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Abstract

The class of coarsely convex spaces is a coarse geometric analogue of the
class of nonpositively curved Riemannian manifolds. It includes Gromov hyper-
bolic spaces, CAT(0) spaces, proper injective metric spaces, and systolic com-
plexes. It is well known that quasi-isometric embeddings of Gromov hyperbolic
spaces induce topological embeddings of their boundaries. Dydak and Virk
studied maps between Gromov hyperbolic spaces which induce continuous maps
between their boundaries. In this paper, we generalize their work to maps
between coarsely convex spaces.

1. Introduction

The class of coarsely convex spaces is introduced by the second author
and Shin-ichi Oguni [8]. This class includes Gromov hyperbolic spaces, and
Busemann nonpositively curved spaces, especially, CAT(0) spaces. Moreover, it
is shown that systolic complexes and proper injective metric spaces are coarsely
convex spaces, by Osajda and Przytycki [14], respectively, by Descombes and
Lang [3]. Recently, Chalopin, Chepoi, Genevois, Hirai, and Osajda [2] showed
that Helly graphs are coarsely dense in their injective hulls, especially, those
spaces are coarsely convex. This result may become a rich source of coarsely
convex spaces. Indeed, Osajda and Huang [13] showed that Artin groups of type
FC and Garside groups act geometrically on Helly graphs, hence they do on
coarsely convex spaces.

Let X be a proper coarsely convex space. In [8], the authors constructed the
ideal boundary 0X of X, and they showed that the open cone OJX is coarsely
homotopy equivalent to X via the “exponential map” and the “logarithmic map.”
As a corollary, it follows that the coarse Baum—Connes conjecture holds for
coarsely convex spaces. In this paper, we consider maps between coarsely convex
spaces which induce continuous maps between their boundaries.
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Dydak and Virk [4] introduced the class of visual maps between Gromov
hyperbolic spaces that induce continuous maps between their boundaries. They
also introduced its subclass, called radial maps, and showed that these maps
induce Holder maps between boundaries.

Then they showed that radial coarsely n-to-one maps between proper
geodesic Gromov hyperbolic spaces induce continuous n-to-one maps between
boundaries. As a consequence, they obtained a dimension rising theorem
for radial maps, with respect to the topological dimensions of the Gromov
boundaries, and to the asymptotic dimensions of hyperbolic groups.

A metric space (X, d) is coarsely convex if X has a family of quasi-geodesics
xL, called the system of good quasi-geodesics, satisfying some conditions.
Especially, along quasi-geodesics in x /£, the metric d satisfies coarsely convex
inequality (Definition 2.1 (ii)?).

In this paper, we introduce the class of visual maps between coarsely con-
vex spaces, that do induce continuous maps between their ideal boundaries
(Proposition 3.5 and Corollary 3.7).

We present a fixed point property of the maps induced by the visual iso-
metries. Let M be a metric space and f: M — M be an isometry. We say that
f is elliptic if the set {f™(z): n € N} is bounded for some = € M.

THEOREM 1.1. Let X be a proper coarsely conver space and let f: X — X
be an isometry. We suppose that [ is visual. Then, either f is elliptic, or, the
induced map 0f: 0X — 0X has a fized point.

Let X and Y be coarsely convex spaces with systems of good quasi-geodesics
xL and y L, respectively. We also introduce the class of xL-radial and xL-yL-
equivariant maps, which is in fact a subclass of visual maps (Theorem 3.11).

The following is a generalization of the large scale dimension raising theorem
for hyperbolic spaces by Dydak and Virk [4, Theorem 1.1].

THEOREM 1.2. Let X and Y be proper coarsely convex spaces, and let xL
and yL be systems of good quasi-geodesics of X and Y, respectively. Let f:
X —Y be a large scale Lipschitz map which is xL-radial and x L-y L-equivariant.
If f is coarsely (n + 1)-to-one and coarsely surjective then

dim(9Y) < dim(0X) + n.

We also study extension problems. Let f: 0X — 9Y be a continuous map
between ideal boundaries of coarsely convex spaces. Then we construct a visual
map rad f: X — Y, called the radial extension of f, which induces the given map
f of the boundaries. On the other hand, let F': X — Y be a visual x£>-y L£>-
equivariant map. We also show that the radial extension of the induced map OF':
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0X — 0Y is coarsely homotopic to the map F. These results are summarized in
Theorem 7.7.

The organization of the paper is as follows. In Section 2, we review the defi-
nition and basic properties of coarsely convex spaces. In Section 3, we introduce
the class of visual maps and its subclasses. At the end of the section, we give a
proof of Theorem 1.1.

In Section 4, we study on coarsely surjective maps. In Section 5, we show that
coarsely n-to-one maps induce n-to-one maps between boundaries (Theorem 5.4),
and give a proof of Theorem 1.2. In Section 6, we discuss maps between direct
products of coarsely convex spaces and give an explicit example of a map satisfy-
ing the assumptions in Theorem 1.2 whose domain and range are not Gromov
hyperbolic spaces.

In Section 7, we give the construction of the radial extension and give the
proof of Theorem 7.7.

2. Coarsely convex space

In this section, we review the theory of coarsely convex spaces and their
boundaries.

Throughout this paper, we use the following notations. For points z, y in a
metric space X, we denote by T,y the distance between x and y. For a subset
A C X and a point = € X, we denote by x, A the distance between x and A.
We denote by diam A the diameter of A. For a map F': P — @, we denote by
Dom F' the domain of F, that is, Dom F' = P. For a,b € R, we denote by a V b
the maximum of {a, b}.

2.1. Coarse map. Let X, Y be metric spaces. Let f: X — Y be a map.

(1) The map f is bornologous if there exists a non-decreasing function
1: R>g — R>¢ such that for all z, 2’ € X, we have

f@), f(a') < ¥(=,27).

Especially, for constants A > 1, B > 0, f is a (A, B)-large scale Lipschilz
map if for all z, 2’ € X, we have f(z), f(z) < Az,2’ + B.

(2) The map f is metrically proper if for each bounded subset B C Y, the
inverse image f~!(B) is bounded.

(3) The map f is coarse if it is bornologous and metrically proper.

(4) The map f is a coarse embedding if it is bornologous and there exists a
non-decreasing function ¢’: R>g — R>¢ such that ¢/ () — oo (¢ — o) and
for all z, 2’ € X, we have

V' (x,2') < f(2), f(@).
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(5) The map f is coarsely surjective if there exists C' > 0 such that
C-neighbourhood of f(X) is Y.

(6) The map f is a coarse equivalence map if it is a coarse embedding and
coarsely surjective.

For more details on the above notions, we refer [15].

2.2. Coarse homotopy. Higson and Roe [10] introduced coarse homo-
topy, then they reformulated the definition using the ideal of the Lipschitz
homotopy [9, 1.C5]. The following formulation is based on [11, Section 11] and
[16, Definition 3.9]. See also [7, Definition 3.2].

Let f,g: X — Y be coarse maps between metric spaces. The maps f and g
are coarsely homotopic if there exist a metric subspace Z = {(z,t): 0 <t < T, }
of X x R>p and a coarse map h: Z — Y, such that

(1) the map X 3z — T, € Rsq is bornologous,
(2) h(z,0) = f(x), and B

(3) h(=z,T:) =g(2).

Here we equip X x R>q with the /;-metric, that is,

dXXRZo((xat)? (yv 8)) =T,y A+ |t - S|
for (z,t), (y,s) € X x Rxo.
2.3. Coarsely convex space.

DEFINITION 2.1. Let X be a metric space. Let A > 1, £ > 0, F > 1,
and C > 0 be constants. Let #: R>y — R>( be a non-decreasing function.
Let £ be a family of (A, k)-quasi-geodesic segments. The metric space X is
(N E,E,C,0,L)-coarsely conver, if L satisfies the following.

(i) For v,w € X, there exists a quasi-geodesic segment v € £ with Dom~y =
[0,a], v(0) = v and v(a) = w.

(ii))? Let 7,1 € £ be quasi-geodesic segments with Dom~ = [0, a] and Domn =
[0,0]. Then for t € [0,a], s € [0,b], and 0 < ¢ < 1, we have that

y(ct),n(es) < cEy(t),n(s) + (1 —¢)Ev(0),n(0) + C.

(iii)? Let v,n € L be quasi-geodesic segments with Dom~ = [0, a] and Domn =
[0,b]. Then for t € [0,a] and s € [0, b], we have

|t — 5| < 0(7(0),7(0) +~(t), n(s))-
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The family £ satisfying (i)?, (ii)?, and (iii)? is called a system of good quasi-
geodesic segments, and elements v € L are called good quasi-geodesic segments.
We call the inequality in (ii)? the coarsely conver inequality.

We say that a metric space X is a coarsely conver space if there exist
constants A, k, £, C, a non-decreasing function 6: R>¢y — R>¢, and a family of
(\, k)-quasi-geodesic segments £ such that X is (A k, E, C, 0, L)-coarsely convex.

REMARK 2.2. The condition (iii)? is used to show that the coarse Baum-—
Connes conjecture holds for coarsely convex spaces [8]. Roughly speaking, (iii)? is
a triangle inequality for “parameters.” A more rigorous statement is the following.

Let X be a geodesic space. We suppose that the family £ consists of only
geodesic segments. We also suppose that £ is “invertible,” that is, if a geodesic
~v:[0,a] = X lies in £, so does the geodesic 7 defined by 7(t) = Y(a — t).

