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Abstract
Let D be an open set in a pure n-dimensional complex space X, q an integer

such that 1 ≤ q ≤ n and S(X) the set of singular points in X. In this paper,
we prove the following two theorems: If D is exhausted by open sets {Dν} such
that Hq(Dν ∩ U,O) → Hq(Dν ∩ U,M) is injective for every ν ∈ N and for every
relatively compact Stein open set U, then D is locally q-complete with corners at
every point x∈ ∂D \S(X). If D has a continuous boundary and Hq(D∩U,O) →
Hq(D ∩ U,M) is injective for every relatively compact Stein open set U, then D

is locally q-complete with corners at every point x ∈ ∂D \ S(X).

1. Introduction

In this paper, unless otherwise noted, X stands for a reduced complex space,
and S(X) stands for the set of singular points in X. We say that X is Cousin-I if
any additive Cousin-I problem has a solution. Kajiwara–Kazama [10, Lemma 11]
proved that an open set D in a 2-dimensional Stein manifold is Stein if and only
if D is Cousin-I. Moreover, Abe–Abe [1, Corollary] generalized this result and
showed that the equivalence of Cousin-I property and pseudoconvexity holds for
unbranched Riemann domains over 2-dimensional Stein manifolds.

Furthermore, Kajiwara [8, Proposition 1] showed that an open set D in Cn

is Stein if and only if D is exhausted by regular open sets {Dν}, where an open
set D is called regular if D ∩ P is Cousin-I for any polydisc P.

This paper aims to extend Kajiwara’s regular exhaustion sequence theorem.
For the sake of this goal, we define intermediate pseudoconvexity and inter-
mediate Cousin-I property in complex spaces as follows: An open set D in X is
said to be locally q-complete with corners at x ∈ ∂D, 1 ≤ q ≤ n, if there exists a
neighborhood U of x such that U ∩D is q-complete with corners, that is, there
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exists a q-convex with corners exhaustion function on U ∩D (see Peternell [13,
Definition 3]). An open set D in X is said to be q-Cousin-I, 1 ≤ q ≤ n, if the
canonical map Hq(D,O) → Hq(D,M) is injective where M denotes the sheaf
of all germs of meromorphic functions on D.

In this paper, we prove that an open set D in a pure n-dimensional complex
space X is locally q-complete with corners at every point x ∈ ∂D \ S(X) if D is
exhausted by open sets {Dν} such that Dν ∩U is q-Cousin-I for every ν ∈ N and
for every relatively compact Stein open set U. Moreover, we obtain that an open
set D in a pure n-dimensional complex space X with a continuous boundary
is locally q-complete with corners at every point x ∈ ∂D \ S(X) if D ∩ U is
q-Cousin-I for every relatively compact Stein open set U.

2. Preliminaries

Throughout this paper, we denote by | · | the maximum norm on Cn. Let
Pn(c, r) = {z ∈ Cn ; |zj − cj | < rj (j = 1, . . . , n)} for every c = (c1, . . . , cn) ∈ Cn

and r = (r1, . . . , rn), where rj > 0 (j = 1, . . . , n). We call the set Pn(c, r) the
polydisc of polyradius r with center c in Cn. We write 0k = (0, . . . , 0) ∈ Ck. Put

Hn
q (ε) = {(ζ1, ζ2) ∈ Cq × Cn−q ; 1 − ε < |ζ1| < 1 + ε, |ζ2| < 1 + ε}

∪ {(ζ1, ζ2) ∈ Cq × Cn−q ; |ζ1| < 1 + ε, |ζ2| < 1} for 0 < ε < 1,
Sq(δ) = {0q} × [0, δ) × {0n−(q+1)} for 1 ≤ δ < 1 + ε and
HSn

q (ε, δ) = Hn
q (ε) ∪ Sq(δ).

The set Hn
q (ε) (resp. HSn

q (ε, δ)) is called a q-Hartogs figure (resp. q-Hartogs figure
with a spike).

By using lemmata Kajiwara–Kazama [10] and Watanabe [16], we have the
following lemma.

Lemma 2.1 (cf. Watanabe [16, Lemma 4]). Let n≥ 2 and a ∈ Pn(0,1 + ε) \
Hn

q (ε). The function g= 1/(z1 −a1) · · ·(zn −an) is not trivial in Hn−1(Hn
q (ε),O).

