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Abstract: The system of equations describing motion of compressible viscoelastic fluids is considered
in a one dimensional half space under the outflow boundary condition. We investigate the existence and
stability of stationary solutions. It is shown that the stationary solution exists for large Mach number
and small number of propagation speed of elastic wave. We next show that the stationary solution is
asymptotically stable, provided that the initial perturbation is sufficiently small.
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1. Introduction

This paper studies the compressible viscoelastic system in the one-dimensional half space R, =
(0, 0):

o1+ (pv), =0, (1.1)
(V)i + (V) = Wir + P(0), = B (F ), (1.2)
F,+vF,=v.F. (1.3)

Here p = p(t, x), v = v(t, x), and F = F(t, x) are the unknown density, velocity field, and deformation
tensor, respectively, at time ¢ > 0 and position x € R,; P(p) stands for the pressure assumed to be a
smooth function of p satisfying P'(p) > 0 and P”(p) > O for p > 0; v > 0 is the viscosity coeflicient;
B > 0 is the strength of the elasticity. In particular, if we set 8 = 0, the systems (1.1) and (1.2) become
the usual compressible Navier-Stokes equation.
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We impose the initial condition and boundary conditions at x = co and x = O:

0, v, Fli=0 = (po, vo, Fo), xiég po(x) > 0, (1.4)
11m(p7 va F) = (,0+,V+,F+)a (1’5)
v(t,0) = v, (1.6)

Here, the end states p,, v, and F, are given constants with p, > 0, and v, is a given constant assumed
to be v, < 0 for considering the situation that the fluid flows out from the boundary x = 0. Throughout
this paper, we consider the initial boundary problems (1.1)—(1.6), called the outflow problem. The aim
of this paper is to show the existence and asymptotic stability of stationary solutions for the outflow
problems (1.1)—(1.6) and clarify the interaction between the effect of the elastic force *(pF?), and
outflow boundary condition (1.6).

We first discuss the existence and properties for the stationary solution (3,7, F)(x), called the
boundary layer solution, solving the system:

(V) =0, (1.7)
(P7)x = Vi + P(B), = B (PF?)s, (1.8)
vF, = .F, (1.9)
with the conditions:
lim 3, v, F) = (0, v4, Fy), inf p(x) >0, (1.10)
5(0) = vy (1.11)

It is shown that the solution of the problems (1.7)—(1.11) exists uniquely if and only if Mz > 1 and
v, < v, hold. Here, Mj is the modified Mach number given by My := |v.|/ V2 + B2F?, where ¢, =
+/P’'(p,) stands for sound speed; v. is a certain negative constant determined in Section 2. In addition,
the solution satisfies the following estimate:

Cse™, Mg > 1,

p— 04,7 —vy, F—F)(x)| <
(0 —ps + D) {C6(1+(5x)_1, Mﬁzl,

where 6 denotes § := |v, —v,|. We call (, ¥, F)(x) the non-degenerate stationary solution tending to the
end state exponentially when M, > 1, while we say (3, ¥, F)(x) by the degenerate stationary solution
converging to the end state algebraically when Mz = 1. We also note that if we take S large so that
Mg < 1 under the fixed end state, then the stationary solution does not exist. This means that the
stationary outflow does not occur due to the recoiling effect of strong elastic force.

We next establish the asymptotic stability of the stationary solution under the small initial
perturbation (pg, vy, Fo) — (D, 7, F), provided that ¢ is sufficiently small. This follows from the
local-in-time solvability of (1.1)—(1.6) and the a priori estimates for the perturbation in H'(R.). Since
the systems (1.1)—(1.3) is classified by a quasilinear parabolic-hyperbolic system, the local-in-time
solvability is shown by the iteration method and theory of weak solutions to linear transport equations
and parabolic equations, inspired by Kagei and Kawashima’s paper [11].

AIMS Mathematics Volume 9, Issue 11, 33215-33253.
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To derive the a priori estimate, we need to deal with the term B*(oF> — pF?), when we consider
the problem for a usual perturbation (o, v, F)) — (p, ¥, F). However, it seems to be difficult to control
oF — p,F, appearing from this term. To overcome this difficulty, we assume the following condition
for (oo, Fo):

poFo = piFy (1.12)

for x € R,. We then see from (1.1), (1.3), (1.6) and (1.12) that pF' = p, F, holds for > 0 and x > 0.
This constraint is a one-dimensional version of the following equality

pdetF =p, detF,, t>0, x = "(x1,x,...,%,) €R, x R,

which is equivalent to the conservation law of mass in the Lagrange coordinate. Here, n > 2; F,
stands for given n X n matrix-valued constant; F(z, x) = (F/*(t, x)), < ik<n denotes an n X n matrix-valued
deformation tensor, respectively.

Therefore, rewriting F = p,F. p~!, the problems (1.1)-(1.6) for (p, v, F) is reduced to the system

for (o, v):

P+ (ov)x =0, (1.13)
1

(V)i + (OV))x = Wix + P(0)x = B (0 F.)’ (—) (1.14)

Pl

with the initial condition and boundary conditions at x = co and x = 0:

(0.M)l=0 = (po,v0),  inf po(x) > 0 (1.15)
lim(‘[),V) = (p+av+)a (1'16)
v(t,0) = vp. (1.17)

We then prepare the reduced perturbation (¢,y¢) := (o — p,v — V) and carry out its estimate as two
steps. For (¢, ¢) itself, based on the idea of Kawashima, Nishibata and Zhu’s paper [13] and the
fact that P(p) — 8*(p,F,)*/p monotonically increases for p > 0, we construct a suitable energy form
equivalent to |(¢,¥)?>, and use its equation and the properties of the stationary solution. The effect
of the term B*(o, F,)*(1/p), is mainly involved to the proof of this estimate. Indeed, the convexity
of P(p) — B*(p+F+)*/p around p = p, requires for the degenerate case Mg = 1. In order to get this
convexity, we need to add the condition for the Mach number 1 < M, < \/p+(P”(p+) [2P'(py)) + 1,
where M, := |v,|/c,. For the 1-st order spatial derivative of (¢, ), we utilize the structure of (1.13)
and (1.14) and monotonicity of P(p) — 8*(p,F.)*/p for p > 0.

We remark the reason why we only assume the regularity condition (py - p, vo — ¥, Fo— F) € H'(R,)
in contrast of the case § = 0 in [13]. In the argument in [13], we need the equation

f v(t, X)P(t, X)p,(1, X)dx = _ivblfpx(l’ 0)f* - 3 f vi(t, )¢, ) dx (1.18)
0 0

to construct the a priori estimate for ¢,. This means that we need to take care of ¢.,(¢, x) and |¢,(z, 0)|.
The equation (1.18) is obtained by the integration by parts with (1.6) and makes sense under ¢ €
C(0,T];H'(R,)) and ¢ € C([0,T]; H*(R,)) for T > 0 and k > 2 because H*(R,) c C!([0, o))

AIMS Mathematics Volume 9, Issue 11, 33215-33253.
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holds for k > 2. In our setting, the equation (1.18) is not valid since we restrict the situation that
¢ € C([0,T]; H'(R,)) which is not sufficient to define ¢,.(t, x) and ¢(¢,0). To deal with this difficulty,
Kawashima, Nishibata and Zhu in [13] additionally assumed that the initial perturbation belongs to
the Holder space for guaranteeing ¢.(z, 0), and then applied the method of difference quotient to avoid
appearing higher derivatives such as ¢,.(¢, x). Later, Kagei and Kawashima introduced the weak forms
of the parabolic equation and first-order transport equation to show the local-in-time existence of the
quasilinear parabolic-hyperbolic system in [11], and then used their theory to obtain the estimates for
the higher order derivatives without the Holder regularity of initial perturbation in [12]. Therefore,
inspired the idea of [12], we can conclude that it is enough to suppose that initial perturbation is small
only in H'(R,) to show the asymptotic stability result.

Known results. The systems (1.1)—(1.3) describing the motion of compressible viscoelastic fluid is
governed in the macroscopic scale by the variational modeling. Indeed the second equation (1.2) is
treated as the conservation law of momentum following from the energy dissipation law with the free
energy induced by elastic solids. Here, the free energy is taken as the derivative of
BroW/(F)F = ?pF?, where W(F) = *F?/2 denotes linear isentropic elasticity. The other equations
(1.1) and (1.3) are the kinematic assumptions for p and F. For more physical detail, we refer
to [3-5, 17, 25]. Starting with Sideris and Thomases [25], the mathematical analysis of the
systems (1.1)—(1.3) has been progressed mainly on the stability of the trivial motionless state. In fact,
its stability is investigated by [1,7, 8, 16, 24] in the three dimensional whole space and is studied
by [2,9,23] in the three-dimensional bounded domain with smooth boundary case under the Dirichlet
boundary condition. For the stability of non-trivial flows with non-zero velocity, the dynamics of
solutions around them becomes more complicated than the trivial motionless case since the advection
terms in (1.1)—(1.3) produce the additional hyperbolic aspect. Therefore, comparing to the the trivial
motionless case, there are few results on their stability as follows. Ishigaki [10] and Haruki and
Ishigaki [6] investigated the stability of parallel flows in the three dimensional layer, and Morando,
Trakhinin and Trebeschi [19] and Trakhinin [26] studied the stability of shock waves in the
two-dimensional whole space without the viscous effect.

We next review the mathematical analysis of outflow problem. For the case 8 = 0, it is natural
to expect that the behavior of the solution in the half space is closely related to the boundary and the
end states vy, v, and p,. Then, Matsumura [18] suggested that the long time asymptotic states will
be composed of the rarefaction wave, the viscous shock wave and the boundary layer solution. The
stability of stationary solution is related to the case that the asymptotic state is given by the boundary
layer only. Kawashima, Nishibata and Zhu [13] characterized the existence of stationary solutions by
determining suitable conditions for v,, v, and p,, and then showed its asymptotic stability by the energy
method in the Eulerian coordinate. Nakamura, Nishibata and Yuge [21] established the convergence
rate toward the stationary solutions as t+ — oo under the small initial perturbation belonging to the
weighted L? Sobolev space. Later that, Nakamura, Ueda and Kawashima [22] refined the convergence
rate toward the degenerate stationary solution discussed in [13, 21]. Furthermore, Kawashima and
Kagei [11], and Nakamura and Nishibata [20] extended these stability results to the multidimensional
case. On the other hand, if v, v, and p, do not satisfy the conditions for the existence of stationary
solutions, the asymptotic state of the solution becomes different from the boundary layer solution.
For the details, we refer to [14, 15,27] when the rarefaction wave involves its time asymptotic state.
Concerning the case S > 0, as far as the authors know, it remains open.

AIMS Mathematics Volume 9, Issue 11, 33215-33253.
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Outline of this paper. This paper is organized as four sections and one appendix. In Section 2,
notations of several function spaces and lemmata are explained. In Section 3, we give the detailed
necessary conditions for the existence of a stationary solution and provide its properties. In Section 4,
the detail of the main result in this paper is stated. In Section 5, we show the asymptotic stability of
the stationary solutions. In Appendix A, we prove the local-in-time existence around the stationary
solutions.

2. Notations

In this section, we introduce several function spaces and important lemmata.