Then L satisfies (iii)? by the triangle inequality. Indeed, let v,n € £. First
we assume that v(0) = 7(0). For ¢t € Dom~ and s € Dom 7, we have

[t = 5] = [7(0),7(t) = 0(0),n(s)| < ~(t),n(s).

Here, for the first equality, we use the assumption that both v and 7 are geo-
desics, for the second inequality, we use the triangle inequality. The general case
follows from the assumption that £ is invertible.

We say that a metric space is geodesic (C, L)-coarsely convex if it is
(1,0,1,C,idg.,, £)-coarsely convex. Gromov hyperbolic spaces, CAT(0) spaces,
systolic complexes [14], and proper injective metric spaces [3] are geodesic
(C, L)-coarsely convex for some C' and L.

The class of coarsely convex spaces is closed under direct products. Let X
and Y be metric spaces and «: [0,a] — X and 7: [0,b] — Y be maps. Then we
define the map v @ n: [0,a 4+ b] — X x Y by setting

vy @®n(t) = (v(a(j—bt)n(a:}—bt))’ te0,a+0b.

If v and 7 are quasi-geodesic segments, so is v @ 7.

PROPOSITION 2.3 ([8]). Let (X,dx) and (Y,dy) be coarsely convex metric
spaces with systems of good quasi-geodesic segments xL and yL, respectively.
Then the product with the (1-metric (X X Y, dxxy) is coarsely convezx, whose
system of good quasi-geodesic segments x xy L consists of all v @& n for v € xL
and n € yL.

In the rest of this section, let X be a (\, k, E, C, 6, L£)-coarsely convex space.
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2.4. Ideal boundary. Let vy: R>o — X be a map. Let 7,: [0,a,] = X
be quasi-geodesic segments in X. A sequence {(Vn, an)}n with a, — oo is an
L-approzimate sequence for ~ if for all n, we have v, € £, 7,(0) =~(0) and {v, }»
converges to 7y pointwise on N. A map v: R>o — X is L-approzimatable if there
exists an L-approximate sequence for ~.

We define a family of quasi-geodesic rays, denoted by £°, as a family con-
sisting of all L-approximatable maps v: R>¢ — X such that v(¢) = v(|¢]) for all
t €Rsg. We set £:= LU L>®. We remark that v € £ is a (\, k1 )-quasi-geodesic
ray, where k1 := A + k. See [8, Lemma 4.1].

PROPOSITION 2.4 ([8, Proposition 4.2]). The family L satisfies the following.

(1) Let v,ne L be quasi-geodesics. Then for t € Dom ~, s € Dom 7 and
0<c<1, we have

v(ct),n(es) < cExy(t),n(s) + (1 — ¢)Ev(0),7(0) + D,

where D :=2(1+ E)ky + C.
(2)  We define a non-decreasing function 6: R>g — Rxo by 0(t) := 0(t +1) + 1.
For v,n € L and for t € Dom~, s € Domn, we have

[t = s| < 6(7(0).1(0) +~(2),n(s))-

LEMMA 2.5 ([8, Lemma 4.3]). Let v,n € L be quasi-geodesics such that
~v(0) = n(0). For all a € Dom~y, b € Domn and 0 <t < min{a, b}, we have

v(t),n(t) < E(v(a), n(b) + A0 (v(a), n(b)) + k1) + D.

For quasi-geodesic rays v and 7 in £, we say that v and n are equivalent if

sup{y(t),n(t): t € R} < o0,

and we denote by v ~ 1. For v € L, we denote by [v] its equivalence class.
The ideal boundary of X is the set 90X := L/~ of equivalence classes of
quasi-geodesic rays in £,

Let O € X be a base point. We define £ as the subset of £ consisting
of all quasi-geodesic rays in £* stating at O. The ideal boundary of X with
respect to O is the set 0o X := L&/~ of equivalence classes of quasi-geodesic
rays in Lg.

LEMMA 2.6 ([8, Lemma 4.5]). For v,n€ Ly, v and n are equivalent if and
only if v(t),n(t) <D for all t € R>y.
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We define a subset Lo C L as the set of all v € £ with Dom~y = [0, a,],
a, >26(0), and v(0) = O. Set Lo = Lo U LY.
For x € X \ B(O,2)(0) + k), set
E_O(x) = {’7 € Lo: Dom~y = [Oaa’YL ’Y(a’y) = SL’},
and for x € 0p X, set
Lo(z):={ye€LY:~e€x}.

DEFINITION 2.7.  We define a product (- | -)o: Lo x Lo — RsgU{oo} as
follows. For v,n € Lo,

(v | m)o = sup{t € Dom~ N Domn: ~(t),n(t) < 2D +2}.

We also define a product (- | - )o: (X UdoX) x (X UdpX) = Rsg U {0}
as follows.

(1) If x € B(O,2X0(0) + k) or y € B(O,2X0(0) + k), set
(@ ]y)o:=0.

(2) Ifz,ye (X \B(0,200(0) + k)) Udo X, set

(x| y)o = sup{(v | Mo: 7 € Lo(x), n € Lo(y)}-
When the choice of the base point is clear, we write (z | y) instead of (z | y)o.
We quote some lemmas from [8] which we need later.

LEMMA 2.8 ([8, Lemma 4.14]). Let v € LY be a quasi-geodesic ray
and let {(vn, an)}tn be an L-approzimate sequence for ~. Then we have
liminf,, oo (v | Yn) = o0.

LEMMA 2.9. There exists a constant Q0 > 1 depending on A\, k, E, C, 6(0)
such that the following holds:

(i) Forx,y € X UdoX and for v € Lo(x) and n € Lo(y), we have

(vIn) <(z|y) <Qv[n).

(ii)  For triplet v,m,& € Lo, we have

(v 18 =Q "min{(v | n),(n| &)}
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(iii)  For triplet x,y,z € X Udp X, we have
(x]2) > Q  min{(z | y),(y | 2)}-
(iv) Let y,n € Lo. For all t € Rsq with t < (v |n), we have
(1), n(t) < Q.

(v) Letvy,n€ Lo. If y(a) = n(b) for some a € Dom~ and b € Dom, then for
all t € Dom~y N Domn with 0 <t < max{a,b}, we have

(1), () < Q.

PRrROOF. (i), (ii) and (iii) follow from [8, Lemma 4.12], [8, Lemma 4.8] and
[8, Corollary 4.13], respectively.

First, we give a proof of (iv). Set a := (v | n). If a = 0o, by Lemma 2.6, we
have (t),n(t) < D for all t € R>o. We suppose a < co. By [8, Lemma 4.7], we
have v(a),n(a) < Dy + 2k;. Then by Proposition 2.4,

v(®),n(t) < BE(Dy +2ki) + D (vt € [0,a]).

Next, we give a proof of (v). Let ¢ € Dom~y N Domn with 0 < ¢ < max{a, b}.
First we suppose t <min{a,b}. Then by Lemma 2.5, v(£),n(t) < E(A(0)+k; )+ D.

Now we suppose min{a, b} < ¢t < max{a,b}. Since y(a) = n(b), we have
la — b] < 6(0). Then

(), n(t) < (), 7(a) +(a), n(b) + n(b), n(t) < 2(AI(0) + k).
0

LEMMA 2.10.  For 7,7’ € Lo, t € Dom~ and t' € Dom~/, set a:=~(t),~'(t).
Then we have

, max{t,t'} — 0(a)
o172 E(a+ M(a)+ ki)

PrOOF. By Proposition 2.4 we have

[t =] < 8(7(0),7/(0) + 7(1).'(t)) = b(cx).

Set u := min{t, t'}. We have

Y(u), ¥ () < y(@E), 7' () + At — | + k1 < o+ A0() + k1.
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Set ¢ := (E(a+ M\(a) + k1))~". Then we have
v(eu), v (cu) < cEy(u),y'(u) + D < D+ 1.
Therefore

, max{t,t'} — 0(a)
(7)) zeuz E(a+ (@) + k1)

O

In the rest of this section, we suppose that X is proper, that is, all closed
bounded subset is compact. By a diagonal argument, we have the following.

LEMMA 2.11 ([8, Proposition 4.17]). Let {v,}n be a sequence in X such that

lim O, v, = co.
n—oo

Then there exist a (A, k1)-quasi-geodesic ray v € LY starting at O, and a
sequence (Ny,) in N such that liminf,, . (vn, | [7]) = 0.

COROLLARY 2.12.  Let (x,), be a sequence in X such that lim,, O, x,, = co.
Then there exists a subsequence (xn,, )n such that limy ;(zn, | zN,) = 0.

PrOOF. By Lemma 2.11, there exist v € £ and sequence (N,,) in N such
that liminf, . (xn, | [7]) = co. So by Lemma 2.9 (iii), we have.

(en, | 2n) = Q7 min{(zy, | V], (4] [ 28,)} — 0.

O

By [8, Corollary 4.21], the inclusion L < £ induces the bijection
0o X — 0X. Thus we identify dp X with 0.X.

2.5. Topology on the boundary. We define a topology on X U dpX
as follows. For n € N, set

Vi i={(z,y) € (XUIX)?: (z|y) >n}U{(z,y) € X*: 7y <n '}

The family {V}, },en forms an uniform structure on X U dp X, which is metriz-
able. For z € X U0pX, set V,,(z) :=={y € X U0 X: (z,y) € V,,}. Then {V,, ()},
is a fundamental neighbourhood of z and the inclusion X — X U dpX is a
topological embedding. Lemma 2.11 implies the following.

PROPOSITION 2.13 ([8, Proposition 4.18]). Let X be a coarsely conver
space. If X is proper, then X U0pX is compact.
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2.6. Metric on the boundary.