Proof. When n ≥ 3, this is a direct consequence of Watanabe [16,
Lemma 4]. The case n = 2 and q = 1 is clear from lemma of Kajiwara–Kazama
[10, Lemma 4] (see also Sugiyama [14, Lemma 4.1]).
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Definition 2.2.
(1) Let D be an open set in Cn. A real-valued function φ : D → R is said to be

q-convex if φ is smooth and the Levi form Lev(φ : z) =
(

∂2φ
∂zi∂z̄j

(z)
)

i,j=1,...,n

has at least (n− q + 1)-positive eigenvalues for every z ∈ D.
(2) Let D be an open set in X. A real-valued function φ : D → R is said to

be smooth if for any x ∈ D there exist an open neighborhood U of x, an
open set Ω, an analytic set A in Ω, a holomorphic embedding i : U → A ⊂
Ω ⊂ Cn and a C∞-function φ̂ : Ω → R such that φ̂ ◦ i = φ.

(3) A smooth function φ is said to be q-convex at x ∈ D if φ is smooth and φ̂

is q-convex at i(x). Moreover, φ is called q-convex if φ is q-convex at every
point x ∈ D.

(4) A real-valued function φ : D → R is said to be q-convex with corners if
every point x∈D has an open neighborhood U of x with a finite number of
q-convex functions φ1, . . . , φl on U such that φ|U = max{φi ; i = 1, . . . , l}.

(5) An open set D is said to be q-complete with corners if D has a q-convex
with corners exhaustion function.

(6) An open set D is said to be locally q-complete with corners at x ∈ ∂D if
there exists an open neighborhood U of x such that U ∩D is q-complete
with corners.

Remark 2.3. According to the definition above and theorem of Matsumoto
[12, Theorem 7.3], an open set D in Stein manifold is locally q-complete with
corners at every point x ∈ ∂D if and only if D is pseudoconvex of order n− q in
the original sense (see Tadokoro [15], Fujita [6] or Matsumoto [11]). Note that if
an open set D is locally 1-complete with corners at every point x ∈ ∂D \ S(X)
then D is locally Stein at every point x ∈ ∂D \ S(X).

We will use the following theorem to prove our main theorem.

Theorem 2.4 (cf. Sugiyama [14, Theorem 3.2]). Let D be an open set in
Cn. Then the following three conditions are equivalent.
(1) D is q-complete with corners.
(2) D is locally q-complete with corners at every point x ∈ ∂D.
(3) There do not exist a q-Hartogs figure with a spike HSn

q (ε, δ) and a
biholomorphic map φ : Cn → Cn such that φ(HSn

q (ε, δ)) ⊂D, φ(Hn
q (ε)) ⋐D

and φ(0q, δ, 0n−(q+1)) ∈ ∂D.

Proof. (1) ⇔ (2). This equivalence is a direct consequence of Matsumoto’s
proposition ([12, Proposition 2.2]) and Remark 2.3. (2) ⇔ (3). This is clear from
the proof of the author’s theorem ([14, Theorem 3.2]) and Remark 2.3.
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Corollary 2.5. Let D be an open set in Cn. Then the following two
conditions are equivalent.
(1) D is Stein.
(2) There do not exist a 1-Hartogs figure with a spike HSn

1 (ε, δ) and a
biholomorphic map φ: Cn → Cn such that φ(HSn

1 (ε, δ)) ⊂D, φ(Hn
1 (ε)) ⋐D

and φ(0, δ, 0n−2) ∈ ∂D.

Proof. (1) ⇒ (2). Since D is Stein, D is Hartogs pseudoconvex (see
Fritzsche–Grauert [5, p. 51]). (2) ⇒ (1). By Theorem 2.4 with q = 1 and
Remark 2.3, D is locally Stein. Thus D is Stein because D is an open set in Cn.

3. Open sets exhausted by locally q-Cousin-I open sets

Definition 3.1.
(1) An open set D in X is q-Cousin-I, 1 ≤ q ≤ n, if the canonical map

Hq(D,O) → Hq(D,M) is injective, where M denotes the sheaf of all
germs of meromorphic functions on D.

(2) An open set D in X is locally q-Cousin-I if D ∩W is q-Cousin-I for every
relatively compact Stein open set W.

Remark 3.2.
(1) An open set D is Cousin-I if and only if H1(D,O) →H1(D,M) is injective

(see Grauert–Remmert [7, p. 137]). So a q-Cousin-I open set is a gener-
alization of a Cousin-I open set. The author [14, Theorem 5.1] showed
that an (n − 1)-Cousin-I open set in an n-dimensional Stein manifold is
pseudoconvex of order 1.

(2) An open set D in a Stein manifold is called strongly regular in the sense of
Kajiwara if D ∩W is Cousin-I for every Stein open set W (see Kajiwara
[8, p. 195]). Thus a strongly regular open set is locally 1-Cousin-I.

