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Abstract
In persistent homology analysis, interval modules play a central role in describing the
birth and death of topological features across a filtration. In this work, we extend this
setting, and propose the use of bipath persistent homology, which can be used to study
the persistenceof topological features across a pair of filtrations connected at their ends,
to compare the two filtrations. In this setting, interval-decomposability is guaranteed,
and we provide an algorithm for computing persistence diagrams for bipath persistent
homology and discuss the interpretation of bipath persistence diagrams.

Keywords Persistence modules · Bipath persistence · Interval modules ·
Computational topology · Algorithms

Mathematics Subject Classification 55N31 · 68W30 · 16G20 · 16Z05

1 Introduction

Persistent homology [20, 25] has been successfully applied in diverse domains, such
as material science [30], evolutionary biology [15], and others [1, 40, 41]. Let us
recall how persistent homology arises in a typical way. For point cloud data, one can
construct a filtration of simplicial complexes

S : S1 ⊆ S2 ⊆ · · · ⊆ Sn

for example by using the Čech complex, the Vietoris–Rips complex, or the alpha
complex construction. More generally, one can consider a filtration of topological
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spaces. Applying the qth degree homology functor Hq(−; k) (with coefficient field k)
to the filtration S, we obtain a persistence module

Hq(S; k) : Hq(S1; k) → Hq(S2; k) → · · · → Hq(Sn; k)

where each linear map Hq(Sa; k) → Hq(Sb; k) is induced by the inclusion map
Sa ↪−→ Sb. A structure theorem (Gabriel’s theorem [27], etc.) guarantees that the
persistence module Hq(S; k) decomposes into interval modules. Going back to the
filtration, these intervals [b, d) are then interpreted as describing some topological
feature’s persistence (born at b, dies at d). Thus, the interval modules (and interval-
decomposition) play a central role in describing the birth and death of topological
features (e.g. connected components, rings, cavities, etc) of data, and is visualized as
a persistence diagram.

In order to accommodate different diagrams of spaces arising from data, the above
standard setting has been naturally generalized in various ways, for example, zigzag
persistence [16] or multiparameter persistence [21]. It is a fact that zigzag persistence
modules are also guaranteed to admit interval-decomposability, while multiparameter
persistence modules are not in general. For their motivation and applications, see [18,
32, 35, 42] and [11, 21], respectively, for example.

In this work, we propose a new method for studying the persistence of topological
features across a family of spaces along a bipath, or a pair of filtrations connected at
their ends, as below:

S :
S1 S2 · · · Sn

S0̂ S1̂

S1′ S2′ · · · Sm′

.

We call such a diagram of spaces a bipath filtration. From its definition, a bipath
filtration can be thought of as two filtrations sharing the same starting space S0̂ and
ending space S1̂ but going through possibly different processes in the middle.

This leads us to consider persistence modules over bipath posets, or bipath persis-
tence modules for short. We provide three motivations to consider bipath persistence
modules.

First, and from a theoretical point of view, the bipath persistence modules are a
special class of persistence modules that arises naturally when considering interval-
decomposability. This follows from the fact (see for example [4, Theorem 1.3]) that
a bipath persistence module is guaranteed to be interval-decomposable, and thus we
can easily define its persistence diagram.

In fact, the result of [4, Theorem 1.3], states that for a finite connected poset P ,
every P-persistence module is interval decomposable is equivalent to P being either
an A-type poset or a bipath poset. Noting that persistence modules over an A-type
poset are exactly the zigzag persistence modules, the result [4, Theorem 1.3] says that
apart from zigzag persistence (including classical persistence), the only other setting
for finite posets for which interval-decomposability is guaranteed is our setting of
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bipaths. Thus, our second reason for considering bipaths is that it fills a gap in the
literature in exploiting interval-decomposability.

Finally, and perhaps most importantly, bipath persistence modules can be used to
study the persistence of topological features across a pair of filtrations connected at
their ends, to compare the twofiltrations.This setting canbe compared to the settingof a
filtration over a commutative ladder [24], which connects two filtrations at every point.
However, persistence modules over commutative ladders can be very complicated for
sufficiently long ladders [24, Theorem 4], in contrast to the bipath persistencemodules
which are always interval-decomposable. Furthermore, bipath persistencemodules are
naturally obtained by restriction of multiparameter persistence modules (see Example
2.9), and thus can be thought of as a simpler version of multiparameter persistence.

In this paper, we propose methods for decomposing bipath persistence modules. In
Sect. 3, we provide a straightforward way for computing a decomposition by changing
the bases of vector spaces consisting bipath persistence modules. In Sect. 4, we pro-
vide our main algorithm, which uses the idea of so-called matrix problems methods
(see for example [28, Chapter 1], [3]) to compute a decomposition. We use column
and row operations as in elementary linear algebra, but only certain operations are
deemed permissible as determined by the structure of homomorphisms between inter-
vals. Using these permissible operations, we find a normal form corresponding to
an interval decomposition of the input bipath persistence module. Assuming that the
bipath persistence module is already in a specific form, or can be easily transformed to
a such a form, say for example starting from a bipath filtration of simplicial complexes,
the algorithm in Sect. 4 is more efficient (see the last part of Sect. 4.4). Nevertheless,
we provide the method in Sect. 3 because of its simplicity and the fact that it highlights
a connection with zigzag persistence.

In addition, thanks to interval-decomposabilitywe are able to define persistence dia-
grams for bipath persistence modules, which we call bipath persistence diagram. We
remark that our bipath persistence diagram naturally includes the standard persistence
diagram. We define it in Definition 2.7 and provide examples in Sect. 5.

1.1 Related work

In [8], persistence of circle valued maps, which can be understood as quiver represen-
tations over a bipartite quiver of type Ã, is studied. In the paper, algorithms for the
decomposition of those representations are proposed. We remark that bipath persis-
tence modules and quiver representations over Ã have different algebraic structures,
and therefore, their algorithm is not applicable as-is to our bipath persistence modules.

On the other hand, all indecomposable modules over bipath posets are classified up
to isomorphisms by using string combinatorics and it is shown that they are exactly
interval modules by [4] (see [26] for basic knowledge of string algebras). In contrast
to our method (and purpose) of this paper, such a classification result does not imply
giving algorithms of decomposition into indecomposable modules.
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2 Preliminaries

In this section, we recall the notion of persistence modules. In particular, we study per-
sistence modules over A-type posets and bipath posets which naturally arise from the
point of view of interval-decomposability (Theorem 2.4), and discuss their persistence
diagrams.

2.1 Persistencemodules

We recall basic definitions of persistence modules [7, 12, 17]. Let k be a field. Let P
be a (not necessarily finite) poset equipped with a partial order ≤. We regard a given
poset P as a category in such a way that its objects are elements of P and there exists a
unique morphism from a to b whenever a ≤ b. For a poset P , we denote the category
of (covariant) functors from P to the category vectk of finite dimensional k-vector
spaces by repk(P), which is abelian. Each object of repk(P) is called a P-persistence
module. More explicitly, objects and morphisms of this category are given as follows.
A P-persistence module V is a correspondence such that

• it associates each element a ∈ P to a finite dimensional k-vector space V (a), and
• it associates each relation a ≤ b in P to a k-linear map V (a ≤ b) : V (a) → V (b)
such that V (a ≤ a) = 1V (a) and V (b ≤ c) ◦ V (a ≤ b) = V (a ≤ c).

For two P-persistence modules V and W , a morphism f : V → W is a family
of k-linear maps fa : V (a) → W (a) indexed by a ∈ P and satisfying fb ◦ V (a ≤
b) = W (a ≤ b) ◦ fa for every relation a ≤ b in P , that is, the following diagram is
commutative.

V (a)
V (a≤b)

fa

V (b)

fb

W (a)
W (a≤b)

�

W (b)

A morphism f is called an isomorphism if all the fa’s are isomorphisms of k-vector
spaces. If there is an isomorphism f : V → W , we write V ∼= W .

A direct sum V ⊕ W of two P-persistence modules V and W is provided by

(V ⊕ W )(a) := V (a) ⊕ W (a) and (V ⊕ W )(a ≤ b) :=
[
V (a ≤ b) 0

0 W (a ≤ b)

]
.

We say that V is decomposable if it is isomorphic to a direct sum of non-zero
objects, and indecomposable otherwise. TheKrull–Schmidt theorem asserts that every
P-persistence module decomposes into indecomposable objects uniquely, up to iso-
morphism and order of summands.

In the rest of this subsection, let P be a finite poset. We denote by Hasse(P) the
Hasse quiver of P , that is, a quiver whose set of vertices is P , and having an arrow
a → b for a, b ∈ P if and only if a < b and there is no z ∈ P such that a < z < b. We
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remark that any finite poset is determined by its Hasse quiver. We also remark that it
suffices to specify the vector spaces V (a) for all a ∈ P and the linear maps V (a ≤ b)
for arrows a → b in Hasse(P) to uniquely specify a P-persistence module V .

