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1 Introduction

Incomplete data is a major issue in practical data analysis. In the datasets observed
in many research areas, e.g., social science, medicine, and epidemiology, we encounter
incomplete data because missing observations exist due to reasons such as participant
refusal to answer or omission from the survey. Especially in the medical research area, it
is difficult to obtain sufficiently large sample sizes due to the invasive measurements. In
this situation, variable selection is also one of the crucial problems in terms of reducing
the cost of making the estimation. In existing studies, Anderson and Olkin [2] derived
maximum likelihood estimators (MLEs) of mean vector g and covariance matrix 3 based
on monotone missing data drawn from II : N,(u, ¥). Kanda and Fujikoshi [7] gave some
distributional properties of MLEs. By making use of the results derived by [2, 7], statisti-
cal inferences based on incomplete data are considered by several authors. For example,
Krishnamoorthy and Pannala [8] derived simplified Hotelling’s T statistics for the mean
vector with two-step monotone missing data in one sample problem and extended the
result to the general monotone case. Yagi and Seo [13] proposed Bartlett correction for
the statistic with general monotone missing data. Also, Chang and Richards [3] gave
stochastic representation for exact distribution of g, MLE of p in finite-sample, and
generalization of Hotelling’s T? statistic. Moreover, they derived asymptotic distribu-
tion of probability inequalities for T? statistic under complete and incomplete samples.
For two sample problems, Yu et al. [14] discussed the approximate distributions for the
simplified Hotelling’s T2-type test statistic. In discriminant analysis, Shutoh et al. [12]
focused on two-group discriminant analysis and derived an asymptotic approximation
for the probability of misclassification based on linear discriminant function (LDF) with
two-step monotone missing data. Also, Shutoh [10] extended the result derived by [12] to
general monotone missing data. Moreover, Shutoh [11] gave asymptotic expansions for
the distribution of linear discriminant function up to the first-order term with respect to
N~!, where N is the total sample size. For the variable selection of discriminant anal-
ysis, the criteria based on error probability misclassification (EPMC) rate and Akaike’s
information criteria (AIC) are discussed (see [1, 6], etc.). Fujikoshi [4] showed that crite-
ria based on the estimated error rate of misclassification and AIC for linear discriminant
analysis (LDA) are asymptotically equivalent for two groups with multivariate normality.
However, the variable selection problem in discriminant analysis based on missing data

is not sufficiently discussed. In this paper, we consider a redundancy test for variables



in LDA for two groups with two-step monotone missing data and suggest the corrected
testing procedure via Bartlett correction. Henceforth, we assume that two-step mono-

tone missing data drawn from two groups IT1(9) Np(,u,(g), Y), (g € {1,2}) that is of the
form

w§g1) “’ggz) mﬁ\),fg) S\),@H mg‘?\),(g)
wég1) wégz) "' CUS\),@ w%gm o wégz]\)ﬂg) 5
29 29 .. :”;i\)r@ y . X
2l = (219 2)) 2l = (2 a2,
wg) = (xéglzru xz(agllrpzj)/’ 5”:(3?) = (xz()gl)erQJrlj wé?))/,

where j € {1,2,--- ,N@} N = Nl(g)—i—NQ(g) and p = p; +p2 + p3, and the symbol “x”

indicates missing observations. We have Nl(g ) observations with p dimensions and incom-

plete data for NQ(g) observations with (p; + p2)-dimensions. Then, mgg), e amg{[;gg) are
1

: : : o (9) (9)

independently and identically distributed as N, (u(g), E) and a:(lQ)Nl(g)H, TN

are independently and identically distributed as Np, 4, </LE£), 2(12)), where

(9) ”Elg; (9) o
ptd = p,%g) v By = M(g) ’
N3g i
211 212 213
) )
2 — 221 222 223 9 2(12) - < E;i E;z )
Y31 Y3 Ys3

In these settings, for a set of the coefficients of linear discriminant function, we consider

the redundancy hypothesis testing as follows:

Hy : nél) = "7%2) and 77;(31) = 7]9, Hy :not Hy

where

nég) = Nég) - E2121_11111§g)7 ’flgg) = ll'g,g) - 23(12)2(_112)115%)7
[Jég) = Ciu(g), Eii’ = CZ‘ZCZ'/, ((Z, i/> S {1,2,3}2)
Cr = (Ipl Opl X P2 Opl ><p3)7 Cy = (Opzxpl Ipz Op2><p3)7

, (9)
Cs = (Opzxzn Opsxps IP3)7 E3(12) = (831 Y32) = E(12)37 Hg’;) = < Z%g) ) .
2



Under Hj, linear discriminant function Wy with parameters is
W = (u® - H(z))’z—l {w _ % (u® u<2>)}
M @) 51 Lo o, @
= <H1 G ) 2y {5’71_5 <N1 a1 )}
then x is a p-dimensional sample vector to be discriminated and x; = Cyx. Therefore,
satisfying Hy implies that (ps 4 p3)-dimensions for the coefficients of « are redundant for
discriminant analysis.

In this paper, we derive the likelihood ratio test (LRT) statistic for Hy in Chapter 2.
However, when N is not so large, the type I error of the LRT exceeds the nominal
significant level a. Therefore, we proposed the corrected testing procedure for Hy as a
main result in Chapter 3. We perform simulation studies to evaluate our proposed testing

procedure in Chapter 4. Finally, we consider this paper and address future problems in

Chapter 5. The auxiliary results to derive the main result are stated in Appendix A.

2 MLEs with two-step monotone missing data and LRT statistic

In this chapter, we obtain the MLEs using the decomposition of the density into con-

ditional densities presented in [7]. The joint density function of the observations
(9) .09 (9) (9) (9)

x, s, :an(g), A2ND 117 s E (o) NG CAN be written as
N1<g) N(9)
(9) (9)
I[5 (‘”j < I (=,
j=1 =N 41
where

P 1 !
5 (=) = @m Sieihesp {1 (o9 - ) 5 (a9 - )
_p1tpo

1
f2 (-’Bﬁ%)ﬁ = (2m) 2 |E(12)| 2

L/ (9 @ Y w1 (.(9) (9)
X €xp {_5 (mgzm‘ - “(§2>> 2(12) ("’(gm - ‘L(?z)) .

The log-likelihood function can be given as follows:

2
1
(D, p®, %) = Const. — 3 Z (Nl(g) log || + Nég) log |E(12)|)
g=1
1 2 Nl(g) ,
-5 S <w§g> _ u(g)) -1 (wgm _ N(g))

g=1 j=1



2
1 (9) (9) e (9)
-5 2. (%2» “(12)) 212) ( T(12); “(12))
We multiply observation vectors wgg ) by a transform matrix on the left side

Paz)  Oprips)x ) ( I 0 )
P = 1TP2)XP3 , P — P1 _ P1Xp2 .
( 23(12)2(12) 1 (12) _2212111 Ip,

Ps
The transformed observation vectors are

(9)

¥ = pal9) = 20— Uyal?) ~ N, (n<g>, q;)
2y — ‘1’3(12%”3%1;”

(9)
(99 _ (9) _ (9)
y(?z)g P(12)93(€2)j = ( xég) q, x(g) ) ~ Np,4p, ("7(52)7 \11(12)> ,

where
pt? . \I/
7’(9) — pu(g) — Mgg) _ ‘Ifzutgg) LU= ( v (12) \1(112)3 ) :
W) _ g (9) 3(12) 33
[2%! 3(12) M (12)

Y DI WP _
Y = ( Y01 Xy 522.1 , Dap1 = Yoz — Tor Ty o,

Uga) = (U1 Usp ) = Wipgp = 23(12)2(_112), W33 = X33 — 23(12)2(_112)2(12)&
Also, the transformed log-likelihood function from (u(l), ', Z) to (n(l), n?, \If) can

be written as

2

1 (n(l),n(z), \IJ) = Const. — %Z <N(g) log |¥11] + N log [Uas| + N log ]\1133]>
g=1
1 2 N@ ,
52 () ) v () ) §
g=1 j=1
R (9) _ , (9) (9) _ (9
—3 Z{(yzg — N2 >\I/ (923 —ny )}
g=1 j=1
) 9 Nl(g)
—52.2 {(yéi) né”) 2 (y:(;?)—né))}~

1

<Q
Il

.
I
—

It should be noted that (;1,(1), n? Z) and (n(l), n®, \Il) are one-to-one correspon-
dence. We give the following theorems to construct the LRT statistic using a similar

derivation [7].