PROPOSITION 2.14.  For sufficiently small € > 0, there exist a metric d.ox
on 0X and a constant 0 < K < 1 such that

1

?(1‘ ‘ y)ie < de,@X(z7y) < (‘T | y)76

for all x,y € 0pX.
We refer [8, Section 4.5] for details.

2.7. Sequential boundary. Let (z,), be a sequence in X. We say that
(zn)n tends to infinity if

lim (x, | 2m) = oo.
n,m—00

LEMMA 2.15.  Suppose that X is proper. Then for a sequence (x,), in X
tending to infinity, there exists x € 0X such that z, — .

Proor. By Lemma 2.11, there exist v € Lo and (N,), C N such that
lim, oo(2n, | [7]) = 0o. So set z := [y] and we have xy, — z. Since for all
m,n € N

(@m | 2) > Q7' min{(zm | 2n,), (2N, | 2)},
we have (z,, | ©) — 0. O
LEMMA 2.16. For v € LY and a sequence (xy), C X satisfying

lim sup ,,, Im vy < oo,
n—oo

we have lim(z, | [y]) = oc.

Proor. Set §:=limsup,, ., zn,Imy < co. There exists N such that for
all n > N, x,,Im~y < S. We choose v, € Lo joining O and z,. Set [0,a,] =
Dom~,. For each n > N, there exists t,, € R>q such that v, (a,),v(t,) < S + 1.
Thus by Lemma 2.10, we have

an_~(5+1)
@n [ [Y]) = (| 7) 2 B+ 1 178+ 1) 1 k)

Since a,, — oo, we have (z, | [y]) = oo. O]
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3. Visual map and radial map

Throughout this section, let X be a proper (A k, E,C, 0, xL)-coarsely con-
vex space, and let Y be a proper (N, k', E', C’, 0', v L)-coarsely convex space.
Let a € X and b € Y be base points of X and Y, respectively. Moreover, let 2
be a constant satisfying the statements of Lemma 2.9 for both X and Y.

3.1. Visual map.

DEFINITION 3.1. We say that a large scale Lipschitz map f: X — Y is
visual if for every pair of sequences (2, )n, (Yn)n in X with (z,, | yn)a — 00, we
have (f(xn) | f(yn))b — 0.

LEMMA 3.2. Let f: X — Y be a large scale Lipschitz map. f is visual if
and only if for all r > 0 there exists s > 0 such that for x,y € X with (x |y)q > s,

we have (f() [ f(y))o > 7.

PRrROOF. Suppose that there exists r > 0 such that for all s > 0, there exist
x,y € X satistying (v |y)q > s and (f(z) | f(y))» <r. Then we can find sequences
(xn)nGN and (yn)nGN such that

(@n | Yn)a >n, (f(@n) | f(yn))o <7 (Vn €N).

Then (2, | Yn)a — oo and limsup,, (f(z,) | f(yn))s < r. So f is not visual. The
converse is clear. O

ProrosiTiON 3.3. Let f: X = Y be a visual map. Then f is metrically
proper.

PrROOF. We prove the contraposition. Suppose f is not metrically proper.
Then there exists a sequence (z,), in X such that Z,;;a — oo and sup,, f(z,),b <
oo. By Corollary 2.12 there exists (N, ), C N such that (xy, | zn,) — 0.

For each n € N, we choose 7, € y£;, with Dom =, = [0, L,] such that
Yn(Lpn) = f(zn,). By Lemma 2.9 (i) we have

(f@n,) | flan,))e < Qm [ n)s < QL
< QN (f(zn,) b+ E)) < )\’Q(supf(xn),b+ k:’) < .

Therefore f is not visual. O
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DEFINITION 3.4. Let f: X — Y be a visual map. We define a map
0f: 0X — 9Y as follows. For z € 0X, we choose a representative v € x£5° of z,
that is, v € . Then we define df(x) := lim f(vy(n)). The following proposition
says that the limit does exist. We say that df is induced by f.

PropPOSITION 3.5. Let f: X — Y be a visual map. The map Of is well-
defined, and for x € X, df(x) does not depend on the choice of the representative
vyeE®T.

ProOOF. For z € 0X, we choose a representative v € x£° of z, that is, y € x.
For n € N, set x,, :=y(n), yn := f(x,). By Lemma 2.16, we have (2, | €, )q — 0.
Since f is visual, we have (y, | Y¥m)» — 00. Then by Lemma 2.15, there exists
y € 9Y such that y,, — y. Therefore 9f(z) = y is well-defined.

We will show that y does not depend on the choice of v. Let € x and set

x) =n(n), y, = f(z)), y := lim,_, « y,,. Since
(zn | x/n)a >t min{(z,, | )a, (z | x;)a} — 00,
we have (y, | y),)» — 0. So

w1y = min{(y [ yn)s, (Un | ¥/ )6}
> Q72 min{(y | yn)o, Wn | Yn)o, (Wh | ¥)s} — o0

Therefore y = y/'. O]
Lemma 3.2 and following Lemma 3.6 imply that df is continuous on 0.X.

LEMMA 3.6. Let f: X =Y be a visual map and Of: 0X — JY be a map
induced by f. For r > 0 there exists s > 0 such that for x,y € 0X with (z |y) > s,
we have (Of (z) | Of(y)) > r.

ProOOF. We fix r > 0. By Lemma 3.2, there exists s’ > 0 such that for
all p,ge X

(Pl @)a>s"= (f) | f(q) > Q%r.

Set s := 0%s". Let x,y € 0X with (x| y), > s. We choose representative v €
and n € y. For n € N, set x,, := v(n) and y,, := n(n). Since

(mn | yn)a > 02 min{(wn | I)av (l‘ | y>a7 (y | yn)a}
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and (xy, | 2)q — 00, (Y | Yn)a — 00, for sufficiently large n, we have (z,, | yn)a > 5"

Then (f(zn) | f(yn))s > Q%r. Now we have

Of (@) | 9f (y))s > Q2 min{(Df (x) | £(@n))e, (f () | £(yn)): (f Un) | OF (1))}

Since (Of (z) | f(xn))p— 00 and (f(yn) | Of (y))p— 00, we have (Of (x) |0f (y))p> 7.
O]

COROLLARY 3.7. Let f: X — Y be a visual map. Then the map
fuof: XUuoX —-Yuoy
is continuous at every point in 0X.

Proor. We fix x € 0X. We will show that for » > 0, there exists s > 0
such that, for y € X U JX,

(@ | y)a > Qs = (0f () | (fFUOS)(Y)e > Q7'

For r > 0, we choose s > 0 satisfying the statements of both Lemma 3.2
and Lemma 3.6 for f and r.
First let y € 0X with (2 | ) > s. Then by Lemma 3.6, we have

(Of () [ 0f(y))e > .
Now let y € X with (z | y)e > Qs. Let v € x£2° with v € z. By the

proof of Proposition 3.5, there exists n € N such that (z | y(n)), > Qs and
(Of(x) | f(v(n)))y > r. Then

(1 7v(n)a > Q' min{(y | 2)a, (x| v(n))a} > s.

Thus by Lemma 3.2, (f(v(n)) | f(y))» > r. Therefore

@Of (@) | f()y = Q7 min{(9f (x) | F(v(n)e, (F(v(n)) | £(y))o} > Q'
O

3.2. Maps compatible with systems of good quasi-geodesics. Let
7 > 0 be a constant. We say that a map o: R>g — R>q is a 7-rough contraction
if 0(0) =0, lim;_,o o(t) = 00, and

p(t) <t (¥t e Rxsy),
lp(t) = p(s)| < [t = s|+7 (Vi,s € Rxo),
t<s=p(t)<p(s) (Vt,se€Rxg).
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We say that o is a rough contraction if it is 7-rough contraction for some
7> 0.

Dydak and Virk [4, Definition 3.2] introduced a class of radial functions,
in the setting of Gromov hyperbolic spaces. The following is its analogue in
the setting of coarsely convex spaces. We remark that the following is slightly
weaker than the one defined by Dydak and Virk.

DEFINITION 3.8. Let 0: R>g — R>g be a rough contraction. We say that
amap f: X — Y is o-xL-radial if for v € xL,, we have

o(t) < f(4(1)). f(a) (vt € Domy).
We say that f is xL-radial if it is o-xL,-radial for some o and a € X.

The above condition is equivalent to the following. Let o: R>g — Rx>( be
a rough contraction. We say that a map f: X — Y is weakly o-xL,-radial if
for all z € X, there exist v, € xL, and T, € R>( such that x = v,(7,) and

o(T:) < f(x), f(a).

LEMMA 3.9. Let 0: R>o — R>g be a rough contraction. If a large scale
Lipschitz map f: X =Y is weakly o-xL,-radial, then it is 6-xL,-radial for some
rough contraction &.

PROOF. Lety € xL,. We fix t € Dom~ and set = ~(¢). Since f is weakly
o-xLq-radial, there exist v, € x£L, and T, € R>¢ such that = 7, (T,) and

o(Tx) < f(72(1)), f(a).

Since v(t) = ¢ = 7,(T,), we have |t — T,.| < 6(0). We suppose that o is 7-rough
contraction. Then we have

lo(Ty) —o(t)| < T —t|+7 < 0(0) + 7.

Thus we have

Set &(t) :== (o(t) —0(0) —7) V0. Then f is -xL,-radial. O
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In the study of maps between Gromov hyperbolic spaces, the Morse lemma
plays an essential role. In the case of coarsely convex spaces, in general, the
Morse lemma does not hold. Instead, we introduce the following.