Now, we define intervals and interval modules over finite posets.

Definition 2.1 Let I ⊆ P be a subset. We say that I is

• convex if, for any a, b ∈ I and z ∈ P , a < z < b implies z ∈ I .
• connected if, for any a, b ∈ I , there exists a sequence a = z0, z1, . . . , zl = b of
elements of I such that zi−1 and zi are comparable for every i ∈ {1, . . . , l}.

• interval if it is convex and connected in P .

We denote by I(P) the set of intervals of P .

Definition 2.2 For an interval I ∈ I(P), let kI be a P-persistence module defined as
follows.

kI (a) =
{
k if a ∈ I ,

0 otherwise,
kI (a ≤ b) =

{
1k if a, b ∈ I ,

0 otherwise.
(2.1)

A P-persistence module M is said to be interval if M ∼= kI for some interval
I ∈ I(P), and interval-decomposable if it is isomorphic to a direct sum of finite
copies of some interval modules. Clearly, all interval modules are indecomposable.

In [4], they classified finite posets whose persistence modules are always interval-
decomposable. This is done by using A-type posets and bipath posets defined as
follows.

Definition 2.3 (1) For an integer n > 0, let An(a) be a poset whose Hasse quiver is
of the form

An(a) : 1 ←→ 2 ←→ · · · · · · ←→ n, (2.2)

where ↔ is either → or ← as assigned by the orientation a. We call them A-type
posets. The equioriented A-type poset An(e) is provided by an orientation

An(e) : 1 −→ 2 −→ · · · · · · −→ n. (2.3)

(2) For two integers n,m > 0, let Bn,m be a poset given by adding two distinguished
points 0̂ and 1̂ to a disjoint union of An(e) and Am(e) so that 0̂ (resp., 1̂) is a global
minimum (resp., maximum). By definition, the Hasse quiver of Bn,m is given by

Bn,m :
1 2 · · · n

0̂ 1̂

1′ 2′ · · · m′
(2.4)

where we label elements of An(e) (resp., Am(e)) by 1, . . . , n (resp., 1′, . . . ,m′).
We call Bn,m a bipath poset.
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Theorem 2.4 [4, Theorem1.3]For a finite connected poset P, the following conditions
are equivalent.

(a) Every P-persistence module is interval-decomposable.
(b) P is either an A-type poset or a bipath poset.

2.2 Persistence diagrams

In this section, we discuss the persistence diagrams which give a practical tool for
persistent homology.

2.2.1 Zigzag persistence modules

Firstly, we study an A-type poset P := An(a), where a is an arbitrary orientation.
P-persistence modules are known as zigzag persistence modules. From its definition,
intervals of P are exactly the subsets of the form [b, d] := {b, b+ 1, . . . , d} for some
1 ≤ b ≤ d ≤ n. Namely,

I(P) = {[b, d] | 1 ≤ b ≤ d ≤ n}. (2.5)

For 1 ≤ b ≤ d ≤ n, the interval [b, d] and the corresponding interval module k[b,d]
can be described in the following picture, where ↔ is either → or ← as assigned by
the orientation a.

· · · · · ·b d[b, d]:
k[b, d]: k 0k0 k k· · · · · ·· · · 1k 1k1k 1k

As we mentioned before, every P-persistence module V is interval-decomposable.
Thus, there exists an isomorphism

V ∼=
⊕
I∈I(P)

km(I )
I (2.6)

in repk(P), where m(I ) denotes the multiplicity of the interval module kI as its sum-
mands. Notice that such a decomposition is unique up to isomorphism and order of
summands. In this case, we define the persistence diagram of V by a multiset

{I ∈ I(P) with multiplicity m(I )}.

When P is equioriented, we call it the standard persistence diagram.
Using the description (2.5), this admits a realization in the plane R2 by (see [16,

37, 38] for example)

{(b, d) ∈ R
2 for I = [b, d] with multiplicity m(I )}.
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Table 1 All intervals of B

The left most one is B itself. For each X ∈ {L,R,U ,D}, we describe intervals J = 〈s, t〉 ∈ X (B) by
thick lines. The corresponding interval modules are given by putting the 1-dimensional vector spaces k on
J , the identity maps 1k between them, and 0 elsewhere

2.2.2 Bipath persistence modules

Next, we study persistence modules over bipath posets (or bipath persistence modules
for short). Let B := Bn,m be a bipath poset as in Definition 2.3(2) for fixed n,m > 0.
In terms of its Hasse quiver, we recall that V ∈ repk(B) is determined by a diagram
of vector spaces and linear maps

V (1) V (2) · · · V (n)

V (0̂) V (1̂)

V (1′) V (2′) · · · V (m′)

V (1≤2) V (2≤3) V (n−1≤n)

V (n≤1̂)V (0̂≤1)

V (0̂≤1′)
V (1′≤2′) V (2′≤3′) V (m−1′≤m′)

V (m′≤1̂)

where they need to satisfy the commutative relation

V (n ≤ 1̂) · · · V (1 ≤ 2)V (0̂ ≤ 1) = V (m′ ≤ 1̂) · · · V (1′ ≤ 2′)V (0̂ ≤ 1′). (2.7)

To define its persistence diagram, we begin with enumerating all intervals over B.
Now, let U and D be the upper path and the lower path of B respectively.

U : 0̂ → 1 → 2 → · · · → n → 1̂ and D : 0̂ → 1′ → 2′ → · · · → m′ → 1̂.

(2.8)

Definition 2.5 With the above notation, we define the following sets of intervals of B.

• The set L(B) consists of [0̂, t] ∪ [0̂, s] for some t ∈ U and s ∈ D with s, t �= 1̂.
• The set R(B) consists of [s, 1̂] ∪ [t, 1̂] for some s ∈ U and t ∈ D with s, t �= 0̂.
• The set U(B) consists of [s, t] for some s, t ∈ U with s, t /∈ {0̂, 1̂}.
• The set D(B) consists of [t, s] for some s, t ∈ D with s, t /∈ {0̂, 1̂}.

Here, the symbol [a, b] means the interval considered in the A-type poset U or D.
If an interval J of B is given by one of the above form using s and t , then we write
J = 〈s, t〉.

Our notation 〈s, t〉 for intervals can be understood as the walk from s to t in a
clockwise direction in the Hasse quiver of B. See Table 1. For instance, the interval
[t, s] of the lower path D corresponds to the interval 〈s, t〉 of B. We explain our
reasoning for this in Remark 2.8, after introducing the persistence diagram.

Under the above notation, we have the following result.
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Proposition 2.6 Let B := Bn,m be a bipath poset.

(1) We have I(B) = {B} � L(B) � R(B) � U(B) � D(B).
(2) For any V ∈ repk(B), we have a decomposition V = VB ⊕VL ⊕VR ⊕VU ⊕VD,

where

VB ∼= km(B)
B and VX ∼=

⊕
J∈X (B)

km(J )
J for X ∈ {L,R,U ,D}.

Proof It is immediate from [4, Proposition 5.5 and Corollary 5.7]. ��
Thanks to interval-decomposability, we can define a persistence diagram for every

bipath persistence module as follows.

Definition 2.7 Suppose that a bipath persistencemodule V is decomposed as in Propo-
sition 2.6(2). The persistence diagram of V is defined to be a multiset

D(V ) :={J ∈ I(B) with multiplicity m(J )}
=D(VB) � D(VL) � D(VR) � D(VU ) � D(VD).

It is natural to ask a visualization of persistence diagrams of bipath persistence
modules similar to the case of A-type posets. To do this, we adopt the following
convention for it in this paper.
Visualization of persistence diagrams. We describe the persistence diagram D(V )

of a given bipath persistence module V using Fig. 1. Namely, we use the diagram
provided by the following procedure:

• Plot points at the upper left corner of Fig. 1 with multiplicity m(B), to correspond
to the intervals B.

• Plot points (s, t) with multiplicity m(〈s, t〉) to correspond to the intervals 〈s, t〉.
We will denote it by p(D(V )). By definition, it can be divided into 5 components as

p(D(V )) = p(D(VB)) � p(D(VL)) � p(D(VR)) � p(D(VU )) � p(D(VD)),

(2.9)

where the corresponding regions are explained and visualized in Fig. 1.

Remark 2.8 We provide the following observations on interpreting bipath persistence
diagrams, together with some reasoning explaining why we laid out our visualization
as we have.

