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Abstract

Consistency conditions of quantum field theories, such as unitarity and causality, are important

tools in particle physics. Recently, ’positivity bounds’, that are constraints on the parameter

spaces of theories derived from unitarity and analyticity using scattering amplitude techniques,

have gained significant attention. When applied to gravitational theories, positivity bounds

provide interesting relations between UV and IR parameters, which are called gravitational

positivity bounds.

One interesting application of these gravitational positivity bounds is in dark matter physics.

In this thesis, we discuss gravitational positivity bounds on models that include a dark U(1)

gauge boson as concrete examples of dark sector models. First, we examine gravitational posi-

tivity bounds on the massive U(1) gauge boson, derived from the scattering of the gauge bosons

themselves. Then, we discuss gravitational positivity bounds on the scattering of the SM photon

and the dark U(1) gauge boson.
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Chapter 1

Introduction

Consistency conditions of a theory, such as unitarity and causality, have proven valuable for

gaining insight into new physics. One example is the prediction of the Higgs boson based on

the perturbative unitarity of W-boson scattering [1, 2].

Recent developments of the study of ’positivity bounds’ introduce methods to derive an

infinite number of constraints on the parameter spaces of e↵ective field theories (EFTs) based on

the unitarity of scattering amplitude. In the pioneering work [3], the authors demonstrated that

certain coe�cients of the low-energy expansion of scattering amplitudes in a given EFT have to

be positive, provided the theory has healthy UV completion. A dispersion relation, derived from

the analyticity of the scattering amplitude, plays a crucial role in deriving positivity bounds

by connecting di↵erent energy scales. The original work was limited to scalar EFTs and only

utilize data of the forward limit. Subsequently, the method of positivity bounds was extended

to spinning EFTs [4, 5], and incorporate data from non-forward scattering [6]. Notably, it was

realized that s�t crossing symmetry provides strong two-sided bounds on EFT coe�cients [7–9].

Furthermore, positivity bounds have been applied in various contexts, including the Standard

Model E↵ective Field Theory (SMEFT) [10] and massive gravity [11].

It is quite interesting to extend this technique to theories that include gravity. A theory

containing gravity can be regarded as an EFT of quantum gravity, and positivity bounds on such

a theory can be considered as constraints reflecting the nature of quantum gravity. Recently, it

has been realized that gravitational EFTs must satisfy non-trivial constraints by requiring that

they have consistent quantum gravity theories as their UV completion. These properties are

called swampland bounds [12,13]. There has been discussion suggesting that positivity bounds

may be useful to obtain swampland bounds [14, 15]. However, it is not a straightforward task,

because there is a technical obstruction arising from t-channel graviton exchange. Several

attempts have been made to derive these bounds. One promising approach was developed

in [16], where the authors pointed out that it is possible to subtract the problematic t-channel

term. This leads to a dispersion relation that connects EFT quantities with UV parameters,

which are tied to the behavior of quantum gravity. As a result, additional assumptions on

9



10 CHAPTER 1. INTRODUCTION

the UV parameters are necessary to derive constraints on EFT parameters. Oppositely, this

relation can also be interpreted as constraints on UV parameters derived from IR observables.

This relation is called gravitational positivity bounds.

Under the assumption about UV parameters, gravitational positivity bounds put lower limits

on non-gravitational interactions. Therefore, it is interesting to explore the implications for dark

matter physics, where interactions are expected to be tiny. In this thesis, we will investigate

gravitational positivity bounds in models that include a dark U(1) gauge boson, providing a

concrete setup of dark matter model. The additional U(1) symmetry and its gauge boson is a

well-discussed scenario in beyond the Standard Model physics. In particular, a very light U(1)

gauge boson, known as a dark photon or hidden photon, can behave as dark matter. First,

we examine gravitational positivity bounds on a massive U(1) gauge boson, derived from the

scattering of the gauge bosons themselves. Then, we discuss gravitational positivity bounds on

the scattering of the Standard Model photon and the dark U(1) gauge boson.

Organization of this thesis This thesis is organized as follows.

• In Chapter 2, we review the evidence supporting the existence of dark matter. This

evidence is derived from various cosmological observations. We discuss rotation curve of

galaxy in section 2.1, several evidences from galaxy cluster observations in section 2.2,

and we examine the cosmic microwave background in section 2.3.

• In section 3, we review ultra-light dark matter models. While the weakly interacting mas-

sive particle (WIMP) scenario has been the most prominent framework for dark matter,

another possibility-that dark mater consists of extremely light particles-has been gain-

ing increasing attention. In this chapter, we review the dark photon dark matter model,

which is a candidate of ultra-light dark matter. We show that the interaction between

the Standard Model electromagnetic current and the dark photon is naturally feeble due

to kinetic mixing. Then, we will examine observational constraints on the dark photon

model.

• In chapter 4, we review properties and techniques associated with scattering amplitudes.

In section 4.1, we introduce the basic properties of scattering amplitudes such as the

optical theorem and the partial wave expansion. In section 4.2, we review the Frois-

sart bound, which states that scattering amplitudes M(s, t) must satisfy the condition

lim
s!1, t:fixed

M(s, t) < s
2. This bound plays a crucial role in deriving the dispersion relation

and positivity bounds in chapter 5. In section 4.3, we review the Regge theory. In the pi-

oneering work [17], Regge found that the analytic structure of the partial wave amplitude

al in the complex l-plane has profound implications. In particular, a pole in the l-plane,

called a Regge pole, connects the spectrum of t-channel exchanges with the high-energy
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behavior of the scattering amplitude. In this section, we review Regge’s analysis and in-

vestigate the scattering amplitude of NS-NS bosons in type-II superstring theory to see

an explicit example of a Regge pole.

• In chapter 5, we discuss the derivation of positivity bounds, with particular focus on the

role of gravity. In section 5.1, we review the derivation of positivity bounds on non-

gravitational theories. By assuming consistency conditions of a quantum field theory,

such as unitarity and analyticity of the scattering amplitude, a dispersion relation is

derived. This relation connects scattering amplitude evaluated in low-energy a EFT with

the imaginary part of the amplitude at high energies, whose behavior is governed by

unitarity. From the dispersion relation, it is possible to derive an infinite number of

constraints on the parameters of the EFT, which is called positivity bounds. In section 5.2,

we discuss how the situation changes for theories with gravity. In the presence of gravity,

t-channel graviton exchange contributions prevent us from deriving positivity bounds in

the same manner as for non-gravitational theories. Consequently, the positivity bounds

for gravitational theories, referred to as gravitational positivity bounds, have dependence

on the set of UV parameters (M, �). These parameters are closely connected to the nature

of UV completion of gravity, namely quantum gravity. By assuming specific properties

of (M, �), gravitational positivity bounds can be regarded as nontrivial constraints on

EFT parameters imposed by quantum gravity. Conversely, they can also be viewed as

gravitational positivity bounds as constraints on quantum gravity parameters derived

from IR observables. Finally, we present a concrete method for calculating gravitational

positivity bounds.

• In chapter 6, we investigate gravitational positivity bounds for the U(1) gauge boson V .

We compute these bounds using the V V ! V V scattering amplitude. In section 6.1,

we summarize the setup of the scattering amplitude. Some subtleties which arise in the

derivation of gravitational positivity bounds within this setup, along with strategies to

resolve these challenges, are discussed. In section 6.2, we analyze the contributions to

the gravitational positivity bounds from the Higgs boson, which gives mass to the gauge

boson. In section 6.3, we study the contributions to the gravitational positivity bounds

from fermions, which are charged under U(1). In section 6.4, we derive constraints on

the dark gauge boson and compare them with other theoretical constraints arising from

quantum gravity. In section 6.5, we compare our bounds with observational constraints.

This chapter is based on our paper [18].

• In chapter 7, we examine gravitational positivity bounds for the dark photon model com-

bined with the Standard Model. We consider the scattering of the ordinary photon A and

the dark photon A
0 mediated by the Standard Model charged particles. In section 7.1, we
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introduce the dark photon model. In section 7.2, we present the explicit Lagrangian rele-

vant to photon-dark photon scattering. In section 7.3, the setup for the scattering process

is summarized. In section 7.4, we summarize the contribution of each charged particle to

gravitational positivity bounds. In section 7.5, the implication of gravitational positivity

bounds for the dark photon model is discussed. The contribution of higher-dimensional

operator are also examined. This chapter is based on our paper [19].

• Chapter 8 is devoted to the conclusion.



Chapter 2

Evidence for the existence of dark
matter

There are a number of evidences of the existence of dark matter from astrophysical and cosmo-

logical observation. In this chapter, we review these evidences with reference to [20, 21].

2.1 Rotation curve of galaxy

The motion of stars which compose a galaxy is one of the oldest and strongest evidences of

dark matter. Stars move in circular orbits under the gravitational fields of a galaxy, and the

relationship between their orbital velocity and radius is referred to as the galaxy’s rotation curve.

The velocity of an object in circular motion under the gravitational force due to a spherically

symmetric mass distribution with density ⇢(r) is given by

vc(r) =

r
GM(r)

r
, (2.1.1)

where r is the orbital radius, G is the gravitational constant, andM(r) is the total mass enclosed

within radius r.

The enclosed mass M(r) is determined as

M(r) = 4⇡

Z
r

0

dr
0
r
02
⇢(r0). (2.1.2)

Firstly, let us assume that dark matter does not exist in a galaxy and consider how the

rotation curve would behave. he mass distribution of the visible parts of the galaxy, inferred

from light, is not spherically symmetric but rather disk-shaped. However, for circular orbits

with radii much larger than the radius of the galaxy’s disk Rdisk, equation (2.1.1) applies, and

the rotation velocity is given by

vc,noDM(r) =

r
GMvisible

r
, (2.1.3)

13



14 CHAPTER 2. EVIDENCE FOR THE EXISTENCE OF DARK MATTER

Figure 2.1: The rotation curve of the galaxy, cited from [22].

where Mvisible is the total mass of the visible portion of the galaxy. Thus, far outside the galaxy’s

disk, the rotation curve is predicted to behave as v / r
�1/2, decreasing with increasing radius.

Fig.2.1 shows the observed rotation curve. Contrary to the prediction of (2.1.3), the rotation

curve is constant at the outside of the galaxy’s disk. To explain this observational result using

Equation (2.1.1), M(r) / r is required, which implies ⇢(r) / r
�2. Here, r being considered

corresponds to regions well beyond the radius of the galactic disk and areas that appear almost

completely empty when observed in visible light. In other words, the rotation curve of galaxies

suggests the existence of some ”invisible” matter, namely dark matter, distributed around the

visible parts of galaxies. This dark matter forms a surrounding structure known as the halo,

where the majority of the galaxy’s mass resides. For example, in the case of the Milky Way

galaxy , the mass contributed by stars is approximately 1010M�, whereas the total mass of the

galaxy is around 1012M�, and a di↵erence is about two orders of magnitude [23].

2.2 Observation of galaxy cluster

Galaxy clusters are astrophysical objects that are composed from a number of galaxies and gas

emitting X-ray. We have another clues of the existence of dark matter from observations of

galaxy clusters.

2.2.1 Estimation of mass of galaxy cluster using virial theorem

Mass of a galaxy cluster can be estimated using the virial theorem.

Let us consider a bounded system moving under a central force such as gravity. Then, the

long-term average of the kinetic energy T and the potential energy V satisfies the following



2.2. OBSERVATION OF GALAXY CLUSTER 15

relationship:

2T̄ + V̄ = 0. (2.2.1)

This equation is called the virial theorem. If the system is in the steady state, the kinetic energy

without the average T and the potential energy V satisfies

2T + V = 0. (2.2.2)

We want to relate T and V of galaxy clusters to observational quantities and apply (2.2.2).

Firstly, the kinetic energy can be written as follows:

T =
X

i

1

2
miv

2
i

(2.2.3)

=
1

2
Mhv

2
i, (2.2.4)

where mi, vi are masses and velocities of each portion which compose the galaxy cluster. M :=
P

i
mi is the total mass of the galaxy cluster. The mean square velocity is defined as

hv
2
i :=

X

i

miv
2
i
/

X

i

mi. (2.2.5)

On the other hand, the potential energy is given by

V = �
1

2

X

i

X

j 6=i

Gmimj

rij
(2.2.6)

= �GM
2
/RG, (2.2.7)

where the gravitational radius RG is defined as

RG = 2
⇣X

mi

⌘2
 
X

i

X

j 6=1

mimj

rij

!�1

, (2.2.8)

which is about the size of the galaxy cluster. RG can be inferred by measuring positions of

galaxies under the assumption that galaxies distribute equally. Substituting (2.2.4) and (2.2.7)

into the virial theorem (2.2.2), we have

M =
RG hv

2
i

G
. (2.2.9)

Therefore, the total mass of the galaxy cluster can be estimated from the observation of positions

and velocities of each galaxy.

Let us apply this equation to the Coma cluster, a galaxy cluster located approximately 100

Mpc away from Earth as a demonstration. hv2i can be obtained by measuring the Doppler shift

of galaxies as

⌦
v
2
↵
= 2.32⇥ 1012 m2 s�2

, (2.2.10)
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whereas the size of the Coma cluster is

RG ⇡ 1.5Mpc ⇡ 4.6⇥ 1022 m. (2.2.11)

Therefore, the mass of the Coma cluster can be estimated as

MComa =
hv

2
iRG

G
⇡

(2.32⇥ 1012 m2 s�2) (4.6⇥ 1022 m)�
6.67⇥ 10�11 m3 s�2 kg�1

�

⇡ 4⇥ 1045 kg ⇡ 2⇥ 1015M�. (2.2.12)

Now, to what extent is this mass accounted for by components that emit visible light, such as

stars? The proportion of visible matters can be inferred from the luminosity L . Let us compare

the mass to luminosity ratio M/L of the Coma cluster to that of the Sun. The luminosity of the

Coma cluster is measured to be LComa ⇡ 5⇥ 1012 L�, and the mass to luminosity ratio becomes
MComa

LComa
⇠ 400

M�

L�

. (2.2.13)

Therefore, it is concluded that most of the mass of galaxy cluster is composed of matter that

does not emit visible light, that is, dark matter.

2.2.2 Baryon fraction from x-ray gas

Most of baryons present in galaxy clusters are contained in the intracluster medium(ICM), which

is the heated plasma and emits X-rays. In this subsection, we discuss how X-ray measurements

indicate the existence of dark matter.

Firstly, let us assume that the ICM is under hydrostatic equilibrium. Then, the following

equation is satisfied:

dPgas

dr
= �

GM(r)⇢gas(r)

r2
, (2.2.14)

where Pgas and ⇢gas are the pressure and the mass density of the ICM. M(r) represents the total

mass within a radius r, including not only the ICM but also galaxies and dark matter.

