ≤ θ̃(0). By the assumption on r,
we have

ρ(t) ≤ Ω−1ψ

(
Ω−1(t− θ̃(0))
E(λθ̃(0) + k1)

)
≤ (ηx | ηw)b.

Then by Lemma 2.9 (iv), we have

ηw(ρ(t)), ηx(ρ(t)) ≤ Ω.

Set δ := sup{u ∈ R≥0 : r(uϵ) ≤ 1}. By Lemma 7.5,

|ρ(Tw) − ρ(t)| ≤ |Tw − t| + 2δ ≤ θ̃(0) + 2δ.

Therefore

rad′ f(ξ(t)), ηx(ρ(t)) = ηw(ρ(Tw)), ηx(ρ(t))(9)
≤ ηw(ρ(t)), ηx(ρ(t)) + λ(θ̃(0) + 2δ) + k1

≤ Ω + λ(θ̃(0) + 2δ) + k1.

Set H := Ω + λ(θ̃(0) + 2δ) + k1 + Ω. Since ρ(t) ≤ Lη, by (9) and (8), we have

rad′ f(ξ(t)), η(ρ(t)) ≤ H.

Hence the proof is done.
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Proposition 7.10. The map φ : X → X is XL-radial and XL-Y L-
equivariant.

Proof. Let x ∈X. We choose γx ∈ XL and Tx ∈ R≥0 such that x= γx(Tx),
φ(x) = γx(χ(Tx)). Then

φ(x), a = γx(χ(Tx)), γx(0) ≥ 1
λ
χ(Tx) − k.

Set σ(t) := (λ−1χ(t) − k) ∨ 0. Then φ is weakly σ-XLa-radial, so it is XL-radial,
by Lemma 3.9.

Let γ ∈ XL. Set Domγ = [0,Lγ ] and x := γ(Lγ). Let η ∈ XLa with Dom η =
[0, Lη] such that η(Lη) = φ(x).

We fix t ∈ R≥0 with t ≤ min{Lγ , χ
−1(Lη)}, and set w := γ(t). We choose

γx, γw ∈ XLa and Tx, Tw ∈ R≥0 such that x = γx(Tx), w = γw(Tw), φ(x) =
γx(χ(Tx)), and φ(w) = γw(χ(Tw)).

Since γ(t) = γw(Tw), we have |Tw − t| ≤ θ(0). Set u := min{Tw, t}. We remark

|χ(Tw) − χ(u)| ≤ |Tw − u| + 1 ≤ θ(0) + 1,
|χ(t) − χ(u)| ≤ |t− u| + 1 ≤ θ(0) + 1.

By Lemma 2.9 (v),

γw(χ(u)), γ(χ(u)) ≤ Ω.

Therefore we have

γw(χ(Tw)), γ(χ(t)) ≤ γw(χ(u)), γ(χ(u)) + λ(θ(0) + 1) + k(10)
≤ Ω + λθ(0) + λ+ k.

First, we suppose χ(t) ≤ Tx. Then, since γ(Lγ) = x = γx(Tx), by Lemma
2.9 (v),

γ(χ(t)), γx(χ(t)) ≤ Ω.

Since γx(χ(Tx)) = η(Lη) and χ(t) ≤ Lη, by Lemma 2.9 (v) we have

γx(χ(t)), η(χ(t)) ≤ Ω.

Thus we have

γw(χ(Tw)), η(χ(t)) ≤ 3Ω + λθ(0) + k + λ.(11)
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Next we suppose χ(t) > Tx. Then, we have

Tx < χ(t) ≤ t ≤ Lγ and χ(Tx) ≤ Tx < χ(t) ≤ Lη.

Since γx(Tx) = γ(Lγ) and γx(χ(Tx)) = η(Lη),

|Tx − Lγ | ≤ θ(0) and |χ(Tx) − Lη| ≤ θ(0).

Then we have

γ(χ(t)), η(χ(t)) ≤ γ(χ(t)), γ(Lγ) + γx(Tx), γx(χ(Tx)) + η(Lη), η(χ(t))
≤ λ(|χ(t) − Lγ | + |Tx − χ(Tx)| + |Lη − χ(t)|) + 3k
≤ λ(|Tx − Lγ | + 2|χ(Tx) − Lη|) + 3k
≤ 3λθ(0) + 3k.

Thus by (10) and the above inequality, we have

γw(χ(Tw)), η(χ(t)) ≤ Ω + 4(λθ(0) + k) + λ.(12)

Finally by (11) and (12) we have

φ(γ(t)), η(χ(t)) = φ(w), η(χ(t)) = γw(χ(Tw)), η(χ(t))
≤ 3Ω + 4(λθ(0) + k) + λ.