Theorem 2.1. Suppose that two-step monotone missing data

wgg),-~- 7w§3§9)’ a:g;wl(g)“,--- ,wg“l’;)N(g) is observed from 119 : N, (u(g), 2) (g €

{1,2}). Then, the MLEs denoted as (ﬁ(l), ﬁ(2), \I/) are given by

7© a0
ﬁ(g) — ,ﬁég) — Egg) _ ‘1’21fgg) ’
~ —(g,1 T —(g,1
Ay z§" — Voo Jy)
R 1 2 N ,
EEES S W DI O
g=1 j=1
2 N ,
Vo =W,y = Z Z (wé?) — Egg)> (wgg) — Egg)> \1’1_11,
g=1 j=1
N9

o~ ~ /
(mg“;) - ‘1’21155?) - 77;9)) (mé?) - \1’2133%) - ngg)) ’

g=1 j=1
2 Nl(g) ,
~ _(g,1 —(g,1
U3(12) = Z <"3§§) - 5'3:(39 )> (mg;)j - ‘”E?m))
g=1 j=1
2 N1<9) , _1
(9) _ =(g.1) (9) _ =(g.1)
Z ("‘352» ~Z (1) ) (“”(‘(fw ~Z (1) ) ’
g=1 j=1
2 N(:’i)
= 1 ~ (0 & @ =)
Ty = 5 2 . (@) — B (lyy, — ")
g=1 j=1
) ~(g)

(g - (9) !
(wsg' - qj3(12)$(12)j -3 ) )

where

s _ 1 (N1<9>5<g,1> n N2<g>5(g,2>>7 9 = B,z (ke {1,2}),

(12) = N9 (12) (12) (12)
1 Nl(g)
—(g1) _ @ =01 _ =(g1) =(g.1) _ (g1
= N@ >z wm = 0w, zmly) = Cuym Y,
1 =1
1 N
—(9:2) _ (@) =(9.2) _ n =(92)
2 = N Z T(lay T = BeBy),

By :< IP1 O;D1><;D2 )> By :( OP2><P1 Ipz )7 C'(12) = ( Ci Cé )l'



Proof. Using Lemma A.1, we obtain

(9)
ol (77(1)7 n?®, v N
677(g) Z \1111 (y%) "75”) :
1
o (nM), n®@ v
The MLEs of 77( ) and n( ) can be obtained by solving (77 5 Z) ) =0,,:
Uk
N9 N N
Agg) N(g) Z y(g) N(g) Z w%) + Z wgg) _ fgg)_
] N(g)—|—1
Furthermore, it holds that
ol (M, @, ¥) 1 .
( e ) _ 5(N<1> + N®)(2Wy; — diag¥y;)
11
1 2 N9
522 (v ) (w19 - 775”)
g=1 j=1
N9 ’
—diag ) (yﬁ“j) 775“”) (yﬁ? - nﬁg)) : (2.1)
j=1

~(9) ot (W, n®, v)

Putting 7;”’ into (2.1), by solving — = Op, xp,, We obtain
oV

1 2 N9 ,

Uy = ~ Z Z (ygi) 77@) <y§§) - ﬁ@)
g=1 j=1
1 2 N9

= 22X (wl) A (21 -2

g=1 j=1

We find the MLEs of n(g ) and W51 by solving the partial differential equation

ot (n,n® . w)

PROREE
LY ("7(1) 77(2) 0)
8@21 :(9mxpr
Using Lemma A.1,
N
ot (n,n®, w Z w3t (59— n?)

i



Thus,

N9
~(9) _ (9)
?72 N(g Z y

N(g)

N9
N(g)zw(g) @21 Z (9)

_ fgg) )

— \1121111

o (n™M), 0, W)

(9) o — Oszp17

Putting 15"’ into

1) @ 2 N
ot (n ;\,1212 ZZ{(”C%) 2 (o2 — o0

g=1 j=1
0y (o2~ 2 (212 - agw)’} .

therefore,

-

N(g

/
<$%) 559)) (wg) §§9)>

(g
/
<m§g) Egg)) <m§£j1) 5&9))
1

2

\1121 = E
g=1 j=1

2

g=1

z

<.
Il

From Lemma A.1, it holds that

or (?7(1),"7(2), q;)
AP

1
:§N (25, — diagWss)

2 N

_ %Z 9 Z (v ) (u) - ng))’

/
~diag () 1) (v —nl) }-
Thus, we obtain by substituting ﬁég ) and Wy,

2 N9

1
‘1’22 = Z Z (yg?) (g)) <y%) nég))
g:l j=1
1 2 N
=323 () - Baial?) () - Faral?)
g=1 j=1



In the same way, solving the partial differential equations

ot (n,n®, w)

PROREEG
ol (n(l) 77(2) \1;) 0
8\1’3(12) p3 X (p1+p2)
we obtain
N(g)

~(9) _ (9) (g9,1) (g,1)
Ny = (g) Zwﬁ =z ‘1’3(12):”(51]2)

ot (n®, 5, )
OV3(19)

Substituting ﬁég ) into

and using Lemma A.1, it holds that

N(g)
BY (n(l) n®, v 2

8\1173(12) =75 Z Z Uy { <w§f]}) - :U:(%g)> ( Ei];)] EE%))

g 1 5=1
(@) =9 @ =)
20 (2D, ~2(0) (=i, ~ 21 }
2 N(g) ,
() "y
30w { (el ) (ofth, i)
g=1 j5=1

(9) —(9) (9) =(9)
—¥3012) ( (?2)3 w(?z)) (w(?z)] m(f2)> }

Thus, we obtain

2
= _ (9)  =(g,1) (9) _ =(g.1)
Vsaz) = 30D (“”3‘3 -z ) (‘Effzn Z(1%) )
g=1 j=1
2 N:EQ) , 71
(9) (g 1) (9) —(g,1)
Z Z <”’“’(12)j L(12) > (%2)3‘ ~ T2 >
g=1 j=1

Also, it holds that

ol (n,n@, w) 1 .
( 8\1}71 ) = §N1 (2\1133 — dlaglpgg)
33
) 9 Nl(g) ,
52 {2 () ) () =)
g=1 j=1

_odiag (yé‘j) né“”) (ygfa’) ’7(9)> }

8



therefore,

2 N(g)
S
s = 3 Z Z (w8 - i) (w8 - nég))

N(g)

(9333 ‘1’3(12)“321;)3—77?)) <ﬂ3§§) Usa0)2 (), —ﬁ§9)> :
g 19=1

O

Next, we derive MLEs under Hj : ngl) = n(g) = N9, 77:(),1) = n:(f) = 13 in order to
obtain LRT statistic.