For 1 < p < o0, the symbol L? stands for the usual Lebesgue space on R,, and its norm is denoted
by || - |lr. For a non-negative integer m > 0, we define H™ as the m-th order L? Sobolev space
on R,, and its norm is denoted by || - ||g=. For simplicity, we write L? = L7 X L” X L? (resp., H" =
H™x H™xH™). The symbol C}(R.) denotes the set of all C!(R,) functions whose supports are compact
in R,. We call H}(R,) the completion of Cj(R,) in H'(R,). For T > 0, we define Cy((0,T) x R,)
(resp., Cy([0, T)xR,)) as the set of all C'((0, T)XR,) (resp., C'([0, T) xR, )) functions whose supports
are compact in (0,7) X R, (resp., [0,7) X R,).

For 0 < a < b < oo, a Banach space X endowed with norm || - ||y and a non-negative integer k, we
define C*([a, b]; X) that

C*([a, b]; X) := {f:la,b] > X; fisa C* function in [a, b] satisfying || fllcxapp.x) < 0},

where
k
. I
Allckait = ), sup 18 fDlx.
‘= relab]
Here, we identify [a,00] := [a,00) in the case b = oo. For simplicity, we write

C([a, b]; X) := C%([a, b]; X).
For 0 < a < b < oo, a Banach space X endowed with norm | - ||y and a non-negative integer k,
L*(a, b; X) and H*(a, b; X) denote

L(a,b;X) := {f :[a,b] — X; f is a measurable function in [a, b] satisfying || fll;2zp.x) < 0},

where
b 1/2
1l 2@px) = (f ||f(t)||fydt) ;
and
H*(a,b;X) = {f € L*(a,b; X); f is a k-th times weakly differentiable function in (a, b)
satisfying || flz#a,p:x) < 00},
where

1/2

k b
Aty = (Z f ||6ﬁf(t)||§<dT)
=0 Y4

AIMS Mathematics Volume 9, Issue 11, 33215-33253.
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For a real number a, we set [a] as its integer part. Throughout this paper, we simply regard the
letters ¢, C, ¢ and C as positive various constants.

We next state several lemmata to establish our asymptotic stability result. We first introduce the
well-known Gagliardo—Nirenberg inequality to obtain a priori estimate in H'(R,).

Lemma 2.1. Let f € H'(R,). Then, f € C([0, o)) and it satisfies

1Al < V2IF 1A

L2 1?
To show the asymptotic stability of the stationary solution, the following lemma plays a role.

Lemma 2.2. [12, Lemma 4.5.] Let T > 0 be an arbitrary number, and f = f(t,x) be
f e C(|o, T];Hé(RJ,)) NL*0,T; H*(R,)) N H'(0, T; L*(R,)). Then f satisfies

£, < € (”fx(tl)Hiz + f Hﬁ(T)HLz”fx(T)”HldT)

JorO0<t <, <T.

We give definitions of weak solutions to the linear transport equation and the parabolic equation for
studying the local-in-time existence of the unique solution to (1.1)—(1.6) around the stationary solution.
For 0 <a < b < oo and k = 0, 1, we define the function spaces X*(a, b) and Y*(a, b) as

XX(a,b) = C(la. bl H*'(R.).
k

YX(a.b) = C(la, b} H'®R) 0 | @, b B (R),
=0

respectively. Here, H*(R,) is given by H*(R,) := H*(R,) N H\(R,) when k = 1,2, and H(R,) :=
L*(R.). We set the corresponding norms such that

k
Ilf ||Xk(a,b) = Z I/ ”CI([a,bJ;Hk*l(RJr))’
=0
X 1/2

o 2 § 2
”g”Yk(a,b) s ”g”C([a’b];Hk(R+)) + ”g”Hl(a’b;HkH—Zl(RJr))
1=0

We introduce the function space Z*(a, b) as
Z%(a,b) := X*(a, b) x Y¥(a, b) x X (a, b),

and the norms of u = (¢, ¢, 0) in Z*(a, b) are given by

) 2 2 2 1/2
ezt = (191 ) + WAk ) + Nk )

For simplicity, we write X*(T) := X*(0,T), YXT) := Y*(0,T) and ZXT) := Z*(0,T) for T > 0. We
also set

X4(T) = {f € X(T); || fllxxry < M),

AIMS Mathematics Volume 9, Issue 11, 33215-33253.



33221

V(D) = {g € Y(T); llgllysr) < M},
Zy(T) = {u € ZXD); llullpr) < M)
for M > 0.

We define weak solutions to the linear transport equation and the parabolic equation associated
with the stationary solution of (1.1)—(1.6). The stationary solution (p, ¥, F) is the smooth solution
to (1.7)—(1.11), and the existence of solutions will be discussed in Section 3. Using this stationary
solution, we introduce functions a(y¥) := v + ¢ and b(¢) := p + ¢, as well as a linear operator B :
Hy(R,) — H'(R,) defined by (By, ¢) := v(,, ¢.)p2 for ¢, € H)(R,). Here, H'(R,) is the dual
space of Hy(R.), (-,-) that stands for the pairing between H'(R,) and H,(R,), and (-, -);> denotes the
usual L*(R,)-inner product. We also note that B is identified as a usual expression By = —wj,, if
/S ﬁZ(R+) holds. Then, we define weak solutions as follows.

Definition 2.3. Let T > 0 and let y = Y(t,x) be a given function. For given ¢, € L*(R,) and
f € L*0,T; L*(R,)), we call ¢ a weak solution of the initial value problem

¢+ aW@)dx = f, Pl = o, Pl =0 2.1)
if ¢ belongs to X°(T) and satisfies the weak form

T T
. fo (6,01 + @@t = (G0, GOz + fo (f. @)rdt 22)

forall p € Cy([0,T) X R,).

Definition 2.4. Let T > 0 and let ¢ = ¢(t,x) be a given function. For given o € L*(R,) and
g € L*(0,T; H'(R,)), we call  a weak solution of the initial-boundary value problem

b(&)',[/, + Bl/’ =8 lr//|t:0 = '7[/0’ l/’lx:O = lr//|x:oo =0 (23)
if @ belongs to Y*(T) and satisfies the weak form

T T T
- [ wowpena- [ (awg)rars | Bugrha
0 0 0 (24)

T
= (B0, Mo, @)12h(0) + fo (g, ¢) hdt

forall ¢ € Hé(R+) and h € Cé([O, T)).

The existence, regularity and estimates of weak solutions to (2.1) and (2.3) are stated as the
following lemma.

Lemma 2.5. Let T > 0 be a positive constant. Assume that = y(t, x) satisfies y € Y'(T). Then, for
any ¢y € H*(R,) and f € L*(0, T; H*(R,)) with k = 0, 1, there exists a unique weak solution ¢ € X*(T)
to satisfying

k to _ _
()l <l + Z f {@W)x(1), 10012 + 2U(a@)p:)(T), §(T) 12 }dT
=0 Y
(2.5)

k 1>
+2) f @.f (), 0.8 (T)pad
=0 “h

AIMS Mathematics Volume 9, Issue 11, 33215-33253.
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forall0<t; <, <T.
In addition, in the case k = 1, ¢ belongs to C'([0, T1; L>(R.)) and is controlled as

1
T 3
max [|¢(1) — ¢o(3(05 2, )l < T2 (f ||f(T)||12L11dT) : (2.6)
1€[0,T] 0
Here § = y(1;t, x) € R, is a unique solution of the problem
dy . -
7 O60)=a@iTmen), 0<r<t<T, §jtt,x)=x.
-

Lemma 2.6. Let T, M and m be positive constants. Assume that ¢ = ¢(t, x) satisfies

$eXy(T), ¢eCOTHL®R,),  inf  §(t,2) 2 (m—1) inf p(x).

Then, for any ¥ € ﬁ"(RQ and g € L*(0, T; H*'(R,)) with k = 0, 1, there exists a unique weak solution
W € YX(T) to (2.3) satisfying

IO + C1(5, M, m) f s + Kl (DI3)dT
0 (2.7)

!
< Wy + Ca(6 M) [ (@l + WO e
0
forall) <t <T. Here C,(0, M, m) is a positive constant decreasing in 6, M and increasing in m, and
C,(0, M, m) is a positive constant increasing in 6, M and decreasing in m.
Lemmas 2.5 and 2.6 are proved by the same method as [11], so we omit the details.

Remark 2.7. (i) If the same assumptions as in Lemma 2.5 with k = 1 are satisfied, then (2.2) for any
¢ € Cy([0,T) x Ry) becomes equivalent to the first equation of (2.1) in C([0, T; L*(R.)).

(11) If the same assumptions as in Lemma 2.6 with k = 1 hold, then (2.4) for any ¢ € Hé(RJr) and
he Cé([O, T)) becomes equivalent to the first equation of (2.3) in L*(0, T; L*(R,)).

3. Stationary problem

In this section, we discuss the existence and the convergence rate of the stationary solution (3, ¥, F)
satisfying the following stationary problems (1.7)—(1.11). To solve this problem, we analyze the
properties of the solutions and derive the reduced problem. Integrating (1.7) over [x, o) for x > 0, we
have

. v
p=pi—. (3.1)
Y
Letting x — 0 1in (3.1), we obtain
_p0)
V+ - Vb.
P+

Therefore, v, < 0 and (1.10) give the fact that v, < 0 is necessary for the existence of the stationary
solution to the problems (1.7)—(1.11). Furthermore, because of (1.10) and (3.1), we regard as ¥ < O.

AIMS Mathematics Volume 9, Issue 11, 33215-33253.
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On the other hand, (1.9) gives (F/9), = 0. Thus, integrating the resultant inequality over [x, o) for
x > 0 and employing (1.10), we have
E Y

V=—
Vi p

F= (3.2)

This equality means that

F(x)>0 if F.>0,
F(x)<0 if F,<0,
Fo=0 if F,=0

for any x € R. Furthermore, we also get

F (0) = Evb.
+
Namely, in the case F, = 0, our problem is reduced to the stationary problem of the compressible
Navier-Stokes equation, which problem was studied in [13,21]. Thus, we mainly consider the case
F, # 0 1in this paper. We will discuss the case F,. = 0 at the end of this section.
By integrating (1.8) over [x, co) for x > 0 and substituing (3.1) and (3.2) into (1.10), we arrive at
the following problem:

v, = Ig(V), (3.3)
)}l_)r‘r)lo (x) = vy, (3.4)
v(0) = vy, (3.5)
where
1) = pv. (1 - fjﬁf ) @=v)+ P(2) - P, (3.6)

Here, we remark that Iz(v,) = 0. Our main purpose of this section is to construct the solution to
(3.3)—(3.5). To this end, we analyze the profile of I5(z). It is easy to get lim,_,_¢ Ig(z) = oo and

00 if 0<B<|vi/Fyl,
Zgr_rgo Is(z) = { P(0) — P(p) if  B=Iv./F4l, (3.7)
—c0 if B> v, /F,|.
For the derivative, we calculate
, BFI\_ o (Pave\puy
1) = pov. (1 S| (B (3.8)
+
and this function leads to ) )
F
v =508 - 1) - = (3.9)

AIMS Mathematics Volume 9, Issue 11, 33215-33253.
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Furthermore, we also obtain

= o (22 4 pr (22252 2
< < < <

for z < 0, which means that I5(z) is a convex function. In the case M, > 1, (3.9) gives

I(v;) <0 if 0<B<pB., (3.10)
Lvy)=0 if B=4, (3.11)
I(vi) >0 if  B>48, (3.12)

where

Cy
NP VR 3.13
Pe =1 ] (313)

In view of the classification of the sign of Ié(er), we use the modified Mach number Mj to see that the
conditions (3.10)—(3.12) are rewritten as

I(vy) <0 if Mg > 1,

I;(v+) =0 if Mg =1,

Ié(v+) >0 if Mg < 1.
Remark that 8. < |v,./F,|. Especially, in the case 0 < 8 < ., there exists v, such that v, < v, <0
and I5(v,) = 0. Furthermore, we also have Iz(z) > 0 for z < v, and Ig(z) < 0 for v, < z < v,. These
properties are important to solve the problems (3.3)—(3.5).