On the other hand, the pressure of gas can be given by the equation of state of the ideal gas

Pgas =
kB⇢gasTgas(r)

µ
, (2.2.15)

where kB is the boltzmann constant, Tgas is the temperature of gas, and µ ⇠ 0.6mH is the average

mass of particles composing the gas (mH is the mass of Hydrogen ), which is determined by the

chemical composition of the gas. Combining (2.2.14) and (2.2.15), we have

M(r) =
kTgas(r)r

Gµ


�
d ln ⇢gas(r)

d ln r
�

d lnTgas(r)

d ln r

�
. (2.2.16)

This equation means that the total mass M(r) can be obtained if ⇢gas(r) and Tgas(r) is given

as functions of a radius r. ⇢gas(r), Tgas(r) are reconstructed from the X-ray luminosity and

spectrum, respectively. Applying this method to the Coma cluster, one finds that MComa ⇡

1.3 ⇥ 1015 M�. This matches well with the estimation using the virial theorem and provides

another evidence of the existence of dark matter.
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Figure 2.2: The Bullet cluster, cited from [24].

2.2.3 Gravitational lensing

In the presence of a mass distribution between a light source and a observer, light emitted by

the light source is bended by gravity as if it pass through a lens. This phenomenon is called the

gravitational lensing. In the case of a spherically symmetric mass distribution, the deflection

angle ↵̂ of light is given by

↵̂ =
4GM

c2b
= 10075

✓
M

M�

◆✓
b

R�

◆�1

, (2.2.17)

where b is the impact parameter, and R� is the solar radius. The deflection angle is proportional

to the mass of the lensing object. Therefore, by measuring the deflection angle, we can estimate

the mass of the lensing object.

Eddington’s observation of the deflection of light from stars in the Hyades cluster by the

Sun is well known as early evidence of general relativity. In this observation, the mass of the

gravitational source (the Sun) was known, and based on that, the deflection angle of light

(2.2.17) was predicted using general relativity.

On the other hand, it is possible to reconstruct the mass distribution of the lensing object

by measuring the deflection angle of light from a distant light source, which can be used to show

the existence of dark matter. The notable example of the evidence of dark matter using the

gravitational lensing is the Bullet Cluster [25], which is shown in figure 2.2. The Bullet Cluster

is a galaxy cluster that is formed by two colliding galaxy clusters. The mass distribution of

the ICM observed by X-ray, is indicated in red. On the other hand, the total mass distribution

inferred from the gravitational lensing is shown in blue. The ICM of each galaxy cluster collide
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Figure 2.3: The temperature fluctuation of the CMB, cited from [26]. The vertical axis rep-
resents the magnitude of the temperature fluctuation, and the horizontal axis represents the
angular scale.

each other and lost their velocities, whereas the dark matter does not interact and pass through

each other. Therefore, the mass distribution of the dark matter is separated from the ICM,

which is a strong evidence of the existence of dark matter.

2.3 Cosmic microwave background

In the early universe, protons and electrons did not form neutral atoms but existed as hot plasma.

They are in thermally equilibrium with photons due to the Thomson scattering. Therefore, the

universe is filled with photon-baryon fluid, which is hot fluid composed of proton, electron,

and photon. As the universe expands, the temperature of the universe decreases and protons

and electrons combine to form neutral atoms. This process is called recombination. Because

interactions between neutral atoms and photons are small, photons became freely streaming.

These photons are observed as the blackbody radiation with temperature 2.7K, which is called

the cosmic microwave background (CMB). The observed CMB is highly isotropic, which is

known as the strong evidence of the cosmological principle i.e. isotropy and homogeneity of the

universe.

Actually, the CMB is not perfectly isotropic and there are small fluctuations in the tem-

perature of the CMB, which provide another evidence of dark matter. The CMB temperature

fluctuation measured by Planck satellite is shown in figure 2.3. The peaks in the temperature

fluctuation correspond to the acoustic oscillation of the photon-baryon fluid. The gravitational

potential generated by components of universe a↵ects this oscillation so that the fraction of
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each components can be inferred from fitting the observed temperature fluctuation by the the-

oretical model. From the observation by Planck satellite, the density parameter of dark matter

is estimated as [26]

⌦�h
2 = 0.120± 0.001. (2.3.1)
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Chapter 3

Ultra-light dark matter models

One of the most prominent scenario of dark matter is the weakly interacting massive particle

(WIMP) scenario. In this scenario, dark matter is a thermal relic of the early universe and its

mass is around the weak scale. However, there is no direct evidence of WIMP dark matter,

and the parameter space of WIMP dark matter is becoming more constrained by the direct

detection experiments. Therefore, it is important to consider other scenarios of dark matter.

Recently, there is a growing interest in ultra-light dark matter models. In this scenario, dark

matter is very light and its mass is much smaller than the weak scale. In this chapter, we review

ultra-light dark matter models and their observational constraints based on [27].

3.1 Dark photon

A light vector particle, called the dark photon, is considered as a candidate for ultra-light dark

matter. The dark photon is a gauge boson of a new U(1) gauge symmetry, which is called

the dark U(1) symmetry [28] (see [27] for a review). We refer to the usual electromagnetic

U(1) symmetry as U(1)EM and the dark U(1) symmetry as U(1)d. The dark photon can be

massive because of the Higgs mechanism or the Stückelberg mechanism. The strength of the

interaction between the dark photon and the Standard Model particles is naturally suppressed

by the ”kinetic mixing parameter”. Therefore, The dark photon can be a good candidate for

dark matter. In this section, we review the dark photon dark matter and its observational

constraints.

Let us consider two U(1) gauge symmetries U(1)a, U(1)b and their gauge bosons Aa, Ab.

Their kinetic terms are given By

L0 = �
1

4
Faµ⌫F

µ⌫

a
�

1

4
Fbµ⌫F

µ⌫

b
�
"

2
Faµ⌫F

µ⌫

b
, (3.1.1)

where Faµ⌫ and Fbµ⌫ are the field strength tensors of Aa and Ab, respectively, and ✏ is a constant

parameter called the kinetic mixing parameter. The kinetic mixing can be generated by the

loop e↵ect of heavy particles charged under both U(1)a and U(1)b symmetries.
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Let us suppose that Aa corresponds to the dark photon and Ab corresponds to the ordinary

photon. Then, U(1)a = U(1)d and U(1)b = U(1)EM. The photon Ab is massless and the mass

term are given by

Lm = �
1

2
M

2
a
AaµA

µ

a
. (3.1.2)

Moreover, suppose that the ordinary photon Ab couples to the Standard Model current Jµ and

the dark photon Aa coupled to J
0

µ
. Then, the interaction terms are given by

L = eJµA
µ

b
+ e

0
J
0

µ
A

µ

a
(3.1.3)

Let us introduce new fields A,A0 defined as

✓
A

µ

a

A
µ

b

◆
=

 
1

p
1�✏2

0

�
✏

p
1�✏2

1

!✓
A

0µ

A
µ

◆
. (3.1.4)

Then, the Lagrangian is diagonalized as

L = �
1

4
Fµ⌫F

µ⌫
�

1

4
F

0

µ⌫
F

0µ⌫
�

1

2
m

2
A0A

0

µ
A

0µ +


e
0

p
1� ✏2

J
0

µ
+

e✏
p
1� ✏2

Jµ

�
A

0µ + eJµA
µ
, (3.1.5)

where mA0 = Ma is the mass of the dark photon. A is an ordinary massless photon and couples

to the Standard Model U(1)EM current J . On the other hand, the dark photon A
0 has the

mass mA0 and couples to the dark current J 0 as well as the Standard Model current J with the

strength proportional to " .

3.1.1 Dark photon dark matter

The mass of the dark photon is typically considered to be tiny. If such light particles are

thermally produced, they erase the small-scale structure of the universe, which is inconsistent

with the observation. Therefore, the dark photon does not seem to be a candidate for thermal

relic dark matter. However, we show that a coherently oscillating dark photon has zero pressure

and thus behaves as cold dark matte [29].

The kinetic term of the dark photon is given by

L = �
1

4
F

0

µ⌫
F

0µ⌫
�

1

2
m

2
A0A

0

µ
A

0µ
. (3.1.6)

The equation of motion is

@µ

⇣
p
�gF

0
µ⌫

⌘
=

p
�gm

2
A0A

0
⌫
. (3.1.7)

Assuming homogeneity,

@iA
0

µ
= 0. (3.1.8)
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the equation of motion for the dark photon in a FRW universe ds2 = �dt
2+a(t)2 (dx2 + dy

2 + dz
2)

reduces to

Ä
0i + 3HȦ

0i +m
2
A0A

0i = 0, (3.1.9)

where H(t) = ȧ/a is the Hubble parameter. Therefore, the spatial component of the massive

vector field obeys the same equation of motion as a scalar field in the expanding universe. This

equation describes a harmonic oscillator with a time-dependent damping term H(t). In the early

universe, H(t) � mA0 and the field remains constant. As the universe expands, the Hubble

parameter decreases. When H(t) ⇠ mA0 , the field begins to oscillate around the minimum of the

potential. At later times, the Hubble parameter is negligible H(t) ⌧ mA0 . Then, the solution

of the equation of motion is given by

A
i(t) / cosmA0t. (3.1.10)

The spatial component of the energy-momentum tensor is given by

Tij = g
⇢�
F

0

i⇢
F

0

j�
+m

2
A0A

0

i
A

0

j
+ gij

✓
�
1

4
F

0

⇢�
F

0
⇢�

�
1

2
m

2
A

0

⇢
A

0
⇢

◆

/ cos2 mA0t� sin2
mA0t = cos 2mA0t. (3.1.11)

Since the Hubble time is much longer than the period of the oscillation, the spatial component

of the energy momentum tensor averages to zero, e↵ectively behaving as a pressureless fluid.

Consequently, the dark photon behaves as cold dark matter.

3.1.2 Observational constraints on dark photon

Observational and experimental constraints on ✏ are shown in figure 3.1. Axion detection

experiments such as haloscope and helioscope have sensitivity to the dark photon as well. For

example, ADMX experiment, one of haloscope experiments give bound of ✏ . 10�14 in the mass

range of mA0 ⇠ 10�6eV.

For the dark photon of mA0 > 1eV, XENON experiment [31] and solar data [32] give the

most stringent bound. The bound from solar data means that giving a lower bound on the

energies which is carried away by the dark photon from the sun by the observation of the solar

neutrino.

For the mass range lower than 10�4eV, the cosmological observation gives the most stringent

bound. For example, the CMB observation gives the bound for the dark matter dark photon

in [33]. Photons in the early universe, which is filled with the plasma, have e↵ective mass

mA =
⇣

4⇡ne↵

me

⌘1/2
. Here, ne is the number density of electrons, ↵ is the fine structure constant,

and me is the electron mass. The e↵ective mass gradually decreases as the universe expands and

the number density of the electron decreases. When the dark photon mass coincides with the



24 CHAPTER 3. ULTRA-LIGHT DARK MATTER MODELS

Figure 3.1: Constraints on the dark photon model, cited from [30].

e↵ective photon mass, the conversion rate of the dark photon to the ordinary photon becomes

large due to the resonance e↵ect. This conversion a↵ect to the CMB photon and it gives the

lower bound of ✏ . 10�12 in [33].



Chapter 4

Scattering amplitude

4.1 Basics of scattering amplitudes

In the scattering theory, we consider a physical process where the state |↵i
�1

which is prepared

at the asymptotic past t = �1 transitions to the state |�i
1

defined at the asymptotic future

t = 1. The matrix element of the S-matrix Ŝ corresponding to this transition is defined as

follows:

S�↵ := 1 h�|↵i�1. (4.1.1)

The S-matrix describes the time evolution of the state in the quantum theory. Therefore, it is

natural to demand the S-matrix to be unitary so that the sum of the transition probability is

1. The unitarity condition is given by

S
⇤

↵�
S�� = �↵�, (4.1.2)

or equivalently

Ŝ
†
Ŝ = 1̂. (4.1.3)

where 1̂ is the identity operator.

S-matrix operator can be divided into two parts as follows:

Ŝ ⌘ 1̂ + iT̂ , (4.1.4)

where the identity operator 1̂ represents the time evolution where no scattering process occurs

and T̂ , called T-matrix, describes the time evolution with scatterings.

In the following, we consider a 2 ! 2 scattering process. Let the mass of all particles be

m for simplicity. Firstly, we prepare a two-particle initial state |p1, p2i, where p1 and p2 are

momenta of incident particles. These particles scatter o↵ each other and evolve to a final state

|p3, p4i. Mandelstam invariants for this process are defined as

s := (p1 + p2)
2 = 4

�
m

2 + |~p|
2
�
, (4.1.5)
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t := (p1 � p3)
2 = �2|~p|2(1� cos ✓), (4.1.6)

u := (p1 � p4)
2 = �2|~p|2(1 + cos ✓), (4.1.7)

where ~p is the momentum of particle 1 in the center-of-momentum(COM) frame. Using Man-

delstam variables, the scattering angle in the COM frame cos ✓ = p1 ·p3/|p1||p3| can be written

as

cos ✓ = 1 +
2t

s� 4m2
. (4.1.8)

The kinematics of particles of a 2 ! 2 scattering in a Lorentz invariant theory can be com-

pletely determined by the total energy in the COM frame and the scattering angle. Therefore,

there are only two out of three Mandelstam invariants are independent and there is a relation

s+ t+ u = 4m2
. (4.1.9)

A scattering amplitude M(s, t) is defined as the matrix element of a T-matrix as

hp3, p4| T̂ |p2, p1i = (2⇡)d�d (p1 + p2 � p3 � p4)M(s, t) (4.1.10)

4.1.1 Unitarity

the unitarity condition of a S-matrix Ŝ · Ŝ
† = 1̂ can be expressed using T-matrix as

1

i

D
p3, p4

���T̂ � T̂
†

��� p2, p1
E
=
D
p3, p4

���T̂ · T̂
†

��� p2, p1
E

=
1X

n=1

Z
dµ (q1, . . . , qn)

D
p3, p4|T̂ | {qi}

n

i=1

ED
{qi}

n

i=1

���T̂ †

��� p2, p1
E
,

(4.1.11)

where dµ(q1 · · · qn) = dµ(q1) · · · dµ(qn), dµ(q) =
d
d�1

q

(2⇡)d�12E is the Lorentz invariant measure and

a complete basis of asymptotic states
P

1

n=1 |{qi}
n

i=1i h{qi}
n

i=1| is inserted in the second line.