Theorem 2.2. Suppose the two-step monotone missing data

:vgg),--- ,mg\igg), ii’\)ﬂg)ﬂ, e gg\)](w is observed from I1(9) : Np(u(g), Y) (g € {1,2}).
1 1

Then the MLEs under the null hypothesis Hy denoted as 77(1), 77(2), U are given by

g U o
79 = 7 = Ty — Uo7 ; Ui = Yy,

~ _(1 ~ (-1

75 zy ! — ‘1’3(12@%12))
B 2 N9 ,

g=1 j=1
2 N , -1
>3 (@l —m) (=i —@) ¢
g=1 j=1

2
Ty = %Z ' (mg;) e - ,72) < (9 _ Gyl — %),’

(28 —7V) (=), — 7))

g=1 j=1
2 N(g) -1
(99 =61 (9) =(-1)
> Z ( T (12); (12)) (%2); “3<12>> ’
g=1 j=1
2 N(Q)
Tan = & _ 3 @ _ =Y (29 _F @ _zY
33 = ZZ 333] 3(12)%(12); — M3 333] 3(12)53(12)J ns)
g 1j5=1
where
2 N
= (€) I (9) (9)
Tin = v D 0w Bh = B, Ni = ZNg N = ZZN"
g=1 j=1 g=1 /=1



2 N(g)
B0 = 1303 el 7 = 03, 3l = Oyt
g 15=1

Proof. Under Hj : ngl) = ng ) = M5, né ) = ng ) = = 73, the transformed log-likelihood

function can be written as

2
1
¢p, = Const. — 3 Z (N(g) log [¥1;] + N9 log [Way| + Nl(g) log |\1133|>
g=1
1 2 N9
X ) i () - )
g=1 j=1
1 2 N(@©
—52 {(yé‘j) - 772) e 772)}
g=1 j=1
1 2 Nl(g) ,
S (o - ) s (v ) b
g=1 j=1
we have n(g ) Uy, by solving the partial differential equation
Oy, _o
877(9) P
5’€H
6\111(1 = Opl Xp1-

By Lemma A.1, we obtain

Oy, _Nz(g:)\p (yﬁi) n§9)>,

a,r,(g) =
oy, 1
—N (2¥; — diagW¥
0‘1’1_11 5 (2Wqy gV¥i)
2 N9
ST (w0 (g i)
g=1 j=1
2 N ,
_dlagzz(yg? (g)) (y(i) nﬁ”)
g=1 j=1

therefore,

N9
~(9) _ (9) _ 5(9)
g} N(g) Z yiy =",

10



Uy = Nz ‘ (y%’) ~(g)) (y(?) ﬁgg)) Uy

The MLEs of n,, Wy, Woy can be given in a similar manner to proof of 77(9), \TIH

respectively. We obtain 7, \1121, \1122 solving the partial differential equation

( (‘%H
°©o — ,
on, g
iy _
8\1121 P2 Xp1
Any _
\ 8@22 - P2 Xp2-

It follows from Lemma A.1,

o0 N N2
H, - 1 - 2
) - =— Z ‘I/221 (yég) - "72> - Z ‘1’221 (yéj) - ”72)
2 j=1 j=1
N N®@
_ 1 2
= _\1’221 Z y( ) N(l)"72 + Z y;j) - N(z)nz
j=1
2 N9
= _\1’521 Z Z y(g) Nn,
g=1 j=1
Then,
2 N@
T
g 1j=1
2 N9 2 N9
S ORI IS 3okt
g=1 j=1 g 1 j=1

=Ty — U Ty,
Olx,
8@21 ’

Substituting 1, into

ly, = ™ - w_ =\ 3 - @ _ =
Wy =Wy, Z_: Z {(ng m2> (mlj —iUl) — Wy <$1J 5131) <$1j - 1) }



Ay,

Also, putting 1, and Ty into

oV,

By, 1 2 N ,
H ~ ~
-5 = 2N(2‘1’22 — diagWas) — - 22 Z (yéi) - "72) (yé“j) "72)

ov,, ot

2 N9 ,
—diag ) > (yé‘j’) 7 ) (yéi) - %) :
g=1j=1
we obtain
B 1 2 N9 ,
Woo = N Z Z (y%) - 772) (y%) "72)
g=1 j=1
1 2 N9 ,
- = >3 (més;) U, m(g) _ ,;72> (mé@’) 0, w(g) _ ,,~72> _
g=1 j=1

In similar way, we obtain the MLEs of 13, W3(12), W33 by solving the partial differential

equation
( 00y,

on

Oy, o

< 8\113(12) p3><(p1+p2)
Ho

oV

=0

p3

= OP3 XPp3»
\

respectively. It follows that

1 2
N N

ol
Mo -~ {9 Z W33 (ygj - ) + 2 Z LEE (y:(g?') —"73>

ong j=1

2 N(Q)

Z Z y(g) N17’]3 ,

g=1 j=1
and we obtain

2 N(Q)
w2
g 1 =1
2 N(Q) 2 N(Q)
T (9)
o DD I N ) S S
g=1 j=1 g=1 j=1
~ 1
=z \P3(12)mE12))‘

12



Putting 14 into , it follows that

OW3(12)
N(‘])
0lm, 2 N, ( (9) _ > ( (9) 1))
= T
8‘1’3(12) ; ]Zl 37 (12)] (12)
2 Nl(g)
v =(1) (9) (1)
W3 Ws(q) Z Z ( (?2 (12)> (az(f% :v(12)>
g=1 j=1
We obtain
2 N]FQ)
0 — (9) _ =(1) (9) —(-,1)
Ty =13 (28 - 2") (ol - 7l))
g=1 j=1
2 Nl(g) -1
53 (- 48) et )
(12); — Paz) ) \(Taz; ~ ®az)
g=1 j=1
~ =~ or
Substituting 773 and W31 into a\p—}iol’
33
N(‘])
a@ 1 X 1 2 1 B ~ /
g = 5 Vi(2Wss — diagliss) — S 923 B (959 — ) (v —72s)
33 par i
2 N(g) )
_d1agz Z <y§3) 7 ) <y§;¢;) _ 7~73>
g=1 j=1
So, we have
N(g)
/
om0 (0 ) (48] )
L= j=1
2 N(Q) /
N Z 2 (wg? ‘1’302)“’%3}%)]' B 53) (”’é‘?) - ‘1’302)588)2)3» - 773> :
g=1 j=1

Using MLEs, the LRT statistic for the testing Hy can be constructed as

—2log A = NQ1 + N1Q2

where

-1
_ 1 =2 15 1) =2
Ql = log {1 + m(l)m(Q) < (12) m(12)> (NS> < (12) w(12)> }

13



’ 1 -
_log {1 LWy, (Egl) _ Ef)) <NS“) <§§1) _§§2)>} :
(1), (2)

’ -1
0s=on {1+ PR (g zn (o) (g0 o)

(1), (2) ! -1
my'm (1,1) (2,1 I ¢ —(1,1) _ —(2,1)
— log {1 + lm—%l ( L12) — T(12) ) (ES(H)) (w(m) ~%(12) ) }v

(9)

2

/ ~ ~
< g;)j _ E<g)> (wﬁii)j _ §<g>> , S1, = B,SB],

HZAWM

g1 Z <w§g) _ i(g,l)) <w§g) _ E(g,1)> S((121) _ C(lg)S("l)Cflg),
g=1 1

j=
N@ N N@
még) = # (Le{1,2}), m = Wl’ m9) = N

Under Hy, the LRT statistic is asymptotically chi-squared distribution with (ps + p3)
degrees of freedom as N — oo and még) — %59) (0,1). Therefore, an approximate
testing procedure for Hy can be considered: Hj is rejected if —2log A > X§2 4ps () holds,
otherwise, Hj is retained, where o denotes the nominal significance level of testing H
and X]%Q 4+ p, (@) denotes the upper 100a% point of chi-squared distribution with (p2 + ps3)

degrees of freedom.

