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1 Introduction

Incomplete data is a major issue in practical data analysis. In the datasets observed

in many research areas, e.g., social science, medicine, and epidemiology, we encounter

incomplete data because missing observations exist due to reasons such as participant

refusal to answer or omission from the survey. Especially in the medical research area, it

is difficult to obtain sufficiently large sample sizes due to the invasive measurements. In

this situation, variable selection is also one of the crucial problems in terms of reducing

the cost of making the estimation. In existing studies, Anderson and Olkin [2] derived

maximum likelihood estimators (MLEs) of mean vector µ and covariance matrix Σ based

on monotone missing data drawn from Π : Np(µ,Σ). Kanda and Fujikoshi [7] gave some

distributional properties of MLEs. By making use of the results derived by [2, 7], statisti-

cal inferences based on incomplete data are considered by several authors. For example,

Krishnamoorthy and Pannala [8] derived simplified Hotelling’s T 2 statistics for the mean

vector with two-step monotone missing data in one sample problem and extended the

result to the general monotone case. Yagi and Seo [13] proposed Bartlett correction for

the statistic with general monotone missing data. Also, Chang and Richards [3] gave

stochastic representation for exact distribution of µ̂, MLE of µ in finite-sample, and

generalization of Hotelling’s T 2 statistic. Moreover, they derived asymptotic distribu-

tion of probability inequalities for T 2 statistic under complete and incomplete samples.

For two sample problems, Yu et al. [14] discussed the approximate distributions for the

simplified Hotelling’s T 2-type test statistic. In discriminant analysis, Shutoh et al. [12]

focused on two-group discriminant analysis and derived an asymptotic approximation

for the probability of misclassification based on linear discriminant function (LDF) with

two-step monotone missing data. Also, Shutoh [10] extended the result derived by [12] to

general monotone missing data. Moreover, Shutoh [11] gave asymptotic expansions for

the distribution of linear discriminant function up to the first-order term with respect to

N−1, where N is the total sample size. For the variable selection of discriminant anal-

ysis, the criteria based on error probability misclassification (EPMC) rate and Akaike’s

information criteria (AIC) are discussed (see [1, 6], etc.). Fujikoshi [4] showed that crite-

ria based on the estimated error rate of misclassification and AIC for linear discriminant

analysis (LDA) are asymptotically equivalent for two groups with multivariate normality.

However, the variable selection problem in discriminant analysis based on missing data

is not sufficiently discussed. In this paper, we consider a redundancy test for variables
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in LDA for two groups with two-step monotone missing data and suggest the corrected

testing procedure via Bartlett correction. Henceforth, we assume that two-step mono-

tone missing data drawn from two groups Π(g) : Np(µ
(g), Σ), (g ∈ {1, 2}) that is of the

form 
x
(g)
11 x

(g)
12 · · · x

(g)

1N
(g)
1

x
(g)

1N
(g)
1 +1

· · · x
(g)

1N(g)

x
(g)
21 x

(g)
22 · · · x

(g)

2N
(g)
1

x
(g)

2N
(g)
1 +1

· · · x
(g)

2N(g)

x
(g)
31 x

(g)
32 · · · x

(g)

3N
(g)
1

∗ · · · ∗

 ,

x
(g)
(12)j =

(
x
(g)′

1j x
(g)′

2j

)′
, x

(g)
1j =

(
x
(g)
1j · · ·x(g)

p1j

)′
,

x
(g)
2j =

(
x
(g)
p1+1j · · · x

(g)
p1+p2j

)′
, x

(g)
3j =

(
x
(g)
p1+p2+1j · · · x

(g)
pj

)′
,

where j ∈ {1, 2, · · · , N (g)}, N (g) = N
(g)
1 +N

(g)
2 and p = p1+p2+p3, and the symbol “∗”

indicates missing observations. We have N
(g)
1 observations with p dimensions and incom-

plete data for N
(g)
2 observations with (p1 + p2)-dimensions. Then, x

(g)
1 , · · · ,x(g)

N
(g)
1

are

independently and identically distributed as Np

(
µ(g), Σ

)
and x

(g)

(12)N
(g)
1 +1

, · · · ,x(g)

(12)N(g)

are independently and identically distributed as Np1+p2

(
µ

(g)
(12), Σ(12)

)
, where

µ(g) =

 µ
(g)
1

µ
(g)
2

µ
(g)
3

 , µ
(g)
(12) =

(
µ

(g)
1

µ
(g)
2

)
,

Σ =

 Σ11 Σ12 Σ13

Σ21 Σ22 Σ23

Σ31 Σ32 Σ33

 , Σ(12) =

(
Σ11 Σ12

Σ21 Σ22

)
.

In these settings, for a set of the coefficients of linear discriminant function, we consider

the redundancy hypothesis testing as follows:

H0 : η
(1)
2 = η

(2)
2 and η

(1)
3 = η

(2)
3 , H1 : not H0

where

η
(g)
2 = µ

(g)
2 − Σ21Σ

−1
11 µ

(g)
1 , η

(g)
3 = µ

(g)
3 − Σ3(12)Σ

−1
(12)µ

(g)
(12),

µ
(g)
i = Ciµ

(g), Σii′ = CiΣCi′ , ((i, i′) ∈ {1, 2, 3}2)
C1 = (Ip1

Op1×p2
Op1×p3

) , C2 = (Op2×p1
Ip2

Op2×p3
) ,

C3 = (Op3×p1 Op3×p3 Ip3) , Σ3(12) = (Σ31 Σ32) = Σ
′

(12)3, µ
(g)
(12) =

(
µ

(g)
1

µ
(g)
2

)
.
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Under H0, linear discriminant function W0 with parameters is

W0 =
(
µ(1) − µ(2)

)′
Σ−1

{
x− 1

2

(
µ(1) + µ(2)

)}
=
(
µ

(1)
1 − µ

(2)
1

)′
Σ−1

11

{
x1 −

1

2

(
µ

(1)
1 + µ

(2)
1

)}
then x is a p-dimensional sample vector to be discriminated and x1 = C1x. Therefore,

satisfying H0 implies that (p2+p3)-dimensions for the coefficients of x are redundant for

discriminant analysis.

In this paper, we derive the likelihood ratio test (LRT) statistic for H0 in Chapter 2.

However, when N (g) is not so large, the type I error of the LRT exceeds the nominal

significant level α. Therefore, we proposed the corrected testing procedure for H0 as a

main result in Chapter 3. We perform simulation studies to evaluate our proposed testing

procedure in Chapter 4. Finally, we consider this paper and address future problems in

Chapter 5. The auxiliary results to derive the main result are stated in Appendix A.

2 MLEs with two-step monotone missing data and LRT statistic

In this chapter, we obtain the MLEs using the decomposition of the density into con-

ditional densities presented in [7]. The joint density function of the observations

x
(g)
1 , x

(g)
2 , · · · , x

(g)

N
(g)
1

, x
(g)

(12)N
(g)
1 +1

, · · · , x
(g)

(12)N(g) can be written as

N
(g)
1∏

j=1

f1

(
x
(g)
j

)
×

N(g)∏
j=N

(g)
1 +1

f2

(
x
(g)
(12)j

)
where

f1

(
x
(g)
j

)
= (2π)−

p
2 |Σ|− 1

2 exp

{
−1

2

(
x
(g)
j − µ(g)

)′
Σ−1

(
x
(g)
j − µ(g)

)}
,

f2

(
x
(g)
(12)j

)
= (2π)−

p1+p2
2 |Σ(12)|−

1
2

× exp

{
−1

2

(
x
(g)
(12)j − µ

(g)
(12)

)′
Σ−1

(12)

(
x
(g)
(12)j − µ

(g)
(12)

)}
.

The log-likelihood function can be given as follows:

ℓ(µ(1), µ(2), Σ) = Const.− 1

2

2∑
g=1

(
N

(g)
1 log |Σ|+N

(g)
2 log |Σ(12)|

)

− 1

2

2∑
g=1

N
(g)
1∑

j=1

(
x
(g)
j − µ(g)

)′
Σ−1

(
x
(g)
j − µ(g)

)
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− 1

2

2∑
g=1

N(g)∑
j=N

(g)
1 +1

(
x
(g)
(12)j − µ

(g)
(12)

)′
Σ−1

(12)

(
x
(g)
(12)j − µ

(g)
(12)

)
.

We multiply observation vectors x
(g)
j by a transform matrix on the left side

P =

(
P(12) O(p1+p2)×p3

−Σ3(12)Σ
−1
(12) Ip3

)
, P(12) =

(
Ip1

Op1×p2

−Σ21Σ
−1
11 Ip2

)
.

The transformed observation vectors are

y
(g)
j = Px

(g)
j =

 x
(g)
1j

x
(g)
2j −Ψ21x

(g)
1j

x
(g)
3j −Ψ3(12)x

(g)
(12)j

 ∼ Np

(
η(g), Ψ

)
,

y
(g)
(12)j = P(12)x

(g)
(12)j =

(
x
(g)
1j

x
(g)
2j −Ψ21x

(g)
1j

)
∼ Np1+p2

(
η
(g)
(12), Ψ(12)

)
,

where

η(g) = Pµ(g) =

 µ
(g)
1

µ
(g)
2 −Ψ21µ

(g)
1

µ
(g)
3 −Ψ3(12)µ

(g)
(12)

 , Ψ =

(
Ψ(12) Ψ(12)3

Ψ3(12) Ψ33

)
,

Ψ(12) =

(
Σ11 Σ−1

11 Σ12

Σ21Σ
−1
11 Σ22·1

)
, Σ22·1 = Σ22 − Σ21Σ

−1
11 Σ12,

Ψ3(12) =
(
Ψ31 Ψ32

)
= Ψ′

(12)3 = Σ3(12)Σ
−1
(12), Ψ33 = Σ33 − Σ3(12)Σ

−1
(12)Σ(12)3.

Also, the transformed log-likelihood function from
(
µ(1),µ(2), Σ

)
to
(
η(1),η(2), Ψ

)
can

be written as

ℓ
(
η(1),η(2), Ψ

)
= Const.− 1

2

2∑
g=1

(
N (g) log |Ψ11|+N (g) log |Ψ22|+N

(g)
1 log |Ψ33|

)

− 1

2

2∑
g=1

N(g)∑
j=1

{(
y
(g)
1j − η

(g)
1

)′
Ψ−1

11

(
y
(g)
1j − η

(g)
1

)}

− 1

2

2∑
g=1

N(g)∑
j=1

{(
y
(g)
2j − η

(g)
2

)′
Ψ−1

22

(
y
(g)
2j − η

(g)
2

)}

− 1

2

2∑
g=1

N
(g)
1∑

j=1

{(
y
(g)
3j − η

(g)
3

)′
Ψ−1

33

(
y
(g)
3j − η

(g)
3

)}
.

