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CLASSIFICATION OF 2-COMPONENT VIRTUAL LINKS UP TO
=-MOVES

JEAN-BAPTISTE MEILHAN, SHIN SATOH, AND KODAI WADA

ABSTRACT. The E-move is a local move generated by forbidden moves in vir-
tual knot theory. This move was introduced by Taniguchi and the second au-
thor, who showed that it characterizes the odd writhe of virtual knots, which is
a fundamental invariant defined by Kauffman. In this paper, we extend this re-
sult by classifying 2-component virtual links up to Z-moves, using refinements
of the odd writhe and linking numbers.

1. INTRODUCTION

Virtual knot theory developed by Kauffman in [5] is a diagrammatic extension of
the classical study of knots in 3-space. A virtual knot is a generalized knot diagram,
where one allows both classical and virtual crossings, regarded up to an extended
set of Reidemeister moves. Alternatively, virtual knots can be described in terms of
Gauss diagrams, which are copies of S' endowed with signed and oriented chords,
modulo certain deformations [3]. The set-theoretic inclusion of usual knot diagrams
into virtual knot diagrams induces an injection of classical knots into virtual knots.

In virtual knot theory, we cannot pass a strand ‘over’ or ‘under’ a virtual cross-
ing. These operations are called the forbidden moves. At the Gauss diagram level,
forbidden moves allow us to exchange the relative positions of any two consecutive
endpoints P; and P» of chords on a circle. See the left of Figure 1.1, where ¢;
are the signs of chords. It is known that any virtual knot is deformed into the
trivial knot by forbidden moves [4, 10]. Generally, the py-component virtual links
L = K,U---UK, up to forbidden moves are classified by the (i, j)-linking numbers
Lk(K;, K;) (1 <i# j < p) completely [1, 9, 12].

€1 1<) €1 135} E1| €2 €3 €1\ €2 €3
PEEEN PEEN
P PR P, P P P, P Py P, Py
forbidden move =-move

F1GURE 1.1. The forbidden moves and =-moves on Gauss diagrams

The purpose of this paper is to study an operation called the =-mowve, which is
generated by forbidden moves. At the Gauss diagram level, a Z-move swaps the
positions of P; and Pj of three consecutive endpoints P;, P, and Ps of chords. See
the right of Figure 1.1. The =Z-move arises naturally as a characterization of virtual
knots having the same odd writhe. Here the odd writhe J(K) is a fundamental
invariant of a virtual knot K in virtual knot theory defined by Kauffman in [6].
In [13], Taniguchi and the second author proved the following.
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2 JEAN-BAPTISTE MEILHAN, SHIN SATOH, AND KODAI WADA

Theorem 1.1 ([13, Theorem 1.7]). Let K and K' be virtual knots. Then the
following are equivalent.

(i) K and K' are related by a finite sequence of Z-moves.
(ii) J(K) = J(K').

We remark that Ohyama and Yoshikawa [11] obtained the same result indepen-
dently.

In this paper, we push further this study by classifying 2-component virtual
links up to Z-moves. The situation turns out to be very different depending on
the parity of a virtual link. A 2-component virtual link is called odd (resp. even)
if the number of classical crossings involving both components is odd (resp. even)
(Definition 2.3). Notice that the set of 2-component even virtual links contains that
of classical 2-component links.

In the odd case, we have the following.

Theorem 1.2. Let L = K1 U K5 and L' = K| U K} be 2-component odd virtual
links. Then the following are equivalent.

(i) L and L' are related by a finite sequence of =-moves.
(ii) Lk(K, Ko) = Lk(K7, K4) and Lk(K>, K1) = Lk(K}, KY).

We remark that each component of a 2-component odd virtual link can be un-
knotted by =-moves. Furthermore, by the classification of 2-component virtual links
up to forbidden moves [12, Corollary 7] (see also [1, Proposition 3.6]), Theorem 1.2
means that the equivalence relation generated by Z-moves is coincident with that
by forbidden moves on the set of 2-component odd virtual links.

The even case is much less simple, and involves three new invariants. For a 2-
component even virtual link L = Ky U K5, we introduce the odd writhe of the pair
(L, K;) for i = 1,2, denoted by J(L, K;), as an extension of the original invariant
defined in [6] (Definition 6.3). Furthermore, we define the reduced linking class
F(L) of L, which is a refinement of the linking numbers Lk(K7, K3) and Lk(K, K1)
(Definition 6.6). Then we have the following.

Theorem 1.3. Let L = K1 UKy and L' = K| U K} be 2-component even virtual
links. Then the following are equivalent.

(i) L and L' are related by a finite sequence of Z-moves.
(i) J(L,K1)=J(L',K}), J(L,Ks) = J(L',K}%), and F(L) = F(L').

This paper is organized as follows. In Section 2, we review the definitions of
virtual links and Gauss diagrams. The proof of Theorem 1.2 is given in Section 3 by
showing that a forbidden move is generated by Z-moves in the case of 2-component
odd virtual links. In Section 4, we study shells, which are a certain kind of self-
chords in a Gauss diagram, and prove that any Gauss diagram can be deformed
into a certain form with shells up to Z-moves (Proposition 4.5). In Section 5,
we introduce the notion of a ladder consisting of parallel nonself-chords in a Gauss
diagram, and give a representative of the equivalence class of a 2-component virtual
link under Z-moves (Proposition 5.12). In Section 6, we define three kinds of
invariants J(L, K1), J(L, K2), and F(L) of a 2-component even virtual link L =
K, UKy, and establish a relationship among these invariants (Theorem 6.10). The
last section is devoted to the proof of Theorem 1.3.

Acknowledgements. The authors would like to thank Professors Takuji Nakamura
and Yasutaka Nakanishi for useful comments and suggestions on an early version
of the paper. They also thank the referee for the careful reading of the paper and
for his/her comments and suggestions. The first author was partly supported by
the project AlMaRe (ANR-19-CE40-0001-01) of the ANR. The second author was
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2. VIRTUAL LINKS AND (GAUSS DIAGRAMS

For an integer u > 1, a u-component virtual link diagram is the image of an
immersion of p oriented and ordered circles into the plane, whose singularities are
only transverse double points. Such double points are divided into classical cross-
ings and virtual crossings. At a classical crossing, we distinguish two intersecting
arcs, called the over-arc and under-arc formally, by removing a small path from
the under-arc to indicate the crossing information. We also define the sign of a
classical crossing with respect to the orientation of the arcs as shown in the left of
Figure 2.1. At a virtual crossing, we surround it by a small circle. See the right of

the figure.
positive/negative classical crossing virtual crossing

FIGURE 2.1. Two types of crossings

A p-component virtual link is an equivalence class of u-component virtual link
diagrams under seven kinds of generalized Reidemeister moves R1-R3 and V1-V4
as shown in Figure 2.2 (cf. [5]). In particular, the moves R1-R3 are called classical
Reidemeister moves, and V1-V4 are virtual Reidemeister moves. We remark that
the equivalence relation keeps the order of the components. For example, Figure 2.3
shows a sequence of 2-component virtual link diagrams related by generalized Rei-
demeister moves five times.

Pt 50 REX
e B0 REX
R

FIGURE 2.2. Generalized Reidemeister moves

A Gauss diagram is a disjoint union of ordered and oriented circles together with
signed and oriented chords whose endpoints lie disjointly on the circles. A chord
in a Gauss diagram is called a self-chord if both endpoints of the chord lie on the
same circle of the Gauss diagram; otherwise it is called a nonself-chord. We say
that a self-chord ~ is free if the endpoints of v are adjacent on the circle; that is,
one of the arcs on the circle spanned by the endpoints of v contains no endpoints
of any other chords. Given a p-component virtual link diagram D with n classical
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o [N [

FIGURE 2.3. A sequence of 2-component virtual link diagrams

crossings and some or no virtual crossings, the Gauss diagram associated with D
is defined to be the union of p circles corresponding to the components of D and
n chords connecting the preimage of each classical crossing. Each chord of the
Gauss diagram is equipped with the sign of the corresponding classical crossing,
and oriented from the over-arc to the under-arc.