3 Asymptotic expansion and Bartlett correction of LRT statistic

In this section, we derive the asymptotic expansion of the expectation of the LRT
statistic —2log A\ = NQ1 + N1Q2 up to the first order with respect to N~ under Hy to

suggest Bartlett corrected terms. For this purpose, we define ¥~ 2 and 2(12)

=i 9 s (3 0
1 1
O Y002 O P, 2(13) = < 1 1 ) P12y,

X
N
I

1

22°1
1 O X,
0 O Yl .
respectively. Furthermore, we also define
2(9,1) — Nl(g)z—% (5(971) _ M(g)) 9 n_ - O, Z(g,l)

(9,2) _ (9) =(9,2) (9) (9,) _ (9:2)
z(?z) =/ Ny’ E(15)( (!fz) M(i]2)>, z" =B z(ijz)v

14



2 2
nég)zNég) 1(¢e{1,2}), n9 = Zn :ZZnég),

g=11/¢=1
Nl(g)
gle.1) — Z (:L';.g) _5(971)) <m§9) _5(9,1)) S((f2§ — 0(12)5(9 )0(12)
j=1
N9
(9:2) _ (9) (972) (9) —(9,2)
Sty = D ( T(12); ~ T(13) ) ( T(12); ~ ®(12) ) )
J=N;7 41
T =\ [n@54 [ Lgon _x) 54
ngg)
00 _ | (@w3% [ L g0 -3
T(iqz) =y/n,’ Z(13) <n(g) S(fz) - E(12)> % 1§)v
¢
2 2
¢
T=%" mngggg, Ty, = BiTB),
g=1¢=1
2 11
L=3> (4/m? -3 T, Ly = BILB;,
g—1 =1 mgg)
U9 — mgg)mgg) 1 Eg,l)) . 1 zEg,Q))
) 12 12
mls 9 ()
(g 1) (9 2)

(12) (12) ’
W

U= Z U9, Uy, = BiUB,

[m® [0 200 _ m(1) [ 220
wa2) =\ o Z Z(12) m(2 Z Z(12)

b=VmOm®st (uf)) —u))), b= B,

2
1 /
M= m_l Z mgQ)T(QJ)) M(12) = 0(12)MOE]_2)7

I — Z T(g,l) ?12) _ 0(12)L*Cél2)’

P (g)
v = \/ 2D \/ , Va2) = C(12)U7
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mi

By using the expressions addressed in the above, we have a stochastic expansion of )y

under H; as

1 1
= —(14+ap) ta _|_—{ 14+ap) Yas — (1 +a _2aa}
Ql N( 0) 2 N\/N ( 0) 3 ( 0) 102
1 1
+ W{(l +ap) tag — (14 ap) 2araz — 5(1 +ap)2a2
+(1+a0) alaz}
0 b0) 70 + — (14 bo) g — (1 Do) 2hab
N 0 2 N\/]_V 0 3 0 102
1 1
+ m{(l +bg) " tby — (1 + bg) 2b1bs — 5(1 + by) 202
+ (1+b0)_3b%b2} +0p(N_2),
where
ag = b'b,

ay = 26w — b Th,

ag = ul(lz)u(lg) — 2b/Tu(12) b (T? = U)b,

a3 = —ug0 TU(12) +2b (T2 = U)uray + b (—L + TU + UT — T%)b,

a1 = (15 (T? = U)oy + 26 (—L +TU + UT — T*)uz
b (—4U + T?> + TL+ LT — TUT — UT? = T?U + T* + U?)b,

by = b by,

by = 2b}u; — by Ty1b1,

by = wyuy — 2b; Tiuy + by (T3 — Up)by,

bs = —U;Tu’uq + 2b/1(T121 —Upp)ug + bll(—Ln + T Upy + Uy Ty — T3 by,

by = uy (TA — Uri)uy + 2by (= Ly 4+ TiUny + Un Ty — T2)w
+b/1(—4U11 +TE + Ty Liy + LTy — T Un Ty — Un T
—T4Un + T4y + Uf)by.

We also have a following stochastic expansion of ()5 :

1
QQZN{(l‘f’CO Yo} + Yoz — (1+co) Percn}

\/_{ 1+CO
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1 1
+ m{(l +co) " teqg — (14 co) cres — 5(1 +co) "33

+(1+co)” 30302}

1
— [N{(1+d0 1d2}+ {1+d0 )"ty — (14 do) *dido}

! 1

+ (1 + do)—3d§d2} + 0,(N7?),
where
1
CQ:—dd,
mi
2 1
cg=—dv— —d Md,
mq miq
1 2 2 1
0= —vv+—dd———dMv+—d M?d,
mq m1 my my
1 4 y 2 9 4
c;;z——’uM’u—l——d'v—i——dLd+—'de——de
mi mq ma m1
1
— —d M3d,
mi
2 2 1 8
Cqy = 2vv~|——vLd+—'vM2v—}——dd —v Md
my my m mji
1

2 6 1 .
— —d (ML*+L*M)d— v M*d + —d ‘M2d+ —d M*d,
ma ma ml mi

do = —d,pd
0 my (12)¢%(12),
2 / ]_ ’
dy = m—ld(12)’0(12) - m_ld(12)M(12)d(12)’

1 2 2 d
dy = m_lv(lz)v(12) — m—ld(lz)M(H)v(l?) + m_%d(m)d(m)

1
—dM?.\d
+m1 (12)(12)4(12),

]_ ’ 4 / ]_ / %
d3 = _m_lv(12)M(12)v(12) + m—%d(m)’v(m) + m—ld(m)L(m)d(m)
2 / 2 4 / / 3
+ m—lv(12)M(12)d(12) - m—%d(12)M(12)d(12) - m_ld(12)M(12)d(12)’
2 2 . 1 ) 1
da = mz PP+ s Pananday + oovan Magvas) + m_21‘>d(12)d(12)

8 1 / * *
— 3vanMazdaz) — ——day) (M(u)Luz) + L<12>M(12>> d(12)
1 1
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2 6
= P2 Moy daa) + JadanMindas) + —duz)M(lz)d(m

By evaluating the expectations of each term, we can complete the following main theorem

in this paper.

Theorem 3.1. Suppose that two-step monotone missing data az(g) cee wggzg),
') e, 29 is observed from T1(9) : N,(u(9), %) (g € {1,2}). Then, under

Ty n@ 41 T (2N
Hy, the expectation of LRT statistic is given by

3 6
1 1 B
E[-2log A| = ps (1 tN ;:1 Ai) trs |1+ ;:4 Aj | +o(N7),

where
Ay = (1+ag) " {2p1 +p2 — 1+ (2p1 +p2 + 3)ao},
1 3
Ay = _(1 + ao)_2 {5(2]31 + po + 2) + 5(2}71 + p2 + 2)@0 + bag + 2a(2)} ,

A3 = (1 + 0,0)_3(4CL0 + 2@8),

1
Ay = m—(l + Co)_l{p:s +2(p1 +p2) +3+ (p3+2(p1 +p2) + 6)60}’
1
1 o 1
As = —(14c0) ) = 5(Ps +2p1+ 22 +2) — (p3 + 2p1 + 2p2 + 5)co
1

1 2
- §(p3 + 2p1 + 2p2 + 12)cf ¢,

1
Ag = m—(l + co) "3 (4 + 4c 4+ 2¢3).
1

Proof. w12y and U depend only on standardized sample mean vector zg‘;}’;)) and T" and
L depend only on sample covariance matrix (nég))_lS(g’@. Therefore we note that
(w(12),U) and (T, L) are mutually independent. Because b = (b} 0;,)" under Hy, it
holds that ag = by = mMmP A2, and a; = by = 2bju; — mWm@b|T1b;. Then, by
Lemma A.5,

Elas — by = p1 + p2 + (p1 + p2 + 1)b'b — 2b'b
—{p1 + (p1 + 1)blby — 2b7b1}
= (1 + ao)p2, (3.1)

Elaz — b3] = (p1+ p2)® + 3(p1 + p2) + 4}b'b

¢_{

\/_{pl +3p1 + 4}b) by + o(N™7)