We consider an elastic process in the following. In the language of the S-matrix theory,

we can define an elastic scattering as a scattering where T-matrix only has non-zero matrix

elements in 2 ! 2 scattering when the initial state is a two particle state. Then, the sum in

(4.1.11) is limited to n = 2 and we have

2Discs M(s, t) =

Z
dµ(q0)

Z
dµ(q00)(2⇡)d�d (p1 + p2 � q

0
� q

00)M(+) (s, t0)M(�) (s, t00) ,

(4.1.12)

where we define

M
(±)

⌘ lim
✏!0

M(s± i✏, t), Discs M(s, t) ⌘
1

2i

�
M

(+)(s, t)�M
(�)(s, t)

�
, (4.1.13)

and t
0 = �(p1 � q

0)2,t00 = �(p3 � q
00)2.
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The integral of RHS of (4.1.12) can be calculated as

2Ms(s, t) =

Z
dµ(q0)

Z
dµ(q00)(2⇡)d�d (p1 + p2 � q

0
� q

00)M(+) (s, t0)M(�) (s, t00)

=
1

(2⇡)d�2

1

4E2
p

Z
d
d�1

q
0
� (2Ep � 2Eq0)M

(+) (s, t0)M(�) (s, t00)

=
p
d�2

(2⇡)d�2

1

4E2
p

Ep

2p

Z
d
d�2⌦�!

nM
(+) (s, t0)M(�) (s, t00) . (4.1.14)

If t = 0, p1 = p3 so that t0 = t
00 and we get

2Ms(s, 0) =
p
d�2

(2⇡)d�2

1

4E2
p

Ep

2p

Z
d
d�2⌦�!

n

��M(+) (s, t0)
��2 > 0. (4.1.15)

Using the Schwartz reflection principle, Ms(s, t) is equal to the imaginary part:

Ms(s, t) =
1

2i

�
M

(+)(s, t)�M
(�)(s, t)

�

=
1

2i

⇣
M

(+)(s, t)�
�
M

(+)
�⇤

(s, t)
⌘

= ImM(s, t). (4.1.16)

Therefore, (4.1.15) can also be written as

ImM(s, 0) > 0. (4.1.17)

This is called the optical theorem.

We define a function Pd (z, z0, z00) as

Pd (z, z
0
, z

00) =
2⇡

d�3
2

�
�
d�3
2

�
�
1� z

2
� 4�d

2
⇥ (1� z

2
� z

02
� z

002 + 2zz0z00)

(1� z2 � z02 � z002 + 2zz0z00)
d�5
2

. (4.1.18)

Using Pd (z, z0, z00), the integral over the d� 2 dimensional solid angle can be written as

Z
d
d�2⌦~n ⌘

Z 1

�1

dz
0

Z 1

�1

dz
00
Pd (z, z

0
, z

00) . (4.1.19)

Then, we can write (4.1.14) as

Ms(s, t) =
(s� 4m2)

d�3
2

4(4⇡)d�2
p
s

Z 1

�1

dz
0

Z 1

�1

dz
00
Pd (z, z

0
, z

00)M(+) (s, t0(z0))M(�) (s, t00(z00)) . (4.1.20)

4.1.2 Partial wave expansion

In this section, we consider d = 4 case only for simplicity. Firstly, define a vector |E, l,mi as

|E, l,mi =

s
4⇡E

p

Z
dµ(p1)dµ(p2)(2⇡)

4
� (E1 + E2 � E) �3 (�!p1 +

�!
p2)Y

⇤

l,m
(p̂1) |p1, p2i, (4.1.21)
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where Yl,m(n̂) is the spherical harmonics. This vector is a two particle state with a definite

angular momentum, characterized by a total angular momentum l and a magnetic quantum

number m. The parity of the spherical harmonics depends on l as follows:

Yl,m(�n̂) = (�1)lYl,m(n̂). (4.1.22)

Therefore, |E, l,mi vanishes for odd l.

|E, l,mi with di↵erent quantum number are orthogonal:

hE, l,m|E
0
, l

0
,m

0
i
0 =

8⇡E

p

Z
dµ(p1)dµ(p2)(2⇡)

4
� (E1 + E2 � E) �3 (�!p1 +

�!
p2)Yl,m (p̂1)Y

⇤

l0,m0 (p̂1)

=
8⇡E

p

Z
d
3
p1

(2⇡)6(2E1)2
(2⇡)4� (2E1 � E)Yl,m (p̂1)Y

⇤

l0,m0 (p̂1)

=

Z
d⌦

4⇡
Yl,m (p̂1)Y

⇤

l0,m0 (p̂1)

= �l,l0�m,m0 (4.1.23)

where the prime indicates that the energy-conservation delta function is omitted. The inner

product with a definite momentum state is given by

hp1, p2|E, l,mi =
1

2⇡2E2

s
4⇡E

p
Y

⇤

l,m
(p̂1) . (4.1.24)

A matrix element of a T-matrix with respect to |E, l,mi can be represented using a function

al(s), which is independent of m, as

hl,m|T |l
0
,m

0
i / al(s)�ll0�mm0 (4.1.25)

Therefore, a scattering amplitude can be written as

M(s, cos ✓) =
1

(2⇡)4
hp3, p4|T |p1, p2i

0

=
1

(2⇡)4

X

l,m,l0,m0

hp3, p4|l,mi
0
hl,m|T |l

0
,m

0
ihl

0
,m

0
|p1, p2i

0

= 16⇡
X

l

(2l + 1)al(s)Pl(cos ✓), (4.1.26)

where the overall normalization 16⇡ is chosen for the later convenience. This representation is

called the partial wave expansion, and the coe�cients al(s) is called a partial amplitude.

In general dimension d, the partial wave expansion is obtained in a similar manner:

M(s, t) =
1X

l=0

n
(d)
l
al(s)P

(d)
l

(cos ✓), (4.1.27)

where n
(d)
l

is a constant given by (4.1.32). P
(d)
l

(z) is a polynomial of degree l and satisfies the

following di↵erential equation:
�
1� z

2
� 4�d

2
d

dz

�
1� z

2
� d�2

2
d

dz
+ l(l + d� 3)

�
P

(d)
l

(z) = 0. (4.1.28)
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The explicit form of P (d)
l

(z) is given using the hypergeometric function as

P
(d)
l

(z) = 2F1

✓
�l, l + d� 3,

d� 2

2
,
1� z

2

◆
. (4.1.29)

The orthogonality relation

1

2

Z 1

�1

dz
�
1� z

2
� d�4

2 P
(d)
l

(z)P (d)

l̃
(z) =

�
ll̃

Ndn
(d)
l

(4.1.30)

and the addition theorem

Pd (z, z
0
, z

00) = (4⇡)d�2
N

2
d

�
1� z

02
� d�4

2
�
1� z

002
� d�4

2

1X

l=0

n
(d)
l
P

(d)
l

(z)P (d)
l

(z0)P (d)
l

(z00) (4.1.31)

are useful. Here,

Nd =
(16⇡)

2�d
2

�
�
d�2
2

� , n
(d)
l

=
(4⇡)

d
2 (d+ 2l � 3)�(d+ l � 3)

⇡�
�
d�2
2

�
�(l + 1)

. (4.1.32)

Especially, for 4-dimensional spacetime, it is given by

N4 =
1

16⇡
, n

(4)
l

= 16⇡(2l + 1), (4.1.33)

and (4.1.30) becomes

1

2

Z 1

�1

dzPl(z)Pl̃
(z) =

�
ll̃

2l + 1
(4.1.34)

Substituting this partial wave representation into (4.1.20),

(LHS) = Ms(s, t) (4.1.35)

=
1X

l=0

n
(d)
l
Im (al(s))P

(d)
l

(cos ✓) (4.1.36)

(RHS) =
(s� 4m2)
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00
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⇥

 Z 1

�1

dz
00
�
1� z

002
� d�4

2 NdP
(d)
l

(z00)
1X

l00=0

n
(d)
l00 al00(s� i")P (d)

l00 (z00)
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=
(s� 4m2)

d�3
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p
s

1X

l=0

n
(d)
l

|al(s)|
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P

(d)
l

(z) (4.1.37)

Therefore, the unitarity condition of a scattering amplitude on an angular momentum eigenstate

is given by

Im (al(s)) =
(s� 4m2)

d�3
2

p
s

|al(s)|
2
. (4.1.38)

Defining the partial wave element of S-matrix as

Sl(s) ⌘ 1 + i
2 (s� 4m2)

d�3
2

p
s

al(s), (4.1.39)

the condition can be represented as

|Sl(s)| = 1. (4.1.40)

In this form, it is transparent that the probability should add up to 1.

4.2 Froissart bound

In this section, we discuss on the Froissart bound [34,35], which is a condition satisfied by a high

energy behavior of a scattering amplitude of a unitary theory, based on [36]. We concentrate

on d = 4.

Firstly, we enumerate the assumptions used in the derivation of the Froissart bound [37]:

1. Lorentz invariance

The kinematics of the scattering amplitude is determined by the Mandelstam invariants,

and the scattering amplitude is the function of s, t: M(s, t). Therefore, the scattering

amplitude is a Lorentz invariant object.

2. Unitarity

S-matrix, which defines the scattering, satisfies the unitary condition:

Ŝ
†
Ŝ = 1̂. (4.2.1)

3. The analyticity in the Lehmann ellipse

Using parameter ↵ > 0 and a real variable ' 2 [�⇡, ⇡], we define an ellipse on the complex

plane

z = cosh (↵ + i') , (4.2.2)
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which is called the Lehmann ellipse. Then, the scattering amplitude M(s, t(s, cos ✓)) is

analytic within the Lehmann ellipse as a function of z = cos ✓.

4. Polynomial boundedness

The scattering amplitude diverges at most as a polynomial of s in the high-energy limit

s ! 1. That is, using n 2 N,

lim
|s|!1

����
M(s, t)

sn

���� = 0. (4.2.3)

Under these assumptions, we will see that there is an upper bound on the growth of the scattering

amplitude in the high-energy regime.

Let us expand the amplitude into the partial waves with di↵erent normalization:

M(s, t) =
16⇡

p
s

qs

1X

l=0

al(s) (2l + 1)Pl(cos ✓), (4.2.4)

where qs =
p
s� 4m2. In this normalization, partial amplitudes is given by

al(s) =
1

32⇡

r
q2
s

s

Z 1

�1

d cos ✓ M(s, cos ✓)Pl (cos ✓) , (4.2.5)

and the unitarity condition (4.1.38) with d = 4 becomes

|al(s)|  1. (4.2.6)

Let us define the Legendre function of the second kind as

Ql(x) = �
1

2

Z 1

�1

Pl(s)

s� x
ds. (4.2.7)

For x 2 [�1, 1], there is an identity

1

2i
(Ql(x+ i")�Ql(x� i")) = �

⇡

2
Pl(x). (4.2.8)

Using Ql, al can be written as

al(s) =
1

32i⇡2

r
q2
s

s

I

C

dz
0
M(s, z0)Ql(z

0), (4.2.9)

where the contour C is defined using ' 2 [�⇡, ⇡] and the real parameter ↵ > 0 as

z
0 =cosh (↵ + i'

0) (4.2.10)

dz
0 =i sinh(↵ + i'

0)d'0
. (4.2.11)

This contour represents the ellipse
✓

Re z

cosh↵

◆2

+

✓
Im z

sinh↵

◆2

= 1. (4.2.12)
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Then, (4.2.9) becomes

al(s) =
1

32⇡2

r
q2
s

s

Z
⇡

�⇡

d'
0
M(s, z0)Ql(z

0) sinh(↵ + i'). (4.2.13)

Let us investigate the behavior of Ql(z) in large l limit. Firstly, there is a following repre-

sentation of Ql(z) using the hypergeometric function:

Ql(cosh �) =
p
⇡ ·

�(l + 1)

�
�
l + 3

2

� · e
��(l+1)

p
1� e�2�

· 2F1

✓
1

2
,
1

2
; l +

3

2
;

1

1� e2�

◆
. (4.2.14)

From the Stirling formula limx!1 �(x) ⇠ x
x,

lim
l!1

�(l + 1)

�
�
l + 3

2

� ⇠
1
p
l
, (4.2.15)

in the large l region. Furthermore, using the power series representation of the hypergeometric

function 2F1(a, b; c; x) =
P

n

(a)n(b)n
n!(c)n

x
n,

lim
c!1

2F1(a, b; c; x) = 1 +O(c�1), (4.2.16)

holds. Using these results, we have

sinh (↵ + i'
0) ·Ql (z

0)|
l!+1

= e
�(↵+i'

0)(l+1/2)
·

r
⇡

2l
sinh (↵ + i'0) ·

⇥
1 +O

�
l
�1
�⇤

. (4.2.17)

Moreover, there is an upper bounds | sinh(↵ + i'
0)|  cosh↵ because

| sinh(↵ + i')|2 =
1

2
(cosh 2↵ + cos 2')

cosh2
↵ =

1

2
(cosh 2↵ + 1) . (4.2.18)

Therefore, we have a following upper bound:

|sinh (↵ + i'
0)Ql (z

0)|
l!+1

< e
�↵(l+1/2)

r
⇡

2l
cosh↵. (4.2.19)

Applying this upper bound on (4.2.13), we get an upper bound on partial waves al(s) in the

large l region as

|al| <

r
q2
s

s
B↵(s)

p

e�↵ cosh↵
e
�↵l

p
l
, (4.2.20)

where

B↵(s) =
1

32
p
2⇡3/2

Z
⇡

�⇡

|M(s, z0)|d'0
, z

0 = cosh(↵ + i'
0). (4.2.21)

Let us reconsider the assumption that the analyticity of M(s, z) as a function of z =

cosh (↵ + i�
0) with fixed s. This assumption is not satisfied for an arbitrary value of ↵. Let

p
t0

be the mass of the lightest particle which is exchanged at the t-channel. Using (4.1.8), we have

z = cosh(↵) = 1 +
2t

q2
s

. (4.2.22)
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t = t0 is the on-shell condition, and ↵ should be smaller than the corresponding value. In the

following, we define ↵ as cosh(↵) = 1 + 2t0
q2s
.

In the high-energy limit s ! 1, (4.2.22) approaches to ↵ ⇠ 2
p
t/s. Then,

p

e�↵ cosh↵ =
p
1� e�↵ sinh↵ (4.2.23)

is smaller than 1 and approaches to 1 in the high-energy limit. Therefore, this part in (4.2.20)

can be replaced by 1.

Therefore, we have shown that there are two upper bounds on the partial amplitude

|al|  1 and |al| 

r
q2
s

s
B↵(s)

e
�↵l

p
l
. (4.2.24)

The first one is derived from the unitarity of the theory and holds for all l. On the other hand,

the second bound holds for l which is large enough.

For large l, the second bound is stronger than the first one. We define L as the first angular

momentum for which the second bound is stronger. That is, L is the smallest number which

satisfies

qs
p
s
B↵(s)

e
�↵L

p
L

< 1, (4.2.25)

and also satisfies (4.2.24).