1. In each region, points to the left and/or above correspond to intervals with longer
lengths.Assumingwefix the ordering for the points of the upper path as 1, 2, . . . , n,
this forces us to order the points of the lower path asm′, . . . , 2′, 1′ for this to hold.
Once this ordering is fixed, this forces us to denote the intervals [t, s] of the lower
path by 〈s, t〉 as we have, to have this hold for region D.
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Fig. 1 A diagram for a visualization of persistence diagrams. The interval B corresponds to region B (i.e.,
the point) in the upper left corner, and each interval 〈s, t〉 ∈ X (B) corresponds to a point (s, t) in regionX
for X ∈ {L,R,U ,D}. The points in the other regions (in white) do not correspond to any intervals. Each
point has to be considered with the multiplicity when we visualize a given persistence diagram. We note
that region U can be thought as a standard persistence diagram. On the other hand, the interval denoted
〈s, t〉 associated to the point (s, t) in region D corresponds to a birth t and death s in the lower path. This
notation for D is opposite to the one for the standard persistence diagrams, and we explain our reasoning
in Remark 2.8(1)

2. Across regions, the following regions can be thought of as “connected” (taken to
mean the existence of pairs of intervals with lengths differing by just 1). First,
U and R (and R and D) are connected across their shared boundaries in Fig. 1.
Furthermore, the left boundary of U and the right boundary of L are connected,
and lower boundary of L and the upper boundary of D are connected. Finally, the
interval B is connected to the upper left corner of R, and also to the upper left
corner of L.
That is, removing the interval B, the bipath persistence diagram naturally lives on
a torus, with the valid regions forming a cycle · · · − U − R − D − L − · · · . For
example, starting from an interval in U , we can progressively lengthen it to the
right until it reaches 1̂ and extends to the lower path. We can then start shortening
it from the left until it is in D. Then, lengthening it again, we can make it reach
0̂ and beyond, giving an interval in L. Shortening it again gives an interval in U ;
and so on.

In Sect. 5, we will compute the persistence diagram together with its realization for
a small example.

2.3 Bipath filtrations

For a poset P , we say that a P-filtration is a functor S : P → Top such that
S(a ≤ b) : S(a) ↪→ S(b) is an inclusion map for every a ≤ b in P , where
Top is the category of topological spaces. Applying the qth homology functor to
S (with coefficient field k), we obtain a P-persistence module Hq(S; k) if it is
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pointwise finite (i.e., Hq(S; k)(a) is finite dimensional for all a ∈ P). That is,
Hq(S; k)(a) := Hq(S(a); k) is the qth homology group of the space S(a), and each
linearmap Hq(S; k)(a ≤ b) : Hq(S(a); k) → Hq(S(b); k) is induced by the inclusion
map S(a) ↪→ S(b).

Among others, a Bn,m-filtration (a bipath filtration) can be illustrated as follows:

S :
S1 S2 · · · Sn

S0̂ S1̂

S1′ S2′ · · · Sm′

.

If Hq(S; k) is pointwise finite, then we obtain Dq(S) := D(Hq(S; k)) and call it
the qth bipath persistence diagram of S (with coefficient field k). Notice that it admits
a realization p(Dq(S)) in the plane as in Sect. 2.2.2.

Now, we explain how bipath persistence modules (and hence bipath persistence
diagrams) arise from P-filtrations, including multiparameter filtrations (the case P =
R
d ).

Example 2.9 Let P be a poset and B := Bn,m a bipath poset for some n,m > 0.
Regarding as a functor, an order embedding f : B ↪→ P naturally induces a functor
f ∗ : repk(P) → repk(B) called the restriction functor, where f ∗(V ) ∈ repk(B) is
defined by

f ∗(V )(a) := V ( f (a)) and f ∗(V )(a ≤ b) := V ( f (a) ≤ f (b))

for any P-persistence module V .
Let S : P → Top be a P-filtration. On one hand, applying the qth degree homology

functor, one obtains a P-persistence module Hq(S; k) whenever it is pointwise finite.
Then, it gives a bipath persistence module f ∗(Hq(S; k)) via the restriction functor.
On the other hand, we have a bipath filtration S ◦ f : B → Top as a composition.
Then, it induces a bipath persistence module Hq(S ◦ f ; k) by taking homology. Since
both constructions are functorial, we have an isomorphism

f ∗(Hq(S; k)) ∼= Hq(S ◦ f ; k)

in repk(B). Finally, we obtain its persistence diagram via the interval-decomposition.
The above construction yields large family of qth bipath persistence diagrams

starting from a given P-filtration S by changing order embeddings. For more on
invariants defined using order embeddings, see [2].

3 Decomposition of bipath persistencemodules

In this section, we study the structure of bipath persistence modules. As a result, we
give a conceptually simple method for the decomposition. In particular, we will give
a construction of submodules which provide an internal direct sum for it. Note that in
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Sect. 4 we give a potentially more efficient algorithm for computing decompositions
using ideas from matrix problems.

Throughout this section, let V be a bipath persistence module over B := Bn,m . We
recall fromProposition 2.6(2) that V is decomposed as V = VB⊕VL⊕VR⊕VU⊕VD.
Thus, we describe each summand in order to obtain the (interval-)decomposition.

Our strategy is the following.

• In Sect. 3.1, we will construct submodules Y ,W ⊆ V and prove that they provide
an internal direct sum V = Y ⊕ W such that Y = VB . Furthermore, we compute
the multiplicity m(B) of kB by m(B) = rankV (0̂ ≤ 1̂).

• In Sect. 3.2, we decompose the complement W obtained in the previous step. In
fact, we will construct submodules W ′,W ′′, Z ⊆ W and prove that they satisfy
W = W ′ ⊕ W ′′ ⊕ Z , W ′ = WL = VL, and W ′′ = WR = VR. The constructions
of W ′ and W ′′ are the dual to each other.

• The remaining part Z satisfies Z(0̂) = Z(1̂) = 0. Then, we find that the restriction
Z ′ and Z ′′ of Z to the upper path U and the lower path D in (2.8) coincides with
ZU = VU and ZD = VD respectively.

Consequently, we obtain a decomposition

V = VB ⊕ VL ⊕ VR ⊕ VU ⊕ VD = Y ⊕ W ′ ⊕ W ′′ ⊕ Z ′ ⊕ Z ′′. (3.1)

It is worth mentioning that each summand W ′, W ′′, Z ′, Z ′′ can be regarded as zigzag
persistence modules. Hence, one can use methods for zigzag persistence modules in
order to decompose them.

3.1 A construction of VB and its complement

For a bipath persistence module V , we will construct submodules Y and W with the
desired property that V = Y ⊕ W and Y = VB .

If we have V (0̂ ≤ 1̂) = 0, then let Y := 0 and W := V . Otherwise, we define Y
and W in the following way. By our assumption, we have a non-zero linear map

V (0̂ ≤ 1̂) : V (0̂) → V (1̂).

We regard its image N := ImV (0̂ ≤ 1̂) as a subspace of V (0̂) via the retraction
ι : N → V (0̂) such that V (0̂ ≤ 1̂)◦ ι = 1N . Then, let Y be a submodule of V provided
by Y (a) := V (0̂ ≤ a)(N ) for all a ∈ B. Moreover, we take a complement Y (a) of
Y (a) in V (a) as k-vector spaces for every a ∈ B. Then, let W be a B-persistence
module defined by W (a) := Y (a) and W (a ≤ b) := πb ◦ V (a ≤ b) ◦ ιa , where
ιa : W (a) → V (a) and πa : V (a) → W (a) are canonical inclusions and projections
respectively. By definition, for every arrow a → b in Hasse(B), we have the following
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commutative diagram of vector spaces and linear maps

V (a)
V (a≤b)

V (b)

Y (a) ⊕ W (a)

[
Y (a≤b) ga,b

0 W (a≤b)

]�

Y (b) ⊕ W (b).

(3.2)

Thus, we obtain an exact sequence

0 → Y → V → W → 0 (3.3)

in repk(B).
Our claim is the following.

Proposition 3.1 We have an automorphism ρ : V ∼−→ V such that ρ(Y ) = Y and
V = Y ⊕ ρ(W ) in repk(B). In particular, the exact sequence (3.3) splits. Moreover,

we have Y ∼= krankV (0̂≤1̂)
B and W (0̂ ≤ 1̂) = 0.

Therefore, we may take Y = VB in the decomposition of V . The automorphism
ρ in the statement can be obtained by using the following elementary result in linear
algebra.