18



1 1
= ———(p% + 2p1p2 + 3p2)ag + o(N"2), (3.2)

m
Elaras — byby] = \/_ {2(p1 + p2) + 6} (')’
+ %N@pl +6)(bby)? + o(N~3)
= —\/LNszag —FO(N_%), (3.3)

Elas —bs] = (p1 +p2)* — (p1 + p2) + {2(p1 + p2)® + 6(p1 + p2) + 2}b'b
— {p? —p1 + (2P + 6p1 + 2)b by }
= p3 + 2p1p2 — P2 + 2(p3 + 2p1pa + 3p2)ao, (3.4)
Elayas — bibs] = {5(p1 + p2) + 1}b'b+ 4(p1 + p2 + 1)(b'b)?
— {(5p1 + 1)bby + 4(p1 + 1)(b1b1)*}
= 5paag + 4paad, (3.5)
Ela3 — b3] = (p1 +p2)* + 2(p1 + p2) + 3(p1 + p2)*b'b + 2(p1 + p2)b'd
+4b'b 4+ 11(b'b)?
— {p? + 2p1 + 3pibiby + 2p1 b by + 4bi by + 11(bb1)?}
= p5 + 2p1p2 + 2p2 + 3(p3 + 2p1p2)ao + 2paao, (3.6)
Elafag — biba] = 4(p1 + p2 + 2)b'b + 8(b'b)* + {2(p1 + p2) + 5}(b'b)’
— {4(p1 +2)b by + 8(b1b1)* + (2p1 + 5)(b)b1)%}
= 4pob) by + 2pa(b)by)>. (3.7)

Combining the expectations from (3.1) to (3.7), we obtain an asymptotic expansion of
NE[Q1]:

E[Q1] = p2 <1 + % ZAfL) +o(N71).

For N1Qs, v depends on standardized sample mean vector z(9Y), and M and L* depend
on sample covariance matrix (ngg))—ls@:l). Therefore, we note that v and (M, L*) are
mutually independent. Because d = (dy 07, 0,.) and d(12) = (dj 0,) under Hy, it
holds that c¢g = dy and ¢; = d;. Then, by Corollary A.1, we have

Eles — do] = mil(l + ¢o)ps3; (3.8)

1 1
Elcs —ds] = —\/—N—3(p2 +3p+4)d'd
my

1 _
\/———3{(1’)1 +p2)? 4 3(p1 + p2) + 4}d{19yd(12) + o(N )
my
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= \/— 2{1?3 + 2p3(p1 + p2) + 3ps}co + o(N 1),
E[Clcg — dldg] = \/—_%(2]? + 6)(d/d)
\/— { (p1 + p2) + 6}(d(12)d(12)* + o(N )
1
N e

1
Eleqs —d4] = W{P + 2p3(p1 + p2) + 3p3}
1

1

2]9300 +o(N~ 1),

+ W{%g + 4ps(p1 + p2) + I3 }co,
1
E| d1ds] 2 psc?
C1C3 — a1a3] = —5P3Cy,
mi

1
Elc; —d3] = W{p?z, + 2p3(p1 + pa) + 2p3}
1
2
+ W{pg + 2p3(p1 + p2) + 5ps }eo
1

1
+ W{p% + 2]93(]91 +p2) + 8p3}c(2),
1

4 4 2
E[c?cy — d?ds] = —=p3co + —=p3ct + —=pscp.
[ 162 1 2] m%p3 0 m%pi’) 0 m%piﬂ 0

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

Combining the expectations from (3.8) to (3.14), we obtain an asymptotic expansion of

N1Q2:

6
E[QQ]:leE[QQ]:pg 1+%ZAJ —|—0(N_1)
j=4

In conclusion, by Theorem 3.1, we propose the corrected test statistic:

—2log \* = p1 NQ1 + p2N1Qo,

where, p; and py are correction terms as follows:

1< o 1<
912(1+N2A¢) y P2 = 1+N;A

-1

However, —2log A\* depends on unknown quantities ag and cg. In practical use, we

use —2log \* constructed by substituted consistent estimators ag and ¢y into ag and

co, respectively. Therefore, we finally proposed the testing procedure :

X§2+p3(a), then Hj is rejected, otherwise Hy is not rejected.

20
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4  Simulation studies

In this chapter, we investigate the sizes of the LRT statistic and the corrected LRT
in Chapter 3 by Monte Carlo simulation for the significance level « = 0.05. Also, in
practical situations, we should estimate ag = m™Mm A2, and ¢y = mgl)mgz)mngfl.
Then, the common parameters between ag and cq is A%;. So, the plug-in corrected
LRT statistic using the asymptotic unbiased estimator of A%, derived by [12] is noted
as —2log . We generate two-step monotone missing data for two groups under several
settings of (p1, p2, p3) and <N1(1), N2(1), Nl(Q), NQ(Q)). We compute the sizes of the LRT
and the corrected LRT with 100,000 runs under these situations.

In the following tables, we present the simulation results for each case:

Case 1: 1MW : N »(1.0p, Ip), o® . N »(0p, 1), (p1, P2, p3) = (1, 1, 1),

Case 2 : H(l) N (1 Ope, Ip)v H(Q) NV, (Op> Ip)’ (p17 P2, p3) = (25 2, 2)7

Case 3 : TIW : N,(1.0, I,), TI® : N,(0,, L), (p1, P2, p3) = (3, 3, 3),

Case 4 : H(l) NV, (1 5:“’7 Ip)7 H(2) LV, (Opa Ip)a (p17 P2, p3) = (37 37 3)7
where p = (1, 0, ,,.))"-
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Table 1 The simulated sizes of the test based on —2log A and —2log A* for Case 1

NP NN NE | Z2l0gA —210g A
20 20 20 20 | 0063 0053
30 30 30 30 | 0058 0051
40 40 40 40 | 0.057  0.052
50 50 50 50 | 0.055  0.051
60 60 60 60 | 0.053  0.049
70 70 70 70 | 0.055  0.052
20 20 10 10 | 0069  0.055
20 20 30 30 | 0.061 0.053
20 20 40 40 | 0.058  0.051
20 20 50 50 | 0056  0.050
20 20 60 60 | 0.057  0.052
20 20 70 70 | 0056  0.052
10 10 20 20 | 0069  0.054
30 30 20 20 | 0059 0051
40 40 20 20 | 0058 0052
50 50 20 20 | 0.058  0.052
60 60 20 20 | 0057  0.051
70 70 20 20 | 0056  0.052
10 20 10 20 | 0079  0.056
30 20 30 20 | 0059  0.052
40 20 40 20 | 0056  0.050
50 20 50 20 | 0055  0.051
60 20 60 20 | 0053  0.050
70 2 70 20 | 0054 0051
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Table 2 The simulated sizes of the test based on —2log A and —2log £* for Case 2

NP NN NE | Z2l0gA —210g A
20 20 20 20 | 0082  0.054
30 30 30 30 | 0068  0.050
40 40 40 40 | 0064  0.051
50 50 50 50 | 0.059  0.050
60 60 60 60 | 0.058  0.050
70 70 70 70 | 0.058  0.051
20 20 10 10 | 0.095  0.057
20 20 30 30 | 0073  0.052
20 20 40 40 | 0.068  0.051
20 20 50 50 | 0.066  0.052
20 20 60 60 | 0064  0.051
20 20 70 70 | 0060  0.049
10 10 20 20 | 0095  0.063
30 30 20 20 | 0073  0.054
40 40 20 20 | 0069  0.054
50 50 20 20 | 0.066  0.054
60 60 20 20 | 0062 0053
70 70 2 20 | 0063  0.056
10 20 10 20 | 0126  0.078
30 20 30 20 | 0070  0.051
40 20 40 20 | 0065  0.050
50 20 50 20 | 0060  0.048
60 20 60 20 | 0.059  0.048
70 2 70 20 | 0057  0.048
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Table 3 The simulated sizes of the test based on —2log A and —2log A* for Case 3