The following lemma is elementary but useful.

Lemma 3.3. Let D be a locally q-Cousin-I open set in X and W ⋐ X a
relatively compact Stein open set. Then D ∩W is locally q-Cousin-I.

An open set D is exhausted by open sets {Dν} if D =
⋃

ν Dν and Dν ⋐
Dν+1 for every ν. An open set P ⊂ X is called an analytic polydisc if P is
biholomorphic to a polydisc in Cn (cf. Kajiwara [8, 9]).
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Lemma 3.4. Let D be an open set in Cn. If D is exhausted by open sets
{Dν} which satisfy the following condition (⋆), then D is locally q-complete with
corners at every point x ∈ ∂D.
(⋆) The open set Dν ∩ P is q-Cousin-I for every ν and for every analytic

polydisc P.

Proof. We use the argument in Kajiwara [9]. For any positive numbers
with 0 ≤ ε2 < ε1 < 1, we put

Hn
q (ε1, ε2)

= {(ζ1, ζ2) ∈ Cq × Cn−q ; 1 − ε1 + ε2 < |ζ1| < 1 + ε1 − ε2, |ζ2| < 1 + ε1 − ε2}
∪ {(ζ1, ζ2) ∈ Cq × Cn−q ; |ζ1| < 1 + ε1 − ε2, |ζ2| < 1 − ε2}.

Then we have Hn
q (ε1, 0) = Hn

q (ε1).
Seeking a contradiction, assume that there exists a point x ∈ ∂D such that

D is not locally q-complete with corners at x. By the condition (3) in Theo-
rem 2.4, there exist a biholomorphic map φ : Cn → Cn, ε1 > 0, δ > 0 and a ∈ Cn

such that φ(Hn
q (ε1)) ⋐ D, a = (0q, δ, 0n−(q+1)) and φ(a) ∈ ∂D. By changing

holomorphic coordinates, we can assume that Hn
q (ε1) ⋐ D and a ∈ ∂D. Since D

is exhausted by open sets {Dν}, so we can take decreasing sequences {εν} and
{δν} which satisfy the following three conditions:

• lim εν = 0 and lim δν = 0.
• Hn

q (ε1, εν) ⊂ Dν for every ν.
• The set Gν = {z ∈ Dν ; |zi| < 1 + 2ε1 (i = 1, . . . , q + 1), |zj | < δν (j =

q + 2, . . . , n)} satisfies {(0q, δ)} × Cn−(q+1) ∩Gν = ∅.
We put Ui = {z ∈ Cn ; zi ̸= ai} (i = 1, . . . , q + 1) and U = {Ui}i=1,...,q+1. Then
U is an open covering of Gν because {(0q, δ)} × Cn−(q+1) ∩ Gν = ∅. Next we
consider the function

f = 1
z1 · · · zq(zq+1 − δ) .

Then we define a {f} ∈ Zq(U ,O). Since f is meromorphic on Cn, we have {f} =
0 ∈ Hq(U ,M). The canonical map Hq(Gν ,O) → Hq(Gν ,M) is injective by the
assumption of Dν . Thus we have {f} = 0 ∈ Hq(Gν ,O). Since Hq+1

q (ε1, εν) ×
{0n−(q+1)} ⊂ Gν , we have

{f} = 0 ∈ Hq(Hq+1
q (ε1, εν) × {0n−(q+1)},O).

This contradicts Lemma 2.1. Therefore D is locally q-complete with corners at
every point x ∈ ∂D.
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Theorem 3.5. Let X be a pure n-dimensional complex space and D an
open set in X. If D is exhausted by locally q-Cousin-I open sets {Dν}, then D is
locally q-complete with corners at every point x ∈ ∂D \ S(X).

Proof. The point x is regular, so we can take an open neighborhood W

of x and f1, . . . , fn ∈ O(W ) such that F = (f1, . . . , fn) : W → F (W ) ⊂ Cn is
biholomorphic. Without loss of generality, we assume that W is Stein. Since
F : W → F (W ) is biholomorphic, we can regard D ∩ W as an open set in Cn.
The open set W is exhausted by Stein open sets {Wν}. By the assumption
of D, D is exhausted by locally q-Cousin-I open sets {Dν}. Then D ∩W is ex-
hausted by locally q-Cousin-I open sets {Dν ∩ Wν} by Lemma 3.3. It follows
from Lemma 3.4 that D ∩W is locally q-complete with corners at every point
x ∈ ∂(D ∩W ). By Theorem 2.4, D ∩W is q-complete with corners. Therefore
D is locally q-complete with corners at x ∈ ∂D \ S(X).