Using this L, we have an upper bound on the absolute value of the scattering amplitude as

|M(s, cos ✓)| 16⇡

p
s

qs

"
L�1X

l=0

(2l + 1)|al(s)| · |Pl(cos ✓)|+
1X

l=L

(2l + 1)|al(s)| · |Pl(cos ✓)|

#

(4.2.26)

=16⇡

p
s

qs

"
L�1X

l=0

(2l + 1)|Pl(cos ✓)|+
1X

l=L

(2l + 1)
qs
p
s
B↵(s)

e
�↵l

p
l
· |Pl(cos ✓)|

#
.

(4.2.27)

For the forward scattering cos ✓ = 1, |Pl(1)| = 1 and we have

|M(s, 1)| 16⇡

p
s

qs

L�1X

l=0

(2l + 1) + 16⇡B↵(s)
1X

l=L

(2l + 1)
e
�↵l

p
l

(4.2.28)

=16⇡

p
s

qs
L
2 + 16⇡B↵(s)

1X

l=L

(2l + 1)
e
�↵l

p
l
. (4.2.29)

Defining l
0 := l � L, the second term is

16⇡B↵(s)
1X

l0=0

(2l + 1)
e
�↵l

p
l
=16⇡B↵(s)e

�↵L

1X

l0=0

e
�↵l

0

"
2L

✓
1 +

l
0

L

◆ 1
2

+

✓
1 +

l
0

L

◆�
1
2

#
(4.2.30)

16⇡

p
s

qs

1X

l0=0

e
�↵l

0

"
2L

✓
1 +

l
0

L

◆ 1
2

+

✓
1 +

l
0

L

◆�
1
2

#
(4.2.31)
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⇡16⇡

p
s

qs

1

↵

Z
1

0

e
�y


2L
⇣
1 +

y

Y

⌘ 1
2
+
⇣
1 +

y

Y

⌘� 1
2

�
dy. (4.2.32)

In the second line, we use (4.2.25). In the third line, we define y = ↵l
0
, Y = ↵L and approximate

the sum by the integral. Then, (4.2.29) becomes

|M(s, 1)| 16⇡

p
s

qs

⇥
L
2 + I(s)

⇤
, (4.2.33)

where we define

I(s) :=
1

↵

Z
1

0

e
�y


2L
⇣
1 +

y

Y

⌘ 1
2
+
⇣
1 +

y

Y

⌘� 1
2

�
dy. (4.2.34)

In the following, we write the energy-dependence of L explicitly as L(s). The bound of

(4.2.33) depend on the behavior of L(s) at the high energy regime. When L(s) is asymptotically

constant, (4.2.33) imposes a constraint where the scattering amplitude is bounded by some

constant value. Next, consider the case where both L(s) and Y (s) = ↵L(s) increase with s. For

large L, Y , (4.2.34) is approximated by

I(s) =
1

↵2
[2Y + 1 +O(1/Y,↵)] , (4.2.35)

and for the high energy limit, (4.2.33) becomes

|M(s, 1)| <16⇡

✓
Y + 1

↵

◆2

(4.2.36)

⇡4⇡
q
2
s

t0
(Y + 1)2. (4.2.37)

In the second line, we approximate ↵ ⇡ 2
p
t0/s. Therefore, the forward scattering amplitude

is bounded by O (sY 2) in the high energy limit.

Finally, we discuss the energy dependence of Y . The scattering amplitude is bounded by

polynomials from the assumption. Then, B↵(s) is also bounded by polynomials and B↵(s) ⇡

C · s
n holds. In the high energy limit, we can express (4.2.25) as

Y ⇡ logB↵ +
1

2
log↵�

1

2
log Y <

✓
n�

1

4

◆
log s, (4.2.38)

therefore, Y = O(log s) at the high energy regime. Using this, (4.2.37) becomes

|A(s, 1)| <O
�
s log2 s

�
. (4.2.39)

This upper bound is called the Froissart bound.
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4.3 Regge behavior

In the previous section, we observed that the analytic continuation of the scattering ampli-

tude, as a function of the Mandelstam variable, is a powerful tool for uncovering properties of

scattering processes. In this section, we see how the analytic continuation of the partial wave

amplitude al to the complex l-plane, called Regge theory [17], reveals an additional interesting

property of scattering, which is the relationship between the spectrum of t-channel exchanges

and the behavior of high-energy scattering based on [38].

In (4.2.20), we get an upper bound on the partial wave al(s) in the (real) large l limit.

However, it is necessary to have an upper bound on al in the whole l plane to show the uniqueness

of the analytic continuation of l.

Firstly, let us derive a di↵erent expression for the partial wave amplitude. It is convenient

to make a partial wave decomposition in the t-channel. Let us define the scattering angle in the

t-channel as

zt := cos ✓t = 1 +
2s

t� 4m2
. (4.3.1)

Then, the partial wave decomposition in the t-channel is given by

M(s, t) = 16⇡
1X

l=0

(2l + 1)al(t)Pl (zt) . (4.3.2)

In this section, we use the usual normalization. From (4.1.34), the partial wave amplitude is

given by

al(t) =
1

16⇡

1

2

Z 1

�1

dztPl (zt)M (s (zt, t) , t) . (4.3.3)

Using (4.2.8), we get

al(t) = �
1

16⇡2

1

2i

Z 1

�1

dztDisczt (Ql(zt))M (s (zt, t))

=
1

16⇡2

1

2i

Z

C

dztQl(zt)M (s (zt, t)) , (4.3.4)

where Disczt [f(zt)] = f(zt+ i")� f(zt� i"). The contour C is given in figure 4.1. By deforming

the contour from C to C
0, we have

al(t) =
1

16⇡2

1

2i

Z

C0
dztQl(zt)M (s (zt, t) , t)

=
1

16⇡2

Z
1

zT

Ds(s, t)Ql (zt) dzt +
1

16⇡2

Z
�1

�zT

Du(u, t)Ql (zt) dzt

=
1

16⇡2

Z
1

zT

�
Ds(s, t) + e

�i⇡l
Du(s, t)

�
Ql (zt) dzt. (4.3.5)
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Figure 4.1: The contour C and C
0 in the complex zt plane. The blue line represents the branch

cut of Ql(zt) and the red line represents the branch cut of M(s(zt, t), t).

In the last equality, (A.5.14) is used. Note that zt $ �zt corresponds to s $ u exchange. The

contour C
0 encircles the branch cut of M(s(zt, t), t) in the complex zt plane. The cut in the

right corresponds to the s-channel on-shell exchange and the cut in the left corresponds to the

u-channel on-shell exchange. The s-channel cut starts from s = mth, where mth is the mass of

the lightest particle which is exchanged at the s-channel. In zt plane, it corresponds to a point

zT defined as

zT := 1 +
2m2

th

t� 4m2
. (4.3.6)

The u-channel cut starts from u = mth, and it corresponds to a point �zT in the zt plane

because

1 +
2 (�t�m

2
th
)

t� 4m2
= �1�

2m2
th

t� 4m2

= �zT . (4.3.7)

Ds, Du, which are discontinuities, are defined as

Ds(s, t) :=
M (s(zt, t) + i", t)�M (s(zt, t)� i", t)

2i
, (4.3.8)

Du(u, t) :=
M (s(zt, t)� i", t)�M (s(zt, t) + i", t)

2i

=
M (4m2

� t� u(zt, t)� i", t)�M (4m2
� t� u(zt, t) + i", t)

2i
. (4.3.9)

This expression is called the Froissart-Gribov projection [34,39].

From (4.2.14), the large |l| limit of Ql is given by

Ql (z) ⇠
|l|!1

l
�

1
2 e

�(l+ 1
2)⇣(z), ⇣(z) := log

h
z +

p
z2 � 1

i
. (4.3.10)
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Figure 4.2: The contour C1 in the complex l plane. C1 embraces zero and positive integers,
which are poles of 1/ sin ⇡l. ↵(t) is a pole of aS

l
(t).

Ds, Du show polynomial growth. Therefore, the asymptotic behavior of the first term in (4.3.5),

which corresponding to the s-channel cut, is given by

a
(s)
l

!
l!1

f(t)e�l⇣(zT )
. (4.3.11)

However, the second term involves the factor and the asymptotic behavior is given by

a
(u)
l

!
l!1

f(t)e�l⇣(zT )
e
�i⇡l

. (4.3.12)

The factor e�i⇡l prohibits us from performing the contour deformation we are going to discuss.

Therefore, it is convenient to introduce the partial wave amplitude of ”definite signature”.

Firstly, we define

D
S
s
(s, t) := Ds(s, t) + SDu(s, t), (4.3.13)

where S = ±1 is called the signature. Using D
S
s
(s, t), the partial wave amplitude of definite

signature is defined as

a
S
l
(t) :=

1

16⇡2

Z
1

zT

D
S
s
(s, t)Ql (zt) dzt. (4.3.14)

Comparing with (4.3.5), we find that

al(t) =

(
a
+
l
(t) (l : even)

a
�

l
(t) (l : odd)

(4.3.15)

The asymptotic behavior of (4.3.14) is given by

a
S
l

!
l!1

f(t)e�l⇣(zT )
, (4.3.16)
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Figure 4.3: The contour of the Sommerfeld-Watson representation. C2 is a line integral taken
over a vertical line in the complex plane, whose real part is �1/2 .

where no dangerous factor e�i⇡l appears.

Using a
S
l
(t), we define the scattering amplitude of definite signature as

M
S (s, t) := 16⇡

1X

l=0

(2l + 1)aS
l
(t)Pl(zt). (4.3.17)

Using Pl(�z) = (�)lPl(z) for the integer l, we can recover the original scattering amplitude as

M(s, t) =
1

2

�
M

+(zt, t) +M
+(�zt, t) +M

�(zt, t)�M
�(�zt, t)

�
. (4.3.18)

In the following, we perform analytic continuation of (4.3.17) in angular momentum. For

simplicity, we assume that aS
l
(t) has the single pole l = ↵(t) in the complex l plane (See figure

4.2) with the residue �(t). That is,

a
S
l
(t) ⇠

�(t)

l � ↵(t)
, (4.3.19)

and analytic elsewhere. This pole is called the Regge pole. 1

The sum over l of (4.3.17) can be written as the following contour integral:

M
S (s, t) = �

16⇡2

2⇡i

Z

C1

(2l + 1)aS
l
(t)

Pl (�zt)

sin ⇡l
dl, (4.3.20)

where the contour C1 is shown in figure 4.2. It embraces zero and positive integers, which are

the poles of 1
sin⇡l .

By displacing the contour as shown in figure 4.3, we have the following expression ofMS (s, t)

called the Sommerfeld-Watson representation:

M
S (s, t) = �

16⇡2

2⇡i

Z

C2

(2l + 1)aS
l
(t)

Pl (�zt)

sin ⇡l
dl � 16⇡2(2↵(t) + 1)�(t)

P↵(t) (�zt)

sin ⇡↵(t)
. (4.3.21)

1In general, aS
l (t) has several poles in the complex l plane. The Regge pole that is furthest to the right in

the complex plane is called the leading Regge pole, and the others are called sub-leading Regge poles.
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The second term in (4.3.21) is the contribution of the Regge pole. Its contribution to the

scattering amplitude of definite signature is

M
SR(s, t) := �16⇡2(2↵(t) + 1)�(t)

P↵(t) (�zt)

sin ⇡↵(t)
. (4.3.22)

Firstly, let us consider the contribution ofMSR to the partial wave amplitude. Using (A.5.7)

and (A.5.8), the contribution to the s-channel discontinuity takes the form

D
R
s
(s, t) =

DiscMSR(s, t)

2i
= 16⇡2(2↵(t) + 1)�(t)P↵(t) (zt) zt > 1. (4.3.23)

Substituting in (4.3.14), we have

a
S
l
(t) =

1

16⇡2

Z
1

1

D
S
s
(s, t)Ql (zt) dzt

=

Z
1

1

(2↵(t) + 1)�(t)P↵(t) (zt)Ql (zt) dzt

=
(2↵(t) + 1) �(t)

(l � ↵(t)) (l + ↵(t) + 1)
, (4.3.24)

where we use (A.5.15) in the last line. a
S
l
(t) has the pole at l = ↵(t) with the residue �(t) as

expected.

Let us consider the meaning of ↵(t). We can separate ↵(t) into the real part ↵R(t) and the

imaginary part ↵I(t). We define a point tl such that ↵R(tl) = l. Then, ↵(t) can be expanded

about tl as

↵(t) = l + ↵
0

R
(tl)(t� tl) + i↵(tl) + i↵

0

I
(tl)(t� tl) + · · · . (4.3.25)

The partial wave is then approximated as

a
S
l
(t) ⇡

�(tl)

�↵0

R
(tl)(t� tl)� i↵I(tl)� i↵

0

I
(tl)(t� tl)

⇡
�(tl)/↵0

R
(tl)

t� tl � i↵I(tl)/↵0

R
(tl)

. (4.3.26)

In general, ↵R(t) is an increasing function of t, and (4.3.26) implies that the Regge pole ↵(t) a

tower of particles if ↵I(tl) = 0 or resonances if ↵I(tl) 6= 0 with increasing masses and spins. 2

The mass is given by Ml =
p
tl and the total width is given by

� =
↵I(tl)

↵
0

R
(tl)Mr

. (4.3.27)

2When there are several poles in the complex l plane, the leading Regge pole corresponds to the tower of the
lightest particles for a given spin.
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Next, let us consider the implication of the Regge pole to the high-energy behavior of the

scattering amplitude. Firstly, let us consider the first term in (4.3.21), which is called the

”background integral”. The asymptotic behavior of the Legendre function is given by

Pl(z) ! ⇡
�

1
2
�
�
l + 1

2

�

� (l + 1)
(2z)l, z ! 1. (4.3.28)

The contour of the background integral is taken along Re l = �1/2 so that the background

integral is ⇠ s
�

1
2 in the limit of s ! 1, and vanishes.

Therefore, the high-energy behavior of the scattering amplitude is determined by the con-

tribution of the Regge pole. From (4.3.18), the contribution of the Regge pole to the physical

amplitude is given by

M
R(s, t) = �16⇡2(2↵(t) + 1)�(t)

P↵(t) (�zt) + S P↵(t) (zt)

sin ⇡↵(t)
. (4.3.29)

Using (A.5.13), it becomes

M
R(s, t) = �16⇡2(2↵(t) + 1)�(t)

�
1 + S e

�i⇡↵(t)
� P↵(t) (�zt)

sin ⇡↵(t)

�S
2

⇡
sin ⇡↵(t)Q↵(t) (�zt)

�
. (4.3.30)

The last term is asymptotically negligible in the limit of s ! 1 because of (A.5.12) and we

can write

M
R(s, t) = �16⇡2(2↵(t) + 1)�(t)

�
1 + S e

�i⇡↵(t)
� P↵(t) (�zt)

sin ⇡↵(t)
. (4.3.31)

From this expression, we find that there is the family of the physical particles and the resonances

of (4.3.26) with even spins for S = + or odd spins for S = �.