NP NN NE | Z2l0gA —210g A
20 20 20 20 | 0106  0.054
30 30 30 30 | 0083 0051
40 40 40 40 | 0073 0.051
50 50 50 50 | 0.069  0.050
60 60 60 60 | 0.064  0.049
70 70 70 70 | 0062  0.049
20 20 10 10 | 0.137  0.062
20 20 30 30 | 0.091 0.052
20 20 40 40 | 0.083  0.052
20 20 50 50 | 0076  0.050
20 20 60 60 | 0072  0.051
20 20 70 70 | 0070  0.052
10 10 20 20 | 0137  0.063
30 30 20 20 | 0.091 0.053
40 40 20 20 | 0083 0052
50 50 20 20 | 0077 0053
60 60 20 20 | 0072 0051
70 70 20 20 | 0069  0.050
10 20 10 20 | 0217  0.080
30 20 30 20 | 0083  0.050
40 20 40 20 | 0074  0.050
50 20 50 20 | 0069  0.050
60 20 60 20 | 0.065  0.050
70 2 70 20 | 0063  0.049
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Table 4 The simulated sizes of the test based on —2log A and —2log * for Case 4

NOY N NE N 215N —21og A
20 20 20 20 | 0.108 0.055
30 30 30 30 | 0.081 0.051
40 40 40 40 | 0.073 0.051
50 50 50 50 | 0.067 0.049
60 60 60 60 | 0.062 0.048
70 70 70 70 | 0.062 0.050
20 20 10 10 | 0.139 0.064
20 20 30 30 | 0.001 0.053
20 20 40 40 | 0.083 0.052
20 20 50 50 | 0.077 0.051
20 20 60 60 | 0.073 0.051
20 20 70 70 | 0.069 0.051
10 10 20 20 | 0.135 0.061
30 30 20 20 | 0.092 0.052
40 40 20 20 | 0.082 0.051
50 50 20 20 | 0.078 0.052
60 60 20 20 | 0.071 0.050
70 70 20 20 | 0.069 0.050
10 20 10 20 | 0.217 0.079
30 20 30 20 | 0.084 0.051
40 20 40 20 | 0.076 0.051
50 20 50 20 | 0.071 0.051
60 20 60 20 | 0.066 0.049
70 20 70 20 | 0.064 0.049

5 Conclusion

In this paper, we constructed the LRT statistic of redundancy test for some variables
in linear discriminant analysis based on two-step missing data in Chapter 2. In Chapter
3, we derived Bartlett correction terms for controlling the sizes of test more exactly

when N is not so large. According to the results of Chapter 4, we observed that
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the corrected test statistics outperformed the original LRT statistic for all conducted
cases. Furthermore, we also give the formula of E[W AW BW CW] for completing the
main theorem in this paper, where W ~ W (n, ¥), A, B, and C are p x p constant
matrices. Finally, we address some of the future problems. By extending the main result,
we may derive the asymptotic power function of the LRT for the problem considered in
this paper. Moreover, by using a more flexible variable selection, we may reduce the bias

of AIC under settings similar to this paper.

A Lemmas and corollary

In this chapter, we show the lemmas for completing the proofs of Theorem 2.1, 2.2 and
3.1.

Lemma A.1. Suppose that a and b are n-dimensional vectors, A = (a;;) and B = (b;;)
are n X n square matrices, and A = A’. It holds that:

(i) %tr(AB) = B + B’ — diag(B)

(i) 8% log |A] = 247" — diag(A™)
(iii) % (a —b)' A(a — b) = —2A (a — b)

Proof. First, we prove (i). Since

AB = <Z aikbkj> ;
k=1

we have o
tI‘(AB) = Z Z ajibij-
i=1 j=1
Thus,
3 bi1 oo bp1 b1
a—Atr(AB) = = B + B’ — diag(B).
bln'+'bn1 Tt bnn

Next, we prove (ii). Using cofactor expansion, we have:

ailz - Qin

n
Al=| =) agAy,
=1

an1 e Ann
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where Aj; = (—1)""7|A; ;)|, and A(; j) is the matrix obtained by removing the i-th row

and j-th column from A. Using a;; = a;;, we get:

1 .
dlog|A| W(Au’ +4j) (@ #7),

Since A;; = Aj; when A is symmetric, the cofactor matrix A, whose elements are a;; =

(=1)"7| A jy| = Ayj, is also symmetric. Thus, we obtain:

Au o At Am
Al Al
Olog |A] _ : _ .

aA Anl + Aln | Ann

Al Al
This simplifies to:
dlog|A| 1 _~ . =~ 1 : “1\y o A=1 _ q: ~1
A m(2A diag(A)) = |7|(2|A|A |Aldiag(A™")) =24 diag(A™).

Finally, we suppose that @ = (a1, -+ ,a,)" and b = (by,--- ,b,)" to prove (iii). It holds
that

(a—b)A(a —b) =a’Aa — a’Ab — b'Aa + b’ Ab

— Z Zaia’ijaj — Zzaiaijbj — ZZbiaijaj + Zzblawbj
i g i g i g i g

Therefor, we obtain

%(a —b)'Ala —b) = —(a’A) — Aa + 2Ab
= —2A(a —b).
Thus, the proof is complete. O

Lemma A.2. Let A be an r X r square matrix, = an r X ¢ matrix, and B a ¢ X ¢ square
matrix, where r < q.
Then,

O%tr (AZBE') = A=B + A'EB’

holds.
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Proof. Let
¢ = aiubobr;&l; = aicbri€onis.

Then,
amebkner (1 =m, j=mn, L #m,k#n),
dc @imbnjij (t#m, j#n, L=m, k=mn),
agmn - 20mmbnnEmn (Z ={=m, j=k= n),
0 (0therw1se)
Thus,

r q q
358 Z Z aié’&kzbkjf;’i: Z ameSerbin + Z a;ni&jb;-n

i=1 j=1k=14¢=1 b#£m, k#n 1FEM,jFEN

+2amm bnn gmn

’ ’
— E amgggkbkn—f— E amifijbjn.
L,k m,n

Therefore, it shows that

a%tr (AEBE’) — AZB + A'EB'.
0

Lemma A.3. Suppose that W ~ W,(n,X) and A, B, and C are p X p constant matrices.
Then the expectations of WAW BW and W AW BW CW can be obtained as

E[W] = n¥,
E[WAW] = n*SAY + nSA'Y + ntr(TA)X
E[tr(AW)W] = n*tr(AX)E + nX A + nXA'Y,
E[WAW BW] =n*$AYBY,

n2{EA'EB2 + EBYtr (A'Y) + SB'SA'Y
+ Ytr (AXBY) + YAXB'Y + Y AYtr (B'Y) }

n{ZA’ZB'Z + Y A'Str (B'Y) + ¥BYAY
+ YXBYA'S + £B'Str (A'Y) + SB'YAY
+ Xtr (A'Y) tr (B'Y) + Ltr (AXB'Y) }

E[WAWBWCW] =n*SAYBYCY. + n®R3(X) + n?Ry(X) + nRy (%),
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respectively, where

R3(X) =SASBYC'S + SALBtr(CY) + SASB'SCY + SASCStr(BY)
+ LAYC'SB'S 4+ LAStr(BECY) + SA'SBYCY. + L BYCYtr(AD)
+ LB'SA'SCY + SCStr(BLAY) + SC'SB'SA'Y
+ Str(AXBECY),