In the case where q = 1, we have the following corollary.

Corollary 3.6. Let X be a pure n-dimensional complex space and D an
open set in X. If D is exhausted by locally 1-Cousin-I open sets {Dν}, then D is
locally Stein at every point x ∈ ∂D \ S(X).

We give another proof of the following theorem.

Corollary 3.7 (cf. Kajiwara [8, Proposition 3]). Let X be an n-dimensional
Stein manifold and D an open set in X. Then the following two conditions are
equivalent.
(1) D is Stein.
(2) D is exhausted by locally 1-Cousin-I open sets {Dν}.

Proof. (1) ⇒ (2). Since D is Stein, D is exhausted by Stein open sets
{Dν}. Then Dν is locally 1-Cousin-I. So D is exhausted by locally 1-Cousin-I
open sets. (2) ⇒ (1). By Theorem 3.5, D is locally 1-complete with corners at
every point x ∈ ∂D. Therefore D is locally Stein. Thus D is Stein by Docquier–
Grauert [4].

Corollary 3.8. Let X be a Stein manifold and D an open set in X. If D
is exhausted by locally q-Cousin-I open sets {Dν}, then D is q-complete with cor-
ners. Therefore D is q̃-complete and Hk(D,F) = 0 for every coherent analytic
sheaf F on D and for every k ≥ q̃. Where q̃ = n− [n/q] + 1 and [n/q] denotes
as the largest integer ≤ n/q.
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Proof. It follows from Theorem 3.5 D is locally q-complete with corners
at every point x ∈ ∂D. By Matsumoto [12, Theorem 7.3], D is q-complete
with corners. Moreover, D is q̃-complete by Diederich–Fornæss [3, Corollary 1].
Hence we have Hk(D,F) = 0 for every coherent analytic sheaf F on D and for
every k ≥ q̃ by Andreotti–Grauert’s theorem [2].

Remark 3.9. The open set D = C4 \ ({z1 = z2 = 0} ∪ {z3 = z4 = 0})
is 2-complete with corners but not 2-complete (see Watanabe [16]). Thus the
same equivalence result as Corollary 3.7 cannot be obtained in the case of
intermediate pseudoconvexity.

4. Open sets with a continuous boundary

Definition 4.1.
(1) A boundary point ξ of an open set D in X is said to be a continuous

boundary point of D, if there exist an open neighborhood V of ξ, a bi-
holomorphic map φ : V → Γn, where Γ = {x+ iy ∈ C ; x, y ∈ (−1, 1)}, and
a continuous function g : Γn−1 × (−1, 1) → (−1, 1) such that φ(∂D ∩ V ) =
{(z1, . . . , zn−1, xn + iyn) ∈ Γn ; yn = g(z1, . . . , zn−1, xn)}.

(2) We say that an open set D in X has a continuous boundary if each point
ξ ∈ ∂D is a continuous boundary point of D (see Kajiwara [8, 9]).

Theorem 4.2. Let X be a pure n-dimensional complex space, D an open
set in X which has a continuous boundary. If D is locally q-Cousin-I, then D is
locally q-complete with corners at every point x ∈ ∂D \ S(X).

Proof. The following argument is almost the same as the proof of
Proposition 2 of Kajiwara [8]. Since the boundary of D is continuous and x is
regular, there exist an open neighborhood V of x, a biholomorphic map φ: V → I

and a continuous function g : Γn−1 × (−1, 1) → (−1, 1) such that φ(∂D ∩ V ) =
{(z1, . . . , zn−1, xn + iyn) ∈ I ; yn = g(z1, . . . , zn−1, xn)} where Γ = {x + iy ∈ C ;
x, y ∈ (−1, 1)} and I = Γn. If V is sufficiently small, we can assume that V is
relatively compact. Since φ : V → I is biholomorphic, we can regard D ∩ V as
D ∩ I and ∂D ∩ V as {(z1, . . . , zn−1, xn + iyn) ∈ I ; yn = g(z1, . . . , zn−1, xn)}.
Two cases are possible.

Case 1.

D ∩ I = {z ∈ I ; yn < g(z1, . . . , zn−1, xn)} = V↓ or
D ∩ I = {z ∈ I ; yn > g(z1, . . . , zn−1, xn)} = V↑.