DEFINITION 3.10. Let p: R>g — R>( be a rough contraction. Let H > 0.
We say that a map f: X — Y is p-H-x L4y Lp-equivariant if f(a) = b, and, for
v € xL, with Dom~ = [0, L,] and for n € y L, with Domn = [0, L, satisfying
n(Ly) = f(7(Ly)), we have

For®),nlp(t)) < H (0<Vt<min{Ly,p~" (Ly)}).

We say that f is xL-yL-equivariant if it is p-H-x L4~y Ly-equivariant for some
p,HaeXandbeV.

THEOREM 3.11. For \y > 1, v, H,7 > 0, and T-rough contractions
g, p: RZO — RZO’
there exists a metrically proper map p: R>g — R>q such that the following

holds: Let f: X =Y be a (A, v1)-large scale Lipschitz, o-xL4-radial, and
p-H-x L,y Ly-equivariant map satisfying f(a) =b. Then for x,y € X, we have

(f@) [ fW)s = p((2 | Y)a)-
Especially, f is visual.

PRrROOF. Let v,n € xL,, be a good quasi-geodesics joining the base point
a and z, y, respectively. Set [0, L,] = Dom~, [0, L,] = Dom7. We remark that
(v Ma = (2] y)a

Let +',n" € y Ly, be a good quasi-geodesics joining the base point b and f(z),
f(y), respectively. Set [0, Ly/] = Dom~/, [0, L,/] = Domn’. We have
min{Ly, Ly} > (v [ )0 = Q7 (@ | y)a-

Since 7/ is (N, k’)-quasi geodesic and f is o-xL,-radial, it follows that

NLy +k >0, f(z) > 0(Ly) > o(Q (2| ).
By switching = and y, and applying the same argument, we obtain

NLy +k > x| y)a)
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So we have
k/

1) min{Ly, Ly} > 50007 9)a) — 5.

Here we introduce the following constants,
T:=MQ+wv +2H, c:=(E'T)"!

and we define a function 6: R>o — R by

5(t) == Sup{u € Rao: plu) < (; min{o(Q 1), p(Q 1)} — ; - T) v o}.

We remark that, since p is a 7-rough contraction, for any a € R, we have
p(sup{u € R>g: p(u) < a}) <a+r.

We will show that

(2) (f@) | f(y) 2 {ped((@|y)a) — T}

We set
5= & minfo(©@7 (@ | 9)a). (@7 [ 1))} — o
s:=0((z | y)a) =sup{u € Rxg: p(u) < (S —1)V0}.

Then we have p(s) < SV 7 and pod((z|y)a) =
First, we assume that S < 7. Then po §((x

since (f(z) | f(y)) = 0.

Now we assume that S > 7. Since p(s) < S and N > 1, we have

p(s).
| ¥)a) < 7, so clearly (2) holds,

p(s) < p(QH(z [ y)a) < p((7 [ 1)a)-
Thus
s < (v ma < min{L,, Ly}
By (1) and p(s) < S, we have
0 < p(s) <min{Ly, Ly }.

Since f is p-H-xL,-y Ly-equivariant, we have

max{7'(p(s)), f o1(s), fon(s),n'(p(s))} < H.
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By Lemma 2.9 (iv) we have

Thus,

Y (p(8)): ' (p()) < '(p(s)), fov(s)+ fov(s), fon(s)+ fon(s),n (p(s))
< H+ Mv(s),n(s)+u1n + H
S /\19+I/1+2H=T.

Since ¢ = 1/(E'T), we have

V' (ep(s)),n'(cp(s)) <1+ C" <2D" +2.
Thus we have
(V' [0')s = cp(s) = cpod((x | y)a)-
Therefore (2) holds. O
LEMMA 3.12. Let f: X =Y be a map. Suppose that there exists a non-

decreasing map p: R>og — Rxqg such that for all x,y € X, (f(x) | f(y))s >
p((x | y)a). Then for all u,v € 0X, we have

@F (u) [ 0f(v))p = Q72H(Q % (u | v)a)-

ProOF. Let u,v € 9,X. We choose representatives v € v and n € v. For
n € N, set x, :=y(n) and y,, := n(n). We have

(Tn | Yn)a > 0 min{(z, | ), (u | V)as (V[ Yn)at-

Since (z,, | u)q — 00 and (v | Yn)a — 00, we have (2, | Yn)a > Q72(u | v), for
sufficiently large n. Then (f(x,) | f(yn))s > p(272(u | v)4). Now we have

(Of (w) [0f(v))p = Q72 min{(Df (u) | f(2n))o, (F(@n) | F(Yn))os (f(yn) [0 ()0}
Since (0f (u) | f(xn))p — 0o and (f(yn) | Of(v))y — o0, we have

(Of (u) [ 0 (v))y > Q72p(Q % (| v)a).-
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We say that a map o: R>g — R>q is a rough-isometric contraction if it is a
rough contraction and there exist constants A, B > 0 such that |o(t) — o(s)| >
Alt — s| — B for all s,t € Rx>q.

COROLLARY 3.13. Let o,p: R — R be rough-isometric contractions. Let
f: X =Y be a large scale Lipschitz, o-xLq-radial, and p-H-xL,-y Ly, map
satisfying f(a) =b. Then the induced map Of: 0X — IY is a Lipschitz map.

Proor. Let € > 0 be a sufficiently small constant and, d. sx and d. sy be
a metric on 0X and on Y, respectively, constructed in Proposition 2.14. Let K
be a constant satisfying the statement of Proposition 2.14 for both 0X and 0Y.
Since o and p are rough-isometric contractions, by the proof of Theorem 3.11
and Lemma 3.12, there exist constants k, v such that for all x,y € 0X, we have

Of (@) | 0f(y)o = k(x| Y)a — V.

We use the following constant

1/ k\°
Vi=——].
K(QV)

For z,y € 0X with d. gx(x,y) > V, we have

diam 9Y

de oy (0f(x),0f(y)) < diam JY < —

de,@X (Ia y)

For z,y € 0X with d. gx(z,y) <V, we have

1 1/e 1 1/e 9
> — > | — > —.
o> (o) =) 25

Thus v < (1/2)k(x | y)p. By Theorem 3.11,

de oy (8f(x),0f(z)) < <(f( |1f(y > = <(nc|yl)>E

(iet) <n () vt

DEFINITION 3.14. Let p: R>¢g — R>¢ be a rough contraction. Let f: X —
Y be a map. Let T > 0. We say that f is p-T-x Ly Ly°-equivariant if f(a) =0,
and for v € x£5° there exists n € y£;° such that

O

for®),n(p(t) <T (Vte€Rxo).
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LEMMA 3.15. Let p: R>g = R>q be a rough contraction. Let f: X =Y
be a visual map. Let v € xL° and n € yL;° be quasi-geodesic rays satisfying
foy(t),n(p(t)) <T for all t € R>g. Then we have Of([y]) = [n].

ProoF. For n € N, set z,, := y(n). By Lemma 2.16, x,, — [y]. By Corol-
lary 3.7, f(z,) = 0f([7]), that is, (f(zn) |0f([7]))s — oo. By the assumption of v
and n, for all n €N, f(x,),n(p(n)) <T. Thus by Lemma 2.16, (f(z,,) | [7])p — oc.
Then

@F (D) [ Do = Q7 min{(DF (V) | f (), (F () | M)} — 0.
Therefore df([y]) = [n]. O

LEMMA 3.16. For H > 0 there exists T > 0 such that if a large scale
Lipschitz map f: X — Y is xL-radial and p-H-xL,-y Ly-equivariant, then it is
p-T-x L -y Li°-equivariant.

PROOF. Let v € x£. There exists yL-approximate sequence {(vy,al,)}
of v. Set ay, := (7 | Yn)a- By Lemma 2.9 (iv) for all ¢ € [0, av,], we have

V() (t) < Q.

We suppose that f is a (A1, v1)-large scale Lipschitz map. Then

(3) FO@), f(m(t) < MQ+ 1.

Set x,, := v, (a,) and y,, := f(x,). Let n, € yLp be a good quasi-geodesic from b
to yn. Since f is xL-radial, b, y, — co. Then there exist n € y £y and (N,,)y CN
such that 9y, is a yL-approximate sequence of 1. Set 8, := (nn,, | 7)s.

Now we fix t € R>o. By Lemma 2.8, there exists n such that p(t) <t <
min{ay, , B, }. By Lemma 2.9 (iv),

(4) i, (p(2)),n(p(t)) < Q.

By (3), (4) and the assumption that f is a p-H-xL,-yLp-equivariant map,

FOy(@),n(pt) < f(v(@), f(yn,, (8) + f(aw, (), 0w, (p(t) + 1, (p(t)), n(p(t))
§>\19+V1+H+Q

We denote by T', the right most side of the above inequality. Then we have that
fis p-T-xL3°-y Li°-equivariant. O
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3.3. Proof of Theorem 1.1. Let X be a proper coarsely convex space.
Set X := X U0X. By Theorem 3.7, f extends to the continuous map fUJf:
X — X. By [8, Proposition 6.6], X is a coarse compactification. So Theorem 1.1
follows from [6, Corollary 1.7].

4. Coarsely surjective map

By Proposition 3.3, visual maps are coarse maps, so they induce continuous
maps on Higson coronae. Austin and Virk [1] showed that coarsely surjective
maps induce surjections on Higson coronae. In [8, Section 6.2], it is shown that
for a proper coarsely convex space X, X U0X is a coarse compactification. Then
by the universality of the Higson compactification [15, Proposition 2.39], we have
the following.