It should be noted that
(
µ(1), µ(2), Σ

)
and

(
η(1), η(2), Ψ

)
are one-to-one correspon-

dence. We give the following theorems to construct the LRT statistic using a similar

derivation [7].
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Theorem 2.1. Suppose that two-step monotone missing data

x
(g)
1 , · · · ,x(g)

N
(g)
1

, x
(g)

(12)N
(g)
1 +1

, · · · ,x(g)

(12)N(g) is observed from Π(g) : Np

(
µ(g), Σ

)
(g ∈

{1, 2}). Then, the MLEs denoted as
(
η̂(1), η̂(2), Ψ̂

)
are given by

η̂(g) =

 η̂
(g)
1

η̂
(g)
2

η̂
(g)
3

 =

 x
(g)
1

x
(g)
2 − Ψ̂21x

(g)
1

x
(g,1)
3 − Ψ̂3(12)x

(g,1)
(12)

 ,

Ψ̂11 =
1

N

2∑
g=1

N(g)∑
j=1

(
x
(g)
1j − η̂

(g)
1

)(
x
(g)
1j − η̂

(g)
1

)′
,

Ψ̂21 = Ψ̂
′

12 =


2∑

g=1

N(g)∑
j=1

(
x
(g)
2j − x

(g)
2

)(
x
(g)
1j − x

(g)
1

)′ Ψ̂−1
11 ,

Ψ̂22 =
1

N

2∑
g=1

N(g)∑
j=1

(
x
(g)
2j − Ψ̂21x

(g)
1j − η̂

(g)
2

)(
x
(g)
2j − Ψ̂21x

(g)
1j − η̂

(g)
2

)′
,

Ψ̂3(12) =


2∑

g=1

N
(g)
1∑

j=1

(
x
(g)
3j − x

(g,1)
3

)(
x
(g)
(12)j − x

(g,1)
(12)

)′
2∑

g=1

N
(g)
1∑

j=1

(
x
(g)
(12)j − x

(g,1)
(12)

)(
x
(g)
(12)j − x

(g,1)
(12)

)′
−1

,

Ψ̂33 =
1

N1

2∑
g=1

N
(g)
1∑

j=1

(
x
(g)
3j − Ψ̂3(12)x

(g)
(12)j − η̂

(g)
3

)
(
x
(g)
3j − Ψ̂3(12)x

(g)
(12)j − η̂

(g)
3

)′
,

where

x
(g)
(12) =

1

N (g)

(
N

(g)
1 x

(g,1)
(12) +N

(g)
2 x

(g,2)
(12)

)
, x

(g)
k = Bkx

(g)
(12) (k ∈ {1, 2}),

x(g,1) =
1

N
(g)
1

N
(g)
1∑

j=1

x
(g)
j , x

(g,1)
i = Cix

(g,1), x
(g,1)
(12) = C(12)x

(g,1),

x
(g,2)
(12) =

1

N
(g)
2

N(g)∑
j=N

(g)
1 +1

x
(g)
(12)j , x

(g,2)
k = Bkx

(g,2)
(12) ,

B1 =
(
Ip1

Op1×p2

)
, B2 =

(
Op2×p1

Ip2

)
, C(12) =

(
C ′

1 C ′
2

)′
.
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Proof. Using Lemma A.1, we obtain

∂ℓ
(
η(1),η(2), Ψ

)
∂η

(g)
1

=
N(g)∑
j=1

Ψ−1
11

(
y
(g)
1j − η

(g)
1

)
.

The MLEs of η
(1)
1 and η

(2)
1 can be obtained by solving

∂ℓ
(
η(1),η(2), Ψ

)
∂η

(g)
1

= 0p1
:

η̂
(g)
1 =

1

N (g)

N(g)∑
j=1

y
(g)
1j =

1

N (g)

N
(g)
1∑

j=1

x
(g)
1j +

N(g)∑
j=N

(g)
1 +1

x
(g)
1j

 = x
(g)
1 .

Furthermore, it holds that

∂ℓ
(
η(1),η(2), Ψ

)
∂Ψ−1

11

=
1

2
(N (1) +N (2))(2Ψ11 − diagΨ11)

−1

2

2∑
g=1


N(g)∑
j=1

2
(
y
(g)
1j − η

(g)
1

)(
y
(g)
1j − η

(g)
1

)′

−diag
N(g)∑
j=1

(
y
(g)
1j − η

(g)
1

)(
y
(g)
1j − η

(g)
1

)′
 . (2.1)

Putting η̂
(g)
1 into (2.1), by solving

∂ℓ
(
η(1),η(2), Ψ

)
∂Ψ−1

11

= Op1×p1
, we obtain

Ψ̂11 =
1

N

2∑
g=1

N(g)∑
j=1

(
y
(g)
1j − η̂

(g)
1

)(
y
(g)
1j − η̂

(g)
1

)′

=
1

N

2∑
g=1

N(g)∑
j=1

(
x
(g)
1j − η̂

(g)
1

)(
x
(g)
1j − η̂

(g)
1

)′

.

We find the MLEs of η
(g)
2 and Ψ21 by solving the partial differential equation

∂ℓ
(
η(1),η(2), Ψ

)
∂η

(g)
2

= 0p2

∂ℓ
(
η(1),η(2), Ψ

)
∂Ψ21

= Op2×p1
.

Using Lemma A.1,

∂ℓ
(
η(1),η(2), Ψ

)
∂η

(g)
2

=
N(g)∑
j=1

Ψ−1
22

(
y
(g)
2 − η

(g)
2

)

6



Thus,

η̂
(g)
2 =

1

N (g)

N(g)∑
j=1

y
(g)
2j

=
1

N (g)

N(g)∑
j=1

x
(g)
2j − Ψ̂21

 1

N (g)

N(g)∑
j=1

x
(g)
1j


= x

(g)
2 − Ψ̂21x

(g)
1 .

Putting η̂
(g)
2 into

∂ℓ
(
η(1),η(2), Ψ

)
∂Ψ21

= Op2×p1
,

∂ℓ
(
η(1),η(2), Ψ

)
∂Ψ21

= Ψ−1
22

2∑
g=1

N(g)∑
j=1

{(
x
(g)
2j − x

(g)
2

)(
x
(g)
1j − x

(g)
1

)′
−Ψ21

(
x
(g)
1j − x

(g)
1

)(
x
(g)
1j − x

(g)
1

)′}
.

therefore,

Ψ̂21 =


2∑

g=1

N(g)∑
j=1

(
x
(g)
2j − x

(g)
2

)(
x
(g)
1j − x

(g)
1

)′
2∑

g=1

N(g)∑
j=1

(
x
(g)
1j − x

(g)
1

)(
x
(g)
1j − x

(g)
1

)′
−1

.

From Lemma A.1, it holds that

∂ℓ
(
η(1),η(2), Ψ

)
∂Ψ22

=
1

2
N (2Ψ22 − diagΨ22)

− 1

2

2∑
g=1

2
N(g)∑
j=1

(
y
(g)
2j − η

(g)
2

)(
y
(g)
2j − η

(g)
2

)′
−diag

(
y
(g)
2j − η

(g)
2

)(
y
(g)
2j − η

(g)
2

)′}
.

Thus, we obtain by substituting η̂
(g)
2 and Ψ̂21,

Ψ̂22 =
1

N

2∑
g=1

N(g)∑
j=1

(
y
(g)
2j − η

(g)
2

)(
y
(g)
2j − η

(g)
2

)′

=
1

N

2∑
g=1

N(g)∑
j=1

(
x
(g)
2j − Ψ̂21x

(g)
1j

)(
x
(g)
2j − Ψ̂21x

(g)
1j

)′
.
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In the same way, solving the partial differential equations
∂ℓ
(
η(1),η(2), Ψ

)
∂η

(g)
3

= 0p3

∂ℓ
(
η(1),η(2), Ψ

)
∂Ψ3(12)

= Op3×(p1+p2)

we obtain

η̂
(g)
3 =

1

N
(g)
1

N
(g)
1∑

j=1

y
(g)
3j = x

(g,1)
3 − Ψ̂3(12)x

(g,1)
(12) .

Substituting η̂
(g)
3 into

∂ℓ
(
η(1),η(2), Ψ

)
∂Ψ3(12)

and using Lemma A.1, it holds that

∂ℓ
(
η(1),η(2), Ψ

)
∂Ψ3(12)

= −1

2

2∑
g=1

N
(g)
1∑

j=1

Ψ−1
33

{
−2
(
x
(g)
3j − x

(g)
3

)(
x
(g)
(12)j − x

(g)
(12)

)
+2Ψ3(12)

(
x
(g)
(12)j − x

(g)
(12)

)(
x
(g)
(12)j − x

(g)
(12)

)′}

=
2∑

g=1

N
(g)
1∑

j=1

Ψ−1
33

{(
x
(g)
3j − x

(g)
3

)(
x
(g)
(12)j − x

(g)
(12)

)′
−Ψ3(12)

(
x
(g)
(12)j − x

(g)
(12)

)(
x
(g)
(12)j − x

(g)
(12)

)′}
.

Thus, we obtain

Ψ̂3(12) =


2∑

g=1

N
(g)
1∑

j=1

(
x
(g)
3j − x

(g,1)
3

)(
x
(g)
(12)j − x

(g,1)
(12)

)′
2∑

g=1

N
(g)
1∑

j=1

(
x
(g)
(12)j − x

(g,1)
(12)

)(
x
(g)
(12)j − x

(g,1)
(12)

)′
−1

.

Also, it holds that

∂ℓ
(
η(1),η(2), Ψ

)
∂Ψ−1

33

=
1

2
N1 (2Ψ33 − diagΨ33)

−1

2

2∑
g=1

N
(g)
1∑

j=1

{
2
(
y
(g)
3j − η

(g)
3

)(
y
(g)
3j − η

(g)
3

)′
−2diag

(
y
(g)
3j − η

(g)
3

)(
y
(g)
3j − η

(g)
3

)′}
.
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therefore,

Ψ̂33 =
1

N1

2∑
g=1

N
(g)
1∑

j=1

(
y
(g)
3j − η

(g)
3

)(
y
(g)
3j − η

(g)
3

)′

=
1

N1

2∑
g=1

N
(g)
1∑

j=1

(
x
(g)
3j − Ψ̂3(12)x

(g)
(12)j − η̂

(g)
3

)(
x
(g)
3j − Ψ̂3(12)x

(g)
(12)j − η̂

(g)
3

)′
.