Hence the proof is done.

The first half of Theorem 7.7 follows from Proposition 7.9 and Proposi-
tion 7.10.

Proposition 7.11. For i= 1,2, let ri : R≥0 →R≥0 be 0-rough contractions
satisfying Remark 7.4. Let radi f be the radial extension of f associated with ri.
Then rad1 f and rad2 f are coarsely homotopic.

Proof. Let ϕi be the radial contractions ϕi : O∂aX → O∂aX associated
to ri such that radi = expϵ ◦ Of ◦ ϕi ◦ logϵ ◦ φ.

We can assume without loss of generality that

r1(t) ≤ r2(t) (∀t ∈ R≥0).(13)

Indeed, set r3(t) := min{r1(t), r2(t)} and let rad3 f be the radial extension of f
associated to r3. If we showed that radi f and rad3 f are coarsely homotopic, then
by the transitivity of coarse homotopy, rad1 f and rad2 f are coarsely homotopic.
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Now set rad′
i := expϵ ◦ Of ◦ ϕi ◦ logϵ : XVis → Y . It is enough to show that

rad′
1 f and rad′

2 f are coarsely homotopic.
For each x ∈ XVis, we choose γx ∈ XL∞

a and Tx ∈ R≥0 such that logϵ(x) =
T ϵ

x[γx]. We also choose ηx ∈ Y L∞
b such that f([γx]) = [ηx] and expϵ(s[ηx]) =

ηx(s1/ϵ) for all s ∈ R≥0.
Set Z := {(x, t) ∈ XVis × R≥0 : t ≤ Tx}. We define a coarse homotopy

H : Z → Y by

H(x, t) = ηx(r1((Tx − t)ϵ)1/ϵ + r2(tϵ)1/ϵ).

Then for x ∈ XVis, H(x,0) = rad′
1 f(x) and H(x,Tx) = rad′

2 f(x). So all we need
to show is that H is a coarse map. It is easy to show that H is metrically proper.
We will show that H is bornologous.

Let (x, t), (y, t′) ∈ Z. For y, we choose γy ∈ XL∞
a , Ty ∈ R≥0 and ηy ∈ Y L∞

b as
above. Set δ := sup{u ∈ R≥0 : r1(uϵ) ≤ 1}. By Lemma 7.5, for i = 1, 2, we have

|ri(uϵ)1/ϵ − ri(u′ϵ)1/ϵ| ≤ |u− u′| + 2δ (∀u, u′ ∈ R≥0).(14)

Now set s := r1((Tx − t)ϵ)1/ϵ + r2(tϵ)1/ϵ and s′ := r1((Ty − t′)ϵ)1/ϵ + r2(t′ϵ)1/ϵ.
By (14), we have

|s− s′| ≤ |r1((Tx − t)ϵ)1/ϵ − r1((Ty − t′)ϵ)1/ϵ| + |r2(tϵ)1/ϵ − r2(t′ϵ)1/ϵ|
≤ |Tx − Ty| + 2|t− t′| + 4δ
≤ θ̃(x, y) + 2|t− t′| + 4δ.

Set q := min{s, s′}. Then by Lemma 2.5 and (13), we have

H(x, t), H(y, t′)
= ηx(s), ηy(s′)
= ηx(q), ηy(q) + λ|s− s′| + k1

≤ E′(ηx(r2(T ϵ
x)1/ϵ), ηy(r2(T ϵ

y )1/ϵ) + λ′θ̃
(
ηx(r2(T ϵ

x)1/ϵ), ηy(r2(T ϵ
y)1/ϵ)

))
+D′ + λ(θ̃(x, y) + 2|t− t′| + 4δ) + k′

1

= E′(rad′
2 f(x), rad′

2 f(y) + λ′θ̃
(
rad′

2 f(x), rad′
2 f(y)

))
+D′ + λ(θ̃(x, y) + 2|t− t′| + 4δ) + k′

1.

Since rad′
2 f is bornologous, rad′

2 f(x), rad′
2 f(y) is bounded from the above by a

constant depending only on x, y. Therefore H is bornologous. This completes
the proof.
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7.4. Induced map of the radial extension. In this section, we give
the proof of the statement (i) of Theorem 7.7. Let f : ∂aX → ∂bY be a continuous
map and let rad f be its radial extension. We will show that the induced map
∂ rad f is equal to f.