ProproSITION 4.1. Let X and Y be proper coarsely conver spaces. Let
f: X =Y be a visual map. If f is coarsely surjective, then the induced map
Of: 0X — 9Y is surjective.

For a reader’s convenience, we give the proof of Proposition 4.1 without
using Higson coronae.

PROOF. We use the same setting for X and Y as those stated at the be-
ginning of Section 3. Since f is coarsely surjective, there exists S > 0 such that
S-neighbourhood of f(X) is equal to Y. Then for n € y£° and n € N, there
exists x,, € X such that n(n), f(z,) < S. We suppose that f is a (A1, v)-large
scale Lipschitz map. We have

Toa > Ail(f@cn),b ) > %(n(n),b— 7, 7 @) — )
> %(W—S—lﬂ) — 00.

Thus there exist v € x£5° and (N,,), C N such that

Jim (2, [ [])a = o0

Then we have

() (v(n) [ 2N, )a = Q7 min{(v(n) | [1])a, (7], 2, )a} — o0.

We will show that 0f([y]) = [n]. Set y := df([y]) and y, = f(y(n)). Since
fUOf is continuous at [y] € 0, X, we have (y | y,)p — 00. Now we have

(| s = Q2 min{(y | yn)s, (n | f(@n,))s, (f(zn,) | [7])6}-
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By Lemma 2.16, we have (f(zn,) | [7])» — co. Since f is visual, by (5), we have

Wn | f@n,))o = (F(v(n)) | f(zn,))p = oo

Thus (y | [17])s = oo, therefore df([7]) = y = [n]. O

5. Coarsely n-to-one map

We say that a map is n-to-1 if its point-inverses contain at most n points.
The following proposition is a generalization of [4, Theorem 7.1] in the case
of Gromov hyperbolic spaces, to that of coarsely convex spaces.

ProprosiTION 5.1. Let X and Y be proper coarsely convexr spaces, with
base points a € X and b € Y, respectively. Let f: X — Y be a visual map, and
df: 0X — Y be the map induced by f. The following is equivalent.

(A) Of is n-to-one.

(B) For all R > 0, there exists S > 0 such that, for all x1,...,xp41 € X
with (z; | ;) < R (Yi,7, i # j), there exist 1 < k < m < n+ 1 satisfying
(f(@e) [ f(@m))e < S.

We say that the map f is visually n-to-one if f satisfies the statement (B)
of Proposition 5.1.

PRrROOF. First, we suppose that (B) is negative, and we will show that (A)
is negative.

Since (B) is negative, there exists R > 0 such that for all I € N, there exist
2h,..xh e X with (2} |2})o <Rand (f(2}) | f(2}))y>1forall i, je{l,...,n+1}

with ¢ # j. Since X is proper and by Proposition 2.12, by replacing subsequence,
l

i

we can assume that for each i, the sequence (a: ); converges to some x; € 0X
when [ — oo. Since (2} | 2}), < R, we have z; # x;. Since (f(x})| f(2}))s >1— oo,
we have 0f(z;) = 0f(z;). Therefore df is not n-to-one.

Next, we suppose that (A) is negative, and we will show that (B) is negative.
There exist n + 1 points aq,...,a,+1 € 0X, which are mutually different, such
that 0f(a;) = 0f(a;) for all i, j. Set z := df(ay). For t > 0, we define

Ula;,t) :={x € XUIX: (x]ai), >t}

Let @ be a constant satisfying the statement of Lemma 2.9 for both X
and Y. We take R > 0 satisfying U(a;, Q" 'R) N U(a;, 2 'R) = 0 for all i # j.
We will see that for all S > 0, we have U(a;, R) N f~1(U(z,Q9)) # 0.

Let 7; € x£S° with ~; € a;. By Corollary 3.7, we have z = 9f(a;) =
lim,, o0 f(7i(n)). Since (a; | vi(n))e — oo, for sufficiently large n, we can
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assume that v;(n) € U(a;, R). Similarly, by (2 | f(7:(n)))s — oo, for sufficiently
large n, we can assume that f(y;(n)) € U(z,QS). Then v;(n) € U(a;, R) N
U (209)) £ 0.

For each i, we choose z; € U(a;, R) N f~1(U(z,2S)). Then we have
(x; | ;) < R for all i # j. Indeed, if we suppose (z; | ;) > R, then

(ai | j)q > Q" min{(a; | 1), (s | 25)a} > Q7 'R,

so zj € U(a;, Q7' R), and this contradicts the assumption of R.
On the other hand, since f(z;) € U(z,2S), we have

(f (o) [ f(@;))e > Q7 min{(f(zs) | 2)p, (2 | f(25))p} > S.
Therefore (B) is negative. O

Miyata and Virk [12] introduced the following notion, which they called (B),,.
Later, Dydak and Virk [4] reintroduced and they named it coarsely n-to-one.

DEFINITION 5.2. Let X and Y be metric spaces. We say that a coarse map
f:+ X = Y is coarsely n-to-one if for all R > 0, there exists S > 0 such that
for all subset A C Y with diam(A) < R, there exist By, ..., B, C X satisfying
diam(B;) < S for all i and f~1(A) = By U---UB,,.

We use the following characterisation of coarsely n-to-one maps due to
Dydak and Virk.

PROPOSITION 5.3 ([4, Proposition 7.3]). Let X and Y be metric spaces and
let f: X =Y be a bornologous map. Then the following is equivalent.

(A) f is coarsely n-to-one.
(B) Forall R>0, there exists S >0 such that, for all n+1 points x1,...,2T,41 €
X with T;,2; > S for all i # j, there exist 1 <k <m < n+ 1 such that

fxy), f(wm) > R.

THEOREM 5.4. Let X and Y be proper coarsely conver spaces and let
f: X =Y be a visual, p-T-x L -y Li°-equivariant map. If f is coarsely n-to-one,
then the induced map Of: 0X — 9Y is n-to-one.

PROOF. We use the same setting for X and Y as those stated at the
beginning of Section 3.

We suppose that df is not n-to-one. Thus there exist mutually different
n+ 1 elements aq, ..., a,+1 € 0X such that df(a1) = 0f(az) =+ = f (an+1).
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We choose v; € xL£5° satisfying v; € a; for each : =1,...,n+ 1. Since f is
p-T-xLe°-y Ly -equivariant, for each +;, there exists n; € y£p° such that for all
t € R>o,

F o), mip(t) < T.

Now set R:=D'+2T and let S >0 be a constant satisfying (B) in Proposition 5.3
for the coarsely n-to-one map f. Since aq, ..., a,+1 are mutually different, we
can take s € R>( such that ;(s),~,(s) > S for all i # j. Then by Proposition 5.3,
there exists a pair of indices k, m such that

fovk(s), foym(s) > R= D'+ 2T.

Therefore

M (p(8)); nm (p(5))
> fovk(s), foym(s) = fov(s),m(p(s)) = mm(p(s)), fovm(s)
>D +2T —-2T =D'.

So by Lemma 2.6, we have [n;] # [nm]. However, by Lemma 3.15, we have
k] = Of (ar) = Of (am) = [nm]- This is a contradiction. ]

COROLLARY 5.5. Let X and Y be proper coarsely convex spaces. Suppose
that there exists a visual o-T-xL° -y Li°-equivariant map f: X — Y which is
coarsely surjective and coarsely (n + 1)-to-one. Then

dim dY < dim X + n.

PRrROOF. By Proposition 4.1 and Theorem 5.4, the induced map 9f: 0X —
Y is surjective and (n+1)-to-one. Since both 0X and Y are compact Hausdorff
spaces, 0f is a closed map. Then we obtain the desired inequality by dimension
raising theorem [5, Theorem 4.3.3]. [l

ProOF OF THEOREM 1.2. By Theorem 3.11, f is visual. By Lemma 3.16,

fis o-T-x L3P~y Li°-equivariant. Then Theorem 1.2 follows from Corollary 5.5.
]

COROLLARY 5.6. Let X and Y be proper coarsely convex spaces, and let
f+ X =Y be avisual o-T-x L -y L -equivariant coarse embedding map. Then
df is a topological embedding. Moreover, if f is coarsely surjective, then Of is a
homeomorphism.
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PRrROOF. Since f is coarsely one-to-one, by Theorem 5.4, 0f is one-to-one.
Since 90X and JY are compact Hausdorff spaces, df is a topological embedding.
If f is coarsely surjective, by Proposition 4.1, df is surjective, thus Jf is a
homeomorphism. []

6. Example

Dydak and Virk constructed an example of a coarsely 2-to-1 map from the
Cayley graph of the free group of rank 2 with respect to the standard gener-
ating set to the hyperbolic plane. In this section, by taking direct products
of their examples and some coarsely convex spaces, we construct examples of
coarsely 2-to-1 maps between coarsely convex spaces satisfying the assumptions
in Theorem 5.4. First, we prepare some lemmas.

6.1. Lemmas for direct products of coarsely convex spaces.

LEMMA 6.1. For i=1,2, let X; and Y; be metric spaces and f;: X; —Y;
be maps. The following holds.

(1) If f1 and fo are coarsely surjective, so is fi X fo.
(ii) If f1 and fy are large scale Lipschitz maps, so is f1 X fa.
(iii) If f1 is coarsely n-to-one and fo is coarsely m-to-one, then fi X fo is
coarsely nm-to-one.
Moreover, if X; and Y; are coarsely convex and x,L are systems of good
quasi-geodesics of X;, the following holds.

(iv) If f1 is 01-x,Laq, -radial and fo is 03-x,La,-radial, where o1, oo are affine
maps, then fi x fa is min{o1, 02}-x, x x5 L (a1 a0)-Tadial.