Then the existence and property for the solution to (3.3)—(3.5) are described as the following key
lemma.

Lemma 3.1. Assume v, < 0. Then, the following facts hold true.

(1) (subsonic case) Assume that Mg < 1 holds. Then, the problems (3.3)—(3.5) with v. # v, has no
solution.

(i1) Assume that Mg > 1 holds. Then, the following assertions hold.
(ii-1) (supersonic case) Suppose Mg > 1. Then, there exists a unique solution to (3.3)—~(3.5) satisfying
the following decay estimates if, and only if, v, < v.:

Coe™ < |(¥ = vy)(x)| < Ce™, (3.14)
05 - v)(x) < Coe™,  k=1,2. (3.15)

Furthermore, the solution V monotonically increases if, and only if, v, < v., and monotonically
decreases if, and only if, v, < v, < v,.

(ii-11) (transonic case) Suppose Mg = 1. Then, there exists a unique solution to (3.3)—(3.5) if, and only
if, vy < v,. Furthermore, the solution v monotonically increases and satisfies the following estimates

Co

< (v, —)(x) < —— 1
Tron =m0 = 050 G-10)
k+1
05 — v ()] < Trop F=12 (3.17)
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Remark 3.2. The generalized Mach number Mg gives the following characterization. Let Qg per, Utrans
and Qg,;, be the sets that

Qguper = {(M,B) | Mg > 1} ={(M,,B) M, > 1, 0 <B < B},
Uirans =AM+, B) | Mp = 1} ={(M,,B) | M, > 1, B =B},
Qup = {(M4,B) | Mp < 1} ={(M,,0) M, > 1, B> By U{(M:,B) M, < 1}
for (M..,) € R, XR,. Then, we find that the set {(M.,B)| M, > 0, B > 0} is separated to the three sets

Qqupers Qgup and Tyyans. More precisely, these sets are drawn in the (M., B)-plain as follows (Figure 1).

B

Cirans = {Mp = 1} (transonic)‘

Qup = 1My < 1) (subsonic)‘

Qquper = {Mp > 1} (supersonic)‘

M,

0 1

Figure 1. Classification of stationary solutions.

Proof. Proof of Lemma 3.1 (i) Since (3.9), we have I[’g(v+) > 0 if Mg < 1. Therefore, using (3.3), we
immediately conclude that ¥(x) can not approach to v, as x — oo, and there does not exist a solution
to (3.3)—(3.5) (see also the two graphs of I(z) displayed in the below figures).

I(2) Is(2)

Vi b4 Vi Vi Z
/ © \_/ ’
Vi

Case Mg<1,0<B8< F

Vi

Case Mg <1, B>
ase Mg <1, B 7

+ +

Figure 2. Graphs of I5(2).

(ii-1) In the case Mg > 1, employing (3.3) and the properties of /5(z) mentioned before, we see that
there exists a monotonically increasing solution ¥ to (3.3)—(3.5) if v, < v,. Similarly, we also find that
there exists a monotonically decreasing solution ¥ to (3.3)—(3.5) if v, < v, < v, (see also the graph of
I5(z) displayed in the below figure).
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Ig(2)
Vi Vi Z
\j ’

Case Mg > 1

Figure 3. Graphs of I5(2).

The uniqueness and smoothness of the solutions are derived from the standard argument for ordinary
differential equations.
We shall derive the convergence estimate. Taylor’s theorem gives

Ip(2) = Ip(vs) + Ig(v.)(z = vy) + %IE(W +6(z = v,)z = vs)’ (3.18)

for some 6 € (0, 1). Since Iz(v,) = 0, and I[’g(\q) < 0 for Mg > 1, there exist positive constants o, ¢,
and C, such that
c(V—vy) < =I(¥) < C.(V—vy) (3.19)

for |V — v,| < d,. Thus, combining (3.3) and (3.19), and solving the resultant problem, we obtain
Px) = vy < (vp — vy)e Y, P(x) = vy = (v — vy )e Y (3.20)

for [v—v,| < .. Now, we had already obtained the existence of the global solution ¥ which approached
to v,. This means that there exists x, > 0 such that [¥(x) — v,| < 6. for x > x,. This fact and (3.20)
yields to (3.16). For the higher derivatives of ¥, we can apply the same argument and omit it in detail.

(ii-11) In the case Mz = 1, using the same argument as before, we find that there exists a
monotonically increasing solution ¥ to (3.3)—(3.5) if, and only if, v, < v, (see also the graph of I(z)
displayed in the below figure).

I5(2)

vy (0]

Case My =1

Figure 4. Graphs of I5(z).
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We consider the convergence estimate. In this case, it is not possible to derive the estimate (3.19),
and it should be analyzed more carefully. Using (3.18) with Ig(v,) = Ié(v+) = 0 and the convexity of
I5(z), we obtain

(2= v4) < Ip(2) < Culz = vy, (3.2

where &, and C, are positive constants defined by

1 ~ 1
¢, == inf (v, +0(z-v,)), C,== su I; (v, + 0(z —v,)).
2 ze[vp.v4],0€[0,1] BT " 2 ZE[vh,V+],I;€[0,1] BATH *

Then, combining (3.3) and (3.21), and solving the resultant problem, we also get

V+—Vb

Ve —V
Vi — f}(x) S ~ ’ - ’
1+¢,(vy —vp)x/v

1+ C.(vye —vp)x/V’

vy — W(x) >

which means (3.16). For the higher derivatives of ¥, we employ (3.3) and (3.21) again and
conclude (3.17). O

Lemma 3.1 immediately gives the following proposition for (p, ¥, F).

Proposition 3.3. Assume v, < 0. Then, the following facts hold true.

(i) (subsonic case) Assume that Mg < 1 holds. Then, the problems (1.7)—(1.11) with v, # v, has no
solution.
(i1) Assume that Mg > 1 holds. Then, the following assertions hold.

(ii-1) (supersonic case) Suppose Mg > 1. Then, there exists a unique solution to (1.7)—(1.11) if, and
only if, v, < v, and the following decay estimates are satisfied:

1045 — s ¥ — v, F = F)(x)| < Coe™, k=0,1,2. (3.22)

Furthermore, the solution v monotonically increases if, and only if, v, < v, and monotonically
decreases if, and only if, v, < v, < v,.

(ii-11) (transonic case) Suppose Mg = 1. Then, there exists a unique solution to (1.7)—(1.11) if, and only
if, vy < v,. Furthermore, the solution v monotonically increases and satisfies the following estimates:

k+1

o ) 8
1050 = pss V= Vi, F = F ()] < T

k=0,1,2. (3.23)

Remark 3.4. (i) In the case F, = 0, the solution F(x) to (1.7)~(1.11) becomes F(x) = 0.

(ii) The proof of Lemma 3.1 shows that taking B large so that B > |v,/F.| at least, the stationary
solution does not exist regardless of the Mach number M, (see for the proof). This indicates that the
strong recoiling effect of elastic force disturbs the stationary outflow of the fluid.

(iii) It follows from (3.22) and (3.23) that (p, v, F) satisfies

”(ﬁ9 \77 F‘)”Lw S |(p+9v+9F+)| + C69
Co, Mﬂ > 1,

OB, v, B~ <
10:(0, ¥, F)| {C(S"“, My=1,
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C&, Mﬂ > 1,

kin o~
”ax(f)’v,F‘)HL2 < {Cé‘]ﬁ—;, Mﬁ -

for k = 1,2. These estimates will be repeatedly used in Section 5 and Appendix A.

Proof of Proposition 3.3. The equalities (3.1) and (3.2) tell us that (p, F) is rewritten by #, which is
the solution to (3.3)—(3.5). Then, it is easy to confirm that (o, ¥, F) is a solution to (1.7)—(1.11).
Furthermore, employing (3.15), (3.17), and the fact that

~ - - F, _
P—P+=—%(V—V+), F—F+:—+(V—V+),

Vi

the estimates (3.22) and (3.23) are also obtained. m|
4. Main result

This section is devoted to introducing the main result of this paper.

We first introduce the compatibility condition. We once assume that a smooth solution (p, v, F)(¢, x)
of the problems (1.1)—(1.6) exists and the perturbation (o — p, v — ¥, F — F) belongs to Z'(T') with some
positive time 7 > 0. Then, since v — ¥ € C([0, T];Hé(RJr)) holds, (v — ¥)(0, -) belongs to Hé(RJ,).
Therefore, it is necessary to impose the compatibility condition of O-th order:

vo — ¥ € Hy(R,). (4.1)
We state the following theorem related to the asymptotic stability of the stationary solution.

Theorem 4.1. Assume that at least one of the following two cases holds:

(ND) Mg > 1 and v, < v..

p+P"(ps)
D) Mg=1,1<M 1 /— + 1 and .
(D) Mg <M, < 2P s and vy, < v,

Suppose that the initial data (pg, vy, Fo) and the boundary data v, satisfy (1.4)—(1.6), compatibility
condition (4.1) and (py — p,vo — V) € H'(R,). Furthermore, assume that the initial data also
satisfies (1.12) in H'(R,). Then, there exists a positive small number &, > 0 such that if

. s . | I
Ikeo =, vo = Dl +6 < &1, inf po(x) > -3 Inf p(x),

then the problems (1.1)=(1.6) has a unique solution (p,v, F)(t, x) satisfying (o — p,v — ,F — F) €
C([0, 00); HY). Furthermore, the solution converges to the stationary solution as a time goes to infinity,
that is,

limli(p —p,v =¥, F - F)®l~ = 0. (4.2)

Remark 4.2. (i) The restriction 1 < M, < (0, (P"(p+)/2P'(p.))+1)"/? in the condition (D) arises from
the convexity of the function P(p) — B>p> F?/p around p = p, to show the stability of the degenerate
stationary solution.

(ii) Under the second condition of (1.4), we can reformulate (1.12) as Fo — F = —(py — p)F'/poy, which
gives the smallness of Fy — F in H'(R,), provided that p, — p is small in H'(R,). This fact and
Theorem 4.1 mean the smallness of (o — p, vo — ¥, Fo — F) and the asymptotic stability of (9, ¥, F).
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5. Asymptotic stability of non-degenerate stationary solution

Our purpose of this section is to prove Theorem 4.1. The argument is based on the combination of
the local existence theory and the corresponding a priori estimate for the solution.
To consider the stability of the stationary solutions, we introduce a new function by

J(t, x) = p(t, x)F(t, x).

Then, the Eqgs (1.1) and (1.3) lead to
Ji+vJ, =0. (5.1

For the Eq (5.1), we assign the initial data J(0, x) = Jy(x) in x € R,, where J, := poFy. The Eq (5.1)
has useful properties, and we often utilize (5.1) instead of (1.3). Indeed, the stationary solution .7(x)
of (5.1) satisfies \7}; = 0 and this gives f(x) = J,, where J, := p, F.. This fact will be used later.

On the other hand, it is useful to employ the different expression for (1.2), that is,

PVe T PVVy — VP + Pﬂ(p)x _ﬁ2Q(p’ ])x = 0,
where
2‘]-%— 1 2 2
Pg(p) := P(p) - B r O, J) := ;(J - J).