Lemma 7.12. We have ∂ rad′ f = f.

Proof. Let γ ∈ XL∞
a . We choose η ∈ Y L∞

b such that [η] = f([γ]) and
η(s) = expϵ(s[η]) for all s ∈ R≥0.

Set xn := γ(n) for n ∈ N. We choose γn ∈ XL∞
a and Tn ∈ R≥0 such that

γn(Tn) = xn = γ(n) and logϵ(xn) = Tn[γn]. By Lemma 2.10,

(γn | γ)a ≥ n− θ̃(0)
E(θ̃(0) + k1)

.

We choose ηn ∈ Y L∞
b such that [ηn] = f([γn]) and expϵ(s[ηn]) = ηn(s) for

s ∈ R≥0. Then rad′ f(xn) = ηn(r(T ϵ
n)1/ϵ).

By Lemma 7.8,

([ηn] | [η])b = (f([γn]) | f([γ]))b

≥ ψ(([γn] | [γ])a)

≥ ψ

(
n− θ̃(0)

E(θ̃(0) + k1)

)
→ ∞.

Let η′
n ∈ Y Lb with Dom η′

n = [0, Lη′
n
] such that η′

n(Lη′
n
) = rad′ f(xn). By

Lemma 2.10,

(rad′ f(xn) | [ηn])b ≥ (η′
n | ηn)b ≥ r(T ϵ

n)1/ϵ − θ̃(0)
E(λθ̃(0) + k1)

→ ∞.

So we have

(rad′ f(xn) | [η])b ≥ Ω−1 min{(rad′ f(xn) | [ηn])b, ([ηn] | [η])b} → ∞.

Thus rad′ f(xn) → [η]. Since rad′ f ∪ ∂ rad′ f is continuous at ∂aX, we have
∂ rad′ f([γ]) = [η] = f([γ]).

Lemma 7.13. We have ∂φ = id∂aX .

Proof. Let γ ∈ XL∞
a . Set xn := γ(n) for n ∈ N. We choose γn ∈ XL∞

a and
Tn ∈ R≥0 such that γn(Tn) = xn = γ(n) and φ(xn) = γn(χ(Tn)). Since γn(Tn) =
γ(n), by Lemma 2.10,

(γn | γ)a ≥ n− θ̃(0)
E(θ̃(0) + k1)

→ ∞.
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Let ηn ∈ XLa with Domηn = [0,Sn] such that ηn(Sn) =φ(xn) = γn(χ(Tn)). Then,
by Lemma 2.10,

(ηn | γn)a ≥ χ(Tn) − θ̃(0)
E(θ̃(0) + k1)

→ ∞.

So we have

(φ(xn) | [γ])a ≥ (ηn | γ) ≥ Ω−1 min{(ηn | γn)a, (γn | γ)a} → ∞.

Thus φ(xn) → [γ]. Since φ ∪ ∂φ is continuous at ∂aX, we have ∂φ([γ]) = [γ].

Corollary 7.14. ∂ rad f = f. Especially, rad f is visually n-to-one if and
only if f is n-to-one.

Proof. The second half of the statement follows from Proposition 5.1.

7.5. Radial extension of the induced map. In this section, we give
the proof of the statement (ii) of Theorem 7.7. Let F : X → Y be a visual
ρ-T -XL∞

a -Y L∞
b -equivariant map. We will show that the radial extension rad ∂F

of the induced map ∂F : ∂X → ∂Y is coarsely homotopic to F.
First, we will show that rad′ ∂F : XVis → Y is coarsely homotopic to the

restriction F |XVis. For each x ∈ XVis, we choose γx ∈ XL∞
a and Tx ∈ R≥0 such

that logϵ(x) = T ϵ
x[γx]. We also choose ηx ∈ Y L∞

b such that ∂F ([γx]) = [ηx] and
expϵ(s[ηx]) = ηx(s1/ϵ).

Set ZVis := {(x, t) ∈ XVis × R≥0 : t ≤ Tx}. We define a coarse homotopy
H : ZVis → Y by

H(x, t) = ηx(ρ(Tx − t) + r(tϵ)1/ϵ).

By Proposition 7.11, we can assume without loss of generality that
r(tϵ)1/ϵ ≤ ρ(t) for all t ∈ R≥0.

Lemma 7.15. The map H is a coarse map.

Proof. It is easy to show that H is metrically proper, so we will show
that H is bornologous.