Ry(X) = SAXB'YC'Y + SAYB'Str(CY) + XAXCYBY. + SAXCYLB'Y
+ YAXC'Str(BY) + XAXC'EBY + S AYtr(BY)tr(CY)
+ Y ATtr(BXC'Y) + YA YBY.C'Y + LA'SBYtr(CY)
+ XA'SB'YCY + SA'XCYtr(BY) + SA'YNC'EB'Y + LAY tr(BECY)
+ XBYC'Str(AY) + EBYtr(AX)tr(CY)
+ XBYXAYXCY + EBYA'YSCY + EBYCYAY + ¥BYCTA'Y
+ XB'SCYtr(AY) + XB'SAY.CY + B Str(AXC'Y)
+ XB'SC'SAY + B SA'SC'Y + LB S A'Str(CY)
+ XCEtr(AX)tr(BY) + XCLtr(AXB'Y) + XCYXA'SB'S
+ XCYBYAY. + XCYAYBY + XCEB'YA'Y + EC'EB'Str(AY)
+ XC'YB'YAY 4+ XC'Str(ALBY) + XC'SAYBY. + XC'EBYA'Y
+ XC'SA'Str(BY) + Ltr(AX)tr(BXCY) + Str(AXC'EB'Y)
+ Str(AXBY)tr(CY) + Str(AXBXC'Y) + Str(AXB'SCY)
+ Str(AXCY)tr(BY),

and

Ri(X) = SA'SB'SC'S + SA'SB'Str(CX) + SA'SCEBY. + SA'SCEB'Y
+ SA'SC'Str(BY) + SA'SC'EBY. + S A'Str(BY)tr(CX) + TA'Str(BXC'Y)
+ XBYAYC'Y + EBYAYtr(CY) + LBEtr(AXC'Y) + EBYC'SAY
+YBYA'SC'S + SBYtr(AXCOY) + S BYA'Str(CY) + S BRC'SA'Y
+ XB'SC"Str(AY) + B Str(AX)tr(CX) + XB'YAXC'YE + S B'Y AYtr(CY)
+ X B'Ytr(AXCY) + EB'YCYAY + SB'YSC'SA'S + EB'YCYA'Y
+ XCYBYtr(AY) + SCLB'Str(AY) + XCLA'SBY, + SCLB'SAY
+ XCYAYB'Y + ECYXAYtr(BY) + ECYXBYA'Y + XCYXA'Str(BY)
+ XC'Str(AY)tr(BY) + XC'SBYtr(AY) + XC'Str(AXB'Y) + XC'SA'YBY
+ XC'YA'YB'Y + SC'SBYAY. + SC'SAYB'Y + NC' Y AYtr(BY)
+ Str(AX)tr(BY)tr(CE) + Str(AX)tr(BXC'Y) + Str(AL B Y)tr(CY)
+ Str(AXCEB'Y) + Ltr(AXCYEBY) + Str(AXC'EBY) + Str(AXB'SC'Y)
+ Ttr(AXC'Y)tr(BY).
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Proof. We primarily complete the last two equations. The proofs of the other equa-
tions are in Gupta and Nagar [5]. At first, we consider Elwgwcqwer] to derive
EWAWBW/|, where W = (w;;). It should be noted that w;; 4 > o Yiryjr where
Y = Y1r, - Ypr) i »(0,%), r € {1,...,n}. By using the expectation formulas, we
have

n

E [wabwcdwef] = Z E [yarl YoriYers Ydra Yers yfT’g]

T1,72,73

n
- Z E [yarybrycrydryeryfr]

r

n
+ Z E [yan YoriYery ydn] E [yersyfrs]

T17£T3

+ Z E [Yar YorYers Ysri] E [Yers Yar,]

T17£T2

+ Z E [yarl ybrl] E [ycrz YdryYers yfrg]

T1F£T2
n

+ Z E [yarl ybrl] E [ycrz ydrg] E [yeTgyfT‘g]
T1AT2ATIATL

:n(gacgbeadf + OacObfOde + 0adObe0cf + 0ad0bfOce + OaeO0bcOdf

+ 0ae0bd0cf + OafObcOde + Uafabdgce)
+ nQ{ (Uacabd + Uad‘ﬂ)c) Oef + (Uaeabf + O'afo-be) Ocd

+ Oab (Uceo-df + Ucfade) }

3
+ N70ab0cd0ef,

where ¥ = (0;;). The expectations of (¢, j)th element of WAW BW is

p
127[(L1714IA7:£3‘4/)ij] - :E:: la[lvirl(17“1T211)T2733bT37VfUJT4j]

T1,72,73,T4

g
= § Qriry bT3T4E[wi7"1 Wrars ’LU7~4j],

T1,72,73,T4

which completes the result of E[]WAWBW], A = (aij), and B = (b;;). By using
E[W AW BWCW] can be completed similarly to E[W AW BW]: because it holds that

E[wabwcdwefwgh]
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= n'0ab0caOefOgh + 1°(0ab0cdTegO fh + OabOcdTenT 1 + TabOecTdf O gh
+ O0abO0cfOdeO gh + OabO0cgO0dhOef + O0abO0chOdgTef + 0acObdOefOgh
+ 0adO0bcOefOgh + Oae0bfO0cdOgh + OafObe0cdOgh + OagObhOcdTef
+ Uahabgacdaef)
+ 12 (CabO ey th + TabTceTan0 fg + OabTcfTdgOeh + TabOefOdnTeg
+ O0ab0cg0de0 fh + OabO0cg0dfOch + Oab0ch0deO fgqg + O0ab0chOdfOeg
+ OacObd0eg0 fh + OacObd0eh0 fg + OacObe0dfOgh + OacObfOdeOgh
+ CacObgOdnOcf + OacObhTdgTef + 0adObcTegO fh + TadObcOehO fg
+ 0ad0be0cfOgh + O0adObfOce0gh + 0adObgOchOef + 0adObhOcgOef
+ 0ae0bcO0dfOgh + 0ae0bd0cfOgh + O0ae0bfO0cgOdh + OaeO0bfOchOdg
+ 0ae0bg0cdO fh + 0aeO0bh0cdO fg + OafObcOdeO gh + OafObdOceO gh
+ CafObeTcgTdh + OafObeOchOdg + OafObgOcdTeh + TafObhOcdTeq
+ 0ag0bcOdhOef + OagObdOchOef + 0ag0be0cdT fh + OagObfOcdTeh
+ OagO0bhOce0df + OagO0bhOcfOde + OahObcOdgOef + O0ah0bdOcgOef
+ OahObe0cdO fgqg + OahObfO0cdOeg + OahObgO ce0df + O-aho-bgacfo-de)
+ n<0'aco'beo'dgo-fh + 0acObeTdhO fg + OacObfOdg0eh + OacObfOdh0eg
+ 0acObg0de0 fh + OacObg0dfOch + OacObh0deO fgqg + OacObhOdfOecg
+ 0adO0be0cgO fh + 0adObeOchO fg + 0adObfOcqgTeh + 0adObfOchOeg
+ 0adObgOce0 fh + 0adObgOcfOeh + 0adO0bh0ce0 fg + 0adObhOcfOeg
+ 0ae0bcO0dgO fh + 0ae0bcOdhO fg + 06e0bd0cg0 fh + 0ae0bd0chO fgqg
+ OaeObgTcfOdh + OaeObg0chOdf + OaeObhOcfOdg + 0ae0bh0cg0df
+ OafO0bcOdgOeh + OafObcOdhOeg + OafObdOcgTeh + OafObdOchOeg
+ CafObgOceTdh + OafObgTchOde + TafObhTceOdg + TafObhOcgOde
+ 0ag0bcOde0 fh + OagObcOdfOech + O0agObdOce0 fh + 0ag0bdOcfOch
+ 0agO0be0cfOdh + OagO0be0chOdf + OagObfOceOdh + OagO0bfOchOde
+ 0ahObcOdeOfg + OahObcOdf Oeg + OahObdOceT fg T TahObdOcfOeg