PRrROOF. (i) and (ii) are clear and we leave the proof to the reader. (iii) is
due to Miyata and Virk [12, Proposition 3.4]. We suppose that X; and Y; are
coarsely convex. Let x, L be the systems of good quasi-geodesics of X;. Then by
[8, Proposition 3.3], all element in the system of good quasi-geodesics x, x x, L of
X1 x X5 is of the following form:

a1y D a7y [O,al + GQ} St (’yl(ozlt),’yg(agt)) c X1 x Xy

where ; € x, £, Dom~; = [0,a;] and «; = a;/(a1 + a2). Now it is easy to see that
(iv) holds. O

For the topological structure of the ideal boundaries of products of coarsely
convex spaces, the following is known.
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PROPOSITION 6.2 ([8, Proposition 4.26]). Let X and Y be proper coarsely
convez spaces. Then the ideal boundary (X x Y) of the product X xY is
homeomorphic to the join 0X % JY.

Since the ideal boundary of the hyperbolic plane H is the circle S* and that
of the real line R is the two points space S, the ideal boundary of the prod-
uct H x R is the suspension ¥.5! which is homeomorphic to the 2-dimensional
sphere S2. Similarly, let Cay(F3) be the Cayley graph of the free group of rank
2 with the standard generating set. Then the ideal boundary of Cay(Fs) x R is
the suspension of the Cantor set.

6.2. Lemma for a product of geodesic coarsely convex spaces. For
technical reasons, in the rest of this section, we only consider geodesic coarsely
convex spaces. For i = 1,2, let X; be geodesic (C;, x, L£)-coarsely convex spaces
and Y; be geodesic (CY, y, L£)-coarsely convex spaces. Let a; € X; and b; € Y; be
base points.

LEMMA 6.3. Let f;: X; — Y; be a map preserving base points and dis-
tances from base points, that is, fi(a;) = b; and b, f;(x) = a5, & for all x € X;.
If fiis idr. o -H -x, La, -y, Lo, -equivariant, then fi X fa isidr. ,-2H-x, % x5, L (a;,a2)
V1 x Y2 £(by ,by) -€quivariant.

PROOF. Let v1 @72 € x,xX2L(ayr,a0)- Set [0, ¢;] = Dom~;. Then Dom y; @
Y2 = [0, ¢1 + ¢2]. We choose n; € y; Ly, such that Domn; = [0,d;] and f;(vi(¢;)) =
ni(d;). Then we have 71 © 72 € yyxvaL(by by and f1 X fo(7y1 © y2(c1 + c2)) =
m @ n2(dy + dz). Since v; and n; are geodesics, and f; preserve the distance from
base points,

ci = vi(ci), ai = fi(vi(ei)), bi = ni(di), by = d;.

Moreover, since f; is idg. ,-H-x, L-y, L-equivariant,

fivi(s));mis) < H (Vs € [0, ¢i)).

Now set e; := ¢;/(c1 + ¢2). For all t € [0,¢; + ¢1], we have

Jix falm @92(t),m ®m2(t) = (f1 oyi(ent), fa o yaleat)), (m(eat), na(eat))
= from(eit),m(eit) + fa o ya(eat), n2(eat)
< 2H.
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6.3. Example. Dydak and Virk constructed a map f: Cay(F,) — H?
from the Cayley graph of the free group of rank 2 with respect to the standard
generating set to the hyperbolic plane [4]. The map f satisfies the following:

(i) f is a large scale Lipschitz map.

(ii) f(e) = O, here e € F, is the unit and O € H? is the origin.
(iii) For all x € Cay(F»), we have T, e = f(z),O.
(iv) f is coarsely two-to-one.

By (iii), f is idg.,-radial. Since both H? and R is geodesic coarsely convex
space, by Propositioﬂ 2.3 so is the product H? x R. Then by Lemma 6.1, f x id:
Cay(Fy) x R — H? x R is a large scale Lipschitz, coarsely two-to-one map. By
Lemma 6.3 and Theorem 3.11, f x id is visual, and by Theorem 5.4, the induced
map I(f x id): 9(Cay(Fp) x R) — S? is two-to-one, where 9(Cay(Fy) x R) is
homeomorphic to the suspension of the Cantor set. Similarly,

fx f: Cay(Fy) x Cay(Fy) — H? x H?
is a large scale Lipschitz, coarsely four-to-one map, and induced map
A(f x [): O(Cay(Fy) x Cay(Fy)) — S°

is four-to-one map, where 9(Cay(Fz) x Cay(Fs)) is homeomorphic to the
topological join of two Cantor sets.

7. Radial extension

In this section, we will show that continuous maps between the boundaries
of coarsely convex spaces extend to visual maps between those coarsely convex
spaces. The idea is the following. Let X and Y be coarsely convex spaces and let
f:0X — 0Y be a continuous map. We first construct a map Of: O0X — O9JY,
where Q90X and QY are open cones over 90X, and JY, respectively. Then the
extension might be obtained by a composition of the “logarithmic map” log®:
X — 00X, Of, and the “exponential map” exp,: O9Y — Y. However, in general,
the map log® is defined only on the subset of X, and the composite exp, o Of is
not necessarily bornologous. So we need some modifications.

7.1. Open cone. Let Z be a compact metrizable space. The open cone
over Z, denoted by OZ, is the quotient R>g x Z/({0} x Z). For (t,z) € R x Z,
we denote by ¢z the point in OZ represented by (¢, z).

Let dz be a metric on Z. We assume that the diameter of Z is at most 2.
We define a metric dpoz on OZ by

doz(tz,sy) := |t — s| + min{t, s}dz(z,y).
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The function dpyz does satisfy the triangle inequality. See [16] for details. We
call dpyz the induced metric by dz.

DEFINITION 7.1. Let Z and W be compact metric spaces and let f: Z — W
be a continuous map. We define the map Of: OZ — OW by Of(tz) :=tf(z).

We remark that Of is proper, but not necessarily bornologous. However, by
composing with the following radial contraction, we will obtain a coarse map.

DEFINITION 7.2. Let r: R>9g — R>¢ be a rough contraction. The radial
contraction associated to r is the map ¢,: OZ — OZ defined by ¢, (tz) := r(t)z
for tz € OZ.

The following proposition says that for any proper continuous map from the
open cone, by composing an appropriate radial contraction, we obtain a coarse
map. In fact, being metrically proper and pseudocontinuous is enough to this
result. We refer [10, Section 4] and [8, Definition 5.2] for the definition of pseudo-
continuous maps. We remark that continuous maps are pseudocontinuous.

PROPOSITION 7.3 ([10, Lemma 4.12]). Let V be a metric space, and let
F:0Z — V be a metrically proper pseudocontinuous map. Then there exists
a 0-rough contraction r: R>o — R>o such that, for the radial contraction ¢, :
OZ — OZ associated to r, the composite F o ¢,.: OZ — V is a coarse map.

REMARK 7.4. Let € > 0 be a constant which will be fixed at the beginning
of Section 7.2. We can assume without loss of generality that the function r in
Proposition 7.3 satisfies the following. For ¢,¢' € R with ¢, #¢ € r~1([1, 00)),
we have

|’I“(t€)1/e _ ’I"(t/€>1/€‘ < ‘t _ t/|.

Indeed, we define the map r’': R>q — Rxq by r/(t) := r(t) for t € r~1([0, 1)),
and r'(t) :=r(t)€ for t € r=1([1,00)). Then r'(t) < r(t) for all t € R>¢ and for
t,t' € Rsg with ¢, ¢ € r=1([1, 00)),

[ (#) —  (£) ] = () = r(#)] < |t = ¢] < |t ¢

If the radial contraction associated with r satisfies the statement of Proposi-
tion 7.3, so does the one associated with r’. Therefore we can replace r with 7.

LEMMA 7.5. Let r: R>g — Rxo be a O-rough contraction satisfying
Remark 7.4. Set § :=sup{u € R>¢: r(u®) < 1}. For u,u’ € R>g, we have

r(u€)Y € — (W] < Ju—u'| 4 26.

Especially, the map t — 7“(t6)1/6 s a 20-rough contraction.
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Proor. If min{r(u®),r(u'¢)} <1, then
[r(u)Y € — (W] < r(u)YE 4+ r@)Y <u4 ' < Ju— | + 206
If min{r(u®),r(wc)} > 1, then by Remark 7.4,
[r(u) V= (@)Y < Ju =]
[

7.2. Exponential and logarithmic map. In the rest of this section,
let X and Y be proper (\, k, E,C,0, L)-coarsely convex spaces. We fix a positive
number 0 < e < 1 satisfying the statement of Proposition 2.14. Let d. g, x and
de g,y be a metric given by Proposition 2.14 for 9, X and 9,Y, respectively. Let
K be the constant in the statement of Proposition 2.14.

First, we review the construction of the exponential map and the logarithmic
map for coarsely convex spaces. We refer [8, Section 5] for details.

The exponential map exp.: O0Y — Y is defined as follows. For each y €
0pY, we choose a quasi-geodesic ray n, € yLp° with n, € y. Then for ¢t € Rx,
we define exp, (ty) := 0, (t'/€).

We remark that exp, is proper, however, not necessarily bornologous. It is
shown that exp, is pseudocontinuous ([8, Lemma 5.4]).

Now we introduce the logarithmic map. We define the subspace XV ¢ X
as follows.

XV = U T(R>o).