Lemma 3.2 (see [5, Section 3.5] for example) Suppose that

U1 ⊕U2

[
S M
0 T

]

−−−−−→ U ′
1 ⊕U ′

2

[
S′ M ′
0 T ′

]

−−−−−−→ U ′′
1 ⊕U ′′

2 (3.4)

or

U1 ⊕U2

[
S′′ M ′′
0 T ′′

]

←−−−−−− U ′
1 ⊕U ′

2

[
S′ M ′
0 T ′

]

−−−−−−→ U ′′
1 ⊕U ′′

2 . (3.5)

is a sequence of linear maps given by block matrices. Now, let u1, . . . , us be a basis
of U ′

1. If the number of rows of the matrix S′ equals its rank, then the matrix M ′ can
be reduced to the zero matrix by applying the following operation finitely many times:

• If v1, . . . , vt is a basis of U ′
2, then for some 1 ≤ i ≤ s, 1 ≤ j ≤ t and a scalar

λ ∈ k, replace an element v j with v j + λui to obtain a new basis of U ′
2.

For sequence (3.4), the above operations correspond to elementary column (resp.,
row) operations on the right (resp., left) block matrix, while for sequence (3.5), the
above operations correspond to elementary column operations of both the right and
left block matrices. Furthermore, they do not change the matrices S, T , S′, and T ′ in
(3.4) and the matrices S′′, T ′′, S′, and T ′ in (3.5).
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Proof of Proposition 3.1 By the definition of Y , the k-linear map Y (a ≤ b) is an iso-

morphism for every a, b ∈ B. Thus, we clearly have Y ∼= krankV (0̂≤1̂)
B , where we use

rankV (0̂ ≤ 1̂) = rankY (0̂ ≤ 1̂).
In the diagram (3.2), we have a sequence of the representation matrices (with fixed

bases) given by

Y (c) ⊕ W (c)

[
Y (c ≤ a) gc,a

0 W (c ≤ a)

]

−−−−−−−−−−−−−−−−→ Y (a) ⊕ W (a)

[
Y (a ≤ b) ga,b

0 W (a ≤ b)

]

−−−−−−−−−−−−−−−−→ Y (b) ⊕ W (b).

Since the number of rows of the matrix Y (x ≤ y) equals its rank for any x ≤ y in B
by our construction, we apply Lemma 3.2 to the above diagram to reduce ga,b to 0 for
every a = n, . . . , 1 (in this order) and a = m′, . . . , 1′ (in this order).

With respect to the new basis of V (1) and V (1′), we have the following diagram:

Y (1′) ⊕ W (1′)

⎡
⎣Y (0̂ ≤ 1′) g̃0̂,1′

0 W (0̂ ≤ 1′)

⎤
⎦

←−−−−−−−−−−−−−−−−− Y (0̂) ⊕ W (0̂)

⎡
⎣Y (0̂ ≤ 1) g̃0̂,1

0 W (0̂ ≤ 1)

⎤
⎦

−−−−−−−−−−−−−−−−→ Y (1) ⊕ W (1)

for some g̃0̂,1′ and g̃0̂,1.We can reduce g̃0̂,1 to 0 byLemma3.2. Then, the representation

matrix of V (0̂ ≤ 1′) with respect to new bases of V (0̂) and V (1′) is of the form

[
Y (0̂ ≤ 1′) ˜̃g0̂,1′

0 W (0̂ ≤ 1′)

]

for some matrix ˜̃g0̂,1′ . By the commutativity (2.7), we can deduce ˜̃g0̂,1′ = 0. Con-
sequently, they give rise to an automorphism ρ : V → V and a decomposition
V = Y ⊕ ρ(W ), as desired.

The latter assertion is clear from our construction. ��

3.2 Constructions of other summands

Let W be a bipath persistence module satisfying W (0̂ ≤ 1̂) = 0 (e.g. we may take
ρ(W ) for V of the previous subsection).

We define a submodule W ′ of W by letting W ′(a) := W (0̂ ≤ a)(W (0̂)) for all
a ∈ B. In addition, let X be a B-persistence module such that X(a) is a complement
ofW ′(a) inW (a) and X(a ≤ b) := π ′

b ◦W (a ≤ b)◦ ι′a , where ι′a : X(a) → W (a) and
π ′
a : X(a) → W (a) are the canonical inclusion and projection respectively. From our
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construction, for every arrow a → b in Hasse(B), we have a commutative diagram

W (a)
V (a≤b)

W (b)

W ′(a) ⊕ X(a)

[
W ′(a≤b) g′

a,b
0 X(a≤b)

]�

W ′(b) ⊕ X(b)

(3.6)

and an exact sequence

0 → W ′ → W → X → 0 (3.7)

in repk(B).
We have the following result.

Proposition 3.3 We have an automorphism σ : W ∼−→ W such that σ(W ′) = W ′ and
W = W ′ ⊕ σ(X) in repk(B). Thus, the exact sequence (3.7) splits. Moreover, they
satisfy W ′(1̂) = 0 and X(0̂) = 0.

Proof By the definition of W , the map W ′(a ≤ b) : W ′(a) → W ′(b) is surjective for
every a → b in Hasse(B). Then, we can use Lemma 3.2 and get the former assertion
by a similar discussion to a proof of Proposition 3.1. The latter assertion is obvious
from the former one. ��

In the above situation, we have W ′ = WL. Moreover, we can apply the dual
construction to σ(X) to obtain a decomposition W = W ′ ⊕ σ(X) = W ′ ⊕ W ′′ ⊕ Z
such that W ′′ = WR and Z(0̂) = Z(1̂) = 0 by the dual statement of Proposition 3.3.
For Z , the restrictions Z ′ and Z ′′ to the upper path U and the lower path D give
a decomposition of Z , that is, Z = Z ′ ⊕ Z ′′ satisfying Z ′ = ZU and Z ′′ = ZD
respectively.

Now, we go back to the decomposition of V . As a summary of this section, we have
the following.

Proposition 3.4 Let Y ,W ′,W ′′, Z ′, Z ′′ be bipath persistence modules defined for V
in Sects. 3.1 and 3.2. Then, they give the desired decomposition of V in (3.1).

Proof All modules in the statement can be taken as submodules of V satisfying the
desired properties. ��

4 Main algorithm: matrix method

In this section, we use the idea of matrix problems methods (see for example [28,
Chapter 1], [3]) to provide an algorithm for computing interval decompositions of
bipath persistence modules, independent of the decomposition given in Sect. 3. Note

123



Bipath persistence

that matrix problems can be understood within the theoretical framework of the rep-
resentation theory of bocses [14, 39] or modules over ditalgebras [13], but to keep the
necessary theoretical background to a minimum we do not use these formulations.

We first give an overview of the idea for this algorithm. We fix a bipath poset
B := Bn,m and a bipath persistence module V over B. Recall that V is described by
a diagram

V (1) V (2) · · · V (n)

V (0̂) V (1̂).

V (1′) V (2′) · · · V (m′)

V (1≤2) V (2≤3) V (n−1≤n)

V (n≤1̂)V (0̂≤1)

V (0̂≤1′)
V (1′≤2′) V (2′≤3′) V (m−1′≤m′)

V (m′≤1̂)

For the upper pathU and the lower path D in (2.8),we restrictV to obtain persistence
modules VU and VD over U and D respectively.

VU : V (0̂) V (1) V (2) · · · V (n) V (1̂),

VD : V (0̂) V (1′) V (2′) · · · V (m′) V (1̂).

V (0̂≤1) V (1≤2) V (2≤3) V (n−1≤n) V (n≤1̂)

V (0̂≤1′) V (1′≤2′) V (2′≤3′) V (m−1′≤m′) V (m′≤1̂)

SinceU and D are the equioriented A-type posets, both are interval-decomposable
as in Sect. 2.2. That is, there exist isomorphisms of persistence modules

VU
⊕

I∈I(U )

kmU (I )
I =: Xφ

(in repk(U )),

VD
⊕

I∈I(D)

kmD(I )
I =: Yψ

(in repk(D)),

which give interval decompositions for VU and VD independently of each other.
However, VU and VD share the same vector space at 0̂ and 1̂, and we may not be able
to combine φ and ψ as-is in order to obtain an isomorphism of V with an interval-
decomposable representation of repk(B).

Thus, we consider two change-of-basis matrices: one (which we call 
 below) at 0̂
for the vector space VU (0̂) = VD(0̂) connecting the basis specified by φ0̂ and the basis

specified by ψ0̂ and another one (which we call � below) at 1̂ for the vector space

VU (1̂) = VD(1̂) defined similarly. Using elementary matrix operations we transform
them in away (coincidingwith changes of bases) to get bases for all the vector spaces of
V coinciding with an interval-decomposition. While 
 and � are defined as matrices,
we declare certain elementary operations as not permissible, and perform only the
permissible elementary operations. This is to ensure that the interval decompositions
already obtained for the upper and lower paths are not destroyed.