Remark that Py(p) = P'(p) +f>J3/p* > 0 holds true.
We set a perturbation from the stationary solution as

(@, ¥)(2, x) = (p,v)(1, x) — (B, V)(x), {8, x) = J(t,x) — Js.
Coupling (1.1), (1.2) and (5.1) with (1.4)—(1.11), the perturbation (¢, ¢, {) satisfies the system
Gr + Vo + pY = flv

PY + o + Pp(o)d — v = fo, (5.2)
G+ =0
with the initial conditions and boundary conditions at x = co and x = 0:
(@, ¥, Dli=o = (¢0, Yo, o) xlég (B(x) + ¢o(x)) > 0, (5.3)
lim(¢,y,¢) = (0,0,0), (54)
(1,0) = 0. (5.5)

Here, the initial perturbation is defined by
(G0, Yo)(x) := (po — P, vo — V)(x), Lo(x) == Jo(x) = J,
and the functions f; and f, are given by
Jii= =(PVs + Yipy),
fo = =(pv = pV)V: = (Py(p) = Py(P))ps + B Q0. s
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Firstly, we mention the local-in-time existence of the solution of (5.2) with boundary conditions (5.4)
and (5.5), and initial and compatibility conditions at t = 7:

@4, Oli=r = (b, &), Inf (B(X) + () > 0, (5.6)
W € Hy(R,). (5.7)
Here, 7 > 0 is an arbitrary non-negative number.

Proposition 5.1. There exists a positive small number € € (0,1) independent of T such that the
following assertion holds true:
Let T > 0 and M € (0, g]. If (¢, ¥+, {;) satisfies the compatibility condition of 0-th order (5.7) and

. |
||(¢T’ '707" é"r)”Hl < M(), inf ¢T(-x) > —— inf p(x),
xeR, 2 xeR,

then there exists T = T(0, My) > 0 independent of T such that the problem (5.2) with (5.4)—(5.6) has a
unique solution (¢, y, ) € Z'(r,7 + T) satisfying

. 3.
(t,x)E[‘}EfT]XRJr o0, %) = 4 ;gé p(), (5.8)
@0, € Xop (mT+T), 6,0 € C'([r, 7+ TL; LA(R,)). (5.9

Remark 5.2. Under (5.9), the first and third equations of (5.2) hold in C([t,t + T1; L*(R.)), and the
second equation of (5.2) makes sense in L*(t,7 + T; L*(R.)).

Proposition 5.1 will be proved in Appendix A for the case 7 = 0 by using the iteration argument.
We next focus on the a priori estimate in the Sobolev space. To state this, we introduce the following
notations:

NGy = sup (Il + I, Not@) = sup @l
M(1)* = fo (16O, + 12D, + I8z, OF) dx.

Then, the a priori estimate is summarized by the following proposition.

Proposition 5.3. Suppose that the same assumptions in Theorem 4.1 hold true. Let (¢,y,() be a
solution to (5.2)—(5.5) in a time interval [0, T with (¢, ¥, ) € Z\(T). Then there exist positive constants
&y and Cy, such that if N(T') + 6 < &, then the following estimates hold uniformly for t € [0, T]:

NGty + M@ < Co (ol + ollZ,) . Dl = 0, (5.10)
. 1
(oo, #6X) 2 =5 inf p(x). (5.11)

To construct the a priori estimate, we have to employ the properties for the stationary solutions
constructed in Lemma 3.1. Specifically, the following lemma is important to derive the a priori
estimate.
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Lemma 5.4 ([13]). Suppose that the same assumptions as in Proposition 5.3 hold. Then, the following
estimates are obtained.

(1) Let Mg > 1. Then, the following estimates hold true:

f f " Pt < o f (Ilex(IE. + l(z, 0)) i,
0o Jo 0 (5.12)

f 00 !
f f 5pudxdr < C& f W (DI
0 0 0

forte[0,T]and k, j € N.

(i1) Let Mg = 1. Then the following estimates hold true:

! 00 t
f f 0451 g dxdr < Co*DI f (DI + 16z, O) ) dr,
0 0 0

t 00 t
f f ol uPdxdr < Cov D2 f 0 (DI-dr
0 0 0

forte |0, T andk, j e Nwithk+ j > 3.

(5.13)

Proof. The proof is based on (3.22) and (3.23). The argument is the same as the one in [13], and we
omit it in detail. O

Proposition 3.3 and the smallness assumptions on &, in Proposition 5.3 ensure that if g is
sufficiently small, then (5.11) is obtained, and there exist certain positive constants c,, C,, ¢, and C,
such that

¢ <pt,x) <Cp 0 <—VLX)LCh )2 % (5.14)

for (z,x) € [0,T] X R,.

Here, we have noticed the facts p, — C(0 + ||¢l|~®,)) < p < ps + C(O + ||@llL~r,)) and [v.| — C(6 +
W lo@,y) < =V < vyl + C6 + Wll=,)) by using Proposition 3.3, and then applying Lemma 2.1. To
derive (5.10) in Proposition 5.3, we often utilize this boundedness for p and p.

To construct the a priori estimate, we need an important property of {. More precisely, the following
key lemma is shown.

Lemma 5.5. Suppose that the same assumptions as in Proposition 5.3 hold true. Then, {(t) = 0 in
H'(R,) forallt € [0,T).

Proof. In view of Remark 5.2, we first show that { is the weak solution of

G+aW)le =0, Lo =200, =0 =0.

In fact, multiplying third equation of (5.2) by an arbitrary function ¢ € C}([0,T) X R,), integrating
over (0, T) X R, and applying integration by parts, we have the following weak form

T
- fo (£, @1 + (@W)@))r2dT = (Lo, (0, )2
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This gives the desired fact. We then apply Lemma 2.5 with k = 1, =y, ¢p=(1=0,1t=tand
f =0 to obtain

1 t 00
GO <ol + Y [ [ lolaP + 2 rdde
1=0 Y0 O

!
< oli3, + Cf v (Ol I @I, d7,
0

and the Gronwall inequality gives

IZONZ < 1Zol17,1 exp (Cﬁ {f ||VX(T)||ide} ]
0

for t € [0, T']. Therefore, using the condition (1.12), Remark 3.4 (iii) and (5.9), we obtain ||{(?)|[z = 0
for all # € [0, T'], and this completes the proof. O

Remark 5.6. Lemma 5.5 means that the solution F is represented by F = p,F, /p, once the solution p
is constructed.

In view of Lemma 5.5, it is enough to concentrate the derivation of a priori estimate for (¢, y)(r)
only. We first show the basic estimate for (¢, ¥)(¢). The proof is based on its suitable energy form.

Lemma 5.7. Suppose that the same assumptions as in Proposition 5.3 hold true. Then the following
estimate holds:

2 + @I + f (Il (DI, + Ip(z, 0)F) dr
0 (5.15)

< C(lIgollZ, + lpollZ) + CEM()? +B*C (1 + No(r)?) fo K @IE.dr

forte[0,T].

Proof. To derive the desired estimate, we employ the energy form. We introduce the useful energy
function as follows:

v Pﬁ(n)—Pﬂ(ﬁ)dn

1
&= 0+ opp)= [ P (5.16)
b n

Then the function ®(p, p) has the following expansion.

o o a0
Dp.) = Blp) - 0F) ~ 5000 =), )= [ Lla,

where w = 1/p and w = 1/p. This expression with 4, ®(p) = —Ps(p) and 82D (p) = sz,’B(p) > 0 lead
to the fact that p®(p, p) is equivalent to |o — p|* for small |o — p|, and there exist positive constants ¢
and C, such that

co(@® +y?) < p& < Co(d” + ). (5.17)
This energy function satisfies the following energy form:
(PE); + Fr + Vs = Ry + Ry — B2, 0(p, J), (5.18)
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where

F 1= pvE + (Py(p) = PeD)W — v = By Q(p, J),
vxx ~ , ~ ~
Ri=—v=du, Ryi= —{py® + Pa(p) = Ps(p) — Py(D)$}Ps.
Integrating (5.18) over (0, 1) X R, and employing the boundary conditions (5.4) and (5.5), we get
00 ! !
f p(t, )&, x)dx — f (pvE)(z, 0)dT + v f (DI dT
0 0 0
00 ! 00
= f 00(0)E0, x)dx + f f (R (1, x) + Ry(7, x))dxdt (5.19)
0 0o Jo
! 00
-p f f Y7, )Q(p, J)(7, x)dxdx.
0o Jo
Because of v, < 0, the second term on the left-hand side of (5.19) is handled as
—(pvE)(1,0) = v,lp(T, 0)E(T, 0) > colvplip(t, 0).
For the remainder terms R; and R,, we estimate

Rl < Clogligllyl,  1Ral < CI W + ¢7).

Therefore, for the non-degenerate case Mg > 1, we apply (5.12) and obtain

fo fo (IRl + [R2Ddxdt < Céfo (II%(T)IIiz + (D7 + lp(r, O)IZ)dT < CoM(1)’. (5.20)

On the other hand, we can not employ the same argument for R, in the degenerate case Mz = Mg = 1.
To overcome difficulty, we reformulate R, as

1 1
R = _vxp'vbz - EP;;(PJVMZ - E (P;gi(ﬁ) - Pg{(ﬁ+)) \7x¢2
(5.21)
1
- (Pﬁ(-(P) - Py(p) ~ Py (p)$ EPWW) 3,

Due to ¥, > 0, the first term of the right hand side in (5.21) is negative. Furthermore, using the fact that
Py (p+) > 0is satisfied if, and only if, 0 < 8. < B., where

ﬁ* = p—+P”(2p+)’
2F2

the second term of the right hand side in (5.21) is also negative if 0 < B, < B.. Namely, R, is
estimated as
Tpy” + " + Ry <0 (5.22)

for suitably small 6 and |¢|. Therefore, using (5.22), (5.20) also holds for the case Mg = My = 1.
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For the last term in (5.19), using the fact that [|Q(p, J)ll;2 < (|J4| + I/]|z=)lI]l;2/c,, We obtain

B fo Y7, )00, J)(1, x)dx < el |2, + BCLllQp, DIz,
< ely.lly, + B C(1 + IFILIE-

Finally, substituting the above estimate into (5.19), we arrive at the desired estimate and complete the
proof. O

The next goal is to derive the estimate for the first-order derivatives of the solution. To obtain the
estimate for ¢,, we need to deal with ¢,, and ¢(z, 0) after differentiating the first equation of (5.2) in x
and applying integration by parts, formally. However, since we only treat ¢(t) € H'(R,) for0 <t < T,
¢ and ¢(¢, 0) do not always exist. Therefore, the formal argument cannot make sense in our setting. To
overcome this difficulty, we recall Definition 2.3 and Lemma 2.5 to follow the theory of weak solutions
to transport equations. This merit is that ¢,, and ¢(¢, 0) are not needed in their statements and the proof
of the estimate for ¢,. This argument is inspired in [12].