YEXLZ®

The logarithmic map log®: XV — 039, X is defined as follows. For v €
XVis we choose a geodesic ray v, € x£5° and a parameter ¢, € R>q such that
Yu(ty) = v. Then we define log®(v) := t[y,]. The map log® is a coarse map
([8, Proposition 5.6]).

Since the domain of log® is a subspace of X, we need to deform X to the
subspace X Vs,

PROPOSITION 7.6 ([8, Section 5.5]). There exists a 1-rough contraction
X: R>0 — Rxq such that the map ¢: X — X given by

p(v) = n(Ty) (veX)

is a coarse map, and p(X) C XV® Here v e X, v, € xLa, T, € R>q, and
v =7,(Ty). Moreover, ¢ is coarsely homotopic to the identity.
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7.3. Radial extension. In the rest of this section, let f: 9, X — 0,Y be
a continuous map.

Let Of: 09,X — O0,Y be the map given by Definition 7.1. Since Of is
continuous and exp,: O0Y — Y is pseudocontinuous, the composite exp, o O f
is pseudocontinuous. Thus by Proposition 7.3, there exists a 0-rough contrac-
tion r: R>¢g — Rx>( such that the composite exp, o Of o ¢, is a coarse map,
where ¢, is a radial contraction ¢,: 00, X — 09,X associated to r.

Now we define the map rad f: X — Y by the composite

(6) rad f := exp, 0 Of 0 ¢, olog" o

where ¢ is the map given in Proposition 7.6. We call it the radial extension of
f associated to the map r. Since rad f is the composite of coarse maps, it is a
coarse map. In Proposition 7.11, we will show that the coarse homotopy class of
rad f does not depend on the choice of the map 7.

The main purpose of this section is to prove the following.

THEOREM 7.7. Let X and Y be coarsely convex space with the system of
good quasi-geodesics xL and y L, respectively. Let f: 0X — JY be a continuous
map. Then there ewists a 0-rough contraction r: R>g — Rxq such that the
radial extension rad f of f associated to r is xL-radial and xL-y L-equivariant.
Moreover, the following statements hold:

(i) For a continuous map f: 0X — Y, the induced map Orad f: 0X — Y
s equal to f.

(ii) Let F: X =Y be a visual p-T-xLP -y Ly°-equivariant map. Then rad OF
is coarsely homotopic to F.

In the rest of this section, let £ be a constant satisfying the statement of
Lemma 2.9 for both X and Y.

LEMMA 7.8. There exists a non-decreasing map ¥: R>g — Rx>o U {oo} with
limy_y o0 ¥(t) = 00 such that for p,q € 0, X with p # q, we have

(f) | @)y =P q)a)
PrOOF. We define a map ¢: R>g — R>o U {oo} by
P(t) == mf{(f(p) | f(@)e: (p,0) € (0aX)?, (P | Q)a =t} (t>0).

By the definition, v is non-decreasing. Since J,X is compact, f is uniformly
continuous. So by Proposition 2.14, we have lim;_, o, (1) = co. O
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We remark that if 9, X has at least one accumulation point, then the range
of the map 1 in Lemma 7.8 does not contain oco.
Set rad’ f := exp, 0 Of o ¢, olog®: XV — Y. First, we consider this map.

PROPOSITION 7.9.  Suppose that the map r: R>9 — R>¢ satisfies

t —6(0)

R e

> (Vt € R>g).

Then the map rad’ f is xL-radial and xL-yL-equivariant.

We remark that XV is a subspace of the coarsely convex space, however,
both being o-xL,-radial and being p-H-xL,-y Ly-equivariant make sense for the
map rad’ f.

PROOF. Let z € XV, We choose v, € x£°, T, € R>q such that z =, (T})
and log®(x) = Tg[v4]. For [v,], we choose 1, € yLp° such that f([vs]) = [1,] and
exp, (s[nz]) = 1. (s/¢) for s € Rsq. Then we can compute rad’ f(z) as follows.

& 2 T~ (T [1a) L (T F([1a]) =25 1, (r(T5) V).

We have
(7 BT 2 (T — k.
Set
p(t) :==r({t)Y and o(t):= <§\p(t) — kl) V0.

By (7), rad’ f is weakly o-xL,-radial, so it is x£-radial, by Lemma 3.9.

Now let £ € xL, with Dom¢ = [0, Le]. We put z := £(L¢). We use the
above computation for z, that is, rad’ f(z) = 1, (r(T$)Y¢). Let € yL, with
Domn = [0, L,] such that n(L,) = n(p(T%)) = rad’ f(£(L¢)). Since Domn, =
R>, by Lemma 2.9 (v),

(8) 12(s);n(s) <Q (0 <Vs < Ly).

We fix t € Rxq with ¢t < min{L¢, p~!(L,)} and set w := £(t). We choose
Yw € xL2° and Ty, € R> such that w = 7,(T%) and log®(w) = T [yw]. Since
Yw(Tw) = &(t), by Lemma 2.10,

(Yo | §)a =
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Applying the same argument for x = v, (T,) = £(L¢), we have

Le —6(0)

(7z|§)a = 7E()\9( )+k1).

So we have

(’Yx | ’Yw)a > Q_l min{(’ym | f)aa (770 | f)a} >

We choose 1, € y£5° such that f([v]) = [70] and exp, (s[1w]) = 1 (s'/€) for all
s € R>¢. By Lemma 7.8,

t— 00 0,

(na] | Il = (3] | Pral)a) = w@(g(w

Since v, (Tyw) = &(t), we have |T,, — t| < 5(0) By the assumption on r,
we have

))> < (M2 | Mw)b-

Then by Lemma 2.9 (iv), we have

1w (p(t)), na(p(t)) < Q.
Set ¢ := sup{u € R>¢: 7(u®) < 1}. By Lemma 7.5,

p(Tw) = p(t)] < |Tw — 1] +26 < 6(0) + 26.

Therefore

(9) rad’ f(£(t)), n:(p(t)) = 1w (p(Tw))s 2 (p(1))
< 0w (p(8)), 12 (p(1)) + A(B(0) + 26) + ks
< Q4+ AO(0) + 26) + k.

Set H := Q + \(0(0) + 20) + k1 + Q. Since p(t) < Ly, by (9) and (8), we have

rad’ f(&(t)),n(p(t)) < H.

Hence the proof is done. ]
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ProposITION 7.10. The map ¢: X — X is xL-radial and xL-yL-
equivariant.

ProOF. Let z € X. We choose 7, € x£ and T, € R>( such that x = v, (Ty),
¢(x) = 72(x(T%)). Then

P, @ = 1T, 70) > 1x(T2) ~ k.

Set o(t) := (A"1x(t) — k) V0. Then ¢ is weakly o-xL,-radial, so it is xL-radial,
by Lemma 3.9.

Let v € x£. Set Dom~ = [0,L,] and « := vy(L,). Let n € x£, with Domn =
[0, L] such that n(L,) = ¢(z).

We fix ¢t € R>o with ¢ < min{L., x"*(L,)}, and set w := y(t). We choose
Vo Yo € xLq and Ty, T, € R> such that 2 = v,(T,), w = vw(Tw), p(z) =

Y2 (X(T%)), and (w) = Y (X (Tw))-
Since ¥(t) = Yw(Tw), we have |T, — t| <0(0). Set w:=min{T,,,t}. We remark

IX(Tw) = x(u)] < |Tw —ul +1 <6(0) +1,
IX(t) = x(w)] < [t —ul+1<6(0)+ 1.

By Lemma 2.9 (v),

Y (X (1), Y(x(uw)) < Q.

Therefore we have

(10) Yo (X (Tw))s Y(X (1)) < 7w (X (), v(x(w)) + A(O(0) + 1) + &
< Q+A(0) + X+ k.

First, we suppose x(t) < T,. Then, since y(L,) = x = 7,(T,), by Lemma
2.9 (v),

YO, 7 (X (1)) < Q.
Since v, (x(Ty)) = n(Ly,) and x(t) < L, by Lemma 2.9 (v) we have

7% (x(1), n(x (1)) < Q.

Thus we have

(11) Yo (X (Tw)),n(x(t)) < 32 + A0(0) + & + A.
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Next we suppose x(t) > T,.. Then, we have
Ty <x(t) <t<L, and x(T3) <Tp <x(t) < Ly.
Since v, (1%) = ¥(Ly) and 72 (x(T%)) = n(Ly),
|Te — Ly| < 6(0) and  [x(Ty) — Ly| < 6(0).

Then we have

YO(), n(x(8)) < (), Y(Ly) + 72 (Te), v (X (T2) + 1( L) n(x(#))
S AMx(E) = Lyl + [Te = X(Te)| + [ Ly — x(8)]) + 3k
STz = Lyl +2IX(Tz) — Lyl) + 3k
< 3X\0(0) + 3k.

Thus by (10) and the above inequality, we have

(12) Y (X(Tw)), n(x(t)) < Q+4(N0(0) + k) + A.

Finally by (11) and (12) we have

e(v(#),n(x(t) = e(w),n(x(t)) = yw(X(Tw)), n(x(t))
< 30+ 4(A0(0) + k) + A.

Hence the proof is done. ]

The first half of Theorem 7.7 follows from Proposition 7.9 and Proposi-
tion 7.10.

ProprosITION 7.11. Fori=1,2, let r;: R>9 — R>¢ be 0-rough contractions
satisfying Remark 7.4. Let rad; f be the radial extension of f associated with r;.
Then rady f and rads f are coarsely homotopic.