Example 2.1. Let L = K; U K5 be a 2-component virtual link presented by a
virtual link diagram as shown in the left of Figure 2.4. The corresponding Gauss
diagram consists of two circles C7 and Cy with six chords, where C; corresponds
to K; (i =1,2). Three of the chords are self-chords corresponding to the crossings
labeled 1, 2, and 6. In particular, the self-chord 6 is a free chord. The other three
chords labeled 3, 4, and 5 are nonself-chords connecting the two circles C7 and Cs.

< <
5 — 5
2+ 3
4 4
AR jﬁ s
+3 +
2
1 6
>/ >

FIGURE 2.4. A 2-component virtual link diagram and its Gauss diagram

We consider the deformations on Gauss diagrams corresponding to generalized
Reidemeister moves on virtual link diagrams. By definition, the four virtual Rei-
demeister moves V1-V4 on virtual link diagrams do not affect the corresponding
Gauss diagrams; in fact, a Gauss diagram has no information on virtual crossings.
On the other hand, a classical Reidemeister move R1 adds or removes a free chord
in the corresponding Gauss diagram. See the left of Figure 2.5, where ¢ = +. For a
classical Reidemeister move R2, we have an addition or deletion of a pair of chords
with the same direction and opposite signs such that their initial and terminal
endpoints are adjacent, respectively. See the right of the figure.

A classical Reidemeister move R3 involves three arcs and three classical cross-
ings on a virtual link diagram. There are several types of R3’s depending on the
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FIGURE 2.5. Reidemeister moves R1 and R2 on Gauss diagrams

orientations of the arcs and the over/under information at the crossings. Figure 2.6
shows two typical examples of Reidemeister moves R3 and the corresponding de-
formations on Gauss diagrams. We will use these two R3’s in Section 5. Therefore
a virtual link can be considered as an equivalence class of all Gauss diagrams under
Reidemeister moves R1-R3 (cf. [3, 5]).

+
\/ R3 H R3 {
<> <>
+/&\/\+ /\ + + + +
+
\/ rR3 K R3 s
— < / +

FIGURE 2.6. Two Reidemeister moves R3

Now we introduce another deformation on a Gauss diagram. Let P;, P», and
Ps3 be three consecutive endpoints of chords lying on the same circle of a Gauss
diagram. A E-move [13] is a deformation which exchanges the positions of P; and
P3 with preserving the signs and orientations of the chords. See Figure 2.7. In the
definition of a =Z-move, we consider all signs and orientations of the chords, and
some of the chords are possibly the same. In the figure, a pair of dots e marks the
two endpoints P; and P5; exchanged by a Z-move.

E1| €2| €3 €1\ €2 €3
<>
[ ] [ ] [ ] [ ]
PP P P P P

FIGURE 2.7. A E-move

We say that two Gauss diagrams G and G’ are Z-equivalent if they are related
by a finite sequence of Reidemeister moves R1-R3 and Z-moves. We denote it by
G ~ G'. Two virtual links are Z-equivalent if their Gauss diagrams are Z-equivalent.

In the rest of this paper, we only consider 2-component virtual links. Let L =
K, U K5 be a 2-component virtual link, and G a Gauss diagram presenting L
with two circles C; and Cy corresponding to the components K; and Ks of L,
respectively. For integers ¢ and j with {¢,j} = {1,2}, a chord in G is called of
type (i, j) if it is a nonself-chord connecting C; and C;j and oriented from C; to Cj.
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Definition 2.2 (cf. [3, Section 1.7]). For ¢ and j with {¢,j} = {1,2}, the (4,5)-
linking number of L = K1 U K> is the sum of signs of all nonself-chords of type (4, j)
in G. We denote it by Lk(K;, K).

The integers Lk(K7, K2) and Lk(K>, K1) are both invariants of the virtual link L;
that is, they do not depend on a particular choice of a Gauss diagram G presenting
L.

Definition 2.3 (cf. [7]). The parity of a 2-component virtual link L = K; U K is
the parity of Lk(K7, K3) + Lk(Ka, K1).

By definition, the parity of L is coincident with that of the number of nonself-
chords in any Gauss diagram of L. For example, the 2-component virtual link
L = K7 U K> given in Example 2.1 satisfies Lk(K7, K3) = 0 and Lk(K>, K;7) = —1,
and therefore, L is odd.

We have a relationship between a =-move and linking numbers as follows.

Lemma 2.4. The (i, j)-linking number Lk(K;, K;) of L = K; U Ky is invariant
under E-moves for {i,j} = {1,2}. Therefore the parity of L is preserved under
E-moves.

Proof. For any nonself-chord in a Gauss diagram, a =-move does not change its
sign and type (4,7). Therefore the sum of signs of all nonself-chords of type (%, j)
is preserved. O

3. PROOF OF THEOREM 1.2

In this section, we study 2-component odd virtual links, and prove Theorem 1.2
by giving a complete representative system of Z-equivalence classes of the links.

Lemma 3.1. A deformation on a Gauss diagram as shown in Figure 3.1 is realized

by two =-moves.
M AZ%;

FIGURE 3.1. A deformation in Lemma 3.1

Proof. We apply a Z-move to the first and third endpoints, and another =-move to
the second and fourth endpoints. O

Lemma 3.2. A deformation on a Gauss diagram of a 2-component odd virtual link
as shown in Figure 3.2 is realized by a finite number of Z-moves.

FIGURE 3.2. A deformation in Lemma 3.2
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Proof. We may prove this lemma for two consecutive endpoints on the circle C; of
the Gauss diagram. Since the virtual link is odd, the number of endpoints of chords
on C is odd. Let Py, Ps,..., Popy1 be the endpoints on C; arranged in this order.

The exchange of the positions of P; and P, is realized by a combination of
=-moves as shown in Figure 3.3(1)—(4). More precisely, the arrangement (2) is
obtained from (1) by applying the deformations in Lemma 3.1 n—1 times. Next we
obtain (3) from (2) by a single =E-move exchanging the positions of P; and Pay,y1.

Finally we slide P; and P, along C; to obtain (4) from (3). O
Lem 3.1
U « o o
Cl( PP, Py oo - P2n+1) { Py Py o« . P2n—1P2nP1P2P2n+1}

(1) (2)

0 E

( Py P, Py« « -« PW) ( Py Py« + + Py 1Py Papi1 P Py }

(4) 3)

FIGURE 3.3. Proof of Lemma 3.2

We define a map e : Z — {-1,0,1} by e(n) = 1 for n > 0, e(n) = —1 for
n < 0, and e(n) = 0 for n = 0. For integers a,b € Z, we denote by G(a,b) the
Gauss diagram with two circles C; and Cs as shown in the left of Figure 3.4; that
is, it consists of |a| horizontal nonself-chords of type (1,2) with sign e(a) and |b|
horizontal nonself-chords of type (2,1) with sign e(b). In the right of the figure, we
illustrate the Gauss diagram G(3,—2). Let L(a,b) denote the 2-component virtual
link presented by the Gauss diagram G(a,b). Then we see that the set

{L(a,b) | a,b € Z with a +b =1 (mod 2)}

is a complete representative system of Z-equivalence classes of 2-component odd
virtual links as follows.