Considering the case V↓ is sufficient. Notice that the set I can be exhausted by
{It}t∈[0,1] =

{
(x1 + iy1, . . . , xn + iyn) ∈ Cn ; xi, yi ∈

( −1
1+t ,

1
1+t

)
, i = 1, . . . , n

}
.
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We show that Et = {z ∈ It ; yn < g(z1, . . . , zn−1, xn) − t} is locally
q-Cousin-I. Let

ht : Cn → Cn, (z1, . . . , zn−1, zn) ↦→ (w1, . . . , wn−1, wn) = (z1, . . . , zn−1, zn + it)

be a biholomorphic map and U be an arbitrary relatively compact Stein open
set. We have

ht(Et ∩ U) = {w ∈ ht(It ∩ U) ; vn < g(w1, . . . , wn−1, un)} = D ∩ I ∩ ht(It ∩ U),

where wn = un + ivn. The set Vt = I ∩ ht(It ∩ U) is a relatively compact Stein
open set. Hence D ∩ Vt is q-Cousin-I by the assumption of D. Thus Et ∩ U is
q-Cousin-I. So Et is locally q-Cousin-I. Moreover the open set D∩ I is exhausted
by locally q-Cousin-I open sets {Et}t∈[0,1]. It follows from Theorem 3.5 that
D ∩ I is locally q-complete with corners at every point x ∈ ∂(D ∩ I). Thus D ∩ I
is q-complete with corners by Theorem 2.4.

Case 2. D ∩ I = {z ∈ I ; yn ̸= g(z1, . . . , zn−1, xn)} = V↑ ∪ V↓. It follows
from Case 1 that V↑ and V↓ are exhausted by locally q-Cousin-I open sets. So
V↑ (resp. V↓) is locally q-complete with corners at every point x ∈ ∂V↑ (resp.
x ∈ ∂V↓). By Theorem 2.4, each connected component V↑ and V↓ of D ∩ I is
q-complete with corners. Thus D ∩ I is q-complete with corners by Theorem 2.4.
Therefore D is locally q-complete with corners at every point x ∈ ∂D \ S(X).

If q = 1 and X is a Stein manifold, we have the following corollary.

Corollary 4.3 (cf. Kajiwara [8, Proposition 5]). Let X be an n-dimensional
Stein manifold and D an open set in X which has a continuous boundary. Then
the following two conditions are equivalent.
(1) D is Stein.
(2) D is locally 1-Cousin-I.

Proof. (1) ⇒ (2). Since D is Stein, D ∩ V is also Stein for any relatively
compact Stein open set V ⋐ X. Thus D is locally 1-Cousin-I. (2) ⇒ (1). D is
locally 1-complete with corners by Theorem 4.2. So D is locally Stein. A locally
Stein open set is Stein by Docquier–Grauert [4].

Corollary 4.4. Let X be an n-dimensional Stein manifold and D an
open set in X with continuous boundary. If D is locally q-Cousin-I, then D is
q-complete with corners. Therefore D is q̃-complete and Hk(D,F) = 0 for every
coherent analytic sheaf F on D and for every k ≥ q̃. Where q̃ = n − [n/q] + 1
and [n/q] denotes as the largest integer ≤ n/q.
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Proof. By Theorem 4.2, D is locally q-complete with corners. The rest
of the argument is similar to the proof of Corollary 3.8.

Remark 4.5. In the proof of Theorem 4.2, “relatively compact Stein
open set” in the definition of locally q-Cousin-I cannot be replaced by “ana-
lytic polydisc” as in Lemma 3.4. This is because, as the example below shows,
the intersection of two relatively compact Stein open sets is again a relatively
compact Stein open set, but the intersection of two analytic polydiscs is not
necessarily an analytic polydisc again.

Example 4.6. Let Γ = {x+ iy ∈ C ; x, y ∈ (−1, 1)}. The open set G in C2

define as follows. Put

V1 = {x1 + iy1 ∈ C ; x1 ∈ (−1/4, 1/4), y1 ∈ (1/4, 2)},
V2 = {x1 + iy1 ∈ C ; x1 ∈ (−1/4, 2), y1 ∈ (3/2, 2)},
V3 = {x1 + iy1 ∈ C ; x1 ∈ (3/2, 2), y1 ∈ (−1/4, 2)},
V4 = {x1 + iy1 ∈ C ; x1 ∈ (1/4, 2), y1 ∈ (−1/4, 1/4)} and
G = (V1 ∪ · · · ∪ V4) × Γ.

Then G and Γ2 ⊂ C2 are biholomorphic to P2(0, 1). So G and Γ2 ⊂ C2 are ana-
lytic polydiscs. On the other hand, G ∩ Γ2 is not an analytic polydisc because
G ∩ Γ2 is not connected.

Acknowledgments. The author would like to thank Professor M. Abe
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