PRrROOF. Let ¢; be the radial contractions ¢;: O9,X — 09J,X associated
to r; such that rad; = exp, o Of o ¢; olog® o .
We can assume without loss of generality that

(13) 71 (t) < ’I”Q(t) (Vt S Rzo)

Indeed, set r3(t) := min{ry (¢), 72(¢)} and let rads f be the radial extension of f
associated to r3. If we showed that rad; f and rads f are coarsely homotopic, then
by the transitivity of coarse homotopy, rad; f and rads f are coarsely homotopic.
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Now set rad; := exp, 0 Of o ¢; olog®: XVi® — Y. It is enough to show that
rad} f and radj f are coarsely homotopic.

For each z € XV we choose v, € x£ and T}, € R>( such that log®(z) =
T:[vz]. We also choose n, € yLp° such that f([v.]) = [n.] and exp.(s[nz]) =
1. (s'/€) for all s € Rxy.

Set Z = {(x,t) € XV x Rsg: t < T,}. We define a coarse homotopy
H:Z —Y by

H(z,t) = 0o (r1 (T — )Y€ + ro(t9)°).

Then for z € XV H(z,0) =rad] f(z) and H(x,T,) = radjy f(z). So all we need
to show is that H is a coarse map. It is easy to show that H is metrically proper.
We will show that H is bornologous.

Let (z,t), (y,t") € Z. For y, we choose v, € xL°, Ty, € R>g and 71, € yLy° as
above. Set ¢ := sup{u € R>¢: r1(u°) < 1}. By Lemma 7.5, for i = 1,2, we have

(14) ri(u)Ye — (Ve < Ju— | +26 (Yu,u’ € Rso).

Now set s := 11 (T — 1))/ +75(t)Y/€ and s’ := r((Ty — Y eyt e,
By (14), we have

s = ' < [P (Te = ) = ra((Ty = )+ [ra(t) = ro(¢)1V°
<|Tp = Ty| + 20t — t'| + 46
< 0(z ) + 2/t —t'| + 4.

Set ¢ := min{s, s'}. Then by Lemma 2.5 and (13), we have

H(x,t), H(y,t")

= 14(8), ny(s")

=12(q), 1y (q) + Als = 8’| + k1

< E (0 (ra (T <), my (ra(Tg) ) + N0 (12 (ra(T) V<), my (r2(T3)1e)))
+ D'+ XN0(7,7) + 2|t — '] +46) + k]

= E'(vad) f(z),rad) f(y) + N0 (rad) f(z),rad) f(y)))

+ D'+ XN0(z,y) + 2[t — t'| + 46) + k.

Since rads, f is bornologous, radj f(x),radjy f(y) is bounded from the above by a
constant depending only on Z,3. Therefore H is bornologous. This completes
the proof. ]
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7.4. Induced map of the radial extension. In this section, we give
the proof of the statement (i) of Theorem 7.7. Let f: 9,X — 0,Y be a continuous
map and let rad f be its radial extension. We will show that the induced map
Odrad f is equal to f.

LEMMA 7.12. We have Orad’ f = f.

PRrROOF. Let v € x£°. We choose n € yLy° such that [n] = f([y]) and
n(s) = exp.(s[n]) for all s € R>o.

Set x,, := y(n) for n € N. We choose v, € x£° and T,, € R>¢ such that
Yn(Th) =y, = v(n) and log®(z,,) = Tp,[vn]. By Lemma 2.10,

—0(0)
E(0(0) + k1)
We choose n,, € yLy° such that [n,] = f([v.]) and exp.(s[n,]) = nn(s) for

s € Rsg. Then rad’ f(z,) = 1, (r(T5)Y¢).
By Lemma 7.8,

(Y [ V)a >

([m]) | ([ ]))
(bl | .

(E(n 0) + k1) >_>OO.

Let 1), € yLy with Domn), = [0, L, | such that 7, (L, ) = rad’ f(z,). By
Lemma 2.10,

r(T5)V* ~ 6(0)

(rad” f(wn) | [mn])o > (i, [ 1) > E(\(0) + k1)

So we have

(rad’ f(z5) | [n])s = Q7" min{(rad’ f(zs) | [9a))e, (9] | 1)} — oo

Thus rad’ f(x,) — [n]. Since rad’ f Udrad’ f is continuous at 9,X, we have
drad' f([4]) = [n] = f([7D- O

LEMMA 7.13.  We have Op = idg, x -

PROOF. Let v € xLP. Set x,, :=y(n) for n € N. We choose v, € x£° and
T,, € R>¢ such that v, (1},) =z, = v(n) and p(x,) = v, (x(T7.)). Since v, (T},) =
~(n), by Lemma 2.10,

(Y [ 7)a >
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Let 0, € xLq with Dommn, = [0, 5,] such that 7,,(5,) = ¢(2n) = v (x(T%)). Then,
by Lemma 2.10,

(M | Yn)a > E@(0) + ) — 00.

So we have

(e(@n) | M)a = (n [7) = Q@ min{(nn | Yn)as (n | 7V)a} — o0

Thus ¢(z,) — [y]. Since ¢ U dyp is continuous at 9, X, we have dp([v]) = [v].
O

COROLLARY 7.14. Orad f = f. Especially, rad f is visually n-to-one if and
only if f is n-to-one.

PrOOF. The second half of the statement follows from Proposition 5.1.
]

7.5. Radial extension of the induced map. In this section, we give
the proof of the statement (ii) of Theorem 7.7. Let F': X — Y be a visual
p-T-x L3°-y Li°-equivariant map. We will show that the radial extension rad dF
of the induced map OF: 0X — 9Y is coarsely homotopic to F.

First, we will show that rad’ 9F: XV — Y is coarsely homotopic to the
restriction F'|xvis. For each x € XVis we choose vz € xL° and T, € R>( such
that log“(z) = T¢[v.]. We also choose 1, € y£;° such that F ([v,]) = [.] and
exp(s[n.]) = na(s"/°).

Set ZVis .= {(z,t) € XV x Rsg: t < T,}. We define a coarse homotopy
H:ZVis 5 Y by

H(w,t) = no(p(Te — t) +r(t)V°).

By Proposition 7.11, we can assume without loss of generality that
r(t)/e < p(t) for all t € Rsg.

LEMMA 7.15. The map H is a coarse map.

Proor. 1t is easy to show that H is metrically proper, so we will show
that H is bornologous.

Let (z,t), (y,t') € ZVs. For z, y, we choose v,,7v, € xL%, Ty, T, € R>o,
Ny Ny € yLp® such that

2 =7%(T:), log(z) = Tlal, OF([va]) = [na), exp.(s[ne]) = ma(s'/€)  (Vs),
y=7y(T,), log"(y) =T5[v), OF([v)) =[my), exp.(slny)) =mny(s"/) (Vs).
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Set ¢ :=sup{u € R>¢: r(u°) < 1}. By Lemma 7.5, we have
()Y —r(t)e| < [t —t| + 26.
Let 7 be a constant such that p is a 7-rough contraction. Then
p(Te =) = p(Ty = )| < |To = Ty + |t =t + 7 < |t = t'| + 0z ) + 7
Set s := p(T, —t) +r(t)"/¢ and ' := p(T, — ') + r(t'*)*/¢. Then we have

|s = '] < |p(Te — ) = p(Ty = )| + [r(t) = r(t) /<]
<O0(Tm) +2t —t'|+25+ 7.

Now set ¢ := min{s, s'}. Then by Lemma 2.5, we have

(15)  H(x,1), H(y,t')

N2 (8),my(s")

12(0)s 0y (q) + Als — | + K

< E' (0. (p(T2)),my (p(Ty))) + NO(11(p(T2)), my (p(T)))
+ D'+ XO(zg) + 2t — /| + 26 +7) + K.

Since F'is p-T-x L -y Ly°-equivariant, there exist &;, &, € y£;° such that

(16) sup max{&:(p(u)), F(7z(u), & (p(u), Flyy(u)} < T.

u€ER>o

By Lemma 3.15, [n,] = 0F (%)) = [&] and [1,] = 0F([y,]) = [¢,). So by
Lemma 2.6,

(17) sup max {1 (p(w)), & (p(w)), my(p(w)), & (p(u))} < D.

UERZO

Then we have

(18)  ma(p(T2)) my(p(Ty)) < na(p(T2)), F (v (p(12)))

Set T':= min{T,,T,}. Then by Lemma 2.5

(19) 72 (p(T2)), 1y (p(Ty)) < 72 (p(T)), 7y (p(T)) + Alp(T2) —

p(Ty)| + ka1
< BE(@g + M(T,9) + ki) + D + \0(T,

Y)+ 1)+ k.
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The estimates (15), (18), (19) and the assumption that F' is a large scale
Lipschitz map implies H is bornologous. ]

LEMMA 7.16. The map rad’ OF is coarsely homotopic to the restriction
F|XV175.

PROOF. By Lemma 7.15, the map H is a coarse map. For (z,T,) € ZV,
we have H(x,T,) = 1,(r(T<)"/¢) = rad’ 9F. Tt is enough to show that H(—,0) is
close to F|xvis, that is, sup,c xvie H(z,0), F(z) < co.

Let x € XVis, Then H(x,0) = n,(p(T:)). Then by (16) and (17) in the proof
of Lemma 7.15, we have n,(p(T%)), F(v2(T:)) < T + D. Therefore H(—,0) is
close to F|xvis. O

PROPOSITION 7.17. The map rad OF is coarsely homotopic to F.

PROOF. By Lemma 7.16, rad OF = rad’ 9F o ¢ is coarsely homotopic to the
composite F o . In [8, Section 5.5], it is proved that ¢ is coarsely homotopic to
the identity. Therefore rad OF is coarsely homotopic to F. [
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