—< e(a) < <+
|a|{ e(a) +
+
C e(b) Cy Cy - Cy
IbI{ e(d) _
>/ >/ >/ N
G(a,b) G(3,-2)

FIGURE 3.4. The Gauss diagram G(a,b)
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Proposition 3.3. Let L = K1 U Ky be a 2-component odd virtual link. Then L is
E-equivalent to L(a,b), where a = Lk(K7, Ks) and b = Lk(Ks, K1).

Proof. Let G be a Gauss diagram of L with two circles C7 and C5. By Lemma 3.2,
we can freely move the positions of endpoints on C; (i = 1,2) up to E-equivalence.
Therefore we deform every self-chord into a free chord, and remove it by an R1-
move. Furthermore, we rearrange the nonself-chords horizontally so that the nonself-
chords of type (1, 2) are placed above those of type (2, 1). If two consecutive nonself-
chords of the same type have opposite signs, then we delete them by an R2-move.
Finally G is E-equivalent to G(a,b) for some a,b € Z. Therefore L is E-equivalent
to the virtual link L(a,b) presented by G(a,b).

By definition, L(a,b) = Ki U K} satisfies Lk(K], K5) = a and Lk(K%, K1) = b.
Since L and L(a,b) are Z-equivalent, we have Lk(K7, K3) = a and Lk(K3, K1) =b
by Lemma 2.4. U

Proof of Theorem 1.2. (i) = (ii). This follows from Lemma 2.4 directly.
(ii) = (i). By Proposition 3.3, L = K3 U Ky and L' = K{ U K} are E-equivalent
to L(a,b) and L(a’,b'), respectively, where

a=Lk(Ky,K,), b=Lk(Ky, K1), d =Lk(K}, K}), and b/ = Lk(K}, K}).

Since Lk(K;, K;) = Lk(K7, K}) holds for {i,j} = {1,2}, we have a = o’ and b = b'.
Therefore L(a,b) is coincident to L(a’,b’). O

Remark 3.4. The deformation in Lemma 3.2 is called a forbidden move (cf. [3,
4, 10]). Lemma 3.2 implies that for a 2-component odd virtual link, a forbidden
move is realized by E-moves. On the other hand, a Z-move is obviously realized by
forbidden moves. Therefore the classification of 2-component odd virtual links up
to E-moves is coincident with that up to forbidden moves, which is studied in [1,
Proposition 3.6] and [12, Corollary 7].

4. SHELLS

To prove Theorem 1.3 for 2-component even virtual links, we prepare several
lemmas and propositions in Sections 4 and 5. It is not necessary to restrict the
argument to 2-component even virtual links. Therefore we do not assume that a
2-component virtual link is even in these sections.

In a Gauss diagram, let Py, P», and P3 be three consecutive endpoints of chords
lying on the same circle of the Gauss diagram. If P; and Ps are connected by a
self-chord, then the chord is called a shell (cf. [8]). See the left of Figure 4.1. Note
that the orientation of a shell can be altered by a =-move as shown in the right of
the figure. In this sense, we may omit the orientation of a shell up to Z-equivalence
in figures.

9 3

m
. . . .

P P, P

FIGURE 4.1. A shell and its orientation

A shell-pair consists of a pair of shells whose four endpoints are consecutive on
the same circle. If a shell-pair consists of one positive and one negative shells,
then we can delete it by an R2-move (after choosing the orientations of the shells
suitably). We say that a shell-pair is positive (resp. negative) if it consists of two
positive (resp. two negative) shells. See Figure 4.2.



CLASSIFICATION OF 2-COMPONENT VIRTUAL LINKS UP TO =Z-MOVES 9

+ - - -

AN AN

FIGURE 4.2. A positive/negative shell-pair

The following lemma allows us to move a shell-pair along a circle of a Gauss
diagram freely.

Lemma 4.1. If two Gauss diagrams are related by a deformation as shown in
Figure 4.3, then they are =-equivalent.

g1  E&2 €2 &1

FIGURE 4.3. Moving a shell-pair along a circle

Proof. This follows by the deformation as shown in Figure 4.4. O

€1 S = €1 = E9 €1
mJ m
° ° ° °

FIGURE 4.4. Proof of Lemma 4.1

A pair of positive and negative shell-pairs can be canceled in the following sense.

Lemma 4.2 (cf. [13, Fig. 13]). If two Gauss diagrams are related by a deformation
as shown in Figure 4.5, then they are =-equivalent.

FIGURE 4.5. Adding/canceling two consecutive shell-pairs with
opposite signs

Proof. This follows by the deformation as shown in Figure 4.6. O
€ € —€—¢ E 6%—\5 = e/ — \—¢ R2
LI ~ L\ DN o
- . o . twice

FIGURE 4.6. Proof of Lemma 4.2
We can exchange adjacent endpoints of chords (by ignoring shells) in the follow-
ing sense.

Lemma 4.3. If two Gauss diagrams are related by a deformation (1), (2), or (3)
as shown in Figure 4.7, then they are =-equivalent.
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<>
&1 S
J_AL . A M . ﬁ
g N g 13 N g
€1 150} < €1 €2
(N

FIGURE 4.7. Deformations (1)—(3) in Lemma 4.3

Proof. (3) This is realized by two E-moves as shown in Figure 4.8.

FIGURE 4.8. Proof of Lemma 4.3(3)

(1) This is obtained by (3) and Lemma 4.2 for &1 = €5, and by (3) and two
R2-moves for 1 = —es.
(2) This is realized by a single Z-move. O

Lemma 4.4. If two Gauss diagrams are related by a deformation as shown in
Figure 4.9, then they are Z-equivalent.

€2
€1 €3 €1 €3
< _ (AN

FIGURE 4.9. A deformation in Lemma 4.4

Proof. This follows by the deformation as shown in Figure 4.10. (]

E9 €1
€1 £3 = €3 R1 €1 €3
e o

FIGURE 4.10. Proof of Lemma 4.4
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Proposition 4.5. Any Gauss diagram of a 2-component virtual link is Z-equivalent
to a Gauss diagram with two circles Cy1 and Cy which satisfies the following condi-
tions.

(i) Any self-chord on C; is a shell (i =1,2).
(ii) All nonself-chords are arranged horizontally such that the nonself-chords of
type (1,2) are placed above those of type (2,1).

Figure 4.11 shows an example of a Gauss diagram satisfying the conditions (i)
and (ii) in Proposition 4.5. We remark that any self-chord is either located around
an endpoint of some nonself-chord or forms a shell-pair by the conditions.

<\

Cs

§
I €

\é—/\é—/

:
o gy
¢

FIGURE 4.11. A Gauss diagram satisfying Proposition 4.5

Proof of Proposition 4.5. In a given Gauss diagram, let =1, . .., 7y, be all self-chords
on C1, and let P; and @Q; be the endpoints of ; (i =1,...,n).

We first slide Py to Q7 along the circle Cy by using the deformations (1) and (2)
in Lemma 4.3 as follows (see also Figure 4.12). Let X1, ..., X, be the endpoints of
self-/nonself-chords between P; and @ lying in this order. First we exchange the
positions of P; and X; by using the deformation (1) which adds a shell at P;, a
shell at X3, and a shell-pair on C;. We may ignore the position of the shell-pair
up to =-equivalence by Lemma 4.1, and omit it in Figure 4.12. Next we exchange
the positions of P; and Xa by the deformation (2), which removes the shell at P;
and adds a shell at X5. By applying the deformations (1) and (2) alternately to
exchange P; and X; (1 = 3,...,s), 71 is finally deformed into a free chord if s is
even, or it forms a shell-pair if s is odd. For s even, we remove «; by an Rl-move.