+ OahObe0cfOdg + OahObe0cg0df + OahObfO0ceOdg + O-aho'bfo'cgo'de)a

and E[(WAWBWCW )il =32, 0 e
tain E[W AW BWCW]. 0

Ay 1o Orgry Crsrg B Wir, Wry s Wryrs Wi ], We can ob-

Lemma A.4. Suppose that W ~ W,(n,%), Ty = /n (n™'W — %), A, B, and C are
p X p dimensional constant matrices, respectively. Then, E[Ty ATy, E[tr(ATn )T,
E[Ty\ ATy BTy ] and E[Ty ATy BTy CTyy] can be obtained as

1
E[Tw ATy BTy = NG {EA’EB’E + SA'Str(B'Y) + SBLAY
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+ YXBY A'S + XB'Str(A'Y) + BB'Y AY
+ Str(A’D)tr(B'Y) + Etr(AEB’E)},

E[tr(ATy\)Ty] = ZAY + ZA'Y,
E[Ty ATy BTy CTy] = SA'SBEC'S + SA'SBYtr(CY) + SBEC Str(AY)
+ LBYtr(AY)tr(CE) + B/ Str(ASC'S)
+ XB'YSC'SAY + XCXA'SB'Y
+ XCYBYAY + XC'EBIA'Y
+ XC'SA'Str(BY) + Ltr(ALB'YOY)
+ Xtr(AXCYE)tr(BY) 4+ o(1),

respectively.

Proof. Substituting W = /nTy; + nX into Lemma A.3 immediately proves this lemma.
O

Lemma A.5. Suppose that two-step monotone missing data
(9) (9) (9) 29

xy, ,CL‘N(Q), :/18(12)1\[@Jrl . (12)N<9> is observed from II(9) : N, (u(g), Z) (g €
{1,2}). Then, we denote that T = ZZ T((g’g) (¢ e{1,2})
g=1¢=1
where
00 _  [n(®) L 9.0 3
T(1gz) = ! E(13) (ms(m) Z(12)> 2(12)7
¢
1(9)
500 = 3° (o 1) (9 1), S0 = S
j=1
N9
2) (9) =(9,2) (9) =(9,2)
SO0 =3 (“351]2)3 ng)) (m(ijw "’52)) 7
J=N{? 41
. N ) N
—(g,1) _ (9) =(g9.1) _ —(g,1) =(9:2) _ (9)
) = ) Dz By = Can@ Y, T, = ) >z,
2 2
N(g) N(g) N(g) N Nl(l) + N1(2), N = ZZNE(Q)7
g=1¢=1
(9) (9)
(9) _ Ny _ M N (9) _ N
meg = T, 1= W, m( ) T, neg = Nzg 1,
Y2 and 2(1;) are square root inverse matrix of ¥ and ¥ 12y, A, B, and C' are (p1 +p2) X
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(p1 + p2) constant symmetric matrices, respectively. Then, the following expectations

can be obtained:

E[T] = O(p1+pz)><(p1+p2)’
E[TAT] = A/ + tr(A)IPH-Pza

E[TATBT] = {A’B’ + A'tr(B') + BA+ BA' + B'tr(A")

1
VN
+ B/ A+ I, o, tr(A)te(B') + Ip1+p2tr<AB'>} +o(N71/2),
E[TATBTCT] = A'BC’ + A'Btr(C) + BC'tr(A)

+ Btr(A)tr(C) + B'tr(AC") + B'C'A+ CA'B' + CBA
+ C'BA" + C"A'tr(B) + I, 1p,tr(AB'C)
+ Ip1+p2tr(AC)tr(B) + 0(1)7

E[TL] = 2(p1 + p2 + 1)Ip1+p2'

Proof. T((lgz)) and T((lgz) ) are symmetric matrices. Therefore T((lgéf) and T((lg;;y) are com-

mute. Because T((fQ’)) and T((IgQS ) are mutually independent, and it holds that E[T((lgéf)] =

O, by using Lemma A .4.

2 2

=1/¢=1

Q

( <g>) (A" + tr(A) Ly, 1)
g=1 /=1
A + tI‘ )IP1+P2

holds. Furthermore, we can evaluate

() (9:0) A9 g0
E[TATBT) = sz N mi B T AT BT

g=1/¢=1

-3l
g=11=1 ngg)
+ BA'+ B'tr(A") + B'A+ I, 4 p, tr(A")tr(B)

+ IPl +P2tr<AB/)}

{A’B’ + A'tr(B") + BA

1
=—JA'B + Atr(B")+ BA+ BA' + B'tr(A') + B'A
votl () (4

L tt(AVS(B) + Iyt (AB) | + 0N 112),
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E[TATBTCT]

2 2
_ (0)2 i (90) 4r90) r(9:6) yr(9,0)
=>_ D m BT AT ) BT ) CT )

g=1/¢=1
@), (6) 2 [o(@0) 4o (@0) a5 ) e’ o£)]
+ > mmf B | T AT BTG CTy |
(9,4) (9',¢")
@), (6) 0 [o(@0) 4@ ) g ) rn(9.6)]
+ D > mm BTG AT BT OT )|
(9,2) (g',£")
@) (&) 2 [(9:0) 4r(a &) (@) (g )]
+> 2 m B T AT, BTG O
(9,0) (9’ ,¢")

= [ > mi? {A’BC’ + A'Btr(C) + BC'tr(A)
(9,4)
+ Btr(A)tr(C) + B'tr(AC") + B'C'A’ + CA'B' + CBA

+ C'BA" 4+ C'A'tr(B) + I, 4p,tr(AB'C) + Ip1+p2tr(AC)tr(B)}
+ Y mPml {A’BC’ + A'Btr(C) + BC'tr(A) + Btr(A)tr(C’)}
(9:6)#(g",¢')

+ Y mPm) {B’tr(AC’) +B'C'A+CA'B' + CBA}
(9:6)#(g",¢')

+ Y mPmy” {C’BA’ +tr(B")C' A’
(g:0)#(g" ")

+ tr(AB/C)Ip1+P2 + tr<AC)tr(B)Ip1+p2 }

= A'BC" + A'Btr(C) + BC'tr(A) 4+ Btr(A)tr(C)
+ B'tr(AC")+ B'C'A+ CA’'B'+ CBA+ C'BA’
+ C/A/tI‘(B) + tr<AB/C)Ip1+p2 + tr(AC)tr(B>Ip1+p27

2 2 2 2
_ (9)r(9,6) (9) 1 (9,0)
i (L3 i ) 33 (ol - )

g=1 /=1 g=1¢=1 2 mgg)
2 2
_ ¢ 1 (9,0)) >
=33 (- 5) (1)
g=1 /=1
(9) (9) 1 (9,0) g’ 2
+ > \/ng 4\/"”4/9 RS Tiis)' T,
(g’ﬁ) (gl’el) 2 mf/
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With the above results, the proof is complete.

Corollary A.1. Suppose that A, B, and C are p X p constant matrices,

Then, the following expectations can be obtained:
E[M] = O,,
1
EMAM) = —{A"+tr(A)L,},
m1
1 1
mi VN
+ B'tr(A") + B'A+ Iy, 1 p,tr(A")tr(B')

E[MAMBM)| = {A’B’ + A'tr(B') + BA+ BA’

n Ip1+p2tr<AB'>} T o(N1/2),

my
+ B'tr(AC") + B'C'A’ + CA’'B' + CBA + C'BA’

E[MAMBMCM] = LQ {A’BC’ + A'Btr(C) + BC'tr(A) + Btr(A)tr(C)

+ C'A'tr(B) 4 I, +p,tr(AB'C) + Ip1+p2tr(AC')tr(B)}

+o(1),

E[MAL"] = # (A + (A}

Proof. Equations are can be obtained in the same way as result of Lemma A.5.
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