Next, we derive MLEs under H0 : η
(1)
2 = η

(2)
2 = η2, η

(1)
3 = η

(2)
3 = η3 in order to

obtain LRT statistic.

Theorem 2.2. Suppose the two-step monotone missing data

x
(g)
1 , · · · ,x(g)

N
(g)
1

, x
(g)

1N
(g)
1 +1

, · · · ,x(g)

1N(g) is observed from Π(g) : Np(µ
(g), Σ) (g ∈ {1, 2}).

Then the MLEs under the null hypothesis H0 denoted as η̃(1), η̃(2), Ψ̃ are given by

η̃(g) =

 η̃
(g)
1

η̃2

η̃3

 =

 η̂
(g)
1 ,

x2 − Ψ̃21x1

x
(·,1)
3 − Ψ̃3(12)x

(·,1)
(12)

 , Ψ̃11 = Ψ̂11,

Ψ̃21 =


2∑

g=1

N(g)∑
j=1

(
x
(g)
2j − x2

)(
x
(g)
1j − x1

)′
2∑

g=1

N(g)∑
j=1

(
x
(g)
1j − x1

)(
x
(g)
1j − x1

)′
−1

,

Ψ̃22 =
1

N

2∑
g=1

N(g)∑
j=1

(
x
(g)
2j − Ψ̃21x

(g)
1j − η̃2

)(
x
(g)
2j − Ψ̃21x

(g)
1j − η̃2

)′
,

Ψ̃3(12) = Ψ̃′
(12)3 =


2∑

g=1

N
(g)
1∑

j=1

(
x
(g)
3j − x

(·,1)
3

)(
x
(g)
(12)j − x

(·,1)
(12)

)′
2∑

g=1

N
(g)
1∑

j=1

(
x
(g)
(12)j − x

(·,1)
(12)

)(
x
(g)
(12)j − x

(·,1)
(12)

)′
−1

,

Ψ̃33 =
1

N1

2∑
g=1

N
(g)
1∑

j=1

(
x
(g)
3j − Ψ̃3(12)x

(g)
(12)j − η̃3

)(
x
(g)
3j − Ψ̃3(12)x

(g)
(12)j − η̃3

)′
,

where

x(12) =
1

N

2∑
g=1

N(g)∑
j=1

x
(g)
(12)j , xk = Bkx(12), N1 =

2∑
g=1

N
(g)
1 , N =

2∑
g=1

2∑
ℓ=1

N
(g)
ℓ ,
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x(·,1) =
1

N1

2∑
g=1

N
(g)
1∑

j=1

x
(g)
j , x

(·,1)
i = Cix

(·,1), x
(·,1)
(12) = C(12)x

(·,1).

Proof. Under H0 : η
(1)
2 = η

(2)
2 = η2, η

(1)
3 = η

(2)
3 = η3, the transformed log-likelihood

function can be written as

ℓH0
= Const.− 1

2

2∑
g=1

(
N (g) log |Ψ11|+N (g) log |Ψ22|+N

(g)
1 log |Ψ33|

)

− 1

2

2∑
g=1

N(g)∑
j=1

{(
y
(g)
1j − η

(g)
1

)′
Ψ−1

11

(
y
(g)
1j − η

(g)
1

)}

− 1

2

2∑
g=1

N(g)∑
j=1

{(
y
(g)
2j − η2

)′
Ψ−1

22

(
y
(g)
2j − η2

)}

− 1

2

2∑
g=1

N
(g)
1∑

j=1

{(
y
(g)
3j − η3

)′
Ψ−1

33

(
y
(g)
3j − η3

)}
.

we have η̃
(g)
1 , Ψ̃11 by solving the partial differential equation

∂ℓH0

∂η
(g)
1

= 0p1

∂ℓH0

∂Ψ11
= Op1×p1

.

By Lemma A.1, we obtain

∂ℓH0

∂η
(g)
1

=
N(g)∑
j=1

Ψ−1
11

(
y
(g)
1j − η

(g)
1

)
,

∂ℓH0

∂Ψ−1
11

=
1

2
N (2Ψ11 − diagΨ11)

−1

2

2
2∑

g=1

N(g)∑
j=1

(
y
(g)
1j − η

(g)
1

)(
y
(g)
1j − η

(g)
1

)′

−diag
2∑

g=1

N(g)∑
j=1

(
y
(g)
1j − η

(g)
1

)(
y
(g)
1j − η

(g)
1

)′
therefore,

η̃
(g)
1 =

1

N (g)

N(g)∑
j=1

y
(g)
1j = η̂

(g)
1 ,

10



Ψ̃11 =
1

N

2∑
g=1

N(g)∑
j=1

(
y
(g)
1j − η̃

(g)
1

)(
y
(g)
1j − η̃

(g)
1

)′
= Ψ̂11.

The MLEs of η2, Ψ21, Ψ22 can be given in a similar manner to proof of η̃
(g)
1 , Ψ̃11

respectively. We obtain η̃2, Ψ̃21, Ψ̃22 solving the partial differential equation.

∂ℓH0

∂η2

= 0p2

∂ℓH0

∂Ψ21
= Op2×p1

∂ℓH0

∂Ψ−1
22

= Op2×p2 .

It follows from Lemma A.1,

∂ℓH0

∂η2

= −
N(1)∑
j=1

Ψ−1
22

(
y
(1)
2j − η2

)
−

N(2)∑
j=1

Ψ−1
22

(
y
(2)
2j − η2

)

= −Ψ−1
22

N(1)∑
j=1

y
(1)
2j −N (1)η2 +

N(2)∑
j=1

y
(2)
2j −N (2)η2


= −Ψ−1

22

 2∑
g=1

N(g)∑
j=1

y
(g)
2j −Nη2

 .

Then,

η̃2 =
1

N

2∑
g=1

N(g)∑
j=1

y
(g)
2j

=
1

N

2∑
g=1

N(g)∑
j=1

x
(g)
2j − Ψ̃21

1

N

2∑
g=1

N(g)∑
j=1

x
(g)
1j

= x2 − Ψ̃21x1.

Substituting η̃2 into
∂ℓH0

∂Ψ21
,

∂ℓH0

∂Ψ21
= Ψ−1

22

2∑
g=1

N(g)∑
j=1

{(
x
(g)
2j − x2

)(
x
(g)
1j − x1

)′
− Ψ̃21

(
x
(g)
1j − x1

)(
x
(g)
1j − x1

)′}
.

Thus, we have

Ψ̃21 =


2∑

g=1

N(g)∑
j=1

(
x
(g)
2j − x2

)(
x
(g)
1j − x1

)′


2∑
g=1

N(g)∑
j=1

(
x
(g)
1j − x1

)(
x
(g)
1j − x1

)′
−1

.
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Also, putting η̃2 and Ψ̃21 into
∂ℓH0

∂Ψ−1
22

,

∂ℓH0

∂Ψ−1
22

=
1

2
N(2Ψ22 − diagΨ22)−

1

2

2
2∑

g=1

N(g)∑
j=1

(
y
(g)
2j − η̃2

)(
y
(g)
2j − η̃2

)′

−diag
2∑

g=1

N(g)∑
j=1

(
y
(g)
2j − η̃2

)(
y
(g)
2j − η̃2

)′
 ,

we obtain

Ψ̃22 =
1

N

2∑
g=1

N(g)∑
j=1

(
y
(g)
2j − η̃2

)(
y
(g)
2j − η̃2

)′

=
1

N

2∑
g=1

N(g)∑
j=1

(
x
(g)
2j − Ψ̃21x

(g)
1j − η̃2

)(
x
(g)
2j − Ψ̃21x

(g)
1j − η̃2

)′
.

In similar way, we obtain the MLEs of η3, Ψ3(12), Ψ33 by solving the partial differential

equation 

∂ℓH0

∂η3

= 0p3

∂ℓH0

∂Ψ3(12)
= Op3×(p1+p2)

∂ℓH0

∂Ψ−1
33

= Op3×p3
,

respectively. It follows that

∂ℓH0

∂η3

= −1

2

2

N
(1)
1∑

j=1

Ψ33

(
y
(1)
3j − η3

)
+ 2

N
(2)
1∑

j=1

Ψ33

(
y
(2)
3j − η3

)
= −Ψ−1

33

 2∑
g=1

N
(g)
1∑

j=1

y
(g)
3j −N1η3

 ,

and we obtain

η̃3 =
1

N1

2∑
g=1

N
(g)
1∑

j=1

y
(g)
3j

=
1

N1

2∑
g=1

N
(g)
1∑

j=1

x
(g)
3j − Ψ̃3(12)

 1

N1

2∑
g=1

N
(g)
1∑

j=1

x
(g)
(12)j


= x

(·,1)
3 − Ψ̃3(12)x

(·,1)
(12) .
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Putting η̃3 into
∂ℓH0

∂Ψ3(12)
, it follows that

∂ℓH0

∂Ψ3(12)
= Ψ−1

33


2∑

g=1

N
(g)
1∑

j=1

(
x
(g)
3j − x

(·,1)
3

)(
x
(g)
(12)j − x

(·,1)
(12)

)′
−Ψ−1

33 Ψ3(12)


2∑

g=1

N
(g)
1∑

j=1

(
x
(g)
(12)j − x

(·,1)
(12)

)(
x
(g)
(12)j − x

(·,1)
(12)

)′ .

We obtain

Ψ̃3(12) =


2∑

g=1

N
(g)
1∑

j=1

(
x
(g)
3j − x

(·,1)
3

)(
x
(g)
(12)j − x

(·,1)
(12)

)′
2∑

g=1

N
(g)
1∑

j=1

(
x
(g)
(12)j − x

(·,1)
(12)

)(
x
(g)
(12)j − x

(·,1)
(12)

)′
−1

.

Substituting η̃3 and Ψ̃3(12) into
∂ℓH0

∂Ψ−1
33

,

∂ℓH0

∂Ψ−1
33

= −1

2
N1(2Ψ33 − diagΨ33)−

1

2

2
2∑

g=1

N
(g)
1∑

j=1

(
y
(g)
3j − η̃3

)(
y
(g)
3j − η̃3

)′

−diag
2∑

g=1

N
(g)
1∑

j=1

(
y
(g)
3j − η̃3

)(
y
(g)
3j − η̃3

)′
 .