%( TQA\/VR 2 A\A\f}

P X1 XoX3 - X X1 P Xo X3 X0 X1 Xo P X3 X,
N A\A\A\ A\ - A\A\A\ A\ g
) esee 1 \_J o o o m or e o o m
X1 Xo X3 - Xo P Q1 X1 Xo X3 0 Xo P11
(s is even) (s is odd)

FIGURE 4.12. Sliding P; to Q1 along C;
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In the obtained Gauss diagram, let Y7,...,Y; be the endpoints of chords between
P, and @5 except for the endpoints of shells produced in the above sliding process
of P, to Q1. Similarly to the sliding of P; to @1, we slide P, to ()2 along C; by
exchanging P; and Y7y, ...,Y; step by step. Since Ps, @2, and Y; may have shells, we
shall use the deformation (3) in Lemma 4.3 in addition to the deformations (1) and
(2) as follows. If both P» and Y; have shells for some i, we exchange their positions
by using the deformation (3). This removes the shells at P, and at Y;, and adds
a shell-pair on Cy. Likewise, if P5 has no shell but Y; does (resp. both P, and Y;
have no shells) for some i, we exchange their positions by using the deformation (2)
(resp. deformation (1)). Applying this sliding process of Py to Q2 leads to four
cases depending on the number of shells at P, and 5 as shown in Figure 4.13. In
the first case of the figure, 5 is a free chord and we remove it by an R1-move. In
the second and third cases, we have a shell-pair. In the last case, we use Lemma 4.4
to obtain a shell-pair. For example, we consider the case ¢ = 5 such that P, @2,
Y1, Ys, and Y3 have shells as shown in the top-left of Figure 4.14. By the sliding
process of P, to (2, the self-chord ~s is deformed into the third cases of Figure 4.13
by applying the deformations (3), (2), (3), (1), and (2) in this order. Furthermore,
Y1, Y5, and Y3 lose the shells, and Y, and Y5 get shells.

72 Y2 72 72

P, Q@ P, Qs P, Qo P, Q

FIGURE 4.13. Four possible cases

V2

[ AT T

"2 3)
ADDDT [~
P.

» Y1 Yo Y3 Yy Ys Qo Yi P Yy Y3 Y, Y5 Qo
72 72

(2) (3)

~ AN A~ HER
Yi Yo P Y3 Yy Y5 Qo Yi Yo Y3 P Yy Y5 Qo

72 Y2

(1) (2)

~ AT ~ AL
Yi Yo Y3 Yy P Ys Q2 Yi Yo Y3 Yy Y5 P Qo

FIGURE 4.14. An example of the sliding process of P to Qs

We slide P; to @; for ¢ = 3,...,n similarly to the case ¢ = 2 to obtain a Gauss
diagram where any self-chord on C is a shell. We perform a similar deformation
for the self-chords on Cy to obtain a Gauss diagram satisfying the condition (i).

Similarly to the deformations of self-chords as above, we deform the nonself-
chords by Lemma 4.3 so that the obtained Gauss diagram satisfies the condition
(ii) in addition to (i). O
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5. LADDERS

In this section, we introduce the notion of ladders and give a representative of
the E-equivalence class of a 2-component virtual link (Proposition 5.12).
The sign of a shell can be altered with making a shell-pair as follows.

Lemma 5.1. If two Gauss diagrams are related by a deformation as shown in
Figure 5.1, then they are =-equivalent.

9 —&
<>

FIGURE 5.1. Altering the sign of a shell with a shell-pair

Proof. This follows by the deformation as shown in Figure 5.2. O

—&
. R2 e = ~€ - >\ Lem 4.1 - .
~J ~J m U —€

FIGURE 5.2. Proof of Lemma 5.1

By Lemmas 4.1 and 5.1, we may ignore the signs of shells and the positions of
shell-pairs up to Z-equivalence, and we will often omit them in figures in the rest
of this section.

‘We now consider a portion of a Gauss diagram consisting of two parallel arcs on
C1 and Cj such that (' is oriented upwards and C is oriented downwards together
with horizontal nonself-chords of type (1,2) possibly with shells. Such a portion
of the Gauss diagram is called a (1,2)-ladder. Figure 5.3 shows an example of a
(1,2)-ladder with five nonself-chords.

(& Cy
+
—> b
q=
b

FIGURE 5.3. The (1,2)-ladder A; Ay A3A7 Ay

In a (1,2)-ladder, the nonself-chords of type (1,2) are divided into eight classes
labeled A5, A5, A5, and A5 (¢ = +1) as shown in Figure 5.4, where ¢ is the sign
of a nonself-chord. More precisely, a chord labeled A" or A7' has no shells. On
the other hand, a chord labeled Aj' or Ay " (resp. A5" or A3') has a shell at the
endpoint on Cy (resp. C1), and a chord labeled Af' or Ay ' has a pair of shells at
both endpoints. Then the word on the letters {47, A2, Az, A4} of a (1,2)-ladder is
obtained by reading the labels of nonself-chords in the ladder from top to bottom.
For example, the (1,2)-ladder in Figure 5.3 is expressed by A4, A;1A3AI1A4, where
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i Cy 4 Cs Ch Cy 4 Cs
‘ € ‘ | € ‘ ‘ £ ‘ ‘ € ‘
A5 AS AS A3
FIGURE 5.4. The labels A5, A3, A5 and A§ of nonself-chords of type (1,2)

we abbreviate X 1 to X simply for X = A;, Ay, A3, A4. In what follows, we identify
a (1,2)-ladder and its word on {A;, Ag, A3, As}.

We study the Z-equivalence classes of (1,2)-ladders in Lemmas 5.2-5.5. Let ()
denote the empty word expressing the ladder with no chord. We remark that the
product of ) and any word W on {A;, Ay, A3, A4} is equal to W itself by definition.

Lemma 5.2. Fori € {1,2,3,4}, we have the Z-equivalence
AAT AT A~
up to shell-pairs.

Proof. If i = 1, then AlAl_1 and A1_1A1 are related to () by R2-moves. Figure 5.5
shows the proofs for i = 2,4. The proof for i = 3 is similar to that for i = 2. (]

$ bLem43|€ | R2 d-S bLem43 | 2| R2
mU mY mJ mJ
D — q D
—€ £ —€ €
A5A5° 0 A5A;° 0

FIGURE 5.5. Proofs of Lemma 5.2 for i = 2,4

By Lemma 5.2, if two words W and V on {A1, A, A3, A4} satisfy WV ~ 0, then
we have
W~WWVVH~WyV)vt~yt
and V ~ W~ where W' and V! are the inverse words of W and V, respectively.

We remark that the Z-equivalence class of any (1, 2)-ladder up to shell-pairs can be
regarded as an element of the free group generated by {A;, As, A3, As}.

Lemma 5.3. We have the following Z-equivalence up to shell-pairs.
(i) AjAgy ~ AgAy ~ A3Ay ~ AyAs.
(ii) A1As ~ AgA; ~ As Ay ~ AyAs.
(iii) A1A4 ~ A4A1 and A2A3 ~ A3A2.

In particular, the letters Ay, As, Az, and Ay are mutually commutative.

Proof. (i) Figure 5.6 shows the proof. We remark that the R3-move in the figure
is the same as the one used at the top of Figure 2.6.

(ii) The proof is similar to that of (i) by exchanging A, and As.