That is, the above defines a matrix problem M(φ,ψ) which is given as a block
matrix together with certain permissible operations. Solving this matrix problem (i.e.
transforming it to a standard form) corresponds with computing an interval decompo-
sition of V . This ends the high-level overview of the algorithm.
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4.1 Defining the blockmatrix problem

Keeping the above notation, we consider the isomorphisms of vector spaces 
 :=
ψ0̂φ

−1
0̂

at 0̂ and � := ψ1̂φ
−1
1̂

at 1̂, which makes the diagrams

VU (0̂) X(0̂)

VD(0̂) Y (0̂)

φ0̂


:=ψ0̂φ
−1
0̂

ψ0̂

and
VU (1̂) X(1̂)

VD(1̂) Y (1̂)

φ1̂

�:=ψ1̂φ
−1
1̂

ψ1̂

commute. These form the front and back faces of the following cube:

VU (0̂) X(0̂)

VU (1̂) X(1̂)

VD(0̂) Y (0̂)

VD(1̂) Y (1̂).

φ0̂




X(0̂≤1̂)

φ1̂

VU (0̂≤1̂)

�
ψ0̂

VD (0̂≤1̂)

Y (0̂≤1̂)

ψ1̂

(4.1)

The left face commutes because VU (0̂ ≤ 1̂) = V (0̂ ≤ 1̂) = VD(0̂ ≤ 1̂). The top and
bottom faces commute because φ and ψ are morphisms of representations. Thus, the
right face

X(0̂) X(1̂)

Y (0̂) Y (1̂)

X(0̂≤1̂)


 �

Y (0̂≤1̂)

(4.2)

also commutes.
As we will need it later, and to give some theoretical framework for our manipula-

tions, we define the poset

B ′ :
0̂ 1 2 · · · n 1̂∗

0̂∗ 1′ 2′ · · · m′ 1̂

, (4.3)

which contains B as a subposet, and consider the inclusion functor

ι : repk(B) ↪→ repk(B
′)
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where for V ∈ repk(B), we set

ι(V )(a) := V (a) for a ∈ B,

ι(V )(x∗) := V (x) for x ∈ {0̂, 1̂},
ι(V )(0̂ ≤ 0̂∗) := 1V (0̂),

ι(V )(1̂∗ ≤ 1̂) := 1V (1̂),

and a similar definition for morphisms f : V → W in repk(B).

Lemma 4.1 The functor ι as defined above is a fully faithful k-linear functor.

Then, the right face of Diagram (4.1) is simply the representation ι(V ) restricted
to the corners 0̂, 0̂∗, 1̂, 1̂∗ of B ′, and the above argument shows the following.

Lemma 4.2 The isomorphisms φ and ψ induce an isomorphism f : ι(V ) → Z in
repk(B

′), where Z is the B ′-persistence module given by

X(0̂) X(1) · · · X(n) X(1̂)

Y (0̂) Y (1′) · · · Y (m′) Y (1̂).


 �

Note that the representation Z (restricted to the corners 0̂, 0̂∗, 1̂, 1̂∗) is the right face
of Diagram (4.1), and the proof is essentially the commutativity of Diagram (4.1).

In the rest of this subsection until the start of Sect. 4.3, we will define a block matrix
problem and provide an algorithm for computing its normal form. While we will not
directly refer to the above formalization, the block matrix problem and computing its
normal form corresponds to finding an isomorphism of ι(V ) with a representation Z
in repk(B

′) with 
 and � essentially identity maps (in fact, permutation maps). From
such a form we can read out an interval decomposition of ι(V ), and thus of V . This
connection will be explained in Sect. 4.3.

We partition the direct summands of X := ⊕
I∈I(U )

km(I )
I as X = X� ⊕ Xc ⊕ Xr ⊕ Xo

where Xc consists of all terms that are nonzero at 0̂ and 1̂, X� consists all terms that are
nonzero at 0̂ and zero at 1̂, Xr consists all terms that are zero at 0̂ and nonzero at 1̂, and
Xo are the remaining terms. We also define the decomposition Y = Y� ⊕Yc ⊕Yr ⊕Yo
similarly. The intervals in Xo and Yo do not intersect 0̂ nor 1̂, and thus are themselves
also (isomorphic to) intervals for the original bipath persistence module V .

Thus, commutative Diagram (4.2) becomes

X�(0̂) ⊕ Xc(0̂) Xc(1̂) ⊕ Xr (1̂)

Y�(0̂) ⊕ Yc(0̂) Yc(1̂) ⊕ Yr (1̂)

[
0 E
0 0

]


 �[
0 E
0 0

] (4.4)
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where

• we identify the linearmapswith theirmatrix representations relative to the standard
basis given by the decomposition of X(0̂), X(1̂), Y (0̂), and Y (1̂),

• 0 and E are block matrices of appropriate sizes, and
• X(0̂ ≤ 1̂) and Y (0̂ ≤ 1̂) take on the given forms due to the definition of

X�, Xc, Xr , Xo and of Y�,Yc,Yr ,Yo.

Then, writing 
 and � in block matrix form


 =
[
π�
ι� π�
ιc
πc
ι� πc
ιc

]
: X�(0̂) ⊕ Xc(0̂) → Y�(0̂) ⊕ Yc(0̂)

� =
[
πc�ιc πc�ιr
πr�ιc πr�ιr

]
: Xc(1̂) ⊕ Xr (1̂) → Yc(1̂) ⊕ Yr (1̂)

the commutativity of Diagram (4.4) implies that

πc
ι� = 0, πr�ιc = 0, and πc
ιc = πc�ιc (4.5)

where π and ι indicate the appropriate projections and inclusions. That is, we have
block diagonal forms


 =
[
π�
ι� π�
ιc
0 πc
ιc

]
: X�(0̂) ⊕ Xc(0̂) → Y�(0̂) ⊕ Yc(0̂) (4.6)

� =
[
πc�ιc πc�ιr
0 πr�ιr

]
: Xc(1̂) ⊕ Xr (1̂) → Yc(1̂) ⊕ Yr (1̂) (4.7)

We will need the following property later.

Lemma 4.3 The blocks π�
ι�, πc
ιc = πc�ιc, and πr�ιr in Eqs. (4.6), (4.7) are
invertible.

Proof We have
(
dim Xc(0̂) = dim Xc(1̂) =

)
dim ImX(0̂ ≤ 1̂)

= dim ImY (0̂ ≤ 1̂)
(
= dim Yc(0̂) = dim Yc(1̂)

)
,

and thus the blocks in question are square matrices. Furthermore, the block diagonal
form implies that det
 = det(π�
ι�) det(πc
ιc) anddet � = det(πc�ιc) det(πr�ιr ).
The result follows from the invertibility of 
 and �. ��

We gather the two block matrices of Eqs. (4.6), (4.7) into a single block matrix

⎡
⎣π�
ι� π�
ιc

0 πc
ιc = πc�ιc πc�ιr
0 πr�ιr

⎤
⎦ (4.8)
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where the upper-right block and the lower-left block are not defined. This can be
interpreted as a notational convenience, or alternatively can be thought of as a block
matrix with some blocks left always empty or “strongly zero”. When we perform
matrix row or column operations on such block matrices, strongly zero blocks remain
zero no matter what operations are done to them, in contrast to zero blocks that may
become nonzero. To simplify the notation, and denote the possible block statuses as
we perform matrix operations, we adapt the notation of [3].

Notation 4.4 We write

• ∗ for unprocessed blocks,
• ∅ for strongly zero blocks,
• E for identity blocks (of appropriate sizes), and
• 0 for zero blocks (of appropriate sizes).

The blocks marked as ∅, E , and 0 are considered processed.

The single block matrix will then be expressed as

∗ ∗ ∅
0 ∗ ∗
∅ 0 ∗

[ ]
. (4.9)

Next, let us consider the permissible matrix operations that preserve the interval-
decomposed form of the upper and lower parts. We reuse the permissible operations
discussed in [3, Subsection 3.3 and Definition 6]. Before going into the details, we
note the following differences with [3].

1. As opposed to [3] which considers block matrices consisting of morphisms
between representations of an A-type poset, 
 and � are simply linear maps
between vector spaces. However, since 
 and � are attached to representations of
A-type poset (U and D, at 0̂ and 1̂), we use only the operations permitted by this
additional structure.

2. In contrast to [3] which considers all intervals, 
 and � are attached at 0̂ and
1̂ respectively, and thus we only need to consider the structure of intervals of
the form k[0̂,?] and k[?,1̂]. These are the injective and projective indecomposable
representations of an A-type poset.

Let Q be eitherU or D (an A-type poset). To treat both cases in parallel to facilitate
the explanation, we write

Q : 0̂ =: 1 2 · · · n − 1 n := 1̂

where n is n + 2 for U and m + 2 for D. That is, 1 := 0̂, n := 1̂, and the intermediate
numbers represent the points in-between.