Lemma 5.8. Suppose that the same assumptions as in Proposition 5.3 hold true. Then the following
estimate holds:

lgo(D)lI7 + fo ¢ (DII7d7 < CWoll7, + lgo.dlI7) + C(Ils!f(t)lliz + ﬁ IIt//x(T)Ilisz)

. (5.23)
+ C (N(1) + 6) M(1)> + B*C (1 + No(1))* (1 + N(1)) f 1L, dr
0
forte[0,T].
Proof. We first claim that ¢ := ¢, € C([0, T]; L*(R,)) is the weak solution of
¢ +aWp, = fi,  Bl-o =P, Plimeo =0, (5.24)

where f] = —vby + (fi — p¥r). € L2(0, T; L*(R,)). To show this fact, we notice that the first equation
of (5.2) holds for almost every (t,x) € (0,7) X R, because of Remark 5.2. Let ¢ be an arbitrary
function belonging to C;([0, T) X R,). Multiplying the first equation of (5.2) by —¢, and integrating
over (0, 7) x R, we have

T 00 T 00
_ fo fo (6, + aW)b)pdxdt = — fo fo (—pts + f)prddi.

Applying integration by parts and using a(¥)¢, = (a(y¥)¢), — v, in we arrive at the weak form

T T
_ fo (G001 + (@I = (D0 90, iz + fo (i @)padr,

which yields the desired fact. Therefore, we are able to apply Lemma 2.5 with k = 0, ¢ = ¢, ¢ =
¢, 11 =0, t, =ttand f = fi to give

! 00 ! 00
g7 < llpoll7> — f f v $rdxdr -2 f f P« dxdt
0 JO 0 JO

t 00 ! 00
- 2f f O dxdt + 2f f 0, fipdxdt
0o Jo 0 Jo
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for 0 < ¢t < T. We next eliminate p¢.i/,, in the right-hand side of (5.25). Multiplying the second
equation in (5.2) by p¢, yields

p2¢x¢’t + pPé(p)(]ﬁi — VDY + p2v¢x¢’x = p¢xf2-

Then, integrating above equation over (0, ) X R, and using the formula

! 00 00 00 ! loe]
f f P’ dxdr = f P pdx — f PodoWodx + f f (2P + pyr)pd.dxdr,
0 0 0 0 0 0
we have ) t
f PP pupdx + f f pPy(p)prdxdr — v f f PP xdxdr
0 0 0 0 0

- f P2b0.od — f f PPy didr — f f QP+ pUpddrdr  (5.26)
0 0 0 0 0

f 00
+ f f po. frdxdr.
0 Jo

Here, the integral of p*¢., is calculated via mollification with respect to ¢ and integration by parts.
This calculation is standard, so we omit the detail. Then, combining (5.25) and (5.26) to eliminate

PPy, We get
v 0 T
5|I¢xlliz+ f P pubdx + f f pPy(p)¢rdxdt
0 0 0

- ;o (5.27)
v
< 5”¢0,x”iz + f Podoodx + f f R, dxdr,
0 0 Jo
where
% N
R, := V¢xaxfl +p¢xf2 - va(]si - (Vpx +,02V)¢xwx - (2le/’ + P%)P(bz
We estimate the remainder term R;. Since Q(p, J), = 2JJ./p — (J* — J>)p./p?, we have
2 1 B
100, Dillz> < C—||J||L°<>||§x||L2 + §(|J+| + =)0 22 + [16:L1122)
P p
< C(1+ [lz=)A + @l -
Thus, this estimate and
il < 1Vl + 1ol 105 fil < 1Pxall@l + [Dral o] + [Villdal + [Oxllrals
1l < [T:107lI¢l + lollwl) + Cla.ligl + Bl O, ).
give
t ! 00
f IAI.dr <2 f f 2¢? + pryP)dxdr
0 0 Jo (5.28)

< €8 [ (80 + WO + 106 0)F)
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fll(?xf1||deT<4ff (T0d” + o’ + V% + pryrdxdr

(5.29)
< Co? fo (Il (DI + (D7 + lo(z, 0)F) dr
and ) R )
f IAllj.dr < C f f (7(8” +y*) + p2¢’) dxdr + B'C f 100, N).lljdT
0 0 0 0
<Co? fo (Il (I + (D7 + lo(z, 0)F) dr (5.30)

t
+B'C(1 + No())*(1 + N(1))* f 12117, d.
0
Here, Lemmas 3.1 and 5.4, and (5.14) are also applied. Using the first equation in (5.2), we have

IRi| < Cll(18.fil + 1fa) + Clvidg? + Clloud + DIl
+ C(IPll] + DAL+ Pl + D,

and this gives

f IRildx < allg.ll7, + Colllally, + 1Al + A7)
0

e f [7uJ¢2dx+ C f Wlddx +C, f Bl
0 0 0

for all o > 0. Thus, the estimates (5.28), —(5.30) and Lemma 5.4 yield

f fw IRy|dxdt < (0 + C5)f llpll7.dr + Co‘f a2 dt + Co6° M(2)

0o Jo 0 0 . (5.31)

+ CN(OM(1)* + B*Co(1 + No(0))*(1 + N(t))zf 12117, .
0

Here, we used the fact that

fo fo W l¢2dxdr < j; Il .17 < sup 1¢:(Dll2 f (DI + g (DII7)dr.

7€[0,7]

Therefore, (5.27) with (5.31) leads to

t t
cllgsl7. + f :llj2d7 < CIgoll;, + 1Bo.cl7.) + I, + (o + C6) f I6:17.d7
0 0
! !
+Co f l7d7 + Co6*M(1)* + CNOM(1)* + B*Co(1 + No(1)*(1 + N(1)) f 1212,
0 0

where ¢, := minye, c,] pPé(p). Thus, letting o= suitably small, we arrive at the desired estimate (5.23)
and the proof is completed. O

We next focus on i, whose estimate is given in the following lemma.
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Lemma 5.9. Suppose that the same assumptions as in Proposition 5.3 hold true. Then, the following
inequality holds:

. (OII7. + f W (DI72d7 < Cliroll7, + C f (D17, + (D7) dr + C&*M(1)*
0 0

. (5.32)
+B*C(1 + No(1)*(1 + N(0))* f IZ@O,dT
0
forte[0,T].
Proof. Multiplying the second equation in (5.2) by =y, /p yields
v
Y+ _l//)zcx =R,
p
where P(0)
R, := _&fZ + W + ﬂ—¢xwxx-
p p
Then, integrating this equality over (0, #) X R, and using the formula
! 00 1 5 5
- lﬁxwxdedT = E(Hl//x”Lz - ”l//O,x”Lz)’
0o Jo
we obtain
1 2 v (" 2 1 2 e
Sl + = | Wllzdr < Slivodl, + IR>|dxd. (5.33)
2 Co Jo 2 0 Jo

Here, the integral of ., is calculated via mollification with respect to ¢ and integration by parts.
This calculation is standard, so we omit the detail. We then estimate the remainder term as |R,| <
C(|@xl + x| + | /2Dl ril, and this gives

! 00 t t
fo fo IR,|dxdr < o fo Wraal 207 + Cor fo (lpll2. + Iz, + 11211 de
! t
<o f sl + Co f (a2 + 2. )d e
0 . 0 (5.34)
#Cod® [ (10 + Wl + (. OF ) dr
0

+ B Co (1 + No()*(1 +N(t))2f 1212 d
0

for all o > 0. The estimate (5.33) with (5.34) leads to the desired estimate (5.32). This completes the
proof. O

Proof of Proposition 5.3. Combining (5.15) and (5.23), we have
I, + DI, + f (O3> + (DI, + b(, 0)*)dT
0
< C(llgoll2 + lIoll2) + C (N (D) + 6) M(2)* + B*C (1 + No(1))* (1 + N(t))zf0 @I, dr.
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Furthermore, substituting the resultant estimate and (5.32), we obtain

@I + Il + f(”(px(T)”iz + (DIl + 1p(x, 0)P)dT
0

< C(ligoll2 + loll,) + C (N(t) + 6) M(2)* + B*C (1 + No(1))> (1 + N(1)) f 1@, dr.
0

Namely this gives
N + M()* < Cligoll + ollz) + C (N(@) + 6) M(1)*

+B'C (1 + No())* (1 + N(®))? fo IO, dT

for t € [0, T]. Consequently, by using Lemma 5.5 and taking &, suitably small, we arrive at the desired

estimate (5.10). This completes the proof.

O

In order to complete the proof of Theorem 4.1, it remains to derive the estimate for F — F', which is

summarized as the following lemma.

Lemma 5.10. Suppose that the same assumptions as in Theorem 4.1 hold. Then, F satisfies

I(F = F)Olli < Clibos vl

forallt € [0,T].
Proof. Using (3.2) and Lemma 5.5, F — F is rewritten as

. F

F—-F=—-—¢.
Jol
Therefore, we easily see from Proposition 3.3, Proposition 5.3, (5.14) and (5.36) that
I(F = F)®llz2 < Clig@)ll2 < Cll( o, Yol
for all ¢ € [0, T]. We next study (F — F),. Differentiating (5.36) in x gives
s F. F F
(F - F)x = __¢ + _sz¢ - _¢x-

PP P

It then follows from Proposition 3.3, Proposition 5.3, (5.14) and (5.36) that

ICF = F)«@)llz2 < Cllg@dll < Clio, ¥l

(5.35)

(5.36)

(5.37)

(5.38)

for all t € [0, T]. Consequently, the desired estimate (5.35) immediately follows from (5.37) and (5.38).

This completes the proof.

O
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Proof of Theorem 4.1. To show the global existence result, we use a bootstrap method based on the
combination of Proposition 5.1, Proposition 5.3 and Lemma 5.10. Let & in Proposition 5.3 be &y €
(0, €], where ¢ is introduced in Proposition 5.1. We then set

1
g = %mm{l, C_o} <e.

We start from the assumptions

. Lo
1o, 0. &)l +6 < &1, inf do(x) = —3 inf H().

Since ||(¢o, Yo, lo)llmt < €9/6 < € clearly holds, we are able to apply Proposition 5.1 with 7 = 0,
My = &9/6 (< &) and (¢, ¥+, ) = (Po, Yo, {o) to show that (5.2)—(5.5) has a unique solution (¢, ¥, {) €
Z'(0,T) = Z\(T) satisfying (5.8) and (5.9) with T = T(6,&0/6), T = 0, My = &0/6 and (¢, Y1, (7)) =
(o, Yo, {o). Moreover, it follows from (5.9) and 6 < & < &,/6 that

sup [1(é, 0, OOl +6 <3 -2 + 2 < gy, (5.39)
t€[0,T] 6 6

Therefore, we can apply Proposition 5.3 to obtain

sup (¢, ¥, (Dl < Coll(o, Yo, L)l < Cogr < %

t€[0,T]

) |
> =
(t,x)E%(I)l,;]XK #(t, ) 2 2 xlel%%t; P,

which means

6.0 Oy < < o), inf ¢(T,0 2~ - % inf (),

Here, we use the fact &; < £,/(6C,). Therefore, we are able to construct a unique solution (¢!, ¢!, ') €
Z\(T,2T) of (5.2)—(5.5) satisfying (5.8) and (5.9) with 7 = T, My = &,/6 and (¢+, ¥, &7) = (6,0, O)(T)
by applying Proposition 5.1 with 7 = T = T(6,&9/6), My = &/6 and (¢, ¥, &) = (b, ¢, N(T).
Moreover, we see from (5.9) and 6 < g < g(/6 that