(iii) Tt holds that Ay ~ A§1A2A1 by A3Ay ~ AsA; in (i) and Lemma 5.2,
AlAgl ~ AglAl by A1A3 ~ A3A1 in (11), and A1A2 ~ A2A1 in (1) Therefore we
have

A1 Ay ~ Al(AglAgAl) = (A1A3_1)A2A1 ~ (A3_1A1)A2A1

= Ag_l(AlAQ)Al ~ A3_1(A2A1)A1 = (AglAgAl)Al ~ A4A1.
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+
B)
Lem 4.3 +
(\J
d T llem 43 |+ Lem 4.3 | & R3 + AxAq
+ m m/ + m/
d D ot D 7
+
AszAy A Ay o d D)
Lem 4.3 +
d
AyAs

FIGURE 5.6. Proof of Lemma 5.3(i)

Similarly, it holds that A3 ~ AZIAlAQ by A4A3 ~ A1A2 in (1), AQAZl ~ AzlAg
by AsAy ~ AgAs in (ii), and A1 A3 ~ AsA; in (i). Therefore we have

AsAs ~ Ay A7 A1 Ay ~ A7 Ay A Ay ~ A7 Ay Ay Ay ~ AsAs.

O
Lemma 5.4. We have the Z-equivalence A% ~ A% up to shell-pairs.
Proof. This follows by the deformation as shown in Figure 5.7. O
e D Lem 4.3 | Lem 4.3 (] ¥
+ ~U ~o +
D t d
A3 A3

FIGURE 5.7. Proof of Lemma 5.4

Lemma 5.5. Any (1,2)-ladder is E-equivalent to either A{* A3* or AJ' A% As for
some ay,as € 7 up to shell-pairs.

Proof. By Lemmas 5.2, 5.3, and 5.4, the Z-equivalence class of any (1, 2)-ladder up
to shell-pairs is regarded as an element in the abelian group presented by

AiAj = AJAZ (1 <i<j< 4),
<A1’A2’A3’A4 AvAy = AgAs, AyAg — AgAs, AL = A2

Since this group is isomorphic to
<A1,A2,A3 | AZAJ = Ain (1 < ) <] < 3), A% = A§> 27 X7 X (Z/QZ),

we have the conclusion. O

Similarly to a (1,2)-ladder, we define a (2,1)-ladder as a portion consisting of
nonself-chords of type (2,1), which are labeled Bf, BS, BS, and Bj (¢ = £1) as
shown in Figure 5.8. Then we have similar properties to Lemmas 5.2-5.5 as follows.

Lemma 5.6. Fori € {1,2,3,4}, we have the Z-equivalence
B;B;'~B;'B; ~0
up to shell-pairs. O

Lemma 5.7. We have the following Z-equivalence up to shell-pairs.
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i Cy 4 Cs Ch Cy 4 Cs
‘ € ‘ | € ‘ ‘ € ‘ ‘ € ‘
By B3 B3 Bj
FIGURE 5.8. The labels Bf, BS, B5 and Bj5 of nonself-chords of type (2,1)

(i) B1By ~ ByBy ~ B3By ~ ByBs.
(ii) ByBs ~ B3By ~ ByBy ~ ByBs.
(lll) BlB4 ~ B4Bl and BQB3 ~ 3332

In particular, the letters By, Ba, Bs, and By are mutually commutative. [l
Lemma 5.8. We have the Z-equivalence B3 ~ B3 up to shell-pairs. O

Lemma 5.9. Any (2,1)-ladder is Z-equivalent to either Bi’lBgz or Blleé)?Bg for
some by, by € Z up to shell-pairs. O

For a (1,2)-ladder W and a (2, 1)-ladder V, we consider the ladder WV obtained
by stacking W on top of V, as for example on the left-hand side of Figure 5.9. Then
we have the following.

Lemma 5.10. We have the Z-equivalence Ao By ~ A3Bs up to shell-pairs.

Proof. This follows by the deformation as shown in Figure 5.9. We remark that the
R3-move in the figure is the same as the one used at the bottom of Figure 2.6. [

+ .
4t g N
R2 R3 — =~
Y VY U
twice
C + . +
+ °
Ang
Lem 4.4 2
Ny + +
Lem 4.3 R1 Lem 4.1
U U —Q eV
T + +
AsBy

FIGURE 5.9. Proof of Lemma 5.10

Proposition 5.11. For a (1,2)-ladder W and a (2,1)-ladder V', the ladder WV is
Z-equivalent to either

AM AL BY BY: o A% A% BY BY2 By

for some ay,a3,b1,b2 € Z up to shell-pairs.
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Proof. By Lemmas 5.5 and 5.9, we have
W~ A% A3 AS* and V ~ B B2 Bb»
for some aj,as,b1,b2 € Z and a3,b3 € {0,1}. For a3 = 0, we have WV ~
A A32 BY BY2 BY which gives a conclusion.
Now we consider the case ag = 1. It holds that A3 ~ A;ByBs ! by Lem-

mas 5.6 and 5.10. Since By, Bs, and B3z commute mutually up to Z-equivalence by
Lemma 5.7, we have

WV ~ A‘flAgl’AnglBgz B§3
~ A} A3* (A2 By By ') By By By
~ AT Ag T ph gl pha—l
If b3 = 1, then we have a conclusion. We consider the case b3 = 0, that is,

WV ~ AP AT B BBl Since By' ~ By ?Bj holds by Lemma 5.8, we
have

WV ~ AP A2+ ghr gl gt
~ AT AT BY Bt (B, 2 By)
~ AT AGTIBY By T By

For integers a1, as, b1, bs, k,l € Z, we denote by
G(ay,az2,b1,bo; k,1) and H(ay,as,by,ba; k,1)
the Gauss diagrams as shown in Figure 5.10. More precisely, their ladders are
A‘flAng'leSZ and A‘lhAngi’lBngg,
respectively, and all nonself-chords in A" (resp. A3%, BY', and B5?) have the sign

e(ar) (resp. e(az), e(by), and e(bs)). Furthermore, there are |k| shell-pairs with
sign e(k) on C; and |I| shell-pairs with sign e(l) on Cy. We denote by

L(al, as, bl, bz; k‘, l) and M(al, as, bl, b2; k‘, l)

the 2-component virtual links presented by the Gauss diagrams G(a1, as, b1, be; k, 1)
and H(ay,az, b1, ba; k, 1), respectively.

Proposition 5.12. Any 2-component virtual link L is Z-equivalent to either
L(ah az, bla b27 ka l) or M(ala az, bla b27 k7 l)
for some ay,a9,b1,b9,k,l € Z.

Proof. Any Gauss diagram of L is Z-equivalent to a Gauss diagram (7 which
satisfies the conditions (i) and (ii) in Proposition 4.5.

Let W and V be the (1,2)- and (2, 1)-ladders of Gy, respectively. By Proposi-
tion 5.11, the ladder WV is Z-equivalent to either

a1 gaz pb1 pRb2 a1 gaz2 pbi pba
AT AS? B By? or AT AS? By By’ By

with producing a finite number of shell-pairs for some a1, as,b1,bs € Z. Let G2 be
the obtained Gauss diagram.

By Lemma 5.1, G5 is =-equivalent to a Gauss diagram G3 such that any shell at
an endpoint of a nonself-chord labeled A§, BS, or B3 has the same sign as that of the
nonself-chord. We may produce a finite number of shell-pairs in this Z-equivalence.

If a circle C; (i = 1,2) of G5 has a shell-pair consisting of positive and negative
shells, then we delete it by an R2-move. Furthermore, if C; has a pair of positive
and negative shell-pairs, then we cancel it by Lemmas 4.1 and 4.2. Let G4 be the
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e(a1) = 70
Gy a1 5 e(ay) : Cy

e(l)
( k e(aQ) 6((12) g \

> P
SR | ECORS

)

)

|k| shell-pairs
A
9]
5
Y
sared-[oys ||

k |b1|< e(bl):
k

e
e(
e(
e(

e bg
|b2|{ e(bo) : g -

—/ —/
G(a17a27b17b2; k7l)

e(a1) 0
Gy a1l V| e(ar) : Ca

e
2,
=
S
o
9]
—~
=
=
—~—
sared-[[oys ||

|k| shell-pairs
A

H(al,GQ,bl,bg;k,l)
FIGURE 5.10. G(ahag,bl,bg;k,l) and H(al,az,bhbg;k,l)

obtained Gauss diagram, where all shell-pairs in each C; (¢ = 1,2) have the same
sign.