So, we have

Ψ̃33 =
1

N1

2∑
g=1

N
(g)
1∑

j=1

(
y
(g)
3j − η̃3

)(
y
(g)
3j − η̃3

)′

=
1

N1

2∑
g=1

N
(g)
1∑

j=1

(
x
(g)
3j − Ψ̃3(12)x

(g)
(12)j − η̃3

)(
x
(g)
3j − Ψ̃3(12)x

(g)
(12)j − η̃3

)′
.

Using MLEs, the LRT statistic for the testing H0 can be constructed as

−2 log λ = NQ1 +N1Q2

where

Q1 = log

{
1 +m(1)m(2)

(
x
(1)
(12) − x

(2)
(12)

)′ (
1

N
Ŝ

)−1 (
x
(1)
(12) − x

(2)
(12)

)}

13



− log

{
1 +m(1)m(2)

(
x
(1)
1 − x

(2)
1

)′ (
1

N
Ŝ11

)−1 (
x
(1)
1 − x

(2)
1

)}
,

Q2 = log

{
1 +

m
(1)
1 m

(2)
1

m2
1

(
x(1,1) − x(2,1)

)′ (
1

N1
S(·,1)

)−1 (
x(1,1) − x(2,1)

)}

− log

{
1 +

m
(1)
1 m

(2)
1

m2
1

(
x
(1,1)
(12) − x

(2,1)
(12)

)′ (
1

N1
S
(·,1)
(12)

)−1 (
x
(1,1)
(12) − x

(2,1)
(12)

)}
,

Ŝ =
2∑

g=1

N(g)∑
j=1

(
x
(g)
(12)j − x(g)

)(
x
(g)
(12)j − x(g)

)′
, Ŝ11 = B1ŜB

′
1,

S(·,1) =
2∑

g=1

N
(g)
1∑

j=1

(
x
(g)
j − x(g,1)

)(
x
(g)
j − x(g,1)

)′
, S

(·,1)
(12) = C(12)S

(·,1)C ′
(12),

m
(g)
ℓ =

N
(g)
ℓ

N
(ℓ ∈ {1, 2}), m1 =

N1

N
, m(g) =

N (g)

N
.

Under H0, the LRT statistic is asymptotically chi-squared distribution with (p2 + p3)

degrees of freedom as N → ∞ and m
(g)
ℓ → γ

(g)
ℓ ∈ (0, 1). Therefore, an approximate

testing procedure for H0 can be considered: H0 is rejected if −2 log λ > χ2
p2+p3

(α) holds,

otherwise, H0 is retained, where α denotes the nominal significance level of testing H0

and χ2
p2+p3

(α) denotes the upper 100α% point of chi-squared distribution with (p2 + p3)

degrees of freedom.

3 Asymptotic expansion and Bartlett correction of LRT statistic

In this section, we derive the asymptotic expansion of the expectation of the LRT

statistic −2 log λ = NQ1 +N1Q2 up to the first order with respect to N−1 under H0 to

suggest Bartlett corrected terms. For this purpose, we define Σ− 1
2 and Σ

− 1
2

(12) as

Σ− 1
2 =

 Σ
− 1

2
11 O O

O Σ
− 1

2
22·1 O

O O Σ
− 1

2
33·12

P, Σ
− 1

2

(12) =

(
Σ

− 1
2

11 O

O Σ
− 1

2
22·1

)
P(12),

respectively. Furthermore, we also define

z(g,1) =

√
N

(g)
1 Σ− 1

2

(
x(g,1) − µ(g)

)
, z

(g,1)
i = Ciz

(g,1),

z
(g,2)
(12) =

√
N

(g)
2 Σ

− 1
2

(12)

(
x
(g,2)
(12) − µ

(g)
(12)

)
, z

(g,ℓ)
k = Bkz

(g,2)
(12) ,
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n
(g)
ℓ = N

(g)
ℓ − 1 (ℓ ∈ {1, 2}), n(g) =

2∑
ℓ=1

n
(g)
ℓ , n =

2∑
g=1

2∑
ℓ=1

n
(g)
ℓ ,

S(g,1) =

N
(g)
1∑

j=1

(
x
(g)
j − x(g,1)

)(
x
(g)
j − x(g,1)

)′
, S

(g,1)
(12) = C(12)S

(g,1)C ′
(12),

S
(g,2)
(12) =

N(g)∑
j=N

(g)
1 +1

(
x
(g)
(12)j − x

(g,2)
(12)

)(
x
(g)
(12)j − x

(g,2)
(12)

)′
,

T (g,1) =

√
n
(g)
1 Σ− 1

2

(
1

n
(g)
1

S(g,1) − Σ

)
Σ− 1

2
′
,

T
(g,ℓ)
(12) =

√
n
(g)
ℓ Σ

− 1
2

(12)

(
1

n
(g)
ℓ

S
(g,ℓ)
(12) − Σ(12)

)
Σ

− 1
2
′

(12) ,

T =
2∑

g=1

2∑
ℓ=1

√
m

(g)
ℓ T

(g,ℓ)
(12) , T11 = B1TB

′
1,

L =
2∑

g=1

2∑
ℓ=1

4

√
m

(g)
ℓ − 1

2

1√
m

(g)
ℓ

T
(g,ℓ)
(12) , L11 = B1LB

′
1,

U (g) =
m

(g)
1 m

(g)
2

m(g)

 1√
m

(g)
1

z
(g,1)
(12) − 1√

m
(g)
2

z
(g,2)
(12)


 1√

m
(g)
1

z
(g,1)
(12) − 1√

m
(g)
2

z
(g,2)
(12)


′

,

U =
2∑

g=1

U (g), U11 = B1UB′
1,

u(12) =

√
m(2)

m(1)

2∑
ℓ=1

√
m

(1)
ℓ z

(1,ℓ)
(12) −

√
m(1)

m(2)

2∑
ℓ=1

√
m

(2)
ℓ z

(2,ℓ)
(12) ,

b =
√
m(1)m(2)Σ− 1

2

(
µ

(1)
(12) − µ

(2)
(12)

)
, b1 = B1b,

M =
1

m1

2∑
g=1

√
m

(g)
1 T (g,1), M(12) = C(12)MC ′

(12),

L∗ =
1

2m1

2∑
g=1

1√
m

(g)
1

T (g,1), L∗
(12) = C(12)L

∗C ′
(12),

v =

√
m

(2)
1

m1
z(1,1) −

√
m

(1)
1

m1
z(2,1), v(12) = C(12)v,
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d =

√
m

(1)
1 m

(2)
1

m1
Σ− 1

2

(
µ(1) − µ(2)

)
, d(12) = C(12)d.

By using the expressions addressed in the above, we have a stochastic expansion of Q1

under H0 as

Q1 =
1

N
(1 + a0)

−1a2 +
1

N
√
N

{
(1 + a0)

−1a3 − (1 + a0)
−2a1a2

}
+

1

N2

{
(1 + a0)

−1a4 − (1 + a0)
−2a1a3 −

1

2
(1 + a0)

−2a22

+ (1 + a0)
−3a21a2

}
−

[
1

N
(1 + b0)

−1b2 +
1

N
√
N

{
(1 + b0)

−1b3 − (1 + b0)
−2b1b2

}
+

1

N2

{
(1 + b0)

−1b4 − (1 + b0)
−2b1b3 −

1

2
(1 + b0)

−2b22

+ (1 + b0)
−3b21b2

}]
+ op(N

−2),

where

a0 = b′b,

a1 = 2b′u(12) − b
′
Tb,

a2 = u
′

(12)u(12) − 2b
′
Tu(12) + b

′
(T 2 − U)b,

a3 = −u
′

(12)Tu(12) + 2b
′
(T 2 − U)u(12) + b

′
(−L+ TU + UT − T 3)b,

a4 = u
′

(12)(T
2 − U)u(12) + 2b

′
(−L+ TU + UT − T 3)u(12)

+b
′
(−4U + T 2 + TL+ LT − TUT − UT 2 − T 2U + T 4 + U2)b,

b0 = b′1b1,

b1 = 2b′1u1 − b
′

1T11b1,

b2 = u
′

1u1 − 2b
′

1T11u1 + b
′

1(T
2
11 − U11)b1,

b3 = −u
′

1T11u1 + 2b
′

1(T
2
11 − U11)u1 + b

′

1(−L11 + T11U11 + U11T11 − T 3
11)b1,

b4 = u
′

1(T
2
11 − U11)u1 + 2b

′

1(−L11 + T11U11 + U11T11 − T 3
11)u1

+b
′

1(−4U11 + T 2
11 + T11L11 + L11T11 − T11U11T11 − U11T

2
11

−T 2
11U11 + T 4

11 + U2
11)b1.

We also have a following stochastic expansion of Q2 :

Q2 =
1

N

{
(1 + c0)

−1c2
}
+

1

N
√
N

{
(1 + c0)

−1c3 − (1 + c0)
−2c1c2

}
16



+
1

N2

{
(1 + c0)

−1c4 − (1 + c0)
−2c1c3 −

1

2
(1 + c0)

−2c22

+ (1 + c0)
−3c21c2

}
−

[
1

N

{
(1 + d0)

−1d2
}
+

1

N
√
N

{
(1 + d0)

−1d3 − (1 + d0)
−2d1d2

}
+

1

N2

{
(1 + d0)

−1d4 − (1 + d0)
−2d1d3 −

1

2
(1 + d0)

−2d22

+ (1 + d0)
−3d21d2

}]
+ op(N

−2),

where

c0 =
1

m1
d

′
d,

c1 =
2

m1
d

′
v − 1

m1
d

′
Md,

c2 =
1

m1
v

′
v +

2

m2
1

d
′
d− 2

m1
d

′
Mv +

1

m1
d

′
M2d,

c3 = − 1

m1
v

′
Mv +

4

m2
1

d
′
v +

1

m1
d

′
L∗d+

2

m1
v

′
M2d− 4

m2
1

d
′
Md

− 1

m1
d

′
M3d,

c4 =
2

m2
1

v
′
v +

2

m1
v

′
L∗d+

1

m1
v

′
M2v +

4

m3
1

d
′
d− 8

m2
1

v
′
Md

− 1

m1
d

′
(ML∗ + L∗M)d− 2

m1
v

′
M3d+

6

m2
1

d
′
M2d+

1

m1
d

′
M4d,

d0 =
1

m1
d

′

(12)d(12),

d1 =
2

m1
d

′

(12)v(12) −
1

m1
d

′

(12)M(12)d(12),

d2 =
1

m1
v

′

(12)v(12) −
2

m1
d

′

(12)M(12)v(12) +
2

m2
1

d
′

(12)d(12)

+
1

m1
d

′

(12)M
2
(12)d(12),

d3 = − 1

m1
v

′

(12)M(12)v(12) +
4

m2
1

d
′

(12)v(12) +
1

m1
d

′

(12)L
∗
(12)d(12)

+
2

m1
v

′

(12)M
2
(12)d(12) −

4

m2
1

d
′

(12)M(12)d(12) −
1

m1
d

′

(12)M
3
(12)d(12),

d4 =
2

m2
1

v
′

(12)v(12) +
2

m1
v

′

(12)L
∗
(12)d(12) +

1

m1
v(12)M

2
(12)v(12) +

4

m3
1

d
′

(12)d(12)

− 8

m2
1

v
′

(12)M(12)d(12) −
1

m1
d

′

(12)

(
M(12)L

∗
(12) + L∗

(12)M(12)

)
d(12)

17



− 2

m1
v

′

(12)M
3
(12)d(12) +

6

m2
1

d(12)
′M2

(12)d(12) +
1

m1
d

′

(12)M
4
(12)d(12).