Then, it iswell known that dim Hom(kI , kJ ) is either 0 or 1 for intervals I , J ∈ I(Q)

(see for example [3, Lemma 1]). Following [3] we define a relation on I(Q) by

I � J (or equivalently J � I ) if and only if dim Hom(kI , kJ ) �= 0.
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We write I � J (or equivalently J � I ) whenever I � J and I �= J . We also fix the

following morphism f [c,d]
[a,b] : k[a,b] → k[c,d] defined by

(
f [c,d]
[a,b]

)
i
=

{
1k for i ∈ [a, b] ∩ [c, d],
0 otherwise

for each pair of intervals [a, b], [c, d] with [a, b] � [c, d]. If [a, b] � [c, d], [c, d] � [e, f],
and [a, b] � [e, f], then it is immediate that

f [e,f]
[a,b] = f [e,f]

[c,d] f
[c,d]
[a,b] .

Note that � defines a reflexive and antisymmetric (but in general non-transitive) rela-
tion on I(Q).

Restricted to the intervals [?, n] corresponding to the projective representations and
the intervals [1, ?] corresponding to the injective representations, we have

[1, 1] � [1, 2] � · · · � [1, n − 1] � [1, n] � [2, n] � · · · � [n − 1, n] � [n, n]. (4.10)

Note that � is not a total order. However, we can extend it to a total order so that
the sequence (4.10) gives the total ordering. Then, to be able to easily describe the
permissible operations for our matrix problem, we now impose an order on the bases
for the domains (columns) and codomains (rows) of 
 and � by following the above
total order.

In more detail (in the new notation for points of the poset Q = U or D), recall
that 
 : X(1) → Y (1) where X(1) = X�(1) ⊕ Xc(1) with X� a direct sum of interval
modules k[1,?] but not equal to k[1,n], and Xc a direct sum of interval modules k[1,n].
Now, X�(1) is just a direct sum of copies of the vector space k, each coming from the
vector space k at point 1 of some representation k[1,?]. We order the standard basis by
the order (4.10) on the corresponding intervals [1, ?] from whence they came. Note
that each interval [1, ?] can appear with multiplicity in X�. We do not impose any
particular order within basis elements corresponding to the same interval. The order
for the basis of the other vector spaces coming from X (and Y ) are defined similarly
(i.e. with reference to the order (4.10)).

We can decorate the rows and columns of the block matrix (4.8)(its abbreviated
form (4.9)) to indicate the original intervals which they correspond to. Note once again
that each interval can appear multiple times, and thus each interval denotes multiple
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rows (or columns).

∗ · · · ∗ ∗
...

. . .
...

...

∗ · · · ∗ ∗
0 · · · 0 ∗ ∗ · · · ∗

0 ∗ · · · ∗
...

...
. . .

...

0 ∗ · · · ∗

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

[1, 1]
...

[1, n−1]
[1, n]
[2, n]

...

[n, n]

[1, 1] · · · [1, n−1][1, n] [2, n] · · · [n, n]

. (4.11)

Definition 4.5 Following [3, Definition 6], we declare as permissible the following
elementary row or column operations on the block matrix (4.9).

1. All elementary operations within rows (or columns) with the same label are per-
missible.

2. If [a, b] � [c, d] then additions of multiples of columns labelled [a, b] to columns
labelled [c, d] are permissible.

3. (Dually,) if [a, b] � [c, d] then additions of multiples from rows labelled [c, d] to
rows labelled [a, b] are permissible.

Let us recap the above considerations as one Definition.

Definition 4.6 Let V ∈ repk(B) and φ : VU → ⊕
I∈I(U ) k

mU (I )
I , ψ : VD →⊕

I∈I(D) k
mD(I )
I be isomorphisms to interval decompositions of the upper and lower

parts of V . We call the block matrix (4.11) (the block matrix (4.8) with the order of
its rows and columns imposed by �), together with the the permissible operations in
Definition 4.5, a block matrix problem associated to the pair (φ,ψ).

Note that in the above definition, there can be multiple different block matrix
problems associated to the same (φ,ψ). These arise because we have not fixed any
particular order among the rows (and columns) with the same interval labels. Up to
permutations of rows and columns with the same label, there is essentially only one
block matrix problem associated to (φ,ψ). We denote this by M(φ,ψ), allowing for
some ambiguity on the order of the rows and columns with the same labels.

4.2 Obtaining a normal form

Next, we perform permissible row and column operations on the block matrix of
M(φ,ψ) to transform it to a normal form. We show that this normal form is a block
matrix problem of a pair (φ′, ψ ′), and that we can then combine the isomorphisms φ′
and ψ ′ to get an interval decomposition of V .

The block with rows and columns labelled [1, n] (the central block) is nothing but
πc
ιc = πc�ιc, which was shown to be invertible in Lemma 4.3. Using elementary
row and column operations within the rows labelled [1, n] and the columns labelled
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[1, n], we can transform it to an identity matrix E , giving the following form for the
block matrix.

∗ · · · ∗ ∗
...

. . .
...

...

∗ · · · ∗ ∗
0 · · · 0 E ∗ · · · ∗

0 ∗ · · · ∗
...

...
. . .

...

0 ∗ · · · ∗

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

[1, 1]
...

[1, n−1]
[1, n]
[2, n]

...

[n, n]

[1, 1] · · · [1, n−1][1, n] [2, n] · · · [n, n]

.

Then, using elementary column operations adding appropriate multiples of the
columns labelled [1, n] to the columns labelled [2, n], . . . , [n, n], we can zero out all the
blocks to the right of the central E . Similarly, using elementary row operations adding
appropriate multiples of the rows labelled [1, n] to the rows labelled [1, n−1], . . . , [1, 1],
we can zero out all the blocks above the central E . Note that these are all permissible
operations. The block matrix becomes

∗ · · · ∗ 0
...

. . .
...

...

∗ · · · ∗ 0
0 · · · 0 E 0 · · · 0

0 ∗ · · · ∗
...

...
. . .

...

0 ∗ · · · ∗

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

[1, 1]
...

[1, n−1]
[1, n]
[2, n]

...

[n, n]

[1, 1] · · · [1, n−1][1, n] [2, n] · · · [n, n]

.

At this point, we note that we can perform operations on (the rows and columns
of) the group of blocks above-left of E and on (the rows and columns of) the group of
blocks below-right of E without affecting the other group (i.e. independently of each
other). Thus, we consider the subproblem

∗ · · · ∗
...

. . .
...

∗ · · · ∗

⎡
⎣

⎤
⎦[1, 1]

...

[1, n−1]

[1, 1] · · · [1, n−1]

where left-to-right block operations and below-to-above block operations are permis-
sible (Definition 4.5), and where by Lemma 4.3 the entire matrix is invertible. In
Definition 4.5, elementary row (resp. column) operations among rows (resp. columns)
with the same label are all permissible, but we do not need all of them (see the next
Lemma).

The following is from basic linear algebra.
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Lemma 4.7 Let A be an invertible matrix. Then, using only the elementary operations
of

1. multiplying a row (or column) by a nonzero scalar,
2. adding a multiple of a row to a row above it, and
3. adding a multiple of a column to a column to its right,

A can be transformed to a permutation matrix.

For completeness, we provide an algorithm in Algorithm 1, which we call
OneWayReduce because only operations in one direction (one-way) are allowed.

Algorithm 1 Reduction of an invertible d × d matrix A
1: procedure OneWayReduce(A)
2: for col ← 1, 2, . . . , d do
3: row ← max{i | Ai,col �= 0}
4: Multiply the row-th row by (Arow,col)−1

5: Use entry at (row,col) to zero out all entries to its right using column operations.
6: Use entry at (row,col) to zero out all entries above it using row operations.
7: end for
8: return A
9: end procedure

InAlgorithm1, the fact that A is invertible guarantees that the set {i | Ai,col �= 0} in
line 3 is always nonempty, and thus row is well-defined (a valid row number). Clearly,
Algorithm 1 terminates, and returns a matrix that satisfies the following property: each
column has exactly one entry “1”, with all other entries “0”, and the “1” entries of
different columns are never in the same row. That is, a permutation matrix is returned.

The block matrix becomes

M ′ =

0
...

0
0 · · · 0 E 0 · · · 0

0
...

0

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

P�

Pr

[1, 1]
...

[1, n−1]
[1, n]
[2, n]

...

[n, n]

[1, 1] · · · [1, n−1][1, n] [2, n] · · · [n, n]

where P� and Pr are permutation matrices. Furthermore, by recording the operations
performed on the original block matrix M(φ,ψ), this can be expressed as

M ′ = T ′M(φ,ψ)T (4.12)
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for some invertible block upper-triangular matrices T and T ′ of the forms

∗ · · · ∗ 0
. . .