Recall that the orientation of a shell can be altered by a =-move (without pro-
ducing new shell-pairs). Therefore G4 is E-equivalent to a Gauss diagram G5 such
that the orientation of any shell on C; is coherent to that of C; (i = 1,2) as
in Figure 5.10. This Gauss diagram G5 is coincident with G(a1, az, b1, ba; k, 1) or
H(al,az,bl,bg;k‘,l) ﬁnally. O
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6. INVARIANTS OF A 2-COMPONENT EVEN VIRTUAL LINK

Throughout Sections 6 and 7, we consider a 2-component even virtual link L =
K, U K5 and its Gauss diagram G. In this section, we introduce three kinds of
invariants J(L, K1), J(L, K3), and F(L) of L, and establish a relationship among
these invariants (Theorem 6.10).

Let v be a self-chord on a circle C; of G. The endpoints of v divide C; into two
arcs. Let a be one of the two arcs. We define the parity of v to be the parity of
the number of endpoints of self-/nonself-chords on «. Since the number of nonself-
chords in G is even, the parity of v does not depend on a particular choice of the
arc «; in fact, the number of endpoints of self-/nonself-chords on C; (i = 1,2) is
even. By definition, any shell is odd. Let J(G, C;) denote the sum of signs of all
odd self-chords on C;.

Example 6.1. Consider the Gauss diagram G = H(3,-2,1,1;—3,2) as shown
in Figure 6.1. Then the self-chords on C; consist of one positive shell and six
negative shells, and those on C5 consist of five positive shells and two negative
shells. Therefore we have

J(G,Cy) = —5 and J(G, Co) = 3.

}

<
Y0

+

Cl 02

Sa
¢

+

L7 AT AL
|
T
+ o+

+ |+ [+

D+
-+
—— ——

FIGURE 6.1. The Gauss diagram H(3,—2,1,1; -3, 2)

Lemma 6.2. The integer J(G, C;) is an invariant of the 2-component even virtual
link L for i =1,2. Furthermore, it is invariant under Z-moves.

Proof. An R1-move adds or removes an even self-chord, and preserves the parity of
any other self-chords. An R2-move adds or deletes a pair of chords v and " with
opposite signs, and preserves the parity of any other self-chords. If v and ~' are
nonself-chords, then they do not contribute to J(G, C;). If v and " are self-chords
on C;, then they have the same parity and the contributions to J(G, C;) cancel out.
An R3-move or a E-move preserves the sign and parity of any self-chords. O

Definition 6.3. The integer J(G, C;) is called the odd writhe of the pair (L, K;)
(1 =1,2), and is denoted by J(L, K;).
For example, the virtual link L = K7 U Ky = M(3,-2,1,1;—3,2) presented by
the Gauss diagram H (3,—2,1,1; —3,2) of Figure 6.1 has the odd writhes
J(L,K;) =—=5and J(L,K3) = 3.
We stress that the odd writhe J(L, K;) of the pair (L, K;) is different from the

original odd writhe J(K;) of the virtual knot K; itself introduced in [6], meaning
that J(L, K;) is an invariant of L rather than K.
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Fix a nonself-chord vy in G. For any other nonself-chord v in G, the endpoints
of 79 and v on C; divide the circle C; into two arcs. Let o be one of the two arcs.
Similarly, the endpoints of vy and v on Cy divide C5 into two arcs, and let 8 be
one of the two arcs. See Figure 6.2. We consider two sets of nonself-chords v in G
as follows;

S(v0) = {7 | the number of endpoints of chords on « U j is even}

and

T(v0) = {7 | the number of endpoints of chords on oo U 3 is odd}.
As a convention, we set 79 € S(7p). Since the number of nonself-chords in G is
even, the parity of the number of endpoints of chords on o« U 8 does not depend
on a particular choice of the arcs a and . Therefore the sets S(vy) and T'(o) are
well-defined for ~q.

Yo

Ol (0% ﬂ CQ

FIGURE 6.2. A pair of arcs o and § for nonself-chords ~y and ~

Let 012(G, o) and 712(G, o) be the sums of signs of all nonself-chords of type (1, 2)
in S(vo) and T'(v0), respectively. Similarly, let o21(G,v9) and 721(G,v9) be the
sums of signs of all nonself-chords of type (2,1) in S(vy) and T'(vo), respectively.
By definition, we have

012(G,70) + 112(G,70) = Lk(K1, K2) and 021(G,70) + 721(G, v0) = Lk(K>2, Ki).
We introduce an equivalence relation = among the elements in Z* as follows.
For two elements (a1, as, by, bs) and (c1,ca,d1,do) € Z*, we define (a1, as, by, by) =
(c1,¢2,d1,ds) if and only if
(ala az, bla bZ) = (Cla C2, dla d2) or (625 C1, d27 dl)

We denote by [a1, as, b1, ba] the equivalence class of (a1, as, by, b)) under the equiv-
alence relation =. For a nonself-chord vg in G, we put

F(G»WO) = [UIQ(Gv,YO)aT12(G7’70)70-21(G770)77_21(G7P)/O):I € Z4/ =.

Example 6.4. Consider the Gauss diagram G = H(3,-2,1,1;-3,2) given in
Example 6.1. The ladder of G is expressed by A?A;QBlBng. Let -y be the
top nonself-chord labeled A; as shown in Figure 6.1. Then the set S(g) consists

of nonself-chords labeled A; or By, and T'(vy) consists of those labeled A5 1 By, or
Bs. Hence we have

o12(G, %) = 3, T12(G,70) = =2, 021(G, %) = 1, and 721(G,70) = 2,
and it holds that F(G,v0) = [3,-2,1,2] = [-2,3,2,1].

Lemma 6.5. The equivalence class F(G,v) is an invariant of the 2-component
even virtual link L. Furthermore, it is invariant under Z-mowves.

Proof. We first prove that F(G,~o) does not depend on a particular choice of 7.
Consider a nonself-chord v, in G. In the case v; € S(7), we have

0i(G,v) = 0i;(G,m) and 7;;(G,v0) = 75 (G, 71)
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for {i,5} = {1,2}. In the case 1 € T'(y), we have
0ij(G,v) = 7i;(G,7) and 73;(G, %) = 045(G, 1)

for {i,7} = {1,2}. Therefore F(G,~) = F(G,~:) holds.
We can also prove that F(G,~,) is invariant under an R2-move adding a pair
of nonself-chords. In fact, it leaves 0;;(G, ) and 7,;(G, 7o) unchanged for {i, j} =

{1,2}.

Now we consider a Reidemeister move R1-R3 or Z-move on G generally. By using
the above two properties if necessary, we may assume that such a move does not
involve «g. Then it can be seen that this move preserves o;;(G,v0) and 7;(G, o)
for {i,7} = {1,2}. O

Definition 6.6. The equivalence class F(G,vy) € Z*/ = is called the reduced
linking class of L, and is denoted by F(L).

Remark 6.7. There is an invariant of L called the linking class F(L) (cf. [2, 8]).
We can prove that the reduced linking class F(L) is obtained from F(L). We do
not give the definition of F'(L) in this paper, and leave the proof to the reader.

Now we have three kinds of invariants J(L, K1), J(L, Ks), and F(L). To study
a relationship among these invariants, we prepare the following two lemmas. Recall
that L(ay,as,b1,bs;k, 1) and M(aq, as, by, be; k, 1) are the 2-component virtual links
introduced at the end of Section 5.