By evaluating the expectations of each term, we can complete the following main theorem

in this paper.

Theorem 3.1. Suppose that two-step monotone missing data x
(g)
1 , · · · , x

(g)

N
(g)
1

,

x
(g)

(12)N
(g)
1 +1

, · · · , x(g)

(12)N(g) is observed from Π(g) : Np(µ
(g), Σ) (g ∈ {1, 2}). Then, under

H0, the expectation of LRT statistic is given by

E[−2 log λ] = p2

(
1 +

1

N

3∑
i=1

Ai

)
+ p3

1 +
1

N

6∑
j=4

Aj

+ o(N−1),

where

A1 = (1 + a0)
−1 {2p1 + p2 − 1 + (2p1 + p2 + 3)a0} ,

A2 = −(1 + a0)
−2

{
1

2
(2p1 + p2 + 2) +

3

2
(2p1 + p2 + 2)a0 + 5a0 + 2a20

}
,

A3 = (1 + a0)
−3(4a0 + 2a30),

A4 =
1

m1
(1 + c0)

−1

{
p3 + 2(p1 + p2) + 3 + (p3 + 2(p1 + p2) + 6)c0

}
,

A5 =
1

m1
(1 + c0)

−2

{
− 1

2
(p3 + 2p1 + 2p2 + 2)− (p3 + 2p1 + 2p2 + 5)c0

− 1

2
(p3 + 2p1 + 2p2 + 12)c20

}
,

A6 =
1

m1
(1 + c0)

−3(4c0 + 4c20 + 2c30).

Proof. u(12) and U depend only on standardized sample mean vector z
(g,ℓ)
(12) and T and

L depend only on sample covariance matrix (n
(g)
ℓ )−1S(g,ℓ). Therefore we note that

(u(12), U) and (T,L) are mutually independent. Because b = (b′1 0′
p2
)′ under H0, it

holds that a0 = b0 = m(1)m(2)∆2
11 and a1 = b1 = 2b1u1 − m(1)m(2)b′1T11b1. Then, by

Lemma A.5,

E[a2 − b2] = p1 + p2 + (p1 + p2 + 1)b′b− 2b′b

−
{
p1 + (p1 + 1)b′1b1 − 2b′1b1

}
= (1 + a0)p2, (3.1)

E[a3 − b3] = − 1√
N

{(p1 + p2)
2 + 3(p1 + p2) + 4}b′b

+
1√
N

{p21 + 3p1 + 4}b′1b1 + o(N− 1
2 )

18



= − 1√
N

(p22 + 2p1p2 + 3p2)a0 + o(N− 1
2 ), (3.2)

E[a1a2 − b1b2] = − 1√
N

{2(p1 + p2) + 6} (b′b)2

+
1√
N

(2p1 + 6)(b′1b1)
2 + o(N− 1

2 )

= − 1√
N

2p2a
2
0 + o(N− 1

2 ), (3.3)

E[a4 − b4] = (p1 + p2)
2 − (p1 + p2) + {2(p1 + p2)

2 + 6(p1 + p2) + 2}b′b
−
{
p21 − p1 + (2p21 + 6p1 + 2)b′1b1

}
= p22 + 2p1p2 − p2 + 2(p22 + 2p1p2 + 3p2)a0, (3.4)

E[a1a3 − b1b3] = {5(p1 + p2) + 1}b′b+ 4(p1 + p2 + 1)(b′b)2

−
{
(5p1 + 1)b′1b1 + 4(p1 + 1)(b′1b1)

2
}

= 5p2a0 + 4p2a
2
0, (3.5)

E[a22 − b22] = (p1 + p2)
2 + 2(p1 + p2) + 3(p1 + p2)

2b′b+ 2(p1 + p2)b
′b

+ 4b′b+ 11(b′b)2

−
{
p21 + 2p1 + 3p21b

′
1b1 + 2p1b

′
1b1 + 4b′1b1 + 11(b′1b1)

2
}

= p22 + 2p1p2 + 2p2 + 3(p22 + 2p1p2)a0 + 2p2a0, (3.6)

E[a21a2 − b21b2] = 4(p1 + p2 + 2)b′b+ 8(b′b)2 + {2(p1 + p2) + 5}(b′b)3

−
{
4(p1 + 2)b′1b1 + 8(b′1b1)

2 + (2p1 + 5)(b′1b1)
3
}

= 4p2b
′
1b1 + 2p2(b

′
1b1)

3. (3.7)

Combining the expectations from (3.1) to (3.7), we obtain an asymptotic expansion of

NE[Q1]:

NE[Q1] = p2

(
1 +

1

N

3∑
i=1

Ai

)
+ o(N−1).

For N1Q2, v depends on standardized sample mean vector z(g,1), and M and L∗ depend

on sample covariance matrix (n
(g)
1 )−1S(g,1). Therefore, we note that v and (M,L∗) are

mutually independent. Because d = (d′
1 0′

p2
0′
p3
)′ and d(12) = (d′

1 0′
p2
)′ under H0, it

holds that c0 = d0 and c1 = d1. Then, by Corollary A.1, we have

E[c2 − d2] =
1

m1
(1 + c0)p3, (3.8)

E[c3 − d3] = − 1√
N

1

m3
1

(p2 + 3p+ 4)d′d

+
1√
N

1

m3
1

{(p1 + p2)
2 + 3(p1 + p2) + 4}d′

(12)d(12) + o(N−1)
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= − 1√
N

1

m2
1

{p23 + 2p3(p1 + p2) + 3p3}c0 + o(N−1), (3.9)

E[c1c2 − d1d2] = − 1√
N

1

m4
1

(2p+ 6)(d′d)2

+
1√
N

1

m4
1

{2(p1 + p2) + 6}(d′
(12)d(12))

2 + o(N−1)

= − 1√
N

1

m2
1

2p3c
2
0 + o(N−1), (3.10)

E[c4 − d4] =
1

m2
1

{p23 + 2p3(p1 + p2) + 3p3}

+
1

m2
1

{2p23 + 4p3(p1 + p2) + 9p3}c0, (3.11)

E[c1c3 − d1d3] =
4

m2
1

p3c
2
0, (3.12)

E[c22 − d22] =
1

m2
1

{p23 + 2p3(p1 + p2) + 2p3}

+
2

m2
1

{p23 + 2p3(p1 + p2) + 5p3}c0

+
1

m2
1

{p23 + 2p3(p1 + p2) + 8p3}c20, (3.13)

E[c21c2 − d21d2] =
4

m2
1

p3c0 +
4

m2
1

p3c
2
0 +

2

m2
1

p3c
3
0. (3.14)

Combining the expectations from (3.8) to (3.14), we obtain an asymptotic expansion of

N1Q2:

N1E[Q2] = Nm1E[Q2] = p3

1 +
1

N

6∑
j=4

Aj

+ o(N−1).

In conclusion, by Theorem 3.1, we propose the corrected test statistic:

−2 log λ∗ = ρ1NQ1 + ρ2N1Q2,

where, ρ1 and ρ2 are correction terms as follows:

ρ1 =

(
1 +

1

N

3∑
i=1

Ai

)−1

, ρ2 =

1 +
1

N

6∑
j=4

Aj

−1

.

However, −2 log λ∗ depends on unknown quantities a0 and c0. In practical use, we

use −2 log λ̂∗ constructed by substituted consistent estimators â0 and ĉ0 into a0 and

c0, respectively. Therefore, we finally proposed the testing procedure : if −2 log λ̂∗ >

χ2
p2+p3

(α), then H0 is rejected, otherwise H0 is not rejected.
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4 Simulation studies

In this chapter, we investigate the sizes of the LRT statistic and the corrected LRT

in Chapter 3 by Monte Carlo simulation for the significance level α = 0.05. Also, in

practical situations, we should estimate a0 = m(1)m(2)∆2
11 and c0 = m

(1)
1 m

(2)
1 m−2

1 ∆2
11.

Then, the common parameters between a0 and c0 is ∆2
11. So, the plug-in corrected

LRT statistic using the asymptotic unbiased estimator of ∆2
11 derived by [12] is noted

as −2 log λ̂∗. We generate two-step monotone missing data for two groups under several

settings of (p1, p2, p3) and
(
N

(1)
1 , N

(1)
2 , N

(2)
1 , N

(2)
2

)
. We compute the sizes of the LRT

and the corrected LRT with 100,000 runs under these situations.