We can also obtain information for an asymptotic behavior of the scattering amplitude in

the limit of s ! 1, t : fixed using (4.3.31). The s-dependence of MR(s, t) lie in the Legendre

function P↵(t) (�zt). Using (A.5.8), the large-s limit can be calculated as

M
R(s, t) ⇡

s!1

f(t)s↵(t), (4.3.32)

where f(t) is some function which is independent from s. This shows that the high-energy

scattering in the limit of s ! 1, t: fixed is given by the power behavior, and the power ↵(t) is

a function of the momentum transfer. 3

These two considerations lead us that there is a relation between the mass spectrum of

a tower of particles which is transferred in the t-channel and the asymptotic behavior of the

high-energy scattering through the Regge pole ↵(t).

3For multiple Regge poles, the scattering amplitude is dominated by the pole with the largest ↵(t), that is
the leading Regge pole. This explains why the leading Regge pole is called ”leading”.
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Figure 4.4: The particle spectrum and the leading Regge trajectory which contributes to the
scattering of NS-NS bosons in the type-II superstring theory. The vertical axis is the mass
squared in the unit of ↵0

/4, and the horizontal axis is the spin.

4.3.1 Example of the Regge pole: type-II superstring theory

Here, we review one concrete example of the Regge pole, that is, the Regge pole which appear

in a scattering amplitude of the type- II superstring theory. The string theory is a consistent

theory of quantum gravity and it is expected to be the UV completion of the gravity. The string

theory is a theory of the extended object, the string, and the particle spectrum is determined

by the vibrational modes of the string, which has the mass spectrum of towers of particles (See

figure 4.4). The tower which is composed of particles of the lightest mass for a given spin is the

leading Regge trajectory and it determines the leading high-energy behavior of the scattering

amplitude.

The scattering amplitude for NS-NS bosons, which are massless bosons, in type- II super-

string theory [16] is given by

M(s, t) = �P (s, t)
�(�↵

0
s

4 )�(�↵
0
t

4 )�(�↵
0
u

4 )

�(1 + ↵0s
4 )�(1 + ↵0t

4 )�(1 + ↵0u
4 )

, (4.3.33)

with s+ t+ u = 0. The polarization factor P (s, t) is define as

P (s, t) = A(s2u2 + t
2
u
2 + s

2
t
2), (4.3.34)

where A > 0 is a constant whose explicit expression is irrelevant in the following analysis.
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Firstly, let us consider physical t-channel region and the mass spectrum of particles which

are exchanged in this scattering. The mass of the t-channel exchanged particles corresponds to

the location of the t-pole of the scattering amplitude. If the number of the exchanged particles

are finite at the same mass level, the residue is the polynomial of s, whose degree gives the

highest spin at that mass level. Explicitly, the scattering amplitude with the exchanged particle

with mass M and spin l takes the form

M(s, t) ⇠
t!M

#s
l

M2 � t
+O

�
s
l�1
�
. (4.3.35)

Let us study the pole and the residue of (4.3.33). The t-channel poles come from the term

�(�↵
0
t

4 ) and locate at t := tn = 4
↵0n, n = 0, 1, 2 · · ·. Using the formula of the Gamma function

lim
z!�n

�(z) =
(�1)nn!

z + n
, (4.3.36)

the residue at t = tn can be calculated as

Res
t=tn

M(s, t) = �P (s, tn)
�(�↵

0
s

4 )�(n+ ↵
0
s

4 )

�(1 + ↵0s
4 )�(�(n� 1)� ↵0s

4 )

1

�(n+ 1)
(�1)n+1
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4

↵0

= �P (s, tn)

✓
1 +

↵
0
s

4

◆2

n�1

4

↵0
, (4.3.37)

where (a)
n
= �(a+ n)/�(a) is the Pochhammer symbol. Here, P (s, t) is the polynomial of the

degree 4 and
�
1 + ↵

0
s

4

�
k
is the polynomial of the degree k. This shows that the highest spin

exchanged at the mass level t = tn is given by l = 2n+ 2.

Rewriting M
2
l
:= tn, the mass-spin spectrum of the exchanged particle is given by M

2
l
=

2(l � 2)/↵0, where the spin runs the even integer l = 2, 4, 6, · · ·. This spectrum suggests that

the string theory amplitude have the Regge pole with the form of

↵(t) = 2 +
↵
0

2
t. (4.3.38)

For example, the residue of the massless particle exchange t0 = 0 is given by

Res
t=0

M(s, t) = �P (s, 0)

✓
1 +

↵
0
s

4

◆2

�1

4

↵0

= �
64As2

↵03
, (4.3.39)

which shows that the exchanged particle is a massless spin-2. It corresponds to the graviton.

Then, let us see the high-energy behavior of (4.3.33). Using Euler’s reflection formula

�(x)�(1� x) =
⇡

sin ⇡x
, (4.3.40)

and Stirling’s formula

�(x) ⇡

r
2⇡

x

⇣
x

e

⌘x
, (4.3.41)
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the high-energy limit s ! 1 with t : fixed of (4.3.33) is calculated as

M(s, t) = �P (s, t)
�(�↵
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, (4.3.42)

where

f(t) = �A

✓
4

↵0

◆4 � (�↵0
t/4)

� (1 + ↵0t/4)
(4.3.43)

This behavior precisely matches with the Regge analysis with a linear Regge trajectory (4.3.38).

The full mass spectrum and the leading Regge trajectory considered here is shown in figure

4.4.
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Chapter 5

Gravitational positivity bounds

In this chapter, we summarize the gravitational positivity bounds of [16]. We outline the basic

assumptions, definitions of quantities to be computed, bounds, and their interpretations. We

begin with the non-gravitational case and then include gravity. We will close with some remarks

needed for applications to realistic phenomenological model building.

5.1 Positivity bounds without gravity

5.1.1 Setup and assumptions

Consider an scattering of AB ! AB type in a given low-energy EFT, where scattering amplitude

is MIR(s, t). s, t, u are the standard Mandelstam variables that satisfy s+ t+u = 2(m2
A
+m

2
B
),

and mA and mB are the masses of the external particles A and B, respectively.

We assume that the low-energy EFT are defined with the UV cuto↵ ⇤UV. Therefore, the

scattering amplitude MIR(s, t) approximate well the scattering amplitude MUV(s, t), which is

the scattering amplitude of AB ! AB evaluated in the would-be UV complete theory, in the

region s, t < ⇤UV.

We will useM(s, t) as an abbreviation ofMUV(s, t) for the notational simplicity. We assume

that the scattering amplitude M(s, t) satisfies the following properties:

1. Analyticity: The amplitude M(s, t) is analytic on the physical sheet1 of the complex

s-plane except for poles and discontinuities on the real axis required by unitarity. The

analyticity of the scattering amplitude is known to be closely connected to the causality

of the theory. While the derivation of analyticity has been discussed in the context of

axiomatic QFT [40], we simply assume it in this work.

2. Unitarity: The imaginary part of the forward amplitude M(s, t) is non-negative, i.e.,

ImM(s, t = 0) � 0.

1There are in general unstable resonances, whose associated poles are however located in other sheets in the
complex s-plane.

45
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Figure 5.1: The contour C0, Cs, Cu, CR in the complex s-plane.

3. s
2-boundedness: The amplitude is bounded by s2 at high energy, i.e., lim

|s|!1

M(s, 0)/s2 = 0.

This third condition is guaranteed in local quantum field theories thanks to the Froissart

bound (4.2.39) and the Phragmén-Lindelöf theorem.

4. Crossing symmetry: The amplitude satisfies s- u crossing symmetry:

M(s, t) = M(u = 2(m2
A
+m

2
B
)� s� t, t). (5.1.1)

Positivity bounds. Using these four properties, we can derive an infinite set of consistency

relations among scattering amplitudes evaluated at the UV and IR. Let us define

a2n :=


@
2n
M(s, t = 0)

@s2n

�

s=m
2
A+m

2
B

(n = 1, 2, . . .) . (5.1.2)

a2n are IR object in the sense that they are evaluated at s, t < ⇤UV and we can approximate

these quantities using the IR scattering amplitude MIR(s, t):

a2n ⇡


@
2n
MIR(s, t = 0)

@s2n

�

s=m
2
A+m

2
B

. (5.1.3)

A higher derivative term O2n of the low-energy EFT, which has the mass dimension 2n, would

contribute to a2n.

The analyticity of M(s, t) allows us to use the Cauchy’s integral expression and the defining

equation (5.1.2) can be evaluated as the following contour integral (see figure 5.1)

a2n =


@
2n
M(s, t = 0)

@s2n

�

s=m
2
A+m

2
B

= (2n)!

I

C0

ds
0

2⇡i

M(s0, 0)

(s0 �m
2
A
�m

2
B
)2n+1

=: (2n)!

I

C0

ds
0

2⇡i
R2n(s

0), (5.1.4)
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where we define R2n(s) as an integrand. The contour C0 is taken around the point s = m
2
A
+m

2
B

in the counterclockwise direction. R2n(s) have the following properties as an complex function

on s-plane:

1. R2n(s) has a pole at m2
A
+m

2
B
due to the denominator (s�m

2
A
�m

2
B
)2n+1.

2. R2n(s) has poles and branch cuts, that corresponding to the intermediate one particle

states and multi particle states respectively. The singularities corresponding to the s-

channel intermediate states begin at s = mth, while these corresponding to the u-channel

start at s = 2(m2
A
+m

2
B
)�mth, or equivalently, at u = mth.

3. R2n(s) is analytic other region in the complex s-plane.

4. R2n(s) is bounded by s
�2n+1 in large |s| limit:

lim
|s|!1

R2n(s)

s�2n+1
= 0. (5.1.5)

The property 2 and 3 allows us to perform the contour deformation:

a2n = (2n)!

✓I
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ds
0

2⇡i
+

I

Cu

ds
0

2⇡i
+

I

CR

ds
0

2⇡i

◆
R2n(s

0), (5.1.6)

where Cs is taken around the s-channel cuts, Cu is taken around the u-channel cuts, and CR is a

circle at infinity. Each contour integral can be evaluated as

(2n)!

I

Cs

ds
0

2⇡i
R2n(s

0) =
(2n)!

2⇡i

Z
1

m
2
th

ds
0

DiscM(s0, 0)

(s0 �m
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, (5.1.7)
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DiscM(u0
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�m
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)2n+1

, (5.1.8)

where we used the crossing symmetry in the second equality.

(2n)!

I

CR

ds
0

2⇡i
R2n(s

0) = 0, (5.1.9)

because the integrand is bounded by s
�2n+1 in the large |s| limit.

Therefore, the following dispersion relation holds from the analyticity and s
2-boundedness

of the amplitude:

a2n =
2 · (2n)!

⇡

Z
1

m
2
th

ds
ImM(s, 0)

(s�m
2
A
�m

2
B
)2n+1

(n = 1, 2, . . .) , (5.1.10)
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where DiscM(s, t) = 2i ImM(s, t) is used. This equation relates the IR quantity a2n, which

is calculated in the small energy region, and the UV integral whose properties are constrained

by basic principles such as unitarity. Especially, the integrand of (5.1.10) is positive due to the

unitarity. As a result, we have inequalities

a2n � 0, (5.1.11)

which are called positivity bounds.

Improved positivity bounds. The EFT is defined with a UV cuto↵ which we denote by

⇤UV. The actual cuto↵ of the EFT, namely the scale of new physics, is unknown from the

low-energy perspective. We thus introduce a reference scale ⇤ below which the EFT is assumed

to be valid, i.e., ⇤ is assumed to satisfy ⇤ < ⇤UV.

Let us define [4, 6, 41]

B2n(⇤) := a2n �
2 · (2n)!

⇡

Z ⇤2

m
2
th

ds
ImM(s, t = 0)

(s�m
2
A
�m

2
B
)2n+1

(n = 1, 2, . . .) . (5.1.12)

We emphasize that B2n(⇤) is defined in terms of the amplitude at the IR scale below ⇤, and

therefore it is well approximated within the EFT:

B2n(⇤) ⇡


@
2n
MIR(s, t = 0)

@s2n

�

s=m
2
A+m

2
B

�
2 · (2n)!

⇡
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th

ds
ImMIR(s, t = 0)

(s�m
2
A
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2
B
)2n+1

. (5.1.13)

Then, the dispersion relation (5.1.10) implies

B2n(⇤) =
2 · (2n)!

⇡

Z
1

⇤2

ds
ImM(s, t = 0)

(s�m
2
A
�m

2
B
)2n+1

(n = 1, 2, . . .) , (5.1.14)

which provides a consistency relation between the IR physics below ⇤ (LHS) and the UV physics

above ⇤ (RHS). Furthermore, unitarity implies that the RHS is non-negative, so that

B2n(⇤) � 0 for all ⇤ such that ⇤ < ⇤UV (n = 1, 2, . . .) . (5.1.15)

These bounds are called the improved positivity bounds. Note that B2n(⇤) is a monotonically

non-increasing function of ⇤ because the integrand in (5.1.12) is positive. The typical behavior

is shown in Fig. 5.2. When the bounds (5.1.15) are satisfied at a certain scale, they also hold

at any scale below it. The positivity bound (5.1.15) is thus stronger for larger ⇤.

Interpretations. In a given EFT, one can compute the forward amplitude and evaluate

B2n(⇤) defined in Eq. (5.1.12) in terms of parameters of the EFT and a scale ⇤. The positivity

bounds (5.1.15) then provide certain inequalities among the EFT couplings and ⇤, leading to

two complementary interpretations:
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B2n(�)

�0 �*

UV completion!

�UV

Figure 5.2: The expression (5.1.12) of B2n(⇤) is a monotonically non-increasing function as a
function of ⇤, and crosses zero at the scale ⇤ = ⇤⇤. For a well-defined UV completion, we need
B2n(⇤) � 0, which defines an upper bound ⇤⇤ on the scale ⇤.

1. Bounds on EFT couplings.

Suppose that the low-energy EFT describes a system below an energy scale E. We can

then identify ⇤ with the energy scale of interest E to find the bounds on the EFT couplings.

These are the necessary conditions for the EFT to have a standard UV completion and

be valid below the scale E = ⇤. (In here we are agnostic on the value of the cuto↵ scale

⇤UV.)

2. Bounds on the UV cuto↵.

In some cases, one may want to assume certain values of the EFT couplings—for example,

coupling constants are already fixed by experiments or they need to take certain values for

phenomenological purposes (e.g., so that they can be searched in a particular experiment).

One can then ask up to which scale the EFT can be valid, i.e., at which scale the new

physics comes in. As shown in Fig. 5.2, B2n(⇤) may become negative at some energy scale

⇤⇤, in which case we can derive an upper bound ⇤UV < ⇤⇤ on the UV cuto↵ of the EFT.