Lemma 6.8. Let ay,a2,b1,b0,k,1 € Z. We have the following.
(i) L(a1,az2,b1,b2;k,1) is even if and only if
a1+ az+by +b2 =0 (mod 2).
(ii) M(a1,as,b1,be;k,1) is even if and only if
ay+az+by+ba=1 (mod 2).

Proof. Recall that a 2-component virtual link is even if and only if the number of
nonself-chords in its Gauss diagram is even. Since the numbers of nonself-chords
in G(ay,az,b1,be; k,1) and H(ay,as,by,ba; k, 1) are equal to

|a1| + |az| 4 [b1] + [b2| and [a1| + |az| 4 [b1] + [b2| + 1,

respectively, we have the conclusion. U

Lemma 6.9. We have the following.
(i) If L = K1 U Ky = L(ay, a2, by, ba; k1) is even, then it holds that
J(L, Kl) = 2[6, J(L, KQ) =az + b2 + 2[, and f(L) = [al,ag, bl7 bg]
(ii) If L = K1 UKy = M(ay,a2,b1,ba; k,1) is even, then it holds that
J(L,Kl) =2k + 1, J(L,KQ) =ag + bg + 2l, and F(L) = [a17a27b1,b2 + 1]
Proof. Since the proofs of (i) and (ii) are similar, we only prove (ii).

We consider the Gauss diagram G = H(ay, as, b1, ba; k,1). Since any self-chord
on each circle C; (i = 1,2) of G is odd, it contributes to J(G,C;). The sum of
all self-chords on C is equal to 2k + 1, and that on C5 is equal to as + by + 21.
Therefore we have

J(L, K1) = J(G,Cy) = 2k + 1 and J(L, K3) = J(G,Cg) = as + by + 2L.

Recall that the ladder of G is A%* AS2 B? B2 Bs. Let 7 be the top nonself-chord
in G labeled Ai(al) as shown in Figure 5.10. Then the set S(7o) consists of the
nonself-chords labeled Ai(al) or By 1) and T(7p) consists of those labeled A;(‘”),
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BS(bZ), or Bs. Since the sum of signs of all nonself-chords labeled Ai(al) (resp.
Bf(bl)) is equal to a; (resp. b1), we have
Ulg(G,”yo) = ax and 0'21(G7’}/0) = bl.
Similarly, since the sum of signs of all nonself-chords labeled Ag(%) (resp. B;(bz)
or Bs) is equal to as (resp. bs + 1), we have
Tlg(G, ’}/0) = a2 and TQl(G,’Yo) = bg + 1.
Therefore F(L) = F(G,7) = [a1, a2, b1, bz + 1] holds. O
We establish a relationship among the invariants J(L, K1), J(L, K3), and F(L)
of a 2-component even virtual link L = K; U K5 as follows.
Theorem 6.10. If F(L) = [a1,az, by, bs], then it holds that
J(L, K1)+ J(L,K3) =a1 + by =as+ by (mod 2).
Proof. By Proposition 5.12, L = K; U K5 is Z-equivalent to a 2-component even
virtual link
L(Cla C2, dla d27 k7 l) or M(Cl7 C2, d17 d27 k7 l)
for some c1,co,d1,ds, k,l € Z. We only prove the result in the case where L is

E-equivalent to M(c1, co,dy,da; k,1). The other case is shown similarly.
By Lemmas 6.5 and 6.9(ii), we have

F(L) = [e1,c2,d1,da + 1] = [ay, az, by, b).
Therefore it holds that
(c1,¢2,d1,da + 1) = (a1,a2,b1,bs) or (ag,ay,bs,by).
In the case (¢1,c2,d1,d2 + 1) = (a1, az, b1, b2), since L is E-equivalent to
M(cr,co,dy,do; k1) = M(ay,a2,b1,b0 — 15k, 1),
it holds that
J(L, K1)+ J(L, K2) = 2k + 1)+ (ag + ba — 1+ 2]) = az + b2 (mod 2)
by Lemma 6.2 and 6.9(ii). Since M (a1, a2,b1,ba — 1;k,1) is even, Lemma 6.8(ii)
gives
a1 +b; =as+ by (mod 2).
Therefore we have
J(L, K1)+ J(L,K3) =as+ by =a; +b; (mod 2).
In the case (¢1,c2,d1,do + 1) = (as, a1,ba,b1), L is E-equivalent to
M(eq, ca,dy,dos k1) = M(ag,a1,ba, b1 — 1;k,1).
Similarly to the first case, we have
J(L, K1)+ J(L,K3) = (2k+ 1)+ (a1 + by — 1+ 21)
=a;+by=ax+by (mod 2).
O
The relationship in Theorem 6.10 is considered as a necessary condition for

integers to be the reduced linking class of a 2-component even virtual link. It is
also a sufficient condition as follows.

Proposition 6.11. For any integers ay, as, by and ba with a1+b1 = as+by (mod 2),
there exists a 2-component even virtual link L = K1 U Ko such that

(i) F(L) = [a1, az,b1,bs] and

(ii) J(L,Kl) + J(L,Kg) =a;+b =as+ by (mod 2).
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Proof. Let L = K1 U K5 be the 2-component virtual link L(aq,as,b1,be;k,1) for
some k,l € Z. Then L is even by Lemma 6.8(i). Furthermore, it holds that

F(L) = [al, as, by, bg] and J(L, K1> + J(L7 KQ) =as +by+2k+2]
by Lemma 6.9(i). Therefore L satisfies (i) and (ii). O

We remark that the 2-component even virtual link M (a1, as,b1,b2 — 1;k,1) also
satisfies (i) and (ii) in Proposition 6.11.

7. PROOF OF THEOREM 1.3

The set of representatives of 2-component virtual links under Z-equivalence given
in Proposition 5.12 is not complete; that is, there are Z-equivalent pairs of virtual
links in the sets of L(ay,as,by,ba;k,1)’s and M(aq,az,by,be; k,1)’s. For example,
it is easily seen using the deformation (2) in Lemma 4.3, that L(1,0,0,1;0,0) and
L(0,1,1,0;0,0) are Z-equivalent. Generally we have the following.

Proposition 7.1. We have the following.
(i) If L(ay,az,b1,bes k1) is even, then it is E-equivalent to
L(ag,a1,b2,b1;k, 1+ 5(—a1 + a2 — by + b2)).
(ii) If M(ay,az,b1,ba; k1) is even, then it is Z-equivalent to
M(ag,a1,bs+1,by — 1;k, I+ L(—ay +as — by + by +1)).
To prove this proposition, we prepare the following lemma.

Lemma 7.2. We have the Z-equivalence By ~ BlBngg up to shell-pairs.

Proof. Since it holds that By ~ B1B2B3_1 by B1Bs ~ B4Bs in Lemma 5.7(i) and
B;' ~ B;?B3 by Lemma 5.8, we have

By ~ B1ByB;' ~ B1By(B; 2B3) ~ B1 B, ' Bs.
0

Proof of Proposition 7.1. Since the proofs of (i) and (ii) are similar, we only prove
(ii) by giving the Z-equivalence of the Gauss diagrams

H(alaQQablvbQ;k7Z) ~ H(a’27a’17b2 + labl - lakvl+ %(_al + ag _bl +b2 + 1))

We remark that a; + ag + by + by is odd by Lemma 6.8(ii).

Put G = H(ay,a2,b1,b2; k,1). Let G be the Gauss diagram obtained from G by
adding a free chord v on C5 at the top of the ladder of G by an R1-move as shown
in Figure 7.1(A). Let P be the terminal endpoint of v. We will slide P along the
vertical line of the ladder of GG; from top to bottom as follows.