In the following tables, we present the simulation results for each case:

Case 1 : Π(1) : Np(1.0µ, Ip), Π(2) : Np(0p, Ip), (p1, p2, p3) = (1, 1, 1),

Case 2 : Π(1) : Np(1.0µ, Ip), Π(2) : Np(0p, Ip), (p1, p2, p3) = (2, 2, 2),

Case 3 : Π(1) : Np(1.0µ, Ip), Π(2) : Np(0p, Ip), (p1, p2, p3) = (3, 3, 3),

Case 4 : Π(1) : Np(1.5µ, Ip), Π(2) : Np(0p, Ip), (p1, p2, p3) = (3, 3, 3),

where µ = (1′
p1

0′
(p2+p3)

)′.
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Table 1 The simulated sizes of the test based on −2 log λ and −2 log λ̂∗ for Case 1

N
(1)
1 N

(1)
2 N

(2)
1 N

(2)
2 −2 log λ −2 log λ̂∗

20 20 20 20 0.063 0.053

30 30 30 30 0.058 0.051

40 40 40 40 0.057 0.052

50 50 50 50 0.055 0.051

60 60 60 60 0.053 0.049

70 70 70 70 0.055 0.052

20 20 10 10 0.069 0.055

20 20 30 30 0.061 0.053

20 20 40 40 0.058 0.051

20 20 50 50 0.056 0.050

20 20 60 60 0.057 0.052

20 20 70 70 0.056 0.052

10 10 20 20 0.069 0.054

30 30 20 20 0.059 0.051

40 40 20 20 0.058 0.052

50 50 20 20 0.058 0.052

60 60 20 20 0.057 0.051

70 70 20 20 0.056 0.052

10 20 10 20 0.079 0.056

30 20 30 20 0.059 0.052

40 20 40 20 0.056 0.050

50 20 50 20 0.055 0.051

60 20 60 20 0.053 0.050

70 20 70 20 0.054 0.051
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Table 2 The simulated sizes of the test based on −2 log λ and −2 log λ̂∗ for Case 2

N
(1)
1 N

(1)
2 N

(2)
1 N

(2)
2 −2 log λ −2 log λ̂∗

20 20 20 20 0.082 0.054

30 30 30 30 0.068 0.050

40 40 40 40 0.064 0.051

50 50 50 50 0.059 0.050

60 60 60 60 0.058 0.050

70 70 70 70 0.058 0.051

20 20 10 10 0.095 0.057

20 20 30 30 0.073 0.052

20 20 40 40 0.068 0.051

20 20 50 50 0.066 0.052

20 20 60 60 0.064 0.051

20 20 70 70 0.060 0.049

10 10 20 20 0.095 0.063

30 30 20 20 0.073 0.054

40 40 20 20 0.069 0.054

50 50 20 20 0.066 0.054

60 60 20 20 0.062 0.053

70 70 20 20 0.063 0.056

10 20 10 20 0.126 0.078

30 20 30 20 0.070 0.051

40 20 40 20 0.065 0.050

50 20 50 20 0.060 0.048

60 20 60 20 0.059 0.048

70 20 70 20 0.057 0.048
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Table 3 The simulated sizes of the test based on −2 log λ and −2 log λ̂∗ for Case 3

N
(1)
1 N

(1)
2 N

(2)
1 N

(2)
2 −2 log λ −2 log λ̂∗

20 20 20 20 0.106 0.054

30 30 30 30 0.083 0.051

40 40 40 40 0.073 0.051

50 50 50 50 0.069 0.050

60 60 60 60 0.064 0.049

70 70 70 70 0.062 0.049

20 20 10 10 0.137 0.062

20 20 30 30 0.091 0.052

20 20 40 40 0.083 0.052

20 20 50 50 0.076 0.050

20 20 60 60 0.072 0.051

20 20 70 70 0.070 0.052

10 10 20 20 0.137 0.063

30 30 20 20 0.091 0.053

40 40 20 20 0.083 0.052

50 50 20 20 0.077 0.053

60 60 20 20 0.072 0.051

70 70 20 20 0.069 0.050

10 20 10 20 0.217 0.080

30 20 30 20 0.083 0.050

40 20 40 20 0.074 0.050

50 20 50 20 0.069 0.050

60 20 60 20 0.065 0.050

70 20 70 20 0.063 0.049
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Table 4 The simulated sizes of the test based on −2 log λ and −2 log λ̂∗ for Case 4

N
(1)
1 N

(1)
2 N

(2)
1 N

(2)
2 −2 log λ −2 log λ̂∗

20 20 20 20 0.108 0.055

30 30 30 30 0.081 0.051

40 40 40 40 0.073 0.051

50 50 50 50 0.067 0.049

60 60 60 60 0.062 0.048

70 70 70 70 0.062 0.050

20 20 10 10 0.139 0.064

20 20 30 30 0.091 0.053

20 20 40 40 0.083 0.052

20 20 50 50 0.077 0.051

20 20 60 60 0.073 0.051

20 20 70 70 0.069 0.051

10 10 20 20 0.135 0.061

30 30 20 20 0.092 0.052

40 40 20 20 0.082 0.051

50 50 20 20 0.078 0.052

60 60 20 20 0.071 0.050

70 70 20 20 0.069 0.050

10 20 10 20 0.217 0.079

30 20 30 20 0.084 0.051

40 20 40 20 0.076 0.051

50 20 50 20 0.071 0.051

60 20 60 20 0.066 0.049

70 20 70 20 0.064 0.049

5 Conclusion

In this paper, we constructed the LRT statistic of redundancy test for some variables

in linear discriminant analysis based on two-step missing data in Chapter 2. In Chapter

3, we derived Bartlett correction terms for controlling the sizes of test more exactly

when N (g) is not so large. According to the results of Chapter 4, we observed that
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the corrected test statistics outperformed the original LRT statistic for all conducted

cases. Furthermore, we also give the formula of E[WAWBWCW ] for completing the

main theorem in this paper, where W ∼ Wp(n, Σ), A, B, and C are p × p constant

matrices. Finally, we address some of the future problems. By extending the main result,

we may derive the asymptotic power function of the LRT for the problem considered in

this paper. Moreover, by using a more flexible variable selection, we may reduce the bias

of AIC under settings similar to this paper.

A Lemmas and corollary

In this chapter, we show the lemmas for completing the proofs of Theorem 2.1, 2.2 and

3.1.

Lemma A.1. Suppose that a and b are n-dimensional vectors, A = (aij) and B = (bij)

are n× n square matrices, and A = A′. It holds that:

(i)
∂

∂A
tr(AB) = B +B′ − diag(B)

(ii)
∂

∂A
log |A| = 2A−1 − diag(A−1)

(iii)
∂

∂b
(a − b)

′
A (a − b) = −2A (a − b)

Proof. First, we prove (i). Since

AB =

(
n∑

k=1

aikbkj

)
,

we have

tr(AB) =
n∑

i=1

n∑
j=1

ajibij .

Thus,

∂

∂A
tr(AB) =

 b11 · · · bn1 + b1n
...

. . .
...

b1n + bn1 · · · bnn

 = B +B′ − diag(B).

Next, we prove (ii). Using cofactor expansion, we have:

|A| =

∣∣∣∣∣∣∣
a11 · · · a1n
...

. . .
...

an1 · · · ann

∣∣∣∣∣∣∣ =
n∑

i=1

aij∆ij ,
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where ∆ij = (−1)i+j |A(i,j)|, and A(i,j) is the matrix obtained by removing the i-th row

and j-th column from A. Using aij = aji, we get:

∂ log |A|
∂aij

=


1

|A|
(∆ij +∆ji) (i ̸= j),

1

|A|
∆ij (i = j).

Since ∆ij = ∆ji when A is symmetric, the cofactor matrix Ã, whose elements are ãij =

(−1)i+j |A(i,j)| = ∆ij , is also symmetric. Thus, we obtain:

∂ log |A|
∂A

=


∆11

|A|
· · · ∆1n +∆n1

|A|
...

. . .
...

∆n1 +∆1n

|A|
· · · ∆nn

|A|

 .

This simplifies to:

∂ log |A|
∂A

=
1

|A|
(2Ã− diag(Ã)) =

1

|A|
(2|A|A−1 − |A|diag(A−1)) = 2A−1 − diag(A−1).

Finally, we suppose that a = (a1, · · · , an)′ and b = (b1, · · · , bn)′ to prove (iii). It holds

that

(a− b)′A(a− b) = a′Aa− a′Ab− b′Aa+ b′Ab

=
∑
i

∑
j

aiaijaj −
∑
i

∑
j

aiaijbj −
∑
i

∑
j

biaijaj +
∑
i

∑
j

biaijbj .

Therefor, we obtain

∂

∂b
(a− b)′A(a− b) = −(a′A)′ −Aa+ 2Ab

= −2A(a− b).

Thus, the proof is complete.

Lemma A.2. Let A be an r× r square matrix, Ξ an r× q matrix, and B a q× q square

matrix, where r ≤ q.

Then,
∂

∂Ξ
tr (AΞBΞ′) = AΞB +A′ΞB′

holds.
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Proof. Let
c = aiℓξℓkbkjξ

′
ji = aiℓbkjξℓkξij .

Then,

∂c

∂ξmn
=


amℓbknξℓk (i = m, j = n, ℓ ̸= m, k ̸= n),
aimbnjξij (i ̸= m, j ̸= n, ℓ = m, k = n),

2ammbnnξmn (i = ℓ = m, j = k = n),
0 (otherwise).

Thus,

∂

∂ξmn

r∑
i=1

q∑
j=1

q∑
k=1

r∑
ℓ=1

aiℓξℓkbkjξ
′
ji =

∑
ℓ̸=m,k ̸=n

amℓξℓkbkn +
∑

i̸=m,j ̸=n

a
′

miξijb
′

jn

+2ammbnnξmn

=
∑
ℓ,k

amℓξℓkbkn +
∑
m,n

a
′

miξijb
′

jn.

Therefore, it shows that

∂

∂Ξ
tr
(
AΞBΞ

′
)
= AΞB +A′ΞB′.

Lemma A.3. Suppose that W ∼ Wp(n,Σ) and A, B, and C are p×p constant matrices.

Then the expectations of WAWBW and WAWBWCW can be obtained as

E[W ] = nΣ,

E[WAW ] = n2ΣAΣ+ nΣA′Σ+ ntr(ΣA)Σ,

E[tr(AW )W ] = n2tr(AΣ)Σ + nΣAΣ+ nΣA′Σ,

E[WAWBW ] =n3ΣAΣBΣ

+ n2

{
ΣA′ΣBΣ+ ΣBΣtr (A′Σ) + ΣB′ΣA′Σ

+ Σtr (AΣBΣ) + ΣAΣB′Σ+ ΣAΣtr (B′Σ)

}

+ n

{
ΣA′ΣB′Σ+ ΣA′Σtr (B′Σ) + ΣBΣAΣ

+ ΣBΣA′Σ+ ΣB′Σtr (A′Σ) + ΣB′ΣAΣ

+ Σtr (A′Σ) tr (B′Σ) + Σtr (AΣB′Σ)

}
,

E[WAWBWCW ] =n4ΣAΣBΣCΣ+ n3R3(Σ) + n2R2(Σ) + nR1(Σ),
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respectively, where

R3(Σ) =ΣAΣBΣC ′Σ+ ΣAΣBtr(CΣ) + ΣAΣB′ΣCΣ+ ΣAΣCΣtr(BΣ)

+ ΣAΣC ′ΣB′Σ+ ΣAΣtr(BΣCΣ) + ΣA′ΣBΣCΣ+ ΣBΣCΣtr(AΣ)