The condition (5.1.15) is based on the assumptions on UV, but care must be taken to ensure

because we do not know the UV theory. If a violation of the inequality (5.1.15) is observed in

the experiment, it may indicate a violation of the original assumptions. In this sense, we can

also use the positivity bounds (5.1.15) to probe UV from IR.

5.2 Positivity bounds with gravity

We next explain how the positivity bounds are extended to theories with gravity. The main

new ingredient is that the t-channel graviton exchange contributes a new singularity to the low-

energy scattering amplitudes as ⇠ �s
2
/(M2

Plt) (MPl ' 2.4⇥ 1018 GeV being the reduced Planck
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E0
MPl�QG�

Regge towerEFT particles UV states (if any)

Figure 5.3: Typical scenario: a UV completion of gravity is achieved well below the Planck
scale by an infinite tower of higher-spin states (Regge tower). There may also exist new UV
states beyond the EFT that are described within QFT model building and that are not directly
related to the UV completion of gravity.

mass), invalidating the definition (5.1.2) of a2 and hence the positivity argument for B2(⇤).2

In this subsection, we summarize how the positivity bounds are formulated in the presence of

gravity.

Assumptions. The basic assumptions are the same as before, namely analyticity, unitarity,

and the s
2-boundedness lim

|s|!1

��M(s, t)/s2
�� = 0 for small negative t.

While the argument below can be applied to any UV complete theory with these three

properties, a motivating candidate of such a UV completion is a perturbative string theory

discussed in 4.3.1. A typical particle spectrum of such theory are shown in Fig. 5.3.

Gravitational positivity bounds. We define a2 by subtracting the graviton t-pole from the

amplitude and taking the forward limit as3

a2 := lim
t!�0


@
2
M(s, t)

@s2
+

2

M
2
Plt

�

s=m
2
A+m

2
B

. (5.2.1)

With a2 defined in this manner, we introduce

B(⇤) := a2 �
4

⇡

Z ⇤2

m
2
th

ds
ImM(s, t = 0)

(s�m
2
A
�m

2
B
)3

. (5.2.2)

Here and in what follows we suppress the subscript 2 of B2(⇤) for notational simplicity. The

dispersion relation (5.1.14) is then modified as

B(⇤) = lim
t!�0

"
2

M
2
Plt

+
4

⇡

Z
1

⇤2

ds
ImM(s, t)

�
s+ t

2 �m
2
A
�m

2
B

�3

#
. (5.2.3)

Due to the first term in the square bracket (which is negative for t < 0), the sign of B(⇤) is

undetermined. However, one can show that the positivity of B(⇤) holds at least approximately.

2Note that the positivity argument for B2n (n = 2, 3, . . .) is unchanged. In the following, we focus on B2.
3For simplicity, we focus on the amplitude up to O(M�2

Pl ) and only subtract the graviton t-pole as a divergent
term in the forward limit t ! �0 in the definition of a2. See [42, 43] for arguments with the O(M�4

Pl ) terms.
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The idea is that we split the integral of the dispersion relation into the quantum gravity part

and the other,

B(⇤) =
4

⇡

Z ⇤2
QG

⇤2

ds
ImM(s, 0)

(s�m
2
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�m

2
B
)3

+ lim
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2
Plt
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4
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ds
ImM(s, t)
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s+ t
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2
B

�3

#
.

(5.2.4)

When we take the forward limit t ! �0, the l.h.s of (5.2.4) is finite because it is defined by

subtracting the t-pole term. Then, although the t-pole term in the r.h.s diverges in the forward

limit t ! �0, the sum in the square bracket should be finite as a result of a cancellation with

the quantum gravity part:

lim
t!�0

"
2

M
2
Plt

+
4

⇡

Z
1

⇤2
QG

ds
ImM(s, t)

�
s+ t

2 �m
2
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�m

2
B

�3

#
=:

�

M
2
PlM

2
(� = 0,±1) , (5.2.5)

where we defined the sign � and the mass scale M , which depend on details of the cancellation

mechanism. (The case � = 0 corresponds to the exact cancellation.) As a result, we find

B(⇤) �
�

M
2
PlM

2
for all ⇤ s.t. ⇤ < ⇤UV < ⇤QG , (5.2.6)

which we call the gravitational positivity bound.

The right-hand side of (5.2.6) is suppressed by powers of MPl, and hence disappears in the

decoupling limit MPl ! 1, where the gravitational positivity bound reduces to the positivity

bound without gravity.

While the derivation here works irrespective of the details of the cancellation mechanism, the

most plausible scenario is the Regge behavior discussed in 4.3 4: the gravitational amplitude

is modified as ImM ⇠ s
2+↵0

t+··· with ↵
0
⇠ ⇤�2

QG by an infinite tower of higher-spin states at

s � ⇤2
QG (see Fig. 5.3). The perturbative string theory is a typical example of this scenario in

which the quantum gravity scale ⇤QG corresponds to the string scale. The cancellation of the

t-pole can be explicitly shown under the assumption of Regge behavior [16].

Interpretations. In contrast to the non-gravitational positivity bound (5.1.15), the gravi-

tational positivity bound (5.2.6) contains not only the IR data B(⇤) determined by the EFT

parameters up to the scale ⇤, but also the UV data (M, �) of gravitational Regge amplitudes

(or, generically speaking, quantum gravity amplitudes). Therefore, there are three possible

interpretations, depending on the context [19, 46–49]:

1. Quantum gravity constraints on IR physics.

If we specify/assume a quantum gravity scenario and the parameters (�,M) of gravita-

tional Regge amplitudes, we can think of the bounds (5.2.6) as quantum gravity constraints

4See also [44, 45] for connections between Reggeization and causality.
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on the low-energy EFT at a scale ⇤ = E. Such constraints are useful to carve out the

parameter space of phenomenological models in the spirit of the Swampland Program5.

2. Constraints on the scale of new physics.

As in the non-gravitational case, we can interpret (5.2.6) as the bounds giving the max-

imum cuto↵ ⇤⇤ when we assume the parameters of the EFT and the UV data (�,M).

When the bounds (5.2.6) are violated, one can try to increase the cuto↵ of the EFT by

adding new state(s) to EFT like Fig. 5.2. If the bounds (5.2.6) are inevitably violated at

⇤ > ⇤⇤, this is a sign of the necessity for a UV completion of gravity. In this case, ⇤⇤ is

not a maximum scale of just new physics, but the upper bound on the quantum gravity

scale ⇤QG.

3. IR constraints on quantum gravity.

Once the parameters and the validity of the model are identified by experiments at a

scale ⇤ = E, we can use the bounds (5.2.6) to constrain the parameters (�,M) of the

gravitational Regge amplitudes required for UV completion of gravity. Such constraints

are useful as a necessary condition for a quantum gravity theory to describe our real world.

As we mentioned in Sec. 5.1, the violation of original assumptions on UV theory leads to the

violation of (5.2.6). Di↵erently from the non-gravitational case, however, experimental tests of

the violation of (5.2.6) require knowledge of the UV data (M, �).

Comments on (M, �). As we explain more explicitly later, nontrivial constraints on the IR

physics are obtained in the spirit of Interpretation 1 when Bgrav��/(M2
PlM

2) < 0. Here, Bgrav is

the gravitational part of B which will be defined in the next section. This condition is satisfied

either when � = 0,+1 or when M is su�ciently large, typically M � mlight with mlight being

the mass scale of light particles. This shows that details of the UV data (M, �) are important

in discussing phenomenological implications of the gravitational positivity [19].

Notably, recent studies proceed in the direction to carve out the parameter space of (M, �)

itself and sharpen the gravitational positivity bound (5.2.6). For scattering of identical scalars,

the best bound obtained so far is schematically of the form [51,52]6 (see also [53, 54]),

B(⇤) �
�O(1)

M
2
Plm

2
, (5.2.7)

5See [14,15,47,50] for possible connections between positivity and the Swampland conjecture.
6There are two complementary approaches to this problem depending on how to treat the graviton t-channel

pole. First, the one initiated in [51] works in finite impact parameter to make the graviton contribution finite.
While it gives a universal bound that does not rely on details of UV completion, the obtained bound is trivialized
in spacetime four dimensions due to a logarithmic IR divergence. On the other hand, the one proposed in [52]
uses the sum rule of gravitational Regge amplitudes to give a bound on the parameter space (M,�). While this
approach assumes Reggeization of gravitational amplitudes, it is applicable even in spacetime four dimensions.
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where m denotes the threshold energy, i.e., the energy of the lightest intermediate state. For

tree-level amplitudes, this scale is essentially the mass of the lightest higher-spin particle (spin

2 or higher). For loop amplitudes, this corresponds to the lowest energy of the intermediate

multi-particle states. Note that this bound is a necessary condition for the e↵ective theory

to have a standard UV completion, rather than a su�cient condition. Therefore, it is still a

nontrivial question if there exists a consistent quantum gravity theory that accommodates a

negative B(⇤),7 more specifically that with � = �1 and M ⇠ mlight. Further studies in this

direction are encouraged for phenomenological applications of the gravitational positivity.

5.2.1 Recipe for gravitational positivity

We are now ready to discuss procedures to derive gravitational positivity bounds for EFTs. The

gravitational positivity bound is an inequality for the quantity B(⇤). When we wish to apply the

gravitational positivity bound, we run into one practical problem which is already mentioned:

we can almost never compute an exact scattering amplitude M(s, t) in an EFT. In fact, if we

know the exact expression for M(s, t), we can analytically continue the expression to the whole

complex plane, and we have e↵ectively solved for the quantum gravity already. The best we can

do is to compute an approximate expression MIR(s, t) for M(s, t), by including only a finite

number of parameters out of an infinite number of higher-dimensional operators. The di↵erences

between the two are small in the regions of the validity of EFT (at scales ⇤ ⌧ ⇤UV). Hence,

the computation of the approximate amplitude MIR is su�cient for evaluating the quantity

B(⇤) which only requires information below ⇤. In the following, we will discuss EFT scattering

amplitude MIR and explain a practical way to calculate B(⇤) from the EFT amplitude MIR:

for notational simplicity we will simply denote this approximate amplitude as M in the rest of

this thesis.

We provide a step-by-step procedure for deriving the gravitational positivity bound. The

basic task is simple: we need to evaluate B (⇤) :

B(⇤) := a2 �
4

⇡

Z ⇤2

m
2
th

ds
ImM(s, t = 0)

(s�m
2
A
�m

2
B
)3

, (5.2.8)

where mth is the threshold energy, i.e., the mass of the lightest intermediate state.

Step 1: Calculate M(s, t)

We compute the 2 ! 2 scattering amplitude M(s, t) up to order O
�
M

�2
Pl

�
:

M(s, t) = Mnon-grav(s, t)| {z }
O(M0

Pl)

+Mgrav(s, t)| {z }
O(M�2

Pl )

+ · · ·
|{z}

O(M�4
Pl )

. (5.2.9)

7To our best knowledge, there is no known tree-level string amplitude that accommodates � = �1, even
though � = �1 is not prohibited by the consistency of scalar scattering alone. It would be interesting to clarify
in what class of quantum gravity theories (if exist) � = �1 can be realized.
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HereMnon-grav(s, t) is the contribution from diagrams with no graviton exchange, whileMgrav(s, t)

is the contribution from diagrams with one graviton exchange and is of the order O
�
M

�2
Pl

�
. The

remaining terms are the order of O
�
M

�4
Pl

�
and are neglected in the rest of the analysis.

Step 2: Calculate Bnon-grav (⇤)

We compute the non-gravitational contribution Bnon-grav(⇤) to B(⇤):

Bnon�grav(⇤) := a2,non�grav �
4

⇡

Z ⇤2

m
2
th

ds
ImMnon�grav(s, t = 0)

(s�m
2
A
�m

2
B
)3

, (5.2.10)

In the following chapters, we consider cases where theories of our interest is UV complete

and therefore renormalizable in the gravity decoupling limit MPl ! 1. In such cases, Mnon-grav,

which is O (M0
Pl) part of the amplitude, satisfies the analyticity and the s

2-boundedness when

the expression is analytically continued throughout the complex plane, even outside the regions

of validity of the EFT. The non-gravitational part then satisfies the twice-subtracted dispersion

relation, giving a formula

Bnon-grav(⇤) '
4

⇡

Z
1

⇤2

ds
ImMnon-grav(s, t = 0)

(s�m
2
A
�m

2
B
)3

. (5.2.11)

Therefore, Bnon-grav(⇤) can be represented using Mnon-grav(s, t = 0) at large s region although it

is defined in low-energy regime. This formula is practically useful since we only need to compute

the imaginary part of the forward amplitude.

Step 3: Calculate Bgrav (⇤)

We next compute the gravitational contribution Bgrav(⇤) to B(⇤). While this contains many

di↵erent Feynman diagrams in general, we will argue in Appendix B that it is enough to consider

the contribution from t-channel graviton exchange diagrams. In this case, the integral part of

(5.2.2) is absent for this contribution because Mgrav,t-channel(s, t) does not have the s-channel

or u-channel discontinuity at the non-gravitational one-loop order. Therefore the gravitational

part of B (⇤) is simplified to a2 defined in (5.2.1), evaluated for the gravity t-channel amplitude:

Bgrav (⇤) ' a2,grav,t-channel := lim
t!�0


@
2
Mgrav,t-channel(s, t)

@s2
+

2

M
2
Plt

�

s=m
2
A+m

2
B

. (5.2.12)

Step 4: Write down the inequality for total B(⇤)

The constraints on EFT are obtained as the inequality (5.2.6) for the combined expression

B(⇤) = Bnon-grav(⇤)+Bgrav(⇤). There are three interpretations of this inequality, as we discussed

in Sec. 5.2.

The explicit calculation shows that the gravitational contribution Bgrav(⇤) is negative. Con-

sequently, (5.2.6) with � = 0 becomes
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B(⇤) = Bnon-grav(⇤)� |Bgrav(⇤)| > 0. (5.2.13)

This implies that, when interpreted as quantum gravity constraints on the EFT parameter space

under the assumption � = 0, the gravitational positivity bounds require the non-gravitational

contribution to exceed the gravitational one.

Let us conclude this chapter by reviewing previous research. The concept of the positivity

bound was first introduced in [3], where it was argued that parameters of EFTs are tied to the

causality of the theory, and how to use analyticity and unitarity to derive constraints on these

parameters. It was further proposed that applying positivity bounds to theories that include

gravity provides non-trivial implications for the quantum nature of gravity [14, 15]. In these

works, the authors considered photon-photon scattering in a EFT that includes only massless

particles: photons and gravitons. The operators relevant to scattering are determined by the

lightest charged particle with mass m and charge e in the spectrum of the full theory, which is

integrated out to construct an e↵ective theory involving photons and gravitons. The positivity

bounds impose constraints on these operators, provided the t-channel pole is subtracted. This

analysis leads to the bound:

m

MPl
. e. (5.2.14)

Interestingly, this bound, known as the weak gravity conjecture, can also be derived from other

considerations, such as black hole physics and string theory. It is widely regarded as a nontrivial

constraints arising from the consistency of quantum gravity.