E E
sup [l(@', ¢, )@l +6<3- g + 2 <« (5.40)

t€[T2T] 6
Therefore, we are able to extend the solution of (5.2)—(5.5) in Z!(T) to that in Z'(2T) by defining
(B, 0, 0)(t, x) := (', ', I)(, x) for (¢, x) € [T,2T] x R,. Combining (5.39) and (5.40) to confirm

sup (¢, ¥, (Dl +6 < &o,

t€[0,2T]

we can apply Proposition 5.3 with 7 = 2T and notice the fact &; < £,/(6C) to obtain

sup ||(¢, ¥, OOl < Coll(do, Yo, Lol < Cogr < %

t€[0,2T]

1
> ——
(tx)e[o zT]><R+ (£, x) o lnf p(x)
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which yields
& : |
1@, 4, Ol < go (<€), inf ¢Q2T,x) > - inf p(x).
xeR, 2 xeR,

Therefore, it follows from Proposition 5.1 with 7 = 2T = 2T(6, &9/6) and (¢, ¥+, &) = (¢, ¥, 0)(2T)
that we are able to extend the solution (¢, ¥, ¢) of (5.2)—(5.5) in Z'(2T) to that in Z'(3T’). Consequently,
repeating the above argument we have a global-in-time solution (¢, ¥, {) of (5.2)—(5.5) in [0, o0) X R,
with the desired properties

(@, 0) € C(10, 00); H'(R,)), S[gp)ll(fﬁ, ¥, OOl < Coll(go, Yo, o)l

(5.41)

) . ..
> —— .
(t,x)E[lg,loE)XK Pt %) 2 2 xleIJlR{ P

We next prove the limit (4.2). We see from (5.41) and the definition of &, that ||(¢, ¥, O) (|| +0 < &9
holds for all # > 0. Therefore, Proposition 5.3 leads to

M(co)” := fo I + Dl + 1¢(x, 0)P)d7 < Clio, o, Lo)llz < oo, (5.42)

which implies that there exists a monotone increasing sequence {z,},_, with #,, — oo (m — o0) such
that the following limit holds:

n11i_1;130(||¢x(tm)”i2 + W (E)ll7) = 0. (5.43)

In view of Lemma 2.1, it suffices to prove ||(¢, ). (?)ll;z — 0 as t — oo. Since ¢ belongs to same
function space as Lemma 2.2 with an arbitrary 7', we have the estimate

I 0II7, < C {Iltﬁx(tm)lliz +( II%(T)Ilisz) ( f IIIﬁx(T)IIi,ldT) } (5.44)

tm

for t > t,,. It is directly seen from the second equation of (5.2) and inequalities (5.14), (5.30) and (5.42)
that y, satisfies

f (D)l dt < CM(0)* < Cli(o, Yo, o)l < oo
0

Therefore, for any i > 0, there exists m; € N such that if # > ¢,,, holds, then (5.44) leads to ||1//X(t)||%2 <
n, which yields ||, (?)||;z — 0 as t — oo. To show ||¢,(?)|[;2 — 0 as t — oo, we make use the fact that
¢, is the weak solution of the problem (5.24) for an arbitrary number 7 > 0. Applying Lemma 2.5
withk=0, ¥ =y, ¢ =y, t; =t,, £, =tand f = f; we obtain

6(D7> < llgu(tn)ll7, + f (@l lpe Dl + 20 ANl (D)ll 2 d T (5.45)

for ¢t > t,,. It follows from (3.22), (5.14), (5.28), (5.41) and (5.42) that the integrand in the right-hand
side of (5.45) satisfies

f (@l lgDll2 + 2lg1 (DNlg (Dl 2dT < CM(0)* < Cll(o, Y0, o)l < 0.
0
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Therefore, for any > 0, there exists m, € N such that if 7 > 7,,, holds, then (5.45) gives ”‘Px(t)”iz <n,
which leads to ||¢.(?)||;2 — 0 as t — oco. Consequently we have ||(¢, Y)(?)||,~ — 0 as t — oco. The limit
I(F = F)®)|l.» — 0ast — oo and property F — F € C([0, ); H'(R,)) directly follow from (5.35)
and (5.36), and hence we arrive at the desired results (o —p,v—7, F — F) € C([0, o0); H'(R,)) and (4.2).
This completes the proof of Theorem 4.1. O
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A. Proof of Proposition 5.1

In this appendix, we show Proposition 5.1 by using standard iteration method.
Without loss of geneality, we only consider the case 7 = 0. Throughout this appendix, we set

u(t, x) = (¢, 4, (1, x) and uo(x) := (¢o, Yo, {o)(x).

In order to perform iteration method, we rewrite (5.2)—(5.5) in the following form

¢+ aW)d. = g1(, ¥, ),  b(OW: + BY = go(u,uy), &+ a@W)l; =0, (A.1)
Ui=o = tto,  Uly=eo =0, Ylio =0, (A.2)
Inf (5(x) + do(x)) > 0, (A.3)

where the functions a, b and the operator By are introduced in Section 2, and g, and g, are defined by

g1(¢’ '7[” wx) = _(¢ + ﬁ)'wl’x - ¢‘~}x - 'J’pxa

g uy) := —(@ + )W + Vo — (QY + Py + V) ¥y

— (Ps(¢p +P) = Ps(D))x + B(Q( + P, { + ) = O, D)
Our purpose of this appendix is to show the local-in-time solvability of (A.1)—(A.3). We note that the
first and third equations of (A.1) are transport equations of ¢ and ¢, and the second equation of (A.1)
is a parabolic equation of ¢ . In view of this consideration, we construct the sequence of functions
{u™}>, c Z'(T) with some positive T to approximate u by the iteration argument.
We first define u® = (¢©, @, ) by the following two steps. The first step is to take @ by

solving the problem

b(po)” + BY'O = gy(ug,u0.), W lio = Yo, W V]imeo = ¥ V10 = 0. (A.4)

The second step is to determine ¢ and ¢ by solving the problem
9 +aW = g1(go, w0y, & +awi =0,

(@, Ei=0 = ($0,£0)s @, M= = (0,0)

by using uy and ¥ ©. We next set u™ = (¢™, y™, ™), for n € N, inductively by the following process.
Assuming that #"~V is obtained, we define u" as the solution of the problem

¢+ a@W" g, = g1(¢" ",y ),
b(¢" "W, + By = gou" "V, ulY), (A.6)
&+ aW" e =0

with (A.2) and (A.3). If the obtained sequence {u(")};’l‘;o has a limit u = (¢, ¥, {) in some function space,
then it will be a solution to (A.1)—(A.3). To derive this fact, we prepare the following lemma.

(A.5)
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Lemma A.1. Let ug = (¢o, Yo, (o) satisfy the assumptions as in Proposition 5.1 with T = 0 except the
smallness condition My < e. Then the following assertions hold true.

(i) The pair of three functions u® = (¢©, ¢y, 7©) solving (A.4) and (A.5) exists uniquely in Z'(T,)
with some To = Ty, My). Furthermore, u® satisfies u® € Z(l:0 MO(TO) N X31 MO(T0)3,
(¢, ¢?) € C'([0, Tol; L*(R,)), and

3. ..
¢(O>(t, x) > 7 gﬂl@f P(x).

Here, Cy = Cy(6, My) is a certain positive constant increasing in 8, My > O.

(i1) Let n € {0} UN. Then, there exists T\ = T(6, My) € (0, Ty] independent of n such that (A.6) has
a unique solution u™ = (¢™,y™, ™) in Z'(T)) satisfying u™ € ZéOMO(Tl) N X31M0(T1 )3, (@™, ™) €
C'([0,T1]; LA(R.)),

3
inf ™, x) > == inf p(x).
(t,x)E[O,Tl]xR+¢ (t, %) 4xeR+p (x)

Here Ty and Cy are same constants as in (1).
(i11) Let n,m € N. Then, there exists T, = T,(6, My) € (0,T,] independent of n and m such that the
following estimates hold:
1 2 -1
[+ — M(n)HzO(Tz) <C(My+ )™ — u” )”ZO(Tz)’ (A7)
-1 -1
||¢§n) - ¢tm)||C([O,T2];H—‘(R+)) < C(||M(n) - u(m)”ZU(Tz) + ||M(n b u™ )||ZU(T2))~ (A.3)

Here, T, is the same constant as in (i1), and C = C(T», 8, My) is a certain positive constant increasing
inT,, § and M.

Before proving Lemma A.1, we prepare the following lemmata which will play a crutial role.

Lemma A.2. Let T, M and m be positive constants, and let Yy € Hé (Ry). Then, the following facts are
obtained.

() Letu = (¢, ¥, ) be a given pair of functions satisfying

ue Xy (TY, ¢eC'(0,T];LX(R,)), (t) € Hy(R,),

. _ o (A.9)
> —
(odnf . ¢x) 2 (m—1) inf p(x)
for 0 <t < T. Then, there exists a unique solution y € Y'(T) of the problem
b@W + By = 20,1, Ylio = Yo, Ylizo = Ylieeo = 0. (A.10)

Furthermore, ¥ satisfies

W17y + C1(6, M, m) j; (@Il + Il (@II7)dT < (|3, + Co(8, M,m)T). (A1)

Here, C1(6, M, m) is a positive constant taken from (2.7) in Lemma 2.6, and C,(6, M, m) is a positive
constant increasing in 6, M and decreasing in m.
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(i) For j = 1,2, letu" = (¢> tp { )be given pairs of functions satisfying (A.9), and let y) € Y'(T)
be solutions of (A.10) withu = u(’) respectively. Then, 'V — y'? satisfies

”lr//(l) w(Z)Hyo(T) < CZ(T 6 M m) (lll/l(Z)llyl(T) + T) ”_(l) _(2)||ZO(T) (Alz)

Here, Co(T, 6, M, m) is a positive constant increasing in T, 6, M and decreasing in m.

Lemma A.3. Let T, M and M be positive constants, and let ¢, (o € H'(R,). Then, the following facts
are obtained.

() Let u = (¢,¥, ) be a given pair of functions satisfying u € ZJIW(T) N X;,(T)*. Then, there exists a
unique pair of solutions (¢, ) € X'(T)? of the two problems

¢+ aW)p. = g1 W ¥,),  Plico = do,  Plice = 0, (A.13)

and
G+aW)l =0, Lli=0=240, {li=e =0. (A.14)
Furthermore, ¢ and ¢ satisfy ¢,¢ € C'([0, T); L>(R.,)) and the following estimates

2 2
||¢”X'(T) + ||§||X1(T)

_ _ (A.15)
< BTIMMNT )12 + 2110l + C5(T, 8, M, M)NT),

o1, %) 2 inf go(x) = Cy(T> 6, M, M)NT. (A.16)
(t, x)e[O T]XR+
Here, C5(T, 9, M , M) is a positive constant increasing in T, 0, M , M.
(1) For j = 1,2, let Y = (a(j), J(j),z(j)) be given pairs of functions satisfying ) e Z11t71(T) N X,,(T),
and let (¢, D) € (XN(T))? be pairs of solutions of (A.13) and (A.14) with i = " respectively.
Then, ¢V — ¢@ and (V' — [P satisfy

||¢(1> ¢(2>”X0(T) + ||§(1) é(z)on(T) < C4(T 5 M M)T(||¢(2)||X](T) + ”{(Z)HXl(T) + 1)”_(1) (Z)HZO(T)’
(A.17)

167" = 6N o rpa-1yy < C56 MG = ¢y, + Cs(6 MUy + DI = 7210 -
(A.18)

Here, C4(T, 9, ]\7, M) and Cs(6, M) are positive constants increasing in T, 0, ]\7, M.