...
...

0 ∗ 0
0 · · · 0 ∗ ∗ · · · ∗

0 ∗ · · · ∗
...

. . .
...

0 0 ∗

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

[1, 1]
...

[1, n−1]
[1, n]
[2, n]

...

[n, n]

[1, 1] · · · [1, n−1][1, n] [2, n] · · · [n, n]

and

∗ · · · ∗ ∗
. . .

...
...

0 ∗ ∗
0 · · · 0 ∗ 0 · · · 0

0 ∗ · · · ∗
...

. . .
...

0 0 ∗

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

[1, 1]
...

[1, n−1]
[1, n]
[2, n]

...

[n, n]

[1, 1] · · · [1, n−1][1, n] [2, n] · · · [n, n]

(4.13)

respectively.

4.3 From the normal form to the interval decomposition

The form of M ′ gives matchings:

1. between intervals [1, ?] of the upper and lower path,
2. between intervals [?, n] of the upper and lower path,
3. between intervals [1, n] of the upper and lower path,

given by the permutation matrices P�, Pr , and the identity matrix E , respectively.
We show that by “gluing” these matched intervals, and together with the intervals not
intersecting 1 nor n (the terms Xo and Yo in the partition of the intervals of X and Y ), we
obtain a bipath persistence module W that is explicitly a direct sum of interval bipath
persistence modules and is isomorphic to the original bipath persistence module V .
For computations, we only need to do so (i.e. construct/write out the intervals of W ).
Below, for convenience, we summarize this and explicitly write out what we mean by
“gluing”. Note that we return to the original indexing vertices {0̂, 1, . . . , i, . . . , n, 1̂}
for the upper pathU and {0̂, 1′, . . . , j ′, . . . ,m′, 1̂} for the lower path D. We also recall
Definition 2.5 for intervals in the bipath poset.

Construction 4.8 Given the considerations of the above discussion, construct the fol-
lowing intervals of the bipath poset B (allowing for multiplicities).

1. For each matched pair [0̂, 1̂] inU and [0̂, 1̂] in D, construct the interval B (i.e. the
bipath poset itself). These correspond to region B in Fig. 1.

2. For each matched pair [0̂, i] in U and [0̂, j ′] in D, construct the interval 〈 j ′, i〉 ∈
L(B). These correspond to intervals in region L of Fig. 1.

3. For each matched pair [i, 1̂] in U and [ j ′, 1̂] in D, construct the interval 〈i, j ′〉 ∈
R(B). These correspond to intervals in region R of Fig. 1.

4. For each interval [i1, i2] in Xo (intervals of U not intersecting 0̂ nor 1̂), construct
the interval 〈i1, i2〉 ∈ U(B). These correspond to intervals in region U of Fig. 1.

5. For each interval [ j ′1, j ′2] in Yo (intervals of D not intersecting 0̂ nor 1̂), construct
the interval 〈 j ′2, j ′1〉 ∈ D(B). These correspond to intervals in region D of Fig. 1.

In the rest of this subsection, we provide the proof that this is algebraically valid.
The form of the invertible block upper triangular matrix T as given above in

Eq. (4.13) has only nonzero entries in the block located in row [a, b] and column [c, d]
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only for pairs [a, b] � [c, d]. By attaching the fixed morphisms f [c,d]
[a,b] : k[a,b] → k[c,d]

to the matrix T (i.e. use the entries of T as coefficients), we obtain an endomorphism
of X� ⊕ Xc ⊕ Xr . This is in fact an automorphism, because T is invertible block
upper-triangular. Furthermore, taking a direct sum with identity maps for the terms
Xo, we obtain an automorphism for X = X� ⊕ Xc ⊕ Xr ⊕ Xo, which we denote by

T̂ : X → X .

Similiarly, from T ′ we obtain an automorphism

T̂ ′ : Y → Y .

Then, by construction, M ′ = T ′M(φ,ψ)T is a block matrix problem (Definition 4.6)
associated with the pair of isomorphisms (φ′, ψ ′) := (T̂−1φ, T̂ ′ψ):

VU X X
φ T̂−1

(in repk(U )),

VD Y Y
ψ T̂ ′

(in repk(D)).

Recalling the poset B ′ in Diagram (4.3), the inclusion functor ι : repk(B) →
repk(B

′) and Lemma 4.2, φ′ and ψ ′ induces an isomorphism ι(V ) → Z ′ where
Z ′ is the representation

X(0̂) X(1) · · · X(n) X(1̂)

Y (0̂) Y (1′) · · · Y (m′) Y (1̂)


′:=
[
P� 0
0 E

]
�′:=

[
E 0
0 Pr

]

by construction (i.e. from the normal form of the block matrix problem).
By permuting the summands, say of X (write the permuted representation as X ′),

we obtain an isomorphism Z ′ ∼= Z ′′ where the “vertical” maps of Z ′′ are identity; that
is

Z ′′ :
X ′(0̂) X ′(1) · · · X ′(n) X ′(1̂)

Y (0̂) Y (1′) · · · Y (m′) Y (1̂)


′′:=1 �′:=1 .
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By the definition of the inclusion functor ι, such a representation Z ′′ can be written
as Z ′′ = ι(W ) where W ∈ repk(B) is:

X ′(1) · · · X ′(n)(
X ′(0̂) = Y (0̂)

) (
X ′(1̂) = Y (1̂)

)

Y (1′) · · · Y (m′)

,

i.e. defined by the restriction of Z ′′ to B. Combining, we obtain

ι(V ) ∼= Z ′ ∼= Z ′′ = ι(W )

in repk(B
′). By Lemma 4.1, we conclude that

V ∼= W

in repk(B), and we note that W is (explicitly) a direct sum of intervals of repk(B),
since both X ′ and Y are direct sums of intervals (in repk(U ) and repk(D) respec-
tively). That is, we have computed an interval decomposition of V , corresponding to
Construction 4.8.

4.4 Summary of the algorithm and an algorithm for bipath filtrations

We summarize the entire procedure below as Algorithm 2.

Algorithm 2Main Algorithm
Require: bipath persistence module V
1: procedure IntervalDecompose(V )
2: Interval-decompose the upper row VU and lower row VD .
3: Construct the associated block matrix problem (Definition 4.6).
4: Reduce the block matrix problem to normal form (Sect. 4.2).
5: return The intervals of Construction 4.8
6: end procedure

The above starts with a bipath persistence module V as its input. What if we are
starting with a bipath filtration? Consider the bipath filtration

S :
S1 S2 · · · Sn

S0̂ S1̂

S1′ S2′ · · · Sm′

.
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Applying the homology functor Hq(−; k) we obtain the bipath persistence module
V = Hq(S; k):

Hq(S1; k) Hq(S2; k) · · · Hq(Sn; k)
Hq(S0̂; k) Hq(S1̂; k)

Hq(S1′ ; k) Hq(S2′ ; k) · · · Hq(Sm′ ; k)

whose interval decomposition we want to compute. Instead of explicitly computing
V , say by pointwise computing homology vector spaces and the induced linear maps
between them, we can instead apply the standard persistent homology algorithm to
the two filtrations

SU : S0̂ ⊆ S1 ⊆ S2 ⊆ · · · ⊆ Sn ⊆ S1̂

and

SD : S0̂ ⊆ S1′ ⊆ S2′ ⊆ · · · ⊆ Sm′ ⊆ S1̂

separately.

Remark 4.9 In addition to the intervals of the upper and lower rows, the matrices

 and � are needed to construct the associated block matrix problem. For this, we
do not need to explicitly compute the isomorphisms φ and ψ . Instead, it suffices to
record a set of representative cycles associated to the intervals [b, d] of the persistence
diagrams of the upper and lower rows (in fact, only the ones associated to the intervals
[0̂, ?] and [?, 1̂] are needed) together with bases for the image of the boundary at 0̂
and 1̂. Note that the standard reduction algorithm for persistent homology provides
these information. From these, one can compute the matrices 
 (resp., �) as change
of basis matrices for the basis at 0̂ (resp., 1̂) determined by (homology classes of) the
representative cycles of the upper row versus the one determined by the representative
cycles of the lower row.

We summarize this in Algorithm 3.

Algorithm 3Main Algorithm – for bipath filtrations
Require: Bipath filtration S
1: procedure IntervalDecompose(S, q)
2: Compute the standard qth persistence diagram of SU and SD

(with additional information noted in Remark 4.9).
3: Construct the associated block matrix problem with 
 and � as in Remark 4.9.
4: Reduce the block matrix problem to normal form (Sect. 4.2).
5: return The intervals of Construction 4.8
6: end procedure

Our main theorem is as follows (which is proven through this section).
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Theorem 4.10 Given a bipath persistence module V (resp., bipath filtration S), Algo-
rithm 2 (resp., Algorithm 3) correctly computes its interval decomposition (resp., qth
bipath persistence diagram).