As reviewed in this section, the authors of [16] argue that Regge behavior is a plausible

mechanism to subtract the t-channel pole. In [47], this technique is applied to photon-photon

scattering within quantum electrodynamics (QED) coupled to gravity, where the charged matter

is explicitly included compared to the setup of [14, 15]. Because QED is UV complete (except

for the Landau pole issue), the improved version of positivity bound can be used. Consequently,

the authors obtain an upper bound on the EFT cuto↵ given by ⇤ .
p
emMPl ⇠ 108GeV. In the

last equality, the mass and charge are identified with those of the electron. In [48], the authors

analyze photon-photon scattering within the Standard Model matter content, and obtain a

bound of ⇤ . 1016GeV. Then, it is argued that the Standard Model is consistent with (5.2.6)

with � = 0. In [46], the gravitational positivity bound is evaluated in the context of scalar field

theory and its implications for inflation models are investigated.

These studies demonstrate that nontrivial bounds can be placed on the cuto↵ ⇤ of given

theories assuming � = 0 in (5.2.6). From the perspective of Interpretation 3, however, positivity

bounds (5.2.6) do not provide possible method to assess the UV parameters (M, �) based on

IR observables, because very large values of ⇤ is still possible even if � = 0. In the following
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chapters, we will see that the situation changes when the dark sector is taken into account.



Chapter 6

Positivity bounds on dark photon-dark
photon scattering

A gauge interaction is one of the cornerstones of the quantum field theory. Gauge symmetries

and their breakings are one of the most crucial ingredients of the Standard Model, and many

BSM models also introduce new gauge symmetries. In particular, a light gauge boson is one of

the candidates for dark matter [29, 33, 55].

In this chapter, we work out the details of the gravitational positivity recipe for the dark

U(1) gauge boson. Here we study the Abelian Higgs mechanism of the simplest gauge theory,

the U(1) theory. Firstly, we discuss practical recipe to derive gravitational positivity on dark

U(1) gauge boson. We discuss theoretical constraints obtained by step-by-step computations

spelled out in the previous section.

6.1 Recipe for gravitational positivity on dark U(1) gauge
boson

6.1.1 Kinematics

In this chapter, we consider a 2 ! 2 scattering process of the gauge bosons V V ! V V . The

mass of the gauge boson is mV . Firstly, we prepare a two-particle initial state |p1, p2i, where p1

and p2 are momenta of incident particles. These particles scatter o↵ each other and evolve to a

final state |p3, p4i. Mandelstam invariants for this process are defined as

s := (p1 + p2)
2 = 4

�
m

2
V
+ |~p|

2
�
, (6.1.1)

t := (p1 � p3)
2 = �2|~p|2(1� cos ✓), (6.1.2)

u := (p1 � p4)
2 = �2|~p|2(1 + cos ✓), (6.1.3)

where ~p is the momentum of particle 1 in the center-of-momentum(COM) frame. Using Man-

delstam variables, the scattering angle in the COM frame cos ✓ = p1 ·p3/|p1||p3| can be written

57
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as

cos ✓ = 1 +
2t

s� 4m2
V

. (6.1.4)

There is a relation between the Mandelstam variables:

s+ t+ u = 4m2
V
. (6.1.5)

6.1.2 Generalizations for realistic theories

When one tries to apply the gravitational positivity bounds (5.1.15) to realistic phenomenologi-

cal models, the basic idea is the same as in the case of scalar scatterings of the previous section.

However, one encounters several new subtleties to be carefully addressed, which we list in the

following.

Spin. The positivity bound can be extended to a scattering of particles with spin, see [4,

5].1 There are extra technical complications, however, and here we highlight the issue of the

kinematic singularity, which is relevant for our discussion of gauge bosons in Sec. 6.1.

Let us consider the two-to-two scattering amplitudes of massive spin-1 particles with mass

mV . The kinematic singularity refers to the singularity of a scattering amplitude M, which

arises from the pole at s = 4m2
V
in the (6.1.4), which is contained in the polarization tensor.

The kinematic singularity disappears in the forward limit t ! 0 if the scattering amplitude

does not contain the massless t-pole. However, in our setup, the kinematic singularity appears

from t-channel graviton exchange diagrams. We can deal with this singularity by defining a

kinematic singularity-free amplitude to be [5] (see also [57, 58]):2

fM(s, t) := s
2
�
s� 4m2

V

�2
M(s, t) . (6.1.6)

We can then derive the positivity bound by essentially the same arguments, as long as we replace

the amplitude M by fM. In practice, this is the same as ignoring the contribution of kinematic

singularity to the t-channel graviton exchange diagrams.

Massless particles. The general properties of the scattering amplitudes have been established

only in gapped systems, and not when massless particles are present. Even worse, the traditional

non-perturbative S-matrix does not exist for massless particles, due to the issue of the IR

divergence. To avoid this IR issue, we estimate the contributions from IR divergent diagrams

to the positivity bounds by introducing an IR cuto↵ in Appendix B. We find that they will be

1For this purpose, it is useful to diagonalize the crossing relation using the transversity formalism of [56]. For
the use of this formalism in the context of positivity bounds, see [5].

2Although the s2 factor is not necessary to cancel the kinematic singularity, it simplifies the subsequent
expressions by retaining s $ u crossing symmetry in t ! 0 limit.
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subdominant, and hence we expect that the subtleties associated with the IR divergence will

not a↵ect our main conclusion. However, this may not be the case in other models, in which

case an appropriate prescription for massless particles is required to derive the bounds.

Unstable particles. If a particle has a decay channel, such an unstable particle does not

appear in the asymptotic states and the standard scattering amplitudes cease to exist for the

particle [59]. However, unstable-particle scattering amplitudes can be unambiguously defined

by residues of higher-point amplitudes (see e.g. [60]) and their properties can be studied in the

S-matrix theory.3 Unitarity of the S-matrix leads to certain constraints on the unstable-particle

scattering amplitudes, and in particular, there exists a positivity constraint on the imaginary

part [61], suggesting the existence of positivity bounds even from scattering of unstable particles.

In the present paper, however, we will only focus on the scattering of stable particles and leave

a precise treatment of unstable particles for a future study.

Anomalous threshold singularities. Even for stable particles, the analytic structure of

a scattering of a heavier particle is not as simple as that of a lighter particle. It is known

that the scattering of the heavier particle can have a new singularity called an anomalous

threshold, whose existence does not immediately follow from unitarity. While general knowledge

of anomalous threshold is still missing to the best of our knowledge (see [62, 63] for recent

discussions), we expect that the anomalous thresholds appear only in the IR regime, i.e., they

are detectable and controlled within EFT at least when the heavy particle is stable. If this is

indeed the case, the anomalous thresholds will give additional technical complications but will

not spoil the success of positivity bounds, as long as these thresholds are taken into account in

the derivation of the dispersion relations.

Recipe for gravitational positivity on dark U(1) gauge boson. We are now ready

to discuss practical recipes for deriving gravitational positivity bounds for EFTs. Instead of

making the presentation fully general, we focus on the case of 2 ! 2 scattering V V ! V V of

spin 1 particle V with mass mV . This will be the case relevant for this section.

We consider the scattering amplitude of the massive gauge bosons V V ! V V . We choose

the coordinate system where the scattering occurs in the z-x plane. Then, we can take the

momentum of the gauge boson as

p
µ =

0

BB@

E

|~p| sin ✓
0

|~p| cos ✓

1

CCA , (6.1.7)

3There are still IR divergences, which need to be addressed separately.
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where E =
q

m
2
V
+ |~p|

2 is the energy of the gauge boson. For this pµ, the transverse polarization

vector is defined as

"
µ

± =
1
p
2

0

BB@

0
cos ✓
±i

� sin ✓

1

CCA , (6.1.8)

and the longitudinal polarization vector is defined as

"
µ

L
=

1

mV

0

BB@

|~p|

E sin ✓
0

E cos ✓

1

CCA . (6.1.9)

Corresponding to polarizations of the gauge boson, we define the following combinations of

helicity amplitudes. For the scattering of transverse modes,

fMTT (s, t) :=
1

4

h
fM
�
1+2+3+4+

�
+ fM

�
1+2�3+4�

�
+ fM

�
1�2�3�4�

�
+ fM

�
1�2+3�4+

�i
,

(6.1.10)

where superscripts ± denote helicities and fM is the kinematic singularity-free amplitude defined

in (6.1.6). For the scattering of the transverse mode and the longitudinal mode,

fMTL(s, t) :=
1

2

h
fM
�
1+2L3+4L

�
+ fM

�
1�2L3�4L

�i
, (6.1.11)

where superscripts L denote longitudinal polarizations. For the scattering of longitudinal modes,

fMLL(s, t) := fM
�
1L2L3L4L

�
. (6.1.12)

These amplitudes are defined such that they exhibit s $ u symmetry (up to subtleties associated

with the kinematical singularity discussed around (6.1.6), which are not relevant to the following

discussion).

We need to evaluate the cuto↵-dependent quantity B(⇤) defined by a spin-1 generalization

of (5.2.3):

B(⇤) := a2 �
4

⇡

Z ⇤2

m
2
th

ds
Im fM(s, t = 0)

(s� 2m2
V
)7

, (6.1.13)

where mth is the threshold energy, i.e., the mass of the lightest intermediate state, and a2 is

basically defined as in (5.2.1), but with gravitational corrections included (as we will soon see

in (6.1.17)).

Because of the use of fM, the definition of Bnon�grav(⇤) changes as well:

Bnon�grav(⇤) := a2,non�grav �
4

⇡

Z ⇤2

m
2
th

ds
Im fMnon�grav(s, t = 0)

(s� 2m2
V
)7

. (6.1.14)
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When the EFT of interest is renormalizable in the gravity decoupling limit MPl ! 1,

Bnon�grav have the expression

Bnon-grav(⇤) =
4

⇡

Z
1

⇤2

ds
Im fMnon-grav(s, t = 0)

(s� 2m2
V
)7

, (6.1.15)

from the same discussion of the previous chapter. Further simplification comes in the limit

⇤ � mV :

Bnon-grav(⇤) '
4

⇡

Z
1

⇤2

ds
ImMnon-grav(s, t = 0)

(s� 2m2
V
)3

. (6.1.16)

In other words, in this limit, we can in practice neglect the subtleties associated with the

use of the kinematic-singularity-free amplitude fM, and use the original amplitude M for the

evaluation of Bnon-grav(⇤) in (6.1.16) (which coincides (5.1.14) with n = 1 and mA = mB = mV ).

The expression of the gravitational contribution Bgrav(⇤) also modified to

Bgrav (⇤) ' a2,grav,t-channel := lim
t!�0

"
2

6!

@
6 fMgrav,t-channel(s, t)

@s6
+

2

M
2
Plt

#

s=2m2
V

. (6.1.17)

For ⇤ � mV , this expression is further simplifies to

Bgrav (⇤) ' lim
t!�0


@
2
Mgrav,t-channel(s, t)

@s2
+

2

M
2
Plt

� (kinematic singularity)

�

s=2m2
V

. (6.1.18)

6.1.3 Graviton propagator

The gravitational part of the positivity bound Bgrav (⇤) is obtained from graviton exchange

diagrams (See figure 6.1b). In this section, we briefly review the derivation of the graviton

propagator.

The graviton propagator can be obtained by expanding the metric in the Einstein-Hilbert

term
M

2
Pl
2

p
�gR around the flat metric ⌘µ⌫ = diag(1,�1,�1,�1) as

g
µ⌫ = ⌘

µ⌫ +
2

MPl
h
µ⌫
. (6.1.19)

There are gauge degrees of freedom in the metric, which are infinitesimal version of the general

coordinate transformations:

gµ⌫ ! gµ⌫ + @µ⇠⌫ + @⌫⇠µ, (6.1.20)
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where ⇠ is an arbitrary vector field. We need to fix the gauge to calculate the graviton propa-

gator. We use the harmonic gauge defined as

h
µ⌫

,⌫
�

1

2
⌘
µ⌫
h,⌫ = 0, (6.1.21)

where h = ⌘
µ⌫
hµ⌫ . Then, expanding the Einstein-Hilbert term up to the quadratic order in hµ⌫ ,

we obtain graviton kinetic term as

Lh =
1

2
hµ⌫

✓
⌘
µ⇢
⌘
⌫�

�
1

2
⌘
µ⌫
⌘
⇢�

◆
@
2
h⇢�. (6.1.22)

Then, the propagator of the graviton is given by

iDµ⌫,⇢�(p) =
i (⌘µ⇢⌘⌫� + ⌘µ�⌘⌫⇢ � ⌘µ⌫⌘⇢�)

p2
, (6.1.23)

where p is the momentum of the graviton.

6.2 Higgs contribution

In the Higgs mechanism, the gauge boson gets a mass when a charged scalar field � gets a

non-zero vacuum expectation value (VEV) v. The renormalizable Lagrangian of the Higgs

mechanism to generate a mass for a U(1) gauge boson is

L = �
1

4
Fµ⌫F

µ⌫ + |Dµ�|
2
�
�

4
(|�|2 � v

2)2 , (6.2.1)

where Fµ⌫ = @µV⌫�@⌫Vµ is the field strength, Dµ = @µ� ig�Vµ is the covariant derivative, g� is

a charge of � and � > 0. After � = v+�/
p
2+ iG develops the VEV, the Goldstone component

G is absorbed into the longitudinal component of the gauge boson. There are a massive gauge

boson V and a real scalar � after the gauge symmetry breaking, and the gauge boson gets a

mass mV =
p
2g�v and a real scalar � has a mass m� =

p
�v. The interaction of the Higgs and

gauge bosons are given by

L 3

✓
g
2
�

2
�
2 + g�mV �

◆
V

µ
Vµ � �

✓
v

2
p
2
�
3 +

1

16
�
4

◆
. (6.2.2)

The gravitational interaction can be found by expanding the Lagrangian (6.2.1) in terms of the

canonical gravitational field hµ⌫ as

Lgrav = �
hµ⌫T

µ⌫

MPl
+O(M�2

Pl ) ; T
µ⌫

⌘ �
2

p
�g

@(
p
�gL)

@gµ⌫
. (6.2.3)

The Higgs-gauge boson interaction (6.2.2) does not make the gauge boson V unstable since it

has a Z2 symmetry V $ �V .
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V V

V V�

V V

V V

�

V V

V V
�

(a) Non-gravitational Feynman diagrams.

V V

V V

h

�

V V

V V

h

�

(b) t-channel graviton exchange diagrams.

Figure 6.1: Some examples of the Higgs loop contribution to B(⇤).