Proof of Lemma A.2. (i) We first note that g,(u, u,) belongs to L>(0, T; L*>(R,)) by using (A.9). Then,
applying Lemma 2.6 with ¢ = ¢, g = g,(u, ) and k = 1, the problem (A.10) has a unique solution
W € YN(T) satisfying

I, + Ci(8, M, m) fo (@2 + I (DIE.) dr
< oIy + Ca(8, M, m) fo (@I, + llga(@ 2 )(@)I}.) dr
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for0 <t < T. Here C,(6, M, m) and C,(6, M, m) are taken in (2.7). We then use the Gronwall inequality
to earn

T T
W 7y + C1(6, M, M)j; (IIl//(T)Ipr + ||l//t(7')||iz)d7' < Mt (Ill/'olli,l +f0 llga (@, )Tl d7 |-

Therefore, since g,(u, u,) satisfies

T
f g2, u)(@II}.d7 < Cy1(5, M,m)T
0

with some constant C; (6, M, m) increasing in 6, M and decreasing in m, we arrive at the desired
inequality (A.11). This completes the proof of (i).

(ii) We first see from (A.10) that ) — ' is a weak solution of
—(1) -
b@ YWV -y, + By - y?) = @70 - @@, 7 - @ - 3w,

WP =y N0 =0, @Y = yheo = @V =Y )i=es = 0.

Applying (2.7) in Lemma 2.6 with k = 0, ¢ = 5(1), v =yh—y? g = o@, 1) - g@®,u?) -

@ -9 w

, we obtain
I = )OI, + (M, m) f ™" =y @I, dr
< Cy (M, m) f 1@ = W@ + 1@, 7M) - g@?, ‘f>)>(r)||%,_l)df

+C21(6, M, Wt)f I = ) @IEd,
0

for 0 <t < T, where C;(6, M, m) is a positive constant increasing in d, M and decreasing in m. We
then use the Gronwall inequality to rewrite this inequality as

T
I = )OI, + fo I =)@ dr

< C31(6, M, m)eC0MmT f (||(($( —F WO @IE: + 1@, 7 - g2, ‘;”))(T)ni,,l)m
0

(A.19)
We next estimate the right-hand side of (A.19). The function (¢ — @)y is controlled as

f 1@ =8 W ONdr < 16" =6 Kooy, f P @Ndr < 170 = 7 o W1 -

(1)

Using (A.9) withu = 7 with J = 1,2 and integration by parts, g,(u (1)) -2 (u(z) (2)) is estimated as

f (g2, 1) = g2, U2 NIl dr < Coo (8, M, )TN = w21,

where C, (3, M, m) is a positive constant increasing in ¢, M and decreasing in m. Therefore, together
with (A.19) and the estimates for (' — 5(2))9052) and (", u") — g,(@?,u?), we earn (A.12). This
completes the proof of (ii). O
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Proof of Lemma A.3. (i) We first note that g,(¢, ¥, ¢,) belongs to L?(0, T; H'(R,)) and a(y) satisfies
the same assumptions for ¢ as in Lemma 2.5 by using the assumptions of i. We then apply
Lemma 2.5 with k = 1, = ¢ and f = g(¢,¥,¥,) to show that (A.13) has a unique solution
¢ € X'(T) with ¢ € C!([0,T]; L*(R,)). As in this argument, (A.14) has a unique solution € X'(T)
with £ € C'([0, T1; L*(R,)) by replacing ¢ and g,(¢, ¢, ) as £ and 0, respectively.

We next derive (A.15). It follows from Lemma 2.1 and (2.5) in Lemma 2.5 with k = 1, ¢ = J,
f=g1(d, ¥, ), t; = 0and t, = t that ¢ satisfies

T
I < llgollZ, + C3,1(5) fo lg1(, ¥, Y Nl IOl dt

+C3,1(5)f0(1+IIJX(T)IIHI)Ilcb(T)IIf,IdT

for 0 <t < T, where C3(6) is a positive constant increasing in 6. Applying the Gronwall inequality to
the resultant inequality and using the fact fot (D dr < \NT ullz17y < NTM yields

—_— T —_— — —
(D2, < eCr2TOMNT {llaﬁolli,l +C3,1(0) f lg1(, ¥, ¥ Il ||¢(T)IIH|dT}
0

for0 <t < T, where C3,(T, ¢, M) = C3,(0) VT + M. Similarly, £ is estimated as
IZDI, < eC2T8MNT g2
for 0 <t < T. We then add these inequalities to give
2 2
lp@ll7: + IEDIl,:
— T o
< Ca2ToMNT {||¢o||§,. + 12oll7, + C3.1(8) f 181(8, ¥, ¥ )l ||¢(r)||H1dr}
0

for 0 <t < T. To complete the derivation of (A.15), it remains to estimate the right-hand side of this
inequality. From the assumption of %, g;(#, ¥, ¥,) satisfies

fo ' lg1(8, ¥, ¥ )llndr < \/7( fo ' lIg1(. ¥, %)Hzldr)z < C35(T, 6, M, M)NT, (A.20)
where C33(7, 6, M , M) is a positive constant increasing in 7', 9, M ,M > 0. Hence (A.20) leads to
C1(8)eCr2THMNT fo ' lg1(&. . ¥ YOl llgl
< C31(8)e TN (gi2, 4 1112, ) fo ' g1 (¢, ¥, ¥ )@l d

1 _ _
S E(”Qs”?(l(]") + ”{”?{1(]‘)) + C3,4(T’ 6’ M’ M)eCSYZ(T,&M)\/TT’

which yields (A.15). Here C;4(T, 6, M , M) is a positive constant increasing in 7', 6, M , M. We finally
show (A.16) via a characteristic method. Lety = y(7; ¢, x) € R, be a unique solution of

dy _
ﬁ(r; 6% = a@E I L), 0<t<t<T,  56x) = x
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Decomposing ¢(z, x) = ¢o(¥(0; £, x)) + (¢(¢, x) — po(¥(0; ¢, x))) and using (2.6) in Lemma 2.5 and (A.20)
immediately yields

oI 900 2 Inf go(x) = 1907, ) = $oGO0: 1, Ml
2 inf ¢o(x) — C35(T 6, M, M)NT,

which leads to (A.16). This completes the proof of (1).

(ii) We first see from (A.13) that ¢V — ¢® is a weak solution of
@D =), +a@ " - ) = @ - 7P + 01670 - 517070,
@Y =0 =0, " = ¢ = 0.

Applying (2.5) in Lemma 2.5 withk = 0, = 4, ¢ = ¢V —¢@, f = @ =4 P+ 00 )—
—(2) —(2) —(2)
g1(¢ ¥ ¥, ), tp =0and 1, = T, we obtain

¢ = p2)DIE, < Caa(6) { f 1@ = 7D @M@ = 6@l 2dr
f g @ 5" 0 - 1@ 0 u D@D = ¢2)D)lldr

+ f (1+||$i’(r)||m>||<¢<“—¢<2>><r>||,%zdr}
0

for 0 <t < T, where C4(0) is a positive constant depending only on 6. We then use the Gronwall
inequality to read the resultant inequality as

_ T _ .
¢ = p2)DIE, < Cyy(8)eC+2THMT { f 1@ = D)@l @D = ¢ (@)l 2dr

(A.21)

f g @5 ) - 0137 02 TN ||<¢<1>—¢<2>>(r>||deT}

for 0 <t < T. Here C45(T, 9, M) is a positive constant increasing in 7, 6, M. We next focus on the

right-hand side of (A.21). We directly compute the term involving (J( w(z))¢(2)

_ T _ _
C41(8)eCo2TADNT fo G = T3P Ol @D — ¢2) D)l dr

T
Cao(T.MHNT —() =@ 2 1 2
< €y 1(8)eCs2TINVT f 1@ =0 )@ Ndtld@ Nl ll6” = ¢ llxory
0
Can(T.MNT - =0 2 1 2
< Cai(@e“>TOVTNTN =5 o6l lp” = 6@ lixory
1 1 2)112 7 2 — —(2
< 71 = 6P, + Cas(T, M, TGPl 7 = 7 zaery,

where Cy5(T, 8, M, M) denotes Cs5(T,0, M, M) := 2Cy,(6)e*C2T8MNT  For the term containing

1(¢(1) 7" w(l)) g1(¢(2) w(z) wf)), we use the assumptions of i@ (j = 1,2) to deduce

f g1 @ 0oy = 1@ 0 W) @llpdr < Cou(T, 6, M, MNT I = 7|00,
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where C44(T, 6, M , M) is a positive constant increasing in 7', 9, M , M. This estimate leads to
T
7 —(1) —(1) —(1) —(2) —(2) —(2)
Cy1(6)eCs2TMNT f Igi(@ ¢ U ) —g1@ ¥ NOlell@? = 6Pl edr

< Cu5(T, 6, M, M) f g @ o 0 - 0@ 0 e N @lpdrlie™ - ¢@ e
< c45<T &, M, M) NT|[@" = a1 0116 = 6@ lIxocr

||¢<” 0PN, + Cas(T. 6, M, YT 707,

where Cy5(7, 6, M , M) is a positive constant increasing in 7', 9, M , M. Therefore, combining (A.21)
and these estimates, we arrive at

16 = ¢ N3y < Cas(T, 6, M, MYT (Il iy + DI = 72107,

Here, C446(T, 6, M,M)isa positive constant increasing in 7, 6, M, M. Similarly, the following estimate
for £V — ¢ is obtained by replacing ¢ and g1(¢(J) w(” z,//(J)) as /) and 0, respectively for j = 1,2 in

the above argument:

1 2)112 v 2 —(1 —(2
12" = PNy < Cas(Ts 6, M, YTl 7 = 7210 -

Hence, combining the above two estimates leads to (A.17). We finally prove (A.18) by using the
equality

(" =97 ¢) = (" - ¢<2> (a@“’xo)x)p - (@m - J(”W o)

+ @ 0" 0 - a0 0 00

for any ¢ € Hé (R,) with [|¢||z < 1. By virtue of e X11\4(T)3’ J = 1,2 and integration by parts, each
terms in the right-hand side of this equality are controlled as

@ 0wy - 216”0 w Y, @)zl < Cs(6 M = 70,
6D = 62, @@ )izl < C5(6, MNP = 62 llxor).
(@ =T )2, )] < C5(8. MNPl i = 7@y

for 0 < t < T, where Cs(6, M) is a positive constant increasing in 6, M. Therefore, using these
estimates, we have (A.18) This completes the proof of (ii). O

Proof of Lemma A.1. (i) We first focus on the unique existence and properties of ©. Let T; > 0 be
a constant taken suitably small later. Since u, satisfies (A.9) in Lemma A.2 with t = uy, T = Ty,
M = My and m = 1/2, (A.4) has a unique solution ¥ € Y!(T, ;). Furthermore, using (A.11) with
T = Ty, the following estimate for ¢ = ¥ is obtained:

10,1

1
WO,y + €1 (0 Moo 5| [ AWO@IE: + I @I
(To.1) 2
: 0

< ¢C1(6Mo.3)To, (Mg +C, (6, M, %) To,l)-
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Therefore using the properties C;(9, My, 1/2) > C1(5,3M,, 1/4) and C,(6, My, 1/2) < C(6,3M,, 1/4),
and then letting Ty = T0,1(6, M) small such that ¢©1@3Mo-UDTo1 (M2 + C,(6,3My, 1/4)T,1) < IM3, we
have

To,1
11z, + C (6, 3Mj, }1) 0 Ul O @I, + Iy (@I7)dr < OM;, (A.22)
which yields ¢ € YL (To.1) N X3, (To.). Here M, denotes My := 3{1 + C\(6,3M,, 1/4)""}'>M,. We
next investigate the existence and properties of (¢©, 7©). Let u® = w9, x) be 4 := (¢, ¥V, &o)
and let T, be a constant Ty € (0, T,] determined later. Then in view of (é.ZZ)LﬁTO) satisfies u® e
Z}%(To) N X31M0(T0)3' We then apply Lemma A.3 (i) withu = 4, T = Ty, M = My and M = 3 M, to
show that (A.5) has a unique solution (¢, /©) € X! (Ty)? satisfying ¢©, /@ € C!([0, Ty]; L*(R,)) and

0))[2 0)(12 C3.0(T0,6,Mo) NT 2, ~
16y + I VMg, < €STOMONTUME + C3 (T, 6, Mo) To).