Furthermore, the computational complexity of the above algorithm is as follows.

Theorem 4.11 Assuming that the computational complexity of an algorithm for stan-
dard persistent homology that gives a set of representative cycles and bases for the
images of the boundary as in Remark 4.9 (for example the standard algorithm in [25])
is O(F), the computational complexity of Algorithm 3 is O(F +m3), where m is the
size of the block matrix problem.

Proof By assumption, computing the standard persistence diagram of SU and SD
takes O(F) time. Since we can compute 
 and � in O(m3) time, we can obtain the
associated block matrix problem with the two matrices in O(m3) time. The reduction
of the block matrix problem to normal form also takes O(m3). Hence, Algorithm 3
takes O(F + m3) time. ��
Remark 4.12 We mention some of the known results on the time complexity for com-
puting the persistent homology of a filtration.

That is, we assume that the filtration is already given. However, we note that a naive
construction (such as the full Vietoris-complex) may give a filtration with number of
simplices exponential in the number of input points, and thus addtional care is needed.

Let n be the number of simplices in the filtration. It is well-known that the standard
algorithm [25] is O(n3), which is sharp by [36].

The work [33] provides an algorithm with complexity O(nω) (i.e. matrix multipli-
cation time).

Furthermore, there are algorithms proposed that give heuristic speed-ups and reduc-
tions in filtration sizes, for example using the “clearning” (“twist”) optimization [19],
taking advantage of dualities [22, 23], computing in chunks [9], parallel algorithm
[10], reductions using discrete Morse theory [34], apparent and emergent pairs [6],
using matroids [29], and so on.

As long as the needed information (Remark 4.9) is computed or can be recon-
structed, these speed-ups can be used for our Algorithm.

See the survey papers [31, 37] for further details on the computation of persistent
homology.

Remark 4.13 We provide an implementation for Algorithm 3 in https://github.com/
ShunsukeTada1357/Bipathposets.

5 Interpretation of bipath persistence diagrams

In this section, we illustrate the decomposition of a bipath persistencemodule obtained
from a small example of a bipath filtration of simplicial complexes. In addition, we
visualize the bipath persistence module (see Sect. 2.2.2) and its persistence diagram
and give an interpretation for the visualization.
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Fig. 2 A geometric realization
of a bipath filtration S

5.1 Simple example

Consider an abstract simplicial complex � whose j-faces are given by

�0 := {a, b, c, d, e},
�1 := {{a, b}, {a, c}, {a, d}, {a, e}, {b, c}, {c, d}, {c, e}, {d, e}},
�2 := {{a, c, e}},

and a B3,2-filtration

S :
S1 S2 S3

S0̂ S1̂

S1′ S2′

for � defined as follows (This is illustrated in Fig. 2): Let S0̂ := �0 ∪ {{a, b}, {b, c}}
and S1̂ := �. In addition, let

S1 := S0̂ ∪ {{a, c}, {a, d}, {a, e}, {d, e}},
S2 := S1 ∪ {{c, d}},
S3 := S2 ∪ {{c, e}},
S1′ := S0̂ ∪ {{a, c}, {a, e}, {c, e}},
S2′ := S1′ ∪ {{a, d}, {d, e}, {a, c, e}}.

We apply the qth homology functor with coefficient field k = F2 (a field with two
elements) to S and obtain a bipath persistence module Vq := Hq(S;F2) for each q.

Hq(S1;F2) Hq(S2;F2) Hq(S3;F2)

Hq(S0̂;F2) Hq(S1̂;F2).

Hq(S1′ ;F2) Hq(S2′ ;F2)

For computing its persistence diagrams, let us decompose it into interval modules by
using Algorithm 2.
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We clearly have Vq = 0 for all q ≥ 2. For q ∈ {0, 1}, let (Vq)U and (Vq)D be
restrictions of Vq to the upper path U and lower path D respectively. Then, we have
persistence modules

Xq =
{
k[0̂,0̂] ⊕ k[0̂,0̂] ⊕ k[0̂,1̂] (q = 0),

k[1,1̂] ⊕ k[1,1̂] ⊕ k[2,1̂] ⊕ k[3,3] (q = 1),
and

Yq =
{
k[0̂,0̂] ⊕ k[0̂,1′] ⊕ k[0̂,1̂] (q = 0),

k[1′,1′] ⊕ k[1′,1̂] ⊕ k[2′,1̂] ⊕ k[1̂,1̂] (q = 1),

over U and D respectively, and a pair of isomorphisms φq : (Vq)U → Xq and
ψq : (Vq)D → Yq such that they define the block matrix problem (Definition 4.6)
associated with (φq , ψq) of the following form for q = 0 and q = 1 respectively.

1 0 0
0 1 0
0 0 1

⎡
⎣

⎤
⎦[0̂, 0̂]

[0̂, 1′]
[0̂, 1̂]

[0̂, 0̂] [0̂, 0̂] [0̂, 1̂]

and
1 0 0
0 1 1
0 0 1

⎡
⎣

⎤
⎦[1′, 1̂]

[2′, 1̂]
[1̂, 1̂]

[1, 1̂] [1, 1̂] [2, 1̂]

.

Solving this (i.e., computing its normal form) for each q, we obtain a collection of
intervals of B3,2 byConstruction 4.8, which corresponds to the interval-decomposition
of Vq . We conclude that

Vq ∼=

⎧⎪⎨
⎪⎩
kB3,2 ⊕ k〈0̂,0̂〉 ⊕ k〈1′,0̂〉 (q = 0),

k〈1,1′〉 ⊕ k〈1,2′〉 ⊕ k〈2,1̂〉 ⊕ k〈3,3〉 ⊕ k〈1′,1′〉 (q = 1),

0 (q ≥ 2),

and

Dq(S) =

⎧⎪⎪⎨
⎪⎪⎩

{
B3,2, 〈0̂, 0̂〉, 〈1′, 0̂〉

}
(q = 0),{

〈1, 1′〉, 〈1, 2′〉, 〈2, 1̂〉, 〈3, 3〉, 〈1′, 1′〉
}

(q = 1),

∅ (q ≥ 2).

(5.1)

We describe the above bipath persistence diagrams in Fig. 3.
We remark that we may use Algorithm 3 for a bipath filtration S to obtain the

persistence diagrams without explicitly computing Hq(S;F2). Of course, it returns
the same result as (5.1).

Below, we give an interpretation for the persistence diagram, using some geometric
intuition. However, we warn that this is dependent on a choice of representative cycles
for the homology classes, and thus the interpretation (via representative “holes”) is
not unique, in principle.

• For q = 0, every connected component is born at 0̂. The interval B3,2 corresponds
to a connected component containing a which is alive until the end. Similarly, the
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Fig. 3 A visualization of Dq (S) for q ∈ {0, 1}. Each point has the multiplicity one in this case

interval 〈1′, 0̂〉 (resp., 〈0̂, 0̂〉) corresponds to the connected component of d (resp.,
e) which dies (gets connected to another connected component) at 1′ (resp., 0̂).
These are illustrated by the points (A), (B), and (C) in Fig. 3.

• For q = 1, the interval 〈1, 1′〉 corresponds to the hole formed by a, b, c, which is
born at both 1 (upper path) and 1′ (lower path) and is alive until the end in both
paths, illustrated by point (D) in Fig. 3. Similarly, the interval 〈1, 2′〉 corresponds
to a hole formed by a, d, e, born at 1 and 2′ and is alive until the end in both paths;
this is point (E) in Fig. 3.
The interval 〈2, 1̂〉 corresponds to a hole formed by a, c, d, which is born at 2
(upper path) and 1̂ (lower path) and is alive until the end 1̂. Note that it is only
present in the lower path at 1̂. This corresponds to point (F) in Fig. 3.
Both the interval 〈3, 3〉 (point (G) in Fig. 3) and the interval 〈1′, 1′〉 (point (H) in
Fig. 3) can be interpreted as corresponding to the hole formed by a, c, e, which
is born and dies at 3 and at 1′ in the upper and lower path. Since they are not
connected at the endpoints 0̂ and 1̂, these are two different intervals.

Onemotivation for our introduction of bipath persistence is that it allows us to study
the persistence of topological features across a pair of filtrations to compare the two
filtrations. In the above example, the intervals (A) and (D) point to the existence of
topological features persisting for long across both upper and lower filtrations, while
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intervals (B), (C), (G), and (H) may be seen as noise because of their short persistence.
The intervals (E) and (F) correspond to topological features persisting for longer across
the upper filtration than the lower filtration. This way, we can see the differences and
compare topological features across two filtrations.
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