+ ΣB′ΣA′ΣCΣ+ ΣCΣtr(BΣAΣ) + ΣC ′ΣB′ΣA′Σ

+ Σtr(AΣBΣCΣ),

R2(Σ) = ΣAΣB′ΣC ′Σ+ ΣAΣB′Σtr(CΣ) + ΣAΣCΣBΣ+ ΣAΣCΣB′Σ

+ ΣAΣC ′Σtr(BΣ) + ΣAΣC ′ΣBΣ+ ΣAΣtr(BΣ)tr(CΣ)

+ ΣAΣtr(BΣC ′Σ) + ΣA′ΣBΣC ′Σ+ ΣA′ΣBΣtr(CΣ)

+ ΣA′ΣB′ΣCΣ+ ΣA′ΣCΣtr(BΣ) + ΣA′ΣC ′ΣB′Σ+ ΣA′Σtr(BΣCΣ)

+ ΣBΣC ′Σtr(AΣ) + ΣBΣtr(AΣ)tr(CΣ)

+ ΣBΣAΣCΣ+ ΣBΣA′ΣCΣ+ ΣBΣCΣAΣ+ ΣBΣCΣA′Σ

+ ΣB′ΣCΣtr(AΣ) + ΣB′ΣAΣCΣ+ ΣB′Σtr(AΣC ′Σ)

+ ΣB′ΣC ′ΣAΣ+ ΣB′ΣA′ΣC ′Σ+ ΣB′ΣA′Σtr(CΣ)

+ ΣCΣtr(AΣ)tr(BΣ) + ΣCΣtr(AΣB′Σ) + ΣCΣA′ΣB′Σ

+ ΣCΣBΣAΣ+ ΣCΣAΣBΣ+ ΣCΣB′ΣA′Σ+ ΣC ′ΣB′Σtr(AΣ)

+ ΣC ′ΣB′ΣAΣ+ ΣC ′Σtr(AΣBΣ) + ΣC ′ΣAΣBΣ+ ΣC ′ΣBΣA′Σ

+ ΣC ′ΣA′Σtr(BΣ) + Σtr(AΣ)tr(BΣCΣ) + Σtr(AΣC ′ΣB′Σ)

+ Σtr(AΣBΣ)tr(CΣ) + Σtr(AΣBΣC ′Σ) + Σtr(AΣB′ΣCΣ)

+ Σtr(AΣCΣ)tr(BΣ),

and

R1(Σ) = ΣA′ΣB′ΣC ′Σ+ ΣA′ΣB′Σtr(CΣ) + ΣA′ΣCΣBΣ+ ΣA′ΣCΣB′Σ

+ ΣA′ΣC ′Σtr(BΣ) + ΣA′ΣC ′ΣBΣ+ ΣA′Σtr(BΣ)tr(CΣ) + ΣA′Σtr(BΣC ′Σ)

+ ΣBΣAΣC ′Σ+ ΣBΣAΣtr(CΣ) + ΣBΣtr(AΣC ′Σ) + ΣBΣC ′ΣAΣ

+ ΣBΣA′ΣC ′Σ+ ΣBΣtr(AΣCΣ) + ΣBΣA′Σtr(CΣ) + ΣBΣC ′ΣA′Σ

+ ΣB′ΣC ′Σtr(AΣ) + ΣB′Σtr(AΣ)tr(CΣ) + ΣB′ΣAΣC ′Σ+ ΣB′ΣAΣtr(CΣ)

+ ΣB′Σtr(AΣCΣ) + ΣB′ΣCΣAΣ+ ΣB′ΣC ′ΣA′Σ+ ΣB′ΣCΣA′Σ

+ ΣCΣBΣtr(AΣ) + ΣCΣB′Σtr(AΣ) + ΣCΣA′ΣBΣ+ ΣCΣB′ΣAΣ

+ ΣCΣAΣB′Σ+ ΣCΣAΣtr(BΣ) + ΣCΣBΣA′Σ+ ΣCΣA′Σtr(BΣ)

+ ΣC ′Σtr(AΣ)tr(BΣ) + ΣC ′ΣBΣtr(AΣ) + ΣC ′Σtr(AΣB′Σ) + ΣC ′ΣA′ΣBΣ

+ ΣC ′ΣA′ΣB′Σ+ ΣC ′ΣBΣAΣ+ ΣC ′ΣAΣB′Σ+ ΣC ′ΣAΣtr(BΣ)

+ Σtr(AΣ)tr(BΣ)tr(CΣ) + Σtr(AΣ)tr(BΣC ′Σ) + Σtr(AΣB′Σ)tr(CΣ)

+ Σtr(AΣCΣB′Σ) + Σtr(AΣCΣBΣ) + Σtr(AΣC ′ΣBΣ) + Σtr(AΣB′ΣC ′Σ)

+ Σtr(AΣC ′Σ)tr(BΣ).
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Proof. We primarily complete the last two equations. The proofs of the other equa-

tions are in Gupta and Nagar [5]. At first, we consider E[wabwcdwef ] to derive

E[WAWBW ], where W = (wij). It should be noted that wij
d
=
∑n

r=1 yiryjr where

yr = (y1r, . . . , ypr)
′ i.i.d.∼ Np(0,Σ), r ∈ {1, . . . , n}. By using the expectation formulas, we

have

E[wabwcdwef ] =
n∑

r1,r2,r3

E [yar1ybr1ycr2ydr2yer3yfr3 ]

=
n∑
r

E [yarybrycrydryeryfr]

+
n∑

r1 ̸=r3

E [yar1ybr1ycr1ydr1 ]E [yer3yfr3 ]

+
n∑

r1 ̸=r2

E [yar1ybr1yer1yfr1 ]E [ycr2ydr2 ]

+
n∑

r1 ̸=r2

E [yar1ybr1 ]E [ycr2ydr2yer2yfr2 ]

+
n∑

r1 ̸=r2 ̸=r3 ̸=r1

E [yar1ybr1 ]E [ycr2ydr2 ]E [yer3yfr3 ]

=n(σacσbeσdf + σacσbfσde + σadσbeσcf + σadσbfσce + σaeσbcσdf

+ σaeσbdσcf + σafσbcσde + σafσbdσce)

+ n2
{
(σacσbd + σadσbc)σef + (σaeσbf + σafσbe)σcd

+ σab (σceσdf + σcfσde)
}

+ n3σabσcdσef ,

where Σ = (σij). The expectations of (i, j)th element of WAWBW is

E[(WAWBW )ij ] =

p∑
r1,r2,r3,r4

E[wir1ar1r2wr2r3br3r4wr4j ]

=

p∑
r1,r2,r3,r4

ar1r2br3r4E[wir1wr2r3wr4j ],

which completes the result of E[WAWBW ], A = (aij), and B = (bij). By using

E[WAWBWCW ] can be completed similarly to E[WAWBW ]: because it holds that

E[wabwcdwefwgh]
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= n4σabσcdσefσgh + n3(σabσcdσegσfh + σabσcdσehσfg + σabσceσdfσgh

+ σabσcfσdeσgh + σabσcgσdhσef + σabσchσdgσef + σacσbdσefσgh

+ σadσbcσefσgh + σaeσbfσcdσgh + σafσbeσcdσgh + σagσbhσcdσef

+ σahσbgσcdσef )

+ n2(σabσceσdgσfh + σabσceσdhσfg + σabσcfσdgσeh + σabσcfσdhσeg

+ σabσcgσdeσfh + σabσcgσdfσeh + σabσchσdeσfg + σabσchσdfσeg

+ σacσbdσegσfh + σacσbdσehσfg + σacσbeσdfσgh + σacσbfσdeσgh

+ σacσbgσdhσef + σacσbhσdgσef + σadσbcσegσfh + σadσbcσehσfg

+ σadσbeσcfσgh + σadσbfσceσgh + σadσbgσchσef + σadσbhσcgσef

+ σaeσbcσdfσgh + σaeσbdσcfσgh + σaeσbfσcgσdh + σaeσbfσchσdg

+ σaeσbgσcdσfh + σaeσbhσcdσfg + σafσbcσdeσgh + σafσbdσceσgh

+ σafσbeσcgσdh + σafσbeσchσdg + σafσbgσcdσeh + σafσbhσcdσeg

+ σagσbcσdhσef + σagσbdσchσef + σagσbeσcdσfh + σagσbfσcdσeh

+ σagσbhσceσdf + σagσbhσcfσde + σahσbcσdgσef + σahσbdσcgσef

+ σahσbeσcdσfg + σahσbfσcdσeg + σahσbgσceσdf + σahσbgσcfσde)

+ n(σacσbeσdgσfh + σacσbeσdhσfg + σacσbfσdgσeh + σacσbfσdhσeg

+ σacσbgσdeσfh + σacσbgσdfσeh + σacσbhσdeσfg + σacσbhσdfσeg

+ σadσbeσcgσfh + σadσbeσchσfg + σadσbfσcgσeh + σadσbfσchσeg

+ σadσbgσceσfh + σadσbgσcfσeh + σadσbhσceσfg + σadσbhσcfσeg

+ σaeσbcσdgσfh + σaeσbcσdhσfg + σaeσbdσcgσfh + σaeσbdσchσfg

+ σaeσbgσcfσdh + σaeσbgσchσdf + σaeσbhσcfσdg + σaeσbhσcgσdf

+ σafσbcσdgσeh + σafσbcσdhσeg + σafσbdσcgσeh + σafσbdσchσeg

+ σafσbgσceσdh + σafσbgσchσde + σafσbhσceσdg + σafσbhσcgσde

+ σagσbcσdeσfh + σagσbcσdfσeh + σagσbdσceσfh + σagσbdσcfσeh

+ σagσbeσcfσdh + σagσbeσchσdf + σagσbfσceσdh + σagσbfσchσde

+ σahσbcσdeσfg + σahσbcσdfσeg + σahσbdσceσfg + σahσbdσcfσeg

+ σahσbeσcfσdg + σahσbeσcgσdf + σahσbfσceσdg + σahσbfσcgσde),

and E[(WAWBWCW )ij ] =
∑

r1,r2,...,r6
ar1r2br3r4cr5r6E[wir1wr2r3wr4r5wr6j ], we can ob-

tain E[WAWBWCW ].