1 —
. 0) L ~ _
ot ¢0(x) = = inf p) = Cao(To, 6, Mo) VT,
Here, 53,0(T0, 0, M) is defined as 6350(T0’_§’ My) = C3(T), 0, A~/Io, 3M,) by using C3(T, 9, 1\7, M) defined
in Lemma A.3 (ii). We also note that C; (7, f» M,) increases inT, 8, M. ThErefore taking Ty =
To(é, M()) small such that €C3’O(TO’6’MO) VTTO(4M5 + C3,0(T0, 5, M()) \/To) < 9M§ and C3’0(T0, 5, M()) To <
(1/4)inf ez, P(x) in the above inequalities, we have

||¢(O)||§(1(TO) + ||§(O)||§(1(TO) S 9M(%9
3 (A.23)
. (0) > 2 -
(t,x)e[lor,llrfo]xR+ o0 2 4 xlernl%ﬁ p).
As a result, adding (A.22) to (A.23) imply u® € Z, ,, (To) N X MO(T0)3. Here Cy = Cy(6, M) is given
by Co := 3{3 + C1(6,3M,, 1/4)~'}1/2 increasing in 6, M. This completes the proof of Lemma A.1 (i).

(i1) We employ the induction argument with respect to n. The case n = 0 is already true. We assume
that the properties u”~" € Z(, ,, (T1) N X3, (T1)*, ¢*~V, "V € C'([0, T']; L*(R,)) and

3
inf @=D(z,x) > == inf p(x
(,x)€l0,T1]xR+ ¢ ( ) 4 xeR L p( )

hold with some n € N and T = T,(6, My) € (0, Ty] independent of n. Then using Lemma A.2 (i) and
Lemma A.3 (i), u™ = (¢™, y™, £™) is uniquely determined by solving (A.6) and satisfies u™ € Z!(T;)
and ¢ (™ ¢ C'([0, T;]; L>(R,)). In addition, it follows (A.11) and (A.15) with u = ™, u = u® ",
T =T,, M = CoyMy, M = 3M, and m = 1/4 that

1\ rm n
" s,y + € (5, 3Mo, Z) (@i + 1" @F)dr
0

< C1(63Mo, )T (Mg +C, (5, 3M,, i) Tl),

2 2 C3(T1,6,Mo) NT 2, ~ [
||¢(n)||xl(T|) + ”g(n)llxl(]"]) <e 3 O)ﬁ(4M0 + C3(6» Tl’ MO) Tl)a
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1 _
. ) L - _
ot 0762 2 =3 inf p) = C3(T1, 6, Mo) VT
Here, C5(T, 6, My) is defined as C5(T}, 6, My) := Cx(Ty, 5, CoMy, 3My) by using Cx(T, 5, M, M) defined
in Lemma A.3 (i). Therefore, taking T = T(6, M) suitably small without the dependence of n, u'™
also belongs to Z/, \, (T1) N X3,, (T1)*, and satisfies

3
inf @, x) > == inf p(x).
(t,x)e[O,Tl]x]R+¢ t, x) 4 xER+p (%)

As a result, the statement for n becomes true. This completes the proof of Lemma A.1 (ii).

(iii) We first estimate ™" — y®_ Replacing (¢, y@) and @, u®) as (y™*V, ™) and ™, uD)
in Lemma A.2 (ii) respectively, (A.12) is read as

i =~ 2 -1
™ = ¢ llyor,) < Co(T, 6, Mo)(||l//(n)||yl(T) + To)llu™ = u” V00,

Here, we set Co(T», 6, My) := Ca(T>, 5,3Mp, 1/4). Then, using u™ € Z¢ o, (T2) for all n € N U {0} to
earn [[y/"™|ly1 7y < CoMy, we have

1 2 -1
[y — W(H)HYO(TZ) < Co(Ts, 6, M) (MG + To)||u™ — u™ )||20(T2),

where Cg(T, 8, M) is a positive constant increasing in 75,5, My. We next focus on ¢"*! — ¢ and
£0+) _ 70 Changing (0, ¢@), (¢, £@) and @D, 7®) as (¢, ¢™), (D, ¢™) and (™, D) in
(A.17) in Lemma A.3 (ii), we have

1 2 1 2
||¢(n+ ) - ¢(n)||XO(T2) + ”g(i’l‘*' ) - g(n)llxo(Tz)

~ -2
< Ca(T2, 6, MO)To (I8 lxiry + 1Z "Ml ry + Dlle™ = u® V10 .

Here, we put C4(T2, 6, Mo) := Ca(T», 5, CoMy, 3M,). Then noticing from (ii) of this lemma that u™ €
X33,,(T2)’ holds for all n € N, this inequality is rewritten as

1 2 1 2 -1
||¢(”+ ) - ¢(n)||X0(T2) + ||§(n+ ) - é/(n)llx()(Tz) < C7(T2’ 5’ MO)TZHM(n) - M(n )”ZO(TZ)’

where C7(T>, 5, M) is a positive constant increasing in 75, 6, My. Consequently, combining the above
estimates we arrive at (A.7). Similarly (A.8) is obtained by replacing (¢'", ¢®), (@, u®) and M as
(@™, ™), "V, u™V) and 3M,, respectively in (A.17) in Lemma A.3 (ii) to derive

2
g™ — ™|

ciorapi-imy < Cs(6,3MOI™ = ¢™ |30, + Cs(8, 3Mo)(lI™ Iy + DIlu™ — u™ |

XO(T2) Z0(T,)

for any n,m € N, and then applying the fact u™ € X}, (T,) for any m € N. This completes the proof
of Lemma A.1 (iii). ad

Proof of Proposition 5.1. Let € and T, be the constants stated in Proposition 5.1 and Lemma A.1 (iii).
For simplicity, we rewrite 7, as T, and leteand T be &, T € (0, 1).
We first see from (A.7) in Lemma A.1 (iii) that if u, satisfies [luollz;n < My < &, then {u™}> is

a Cauchy sequence in Z(T), provided that £ and T = T(5, M) are chosen as C(1,6,1)(e? + T) <
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(DN

1, respectively. Furthermore, owing to this fact and (A.8), {¢; "}, becomes a Cauchy sequence in
C([0,T1; H"'(R,)). Therefore {u™}  has a limit u = (¢, ¥, {) such that

u™ — uin 22(T), ¢ — ¢,in C([0,T]; H'(R,)). (A.24)
Moreover, Lemma A.1 (ii) and (A.24) lead to
gi(¢" V"V ) = 818, g yn) n = 0 in LX(O, T; L*(R,)),
82"V, u™") = ga(u,uy) in L0, T; H' (Ry)),

and it follows from Lemma A.1 (ii) that there exists a subsequence {u™}*  C {u™} , satisfying
u™ =y weakly- = in L¥(0, T; H'(R,)), (A.25)
Y™ —  weakly in L*(0, T; H*(R,)) N H'(0, T; L*(R,)). (A.26)
We are now going to claim that u is a solution of (A.1)in (0, T)xR, with u € Z'(T). We first investigate

¢ and /. Since the first equation of (A.6) is satisfied in C[0, T']; L*(R,)) for n € N, the following weak
form holds for any ¢ € C,([0,7T) X R,):

T T
- f (@™, ¢, + (@ V)p))2dt = (¢o, p(0))12 + f (1" D, "V D), @) adt.
0 0

Therefore, it is not difficult to see from taking the limit n — oo in this equality and using Lemma A.1
(i1) and (A.24) that ¢ satisfies

T T
- j(; (9, @1 + (a(W)@))2dt = (do, ¢(0)) 2 + fo (81(D ¥, ), ) 2dt. (A.27)

This means that ¢ is a weak solution of (2.1) with y =  and f = g/(¢,¥,,) in Definition 2.3.
Similarly, since £ solves the third equation of (A.6) for n € N in C[0, T]; L*(R.)), { satisfies

T
- fo (£, @1 + (aW)@))2dt = (Lo, ¢(0))2. (A.28)

This implies that £ is a weak solution of (2.1) with ¢/ =  and f = 0 in Definition 2.3.

We next check g(¢, ¢, ) € L*0,T;H'(R,)) and ¢ € Y'(T), which imply ¢, € X!(T) and
¢, € C([0,T]; L*(R,)) by applying the regularity properties of weak solutions in Lemma 2.5. From
(A.24)-(A.26), g1(p, ¥, r,) € L*(0,T; H'(R,)) holds true. Moreover v € Y!(T) is also satisfied by
(A.24), (A.26) and C([0, TT; LA(R,)) N L2(0, T; HX(R,)) c C([0, T1; Hy(R.)). Therefore ¢, € X'(T)
and ¢, € CY[0,T];L*(R,)) hold ture, and the properties ¢,/ € Xi u,(T) and
inf; yepo.rxr, ¢(t, x) > —(3/4) inf g, p(x) follow from Lemma A.1 (ii), (A.24) and (A.25). As a result,
restricting ¢ € Cé((O, T) X R;) in (A.27) and (A.28), and then applying integration by parts, we see
that u = (¢, y, £) satisfies the first and third equations of (A.1) in C([0, T]; L*(R,)).

We next study . Since ™ is the solution of the second equation of (A.6) for n € N, the following
weak form holds for all ¢ € H)(R,) and i € Cy([0, T)):

T T T
- [ pnar- [ (0w o) nar+ [ (B0 o
0 0 0
T
= (0. M0 O + [ (sl )
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Therefore taking the limit n — oo in this equality and using Lemma A.1 (i) and (A.24), we obtain

T T T
_ f (bW, @) H di f (. ) hdi + f (BY. ¢y hdi
0 0 0 (A.29)

T
= (b((0, )0, ©)12h(0) + fo (&2(u, ux), @) hdt.

This shows that ¢ is a weak solution of (2.3) with ¢ = ¢ and g = g»(u,u,) in Definition 2.4. The
properties ¢ € Y( . (T) N X3, (T) and gx(u,u,) € L*(0,T;L*(R,)) are confirmed by Lemma A.1
(i1),(A.25) and (A.26). From the above discussion, the assumptions for ¢ = ¢ in Lemma 2.6 with
M = 3M, and m = 1/4 are also justified. Therefore, we gurantee these properties and then obtain
the second equation of (A.1) in L*(0,T; L*(R.)) by restricting h € C}(0,T) in (A.29) and applying
integration by parts.

Consequently, we prove the local-in-time existence of the solution to (5.2) with (5.4)—(5.6)
satisfying u € X; MO(T), (5.8) and (5.9) with 7 = 0. The uniqueness of the solution is confirmed in a
similar manner to the proof of Lemma A.1 (iii). This completes the proof of Proposition 5.1. O
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