Let (x, t), (y, t′) ∈ ZVis. For x, y, we choose γx, γy ∈ XL∞
a , Tx, Ty ∈ R≥0,

ηx, ηy ∈ Y L∞
b such that

x = γx(Tx), logϵ(x) = T ϵ
x[γx], ∂F ([γx]) = [ηx], expϵ(s[ηx]) = ηx(s1/ϵ) (∀s),

y = γy(Ty), logϵ(y) = T ϵ
y [γy], ∂F ([γy]) = [ηy], expϵ(s[ηy]) = ηy(s1/ϵ) (∀s).
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Set δ := sup{u ∈ R≥0 : r(uϵ) ≤ 1}. By Lemma 7.5, we have

|r(tϵ)1/ϵ − r(t′ϵ)1/ϵ| ≤ |t− t′| + 2δ.

Let τ be a constant such that ρ is a τ -rough contraction. Then

|ρ(Tx − t) − ρ(Ty − t′)| ≤ |Tx − Ty| + |t− t′| + τ ≤ |t− t′| + θ̃(x, y) + τ.

Set s := ρ(Tx − t) + r(tϵ)1/ϵ and s′ := ρ(Ty − t′) + r(t′ϵ)1/ϵ. Then we have

|s− s′| ≤ |ρ(Tx − t) − ρ(Ty − t′)| + |r(tϵ)1/ϵ − r(t′ϵ)1/ϵ|
≤ θ̃(x, y) + 2|t− t′| + 2δ + τ.

Now set q := min{s, s′}. Then by Lemma 2.5, we have

H(x, t), H(y, t′) = ηx(s), ηy(s′)(15)
= ηx(q), ηy(q) + λ|s− s′| + k1

≤ E′(ηx(ρ(Tx)), ηy(ρ(Ty))
)

+ λ′θ̃
(
ηx(ρ(Tx)), ηy(ρ(Ty))

)
+D′ + λ(θ̃(x, y) + 2|t− t′| + 2δ + τ) + k′

1.

Since F is ρ-T -XL∞
a -Y L∞

b -equivariant, there exist ξx, ξy ∈ Y L∞
b such that

sup
u∈R≥0

max
{
ξx(ρ(u)), F (γx(u)), ξy(ρ(u)), F (γy(u))

}
< T.(16)

By Lemma 3.15, [ηx] = ∂F ([γx]) = [ξx] and [ηy] = ∂F ([γy]) = [ξy]. So by
Lemma 2.6,

sup
u∈R≥0

max
{
ηx(ρ(u)), ξx(ρ(u)), ηy(ρ(u)), ξy(ρ(u))

}
≤ D.(17)

Then we have

ηx(ρ(Tx)), ηy(ρ(Ty)) ≤ ηx(ρ(Tx)), F (γx(ρ(Tx)))(18)
+ F (γx(ρ(Tx))), F (γy(ρ(Ty)))
+ F (γy(ρ(Ty))), ηy(ρ(Ty))

≤ F (γx(ρ(Tx))), F (γy(ρ(Ty))) + 2(T +D).

Set T := min{Tx, Ty}. Then by Lemma 2.5

γx(ρ(Tx)), γy(ρ(Ty)) ≤ γx(ρ(T )), γy(ρ(T )) + λ|ρ(Tx) − ρ(Ty)| + k1(19)
≤ E(x, y + λθ̃(x, y) + k1) +D + λ(θ̃(x, y) + τ) + k1.
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The estimates (15), (18), (19) and the assumption that F is a large scale
Lipschitz map implies H is bornologous.

Lemma 7.16. The map rad′ ∂F is coarsely homotopic to the restriction
F |XVis .

Proof. By Lemma 7.15, the map H is a coarse map. For (x, Tx) ∈ ZVis,
we have H(x, Tx) = ηx(r(T ϵ

x)1/ϵ) = rad′ ∂F. It is enough to show that H(−, 0) is
close to F |XVis, that is, supx∈XVis H(x, 0), F (x) < ∞.

Let x ∈XVis. Then H(x,0) = ηx(ρ(Tx)). Then by (16) and (17) in the proof
of Lemma 7.15, we have ηx(ρ(Tx)), F (γx(Tx)) ≤ T + D. Therefore H(−, 0) is
close to F |XVis.

Proposition 7.17. The map rad ∂F is coarsely homotopic to F.

Proof. By Lemma 7.16, rad∂F = rad′ ∂F ◦φ is coarsely homotopic to the
composite F ◦ φ. In [8, Section 5.5], it is proved that φ is coarsely homotopic to
the identity. Therefore rad ∂F is coarsely homotopic to F.
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