Lemma A.4. Suppose that W ∼ Wp(n,Σ), TM =
√
n
(
n−1W − Σ

)
, A, B, and C are

p × p dimensional constant matrices, respectively. Then, E[TMATM ], E[tr(ATM )TM ],

E[TMATMBTM ] and E[TMATMBTMCTM ] can be obtained as

E[TMATM ] = ΣA′Σ+ tr(AΣ)Σ,

E[TMATMBTM ] =
1√
n

{
ΣA′ΣB′Σ+ ΣA′Σtr(B′Σ) + ΣBΣAΣ
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+ΣBΣ′A′Σ+ ΣB′Σtr(A′Σ) + ΣB′Σ′AΣ

+ Σtr(A′Σ)tr(B′Σ) + Σtr(AΣB′Σ)

}
,

E[tr(ATM )TM ] = ΣAΣ+ ΣA′Σ,

E[TMATMBTMCTM ] = ΣA′ΣBΣC ′Σ+ ΣA′ΣBΣtr(CΣ) + ΣBΣC ′Σtr(AΣ)

+ ΣBΣtr(AΣ)tr(CΣ) + ΣB′Σtr(AΣC ′Σ)

+ ΣB′ΣC ′ΣAΣ+ ΣCΣA′ΣB′Σ

+ ΣCΣBΣAΣ+ ΣC ′ΣBΣA′Σ

+ ΣC ′ΣA′Σtr(BΣ) + Σtr(AΣB′ΣCΣ)

+ Σtr(AΣCΣ)tr(BΣ) + o(1),

respectively.

Proof. Substituting W =
√
nTM + nΣ into Lemma A.3 immediately proves this lemma.

Lemma A.5. Suppose that two-step monotone missing data

x
(g)
1 , · · · ,x(g)

N
(g)
1

, x
(g)

(12)N
(g)
1 +1

, · · · ,x(g)

(12)N(g) is observed from Π(g) : Np

(
µ(g), Σ

)
(g ∈

{1, 2}). Then, we denote that T =
2∑

g=1

2∑
ℓ=1

√
m

(g)
ℓ T

(g,ℓ)
(12) (ℓ ∈ {1, 2})

where

T
(g,ℓ)
(12) =

√
n
(g)
ℓ Σ

− 1
2

(12)

(
1

n
(g)
ℓ

S
(g,ℓ)
(12) − Σ(12)

)
Σ

− 1
2
′

(12) ,

S(g,1) =

N
(g)
1∑

j=1

(
x
(g)
j − x(g,1)

)(
x
(g)
j − x(g,1)

)′
, S

(g,1)
(12) = C(12)S

(g,1)C ′
(12),

S(g,2) =
N(g)∑

j=N
(g)
1 +1

(
x
(g)
(12)j − x

(g,2)
(12)

)(
x
(g)
(12)j − x

(g,2)
(12)

)′
,

x(g,1) =
1

N
(g)
1

N
(g)
1∑

j=1

x
(g)
j , x

(g,1)
(12) = C(12)x

(g,1), x
(g,2)
(12) =

1

N
(g)
2

N(g)∑
j=N

(g)
1 +1

x
(g)
(12)j ,

N
(g)
2 = N (g) −N

(g)
1 , N1 = N

(1)
1 +N

(2)
1 , N =

2∑
g=1

2∑
ℓ=1

N
(g)
ℓ ,

m
(g)
ℓ =

N
(g)
ℓ

N
, m1 =

N1

N
, m(g) =

N (g)

N
, n

(g)
ℓ = N

(g)
ℓ − 1,

Σ− 1
2 and Σ

− 1
2

(12) are square root inverse matrix of Σ and Σ(12), A, B, and C are (p1+p2)×
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(p1 + p2) constant symmetric matrices, respectively. Then, the following expectations

can be obtained:

E[T ] = O(p1+p2)×(p1+p2),

E[TAT ] = A′ + tr(A)Ip1+p2
,

E[TATBT ] =
1√
N

{
A′B′ +A′tr(B′) +BA+BA′ +B′tr(A′)

+B′A+ Ip1+p2
tr(A′)tr(B′) + Ip1+p2

tr(AB′)

}
+ o(N−1/2),

E[TATBTCT ] = A′BC ′ +A′Btr(C) +BC ′tr(A)

+Btr(A)tr(C) +B′tr(AC ′) +B′C ′A+ CA′B′ + CBA

+ C ′BA′ + C ′A′tr(B) + Ip1+p2
tr(AB′C)

+ Ip1+p2tr(AC)tr(B) + o(1),

E[TL] = 2(p1 + p2 + 1)Ip1+p2 .

Proof. T
(g,ℓ)
(12) and T

(g′,ℓ′)
(12) are symmetric matrices. Therefore T

(g,ℓ)
(12) and T

(g′,ℓ′)
(12) are com-

mute. Because T
(g,ℓ)
(12) and T

(g′,ℓ′)
(12) are mutually independent, and it holds that E[T

(g,ℓ)
(12) ] =

O, by using Lemma A.4.

E[TAT ] =
2∑

g=1

2∑
ℓ=1

m
(g)
ℓ E

[
T

(g,ℓ)
(12) AT

(g,ℓ)
(12)

]

=

(
2∑

g=1

2∑
ℓ=1

m
(g)
ℓ

)
(A′ + tr(A)Ip1+p2

)

= A′ + tr(A)Ip1+p2

holds. Furthermore, we can evaluate

E[TATBT ] =
2∑

g=1

2∑
ℓ=1

m
(g)
ℓ

√
m

(g)
ℓ E

[
T

(g,ℓ)
(12) AT

(g,ℓ)
(12) BT

(g,ℓ)
(12)

]

=
2∑

g=1

2∑
ℓ=1

m
(g)
ℓ

√
m

(g)
ℓ

1√
n
(g)
ℓ

{
A′B′ +A′tr(B′) +BA

+BA′ +B′tr(A′) +B′A+ Ip1+p2
tr(A′)tr(B′)

+ Ip1+p2tr(AB
′)

}
=

1√
N

{
A′B′ +A′tr(B′) +BA+BA′ +B′tr(A′) +B′A

+ Ip1+p2
tr(A′)tr(B′) + Ip1+p2

tr(AB′)

}
+ o(N−1/2),
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E[TATBTCT ]

=
2∑

g=1

2∑
ℓ=1

m
(g)2
ℓ E[T

(g,ℓ)
(12) AT

(g,ℓ)
(12) BT

(g,ℓ)
(12) CT

(g,ℓ)
(12) ]

+
∑
(g,ℓ)

∑
(g′,ℓ′)

m
(g)
ℓ m

(g′)
ℓ′ E

[
T

(g,ℓ)
(12) AT

(g,ℓ)
(12) BT

(g′,ℓ′)
(12) CT

(g′,ℓ′)
(12)

]
+
∑
(g,ℓ)

∑
(g′,ℓ′)

m
(g)
ℓ m

(g′)
ℓ′ E

[
T

(g,ℓ)
(12) AT

(g′,ℓ′)
(12) BT

(g′,ℓ′)
(12) CT

(g,ℓ)
(12)

]
+
∑
(g,ℓ)

∑
(g′,ℓ′)

m
(g)
ℓ m

(g′)
ℓ′ E

[
T

(g,ℓ)
(12) AT

(g′,ℓ′)
(12) BT

(g,ℓ)
(12) CT

(g′,ℓ′)
(12)

]

=

∑
(g,ℓ)

m
(g)2
ℓ

{A′BC ′ +A′Btr(C) +BC ′tr(A)

+Btr(A)tr(C) +B′tr(AC ′) +B′C ′A′ + CA′B′ + CBA

+ C ′BA′ + C ′A′tr(B) + Ip1+p2tr(AB′C) + Ip1+p2tr(AC)tr(B)

}

+
∑

(g,ℓ) ̸=(g′,ℓ′)

m
(g)
ℓ m

(g′)
ℓ′

{
A′BC ′ +A′Btr(C) +BC ′tr(A) +Btr(A)tr(C)

}

+
∑

(g,ℓ)̸=(g′,ℓ′)

m
(g)
ℓ m

(g′)
ℓ′

{
B′tr(AC ′) +B′C ′A+ CA′B′ + CBA

}

+
∑

(g,ℓ) ̸=(g′,ℓ′)

m
(g)
ℓ m

(g′)
ℓ′

{
C ′BA′ + tr(B′)C ′A′

+ tr(AB′C)Ip1+p2
+ tr(AC)tr(B)Ip1+p2

}
= A′BC ′ +A′Btr(C) +BC ′tr(A) +Btr(A)tr(C)

+B′tr(AC ′) +B′C ′A+ CA′B′ + CBA+ C ′BA′

+ C ′A′tr(B) + tr(AB′C)Ip1+p2
+ tr(AC)tr(B)Ip1+p2

,

TL =

(
2∑

g=1

2∑
ℓ=1

√
m

(g)
ℓ T

(g,ℓ)
(12)

)
2∑

g=1

2∑
ℓ=1

4

√
m

(g)
ℓ − 1

2

√
m

(g)
ℓ

T
(g,ℓ)
(12)


=

2∑
g=1

2∑
ℓ=1

(
4m

(g)
ℓ − 1

2

)(
T

(g,ℓ)
(12)

)2

+
∑
(g,ℓ)

∑
(g′,ℓ′)

√
m

(g)
ℓ

4

√
m

(g′)
ℓ′ − 1

2

√
m

(g′)
ℓ′

T
(g,ℓ)
(12) T

(g′,ℓ′)
(12)
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E[TL] =
2∑

g=1

2∑
ℓ=1

(
4m

(g)
ℓ − 1

2

)
E

[(
T

(g,ℓ)
(12)

)2]
= 2(p1 + p2 + 1)Ip1+p2

.

With the above results, the proof is complete.

Corollary A.1. Suppose that A, B, and C are p× p constant matrices,

M =
1

m1

2∑
g=1

√
m

(g)
1 T (g,1), L∗ =

1

2m1

2∑
g=1

1√
m

(g)
1

T (g,1).

Then, the following expectations can be obtained:

E[M ] = Op,

E[MAM ] =
1

m1
{A′ + tr(A)Ip},

E[MAMBM ] =
1

m2
1

1√
N

{
A′B′ +A′tr(B′) +BA+BA′

+B′tr(A′) +B′A+ Ip1+p2tr(A
′)tr(B′)

+ Ip1+p2
tr(AB′)

}
+ o(N−1/2),

E[MAMBMCM ] =
1

m2
1

{
A′BC ′ +A′Btr(C) +BC ′tr(A) +Btr(A)tr(C)

+B′tr(AC ′) +B′C ′A′ + CA′B′ + CBA+ C ′BA′

+ C ′A′tr(B) + Ip1+p2tr(AB′C) + Ip1+p2tr(AC)tr(B)

}
+ o(1),

E[MAL∗] =
1

m2
1

{A′ + tr(A)Ip} .

Proof. Equations are can be obtained in the same way as result of Lemma A.5.
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