First we exchange the positions of P and |aq| terminal endpoints of the nonself-
chords labeled Af(al) by using the deformations (1) and (2) in Lemma 4.3 alter-
nately. The deformations are similar to those used in the proof of Proposition 5.12.

As a result, the terminal endpoint of each nonself-chord labeled A‘f(al) gets a shell

so that the label of the chord turns into Ag(al). We remark that P has (resp. does
not have) a shell after this deformation if a; is odd (resp. even). See Figure 7.1(B),
where the potential shell at P depending on the parity of a; is indicated by a dashed
arc.

Next we exchange the positions of P and |as| terminal endpoints of nonself-chords
labeled A;(a2) by using the deformations (2) and (3) in Lemma 4.3 alternately. As
a result, the terminal endpoint of each nonself-chord labeled Ag(az) loses its shell,
so that the label of the chord turns into Ai(%). Furthermore P has (resp. does not
have) a shell if a1 + a9 is odd (resp. even). See Figure 7.1(C).
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FIGURE 7.1. Proof of Proposition 7.1

Similarly, we exchange the positions of P and |b;| initial endpoints of the nonself-
chords labeled By () and then the positions of P and |b2| initial endpoints of the
nonself-chords labeled BS(bQ). As a result, the label of each nonself-chord labeled
Bf(bl) (resp. BS(bZ)) turns into Bg(bl) (resp. Bf(bZ)). Since a1 + az + b1 + b is odd,
P has a shell at this point. See Figure 7.1(D).

Finally we exchange the positions of P and the initial endpoint of the nonself-
chord labeled Bs by the deformation (2) in Lemma 4.3 so that the label of the
chord turns into By. We remark that P does not have a shell. See Figure 7.1(E).

Since the positions of P and any shell-pair on C5 can be exchanged by Lemma 4.1,
we move P next to the initial endpoint of v, and then remove v by an Rl-move.
Let Gy be the obtained Gauss diagram with the ladder A3 A{2BY B™B,. By
Lemma 7.2, followed by Lemmas 5.3, 5.6, and 5.7, we have

A3 AP BY B2 B, ~ A3 A2 BY BY(By By ' By) ~ A2 AS* BT B 1By
up to shell-pairs on Cs. Therefore G5 is =-equivalent to
Gs = H(az,a1,bo +1,by — 1;k,1")

for some I’ € Z.
By Lemma 6.9(ii), we have

J(G,CQ) =as + by + 21 and J(Gg,CQ) =aj + (b1 — ].) + 2.

Since G and G35 are Z-equivalent, it follows by Lemma 6.2 that

1
l’:l+§(—a1+a2—b1+b2+1).

d

Proof of Theorem 1.3. (i) = (ii). This follows from Lemmas 6.2 and 6.5 directly.
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(ii) = (i). By Proposition 5.12, L = K; U K> is Z-equivalent to either
L(ah a2, b17 b27 k7 l) or M(ah a2, b17 b27 ka l)

for some ai,a9,b1,bs,k,l € Z. We only prove the result in the case where L is
E-equivalent to M (a1, as,by,be; k,1). The other case is shown similarly.

Since the odd writhe J(L, K1) of the pair (L, K1) is odd by Lemma 6.9(ii), so
is J(L', K1) by the assumption J(L, K;) = J(L', K}). Therefore L' is E-equivalent
to M(a},ah,by,by; k', 1) for some af,ab,b),bh, k', € Z by Proposition 5.12 and
Lemma 6.9(ii). Then it holds that

2k+1 =2k +1, as+ba+2l = ab+by+2l', and [a1,az, b1, ba+1] = [a], ab, b)), by+1]
by assumption and Lemma 6.9(ii).
We have k = k' by the first equation above, and
(a1,az,b1,by + 1) = (af, ab, by, by + 1) or (ah,al, by +1,0))
by the third equation. In the case (a1, as,b1,b2 + 1) = (a}, ab, b}, b5 + 1), we have
= [’ by the second equation to obtain
M(a17a27blab2; kvl) = M(ag_aaéa ;.7 /Q;k/al/)'
Therefore L is E-equivalent to L’. In the case (a1, a2, b1,ba+1) = (ah, a},bh+1,b)),
we have | =" + 1 (—a} + af — b} + b, + 1) by the second equation to obtain
M(ay,as,b1,b2;k,1) = M (ah,ay, by + 1,b) — LK, I+ 1(—a} +ah — b] + b} +1)).
Since this link is E-equivalent to M (a}, ah, b, ba; k', 1') by Proposition 7.1(ii), L is
E-equivalent to L. O
We consider the following subsets of 2-component even virtual links;
X1 = {L(ay,az2,b1,b2;k,1) | a1 +az + by + b2 =0 (mod 2) and a; < as},
X2 = {L(al,al,bl,bg;k,l) | bl + bg =0 (HlOd 2) and b1 S bg},
Y1 = {M(a1,az2,b1,b2;k,1) | a1 +az + b1 + by =1 (mod 2) and a1 < as}, and
Yo ={M(ay,a1,b1,b2;k,1) | by + by =1 (mod 2) and by < by + 1}.

Corollary 7.3. The sets X1, Xa, Y1 and Ys satisfy the following.

(i) The sets X1, Xa, Y1, and Y are mutually disjoint.
(ii) There is no distinct pair of 2-component even virtual links in X1, Xa, Y7,
or Yo which are Z-equivalent.
(iii) The disjoint union X1 U Xo UY1 UYs is a complete representative system
of the Z-equivalence classes of 2-component even virtual links.

Proof. The odd writhe J(L, K;) in Lemma 6.9 induces that X; U X and Y7 U Y5
are disjoint. Furthermore, the reduced linking class F(L) in the lemma induces
that X; N Xy =0 and Y7 NYs = 0.

(ii) Assume that two virtual links L = K; U Ko = L(a1,as9,b1,bo;k,1) and
L' = K{ UK, = L(ay,a5,b),by;K,1") in Xy are E-equivalent. It follows from
ay < ag, a} < ah, and F(L) = F(L') that

a1 = aj, az = ay, by = b}, and by = b,

Then we have k = k" and | =" by J(L, K1) = J(L', K}) and J(L, K3) = J(L', K}).
Since L and L' coincide, there is no distinct pair of 2-component even virtual links
in X; which are Z-equivalent.

Assume that two virtual links L = K; U Ky = L(ay,a1,b1,b2;k,1) and L' =
K{UKY, = L(a},al, by, bh; k', I') in X5 are E-equivalent. Since by < ba, b < b), and
F(L) = F(L') hold, we have b; = b} and by = b},. Then we have k = k' and | = I’
by J(L,Ky) = J(L',K{) and J(L, K3) = J(L', K}). Therefore there is no distinct
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pair of 2-component even virtual links in X5 which are Z-equivalent. Similarly we
can prove that this is the case for Y; and Y5.

(iii) We will prove that any 2-component even virtual link L is Z-equivalent to
some virtual link belonging to X3 U Xo UY; UY;5. By Proposition 5.12, L can be
written in the form

L(ay,az,b1,b2;k,1) or M(ay,az,by,bo; k,1)

for some aq,as,by,bs,k,l € Z.
In the case L = L(ay,as, b1, bo; k, 1), it follows from Lemma 6.8(i) that

ai +ag+by+b=0 (mod2)

By Proposition 7.1(i), we may assume that L satisfies a; < as. For a1 < ag, we
have L € X;. For a; = ag, we have by + by = 0 (mod 2). Furthermore, we may
assume that b; < by by Proposition 7.1(i). Then it holds that L € X.

In the case L = M(aq, ag, b1, bae; k, 1), we can similarly prove that L is Z-equivalent
to some virtual link belonging to Y7 or Y. O
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