6.2.1 Calculation of B(⇤)

We calculate B (⇤) at the one-loop order using the recipe described in Sec. 6.1. In Figs. 6.1a and

6.1b, we show some examples of the gravitational and non-gravitational processes. The one-loop

diagrams are calculated by using the Mathematica packages FeynRules [64–66], FeynArts [67],

FeynCalc [68–70] and Package-X [71].

Non-gravitational contributions

Fig. 6.1a show some examples of the non-gravitational Feynman diagrams involving the Higgs
boson �. From these (and other) diagrams we evaluate the non-gravitational part of B(⇤) to
be

BTT
non-grav =

g4�
4⇡2⇤4

+
g4�

h
m4

�(12 log
�m�

⇤

�
+ 1) +m2

�m
2
V (12 log

⇣
⇤3mV

m4
�

⌘
� 27) + 24m4

V

i

18⇡2⇤6m2
�

+ · · · , (6.2.4)

BTL
non-grav =

g4�
2⇡2⇤4

+
g4�

h
�3
⇣
m3

� � 2m�m2
V

⌘
2 log

�m�mV

⇤2

�
+ 17m4

�m
2
V � 20m2

�m
4
V � 8m6

� + 12m6
V

i

9⇡2⇤6m2
�m

2
V

+ · · · ,

(6.2.5)

BLL
non-grav =

g4�
⇡2⇤2m2

V

+
g4�

⇣
4m2

�m
2
V log

⇣
m2

V
⇤2

⌘
� 8m2

�m
2
V + 5m4

� + 6m4
V

⌘

8⇡2⇤4m4
V

+ · · · . (6.2.6)

Here · · · represents contributions suppressed by higher powers of ⇤, which scale is assumed to be

much greater than m� and mV . We have also numerically estimated the two-loop contributions

and confirm that these e↵ects are smaller than the one-loop contributions in the parameter

region of present interest.
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Gravitational contributions

As the next step, we compute the one-loop diagrams of the gravitational contributions (Fig. 6.1b):

B
TT

grav =
�g
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where the functions gTT,TL,LL are given by
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We plot the functions gTT,TL,LL in Fig. 6.2. These functions are real and positive for any real

values of mV and m�, and we find that the gravitational contributions from the Higgs to B(⇤)

are negative.

In the limit of mV /m� ! 0 and ! 1, the above expressions reduce to
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Figure 6.2: The functions gTT,TL,LL(x). These functions are real and positive for x > 0 and
therefore the gravitational contributions are negative for all the masses of the Higgs boson and
the gauge boson.
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Figure 6.3: The fermion loop contributions to B.

6.3 Fermion contribution

Next, let us introduce a dark U(1) charged Dirac fermion  as a matter field, whose interaction

is given by

L = i ̄ /D �mF  ̄ , (6.3.1)

where Dµ = @µ � igFVµ is the covariant derivative. Note that this interaction can destabilize

the gauge boson, by allowing V !   ̄ decay if mV > 2mF and decay into gravitons.

If the mass of the charged particles is large (mF � ⇤), these charged particles are integrated

out in the EFT and yield higher-derivative corrections to the EFT action. These e↵ects to B(⇤)

can be estimated as O(g4
F
/m

4
F
) and we can ignore them compared to contributions (6.2.4) from

the Higgs field. Hence, our interest is the charged particle within the regime of EFT (mF < ⇤).

6.3.1 Calculation of B(⇤)

We calculate the contributions of fermion-loop diagrams to B(⇤) for the dark photon scattering

amplitudes at one-loop order.
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Non-gravitational contributions

The diagram for a non-gravitational fermion loop is shown in Fig. 6.3a. The one-loop contribu-

tions are given by
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for ⇤ � mV,F . These contributions of LL and TL vanish in the limit mV /⇤ ! 0. Recall that

Bnon-grav is determined by the high-energy limit of the forward limit amplitude thanks to the

dispersion relation. The behaviors BTL

non-grav,F , B
LL

non-grav,F ! 0 as mV /⇤ ! 0 can be understood

by the decoupling of the longitudinal sector in the high-energy limit, which will be discussed in

7.4.4. The contributions of the charged particles to B
TL

non-grav and B
LL

non-grav can be ignored in the

limit ⇤ � mV .

We thus focus on the TT scattering. The charged spin-1/2 loops give positive contributions

to the non-gravitational diagram of the order B
TT

non-grav,F ⇠ g
4
F
/⇤4, which is of the same order

as the Higgs counterpart (6.2.4). Therefore, the inclusion of charged spin-1/2 particles does

not drastically change the non-gravitational part. We reach a similar conclusion even in the

presence of charged spin-0 particles [47].

In contrast, as discussed in the next chapter, charged spin-1 loops with the mass mspin-1 and

the charge gspin-1 lead to a di↵erent asymptotic behavior B
TT

non-grav ⇠ g
4
spin-1/(m

2
spin-1⇤

2) which

dominates over other contributions in the limit ⇤ � mspin-1. One may then wonder about

contributions from higher-spin particles. The scaling in ⇤ is determined by the high-energy

behavior of the imaginary part of the amplitude in the forward limit, i.e., the total cross-

section. Roughly, spin-0, 1/2 loops give ImM / s
0 while spin-1 loops yield ImM / s/m

2
spin-1

in high-energy limit. The faster growth in s provides a larger contribution to Bnon-grav(⇤).

However, the asymptotic growth of the cross-section in s is bounded by the Froissart bound [34]

as ImM < s ln2
s in gapped theories, implying that the spin-1 contribution almost saturates

the bound. Higher-spin particles, if they are described by gapped theories like QCD, may not

give drastically di↵erent contributions compared to spin-1 particles. For instance, in the case

of light-by-light scattering, the hadronic contribution can be estimated as ImM / s
1.08 by

employing the vector meson dominance model [72, 73].

In short, if a charged spin-1 or higher-spin particle appears at m, the non-gravitational

contribution B
TT

non-grav needs to be modified in ⇤ > m. By contrast, spin-0 or spin-1/2 particles

give additional contributions but the qualitative behavior of BTT

non-grav is the same.
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Figure 6.4: The functions gTT ,F (x) (red), gTL,F (x) (green) and gLL,F (x) (blue). The solid and
dashed lines represent the real and imaginary parts, respectively.

Gravitational contributions

Next, we discuss the gravitational parts (Fig. 6.3b), which are given by
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where
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We plot the functions gAB,F (x) (A,B = T, L) in Fig. 6.4.

Let us first discuss the limit mV ! 0, which yields
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If the Higgs and the gauge boson are lighter than the charged particles (m�,mV ⌧ mF ), we can

neglect these contributions to the gravitational process Bgrav in comparison to the contributions

of the gauge boson sector. Note that the LL part has an additional suppression m
2
V
/m

2
F
because

the longitudinal mode should decouple from the charged particle in the limit mV ! 0. However,

since the longitudinal mode does not decouple from gravity, the TL mode does not have such a

suppression factor in the diagram where the longitudinal mode attaches to the graviton line.

By contrast, a peculiar behavior appears in a heavy mass range of the gauge boson. The

functions gAB,F are singular at mV = 2mF and become complex numbers in mV > 2mF . The

threshold mV = 2mF corresponds to the value at which the decay of the gauge boson to the

charged particles starts to be kinematically allowed. The singularity atmV = 2mF is understood

as an anomalous threshold. Let us consider the triangle diagram of Fig. 6.3b, which gives rise to

the gravitational form factor of the gauge boson. The triangle diagram has a normal threshold

at t = 4m2
F
. In addition, the anomalous threshold comes up on the first sheet of the complex

t-plane in mV >
p
2mF and the position of the singularity is at

t =
m

2
V

m
2
F

(4m2
F
�m

2
V
) . (6.3.14)

Therefore, the form factor at t = 0 is singular when mV = 2mF , generating the singularity of

B
AB

grav,F . In Fig. 6.4, we have plotted the functions in the unstable range mV > 2mF as well.

Recall that B(⇤) has to be real according to the dispersion relation (5.2.3) if all the mentioned

properties are satisfied. This implies that at least one of the properties does not hold when the

gauge boson decays. In fact, amplitudes exhibit peculiar behaviors if the mass of the external

particle is extrapolated to the unstable region [61,62]. The conventional positivity bounds need

to be modified for unstable particles.

We expect that the subtleties associated with the decay are negligible if the particle is long-

lived (gF ⌧ 1). In other words, although the fermion contribution to Bgrav(⇤) is quite subtle in

the mass range mV > 2mF , this subtle contribution can be smaller than the contribution from

the Higgs sector and could be simply negligible. In the following, we shall adopt this optimistic

expectation when discussing models in which the gauge boson decays into other particles. The

issue of unstable particles will be studied elsewhere.

6.4 Constraint on dark gauge boson

In Table 6.1, we summarize our estimation of B(⇤) for a light gauge boson. We apply the

gravitational positivity bound (5.2.6) to these amplitudes:

B(⇤) = Bnon�grav(⇤) +Bgrav(⇤) �
�

M
2
PlM

2
. (6.4.1)
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Table 6.1: Summary of the gravitational and non-gravitational contributions to B for mV ⌧

m�,F ⌧ ⇤ and m� ⌧
p
⇤mV .
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Figure 6.5: The constraints on the dark gauge boson parameters in the Higgs mechanism. (a):
Lower limit of g� as a function of mV . The positivity bound is satisfied in the region above the
lines. (b): Contour of the lower bound of g� on mV �m� plane from the positivity bound. The
dashed lines indicate the Higgs quartic coupling is large � > ⇡. We choose ⇤ = 1 TeV in both
figures.

For simplicity of the presentation, in the following, we will discuss the constraints on the

dark gauge boson parameters for � = 0 with a fixed value of ⇤ (Interpretation 1 in Sec. 5.2).

One should recall, however, that the actual bound is (6.4.1). The bound becomes stronger for

� = +1 and weaker for � = �1.

Abelian Higgs without matter fields

Let us first look at the case where there is no matter field and only gauge and Higgs fields exist.

For a very light gauge boson mV ⌧ m�,F ⌧ ⇤ and m� ⌧
p
⇤mV , the following conditions can

be obtained from each helicity

B
TT

non-grav +B
TT

grav � 0 �! m� �
⇤2

3
p
2g�MPl

, (6.4.2)
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Figure 6.6: The constraints on the dark gauge boson parameters for the Stückelberg U(1) gauge
theory with a fermion field. The positivity bound is satisfied in the region above the lines. We
choose ⇤ = 1 TeV.
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In Fig. 6.5, we show the positivity conditions. Note that the higher terms of ⇤ for the non-

gravitational contributions can be dominant if m� &
p
mV⇤ or m� . m

2
V
/⇤.

Stückelberg gauge boson with matter field

Next, let us discuss the case where the Higgs field � is absent in the EFT, as in the case of the

Stückelberg mechanism. We find

B
TT

non-grav +B
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In Fig. 6.6, we show the positivity conditions on mV � gF plane. Note that for mV > 2mF ,

delicate arguments are required and the positivity conditions used previously cannot be applied

as they are.

More generally, it is possible to incorporate both Higgs and fermions. The helicity config-

urations involving longitudinal modes provide stronger constraints. As discussed earlier, the

Higgs contribution is dominant when g� ⇠ gF and mV ⌧ m�,F , in which case the positivity

conditions will be similar to those of the Higgs scenarios.
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Comparison with other swampland constraints for Stückelberg gauge
bosons

Let us compare our swampland constraints with another swampland constraint on the gauge

boson mass [74] (see also [75]) motivated by the swampland distance conjecture [76]. This bound

states that the UV cuto↵ ⇤UV of an EFT with a gauge boson should obey

⇤UV . min((mVMPl/g)
1/2

, g
1/3

MPl) , (6.4.8)

where (as before) mV is the gauge boson mass and g is the gauge coupling constant. In Fig. 6.7

we compare our bounds and the bound (6.4.8) for sample values of parameters.
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Figure 6.7: Comparison between the swampland constraints for Stückelberg gauge bosons, the
gravitational positivity bound (in red) and other swampland bounds (6.4.8) (in blue) and the
weak gravity conjectures (in green). We take the cuto↵ scale ⇤ is 1 GeV (dotted lines), 1 TeV
(solid lines) and 1 PeV (dashed lines). (a): Light fermion case mF = mV and (b): Heavy
fermion case mF = 0.1⇤. In this plot, the lines are chopped in the parameter space where
mV > 0.1⇤.

One can see in Fig. 6.7 that overall our bound is stronger than the bound (6.4.8). Let us

quickly point out, however, that the two bounds are derived under a di↵erent set of assump-

tions/arguments, and one needs to be careful in any meaningful comparison.

The gravitational positivity bound is derived by general properties of Reggeized scattering

amplitudes of a weakly-coupled UV theory. The assumptions are believed to be standard, but

the bound has some ambiguities due to the unknown UV mass scale/sign (M, �) in (5.2.5). By

contrast, the bound (6.4.8) is derived from a set of swampland conjectures. The (mVMPl/g)1/2

bound in (6.4.8) is derived by noting that the Stückelberg mass is obtained when the gauge

boson eats a fundamental axion, for which we can apply an axionic version [74, 75] of the

weak gravity conjecture [77]; the g
1/3

MPl bound in (6.4.8) is derived from a combination of

the (sub)lattice/tower weak gravity conjecture [78, 79] (see also [50, 80]) and the species bound

[81–83].



72CHAPTER 6. POSITIVITY BOUNDS ONDARK PHOTON-DARK PHOTON SCATTERING

g B
�
L

mV [eV]

"xenonnt" u (1e6*$1):2

10�25

10�20

10�15

10�10

10�5

100

10�15 10�10 10�5 100 105

Fifth force

Stellar

Cosmology

⌫ scatter

Positivity bound (m
� = m

V )

m
� = 10 �3

m
Vm

� = 10 3
m
V

Figure 6.8: Implication to the U(1)B�L gauge boson from the gravitational positivity bound
with � = 0. Here we adopt ⇤ = 1 GeV. The positivity constraint excludes the parameter region
below the black lines. The dotted lines indicate that the gauge boson mass is greater than
neutrino masses and our analysis cannot be directly applied. We also show several experimental
constraints from the fifth force searches [84–92], stellar cooling [93], cosmological constraints on
the neutrino properties [94, 95], and XENONnT constraint on the e� ⌫ scattering [96, 97]. We
assume that right-handed neutrinos are heavy and not relevant to the constraints.

Let us also note that our bound applies to gauge boson masses both in the Higgs mechanism

and the Stückelberg mechanism, while the bound (6.4.8) applies only to those in the Stückelberg

mechanism. Our bound is more general in this respect.

In Fig. 6.7 we also plotted the bound from the weak gravity conjecture [77], which requires

an existence of a particle with charge g and mass m such that
p
2g � m/MPl.

6.5 Comparison with observational constraints

The dark U(1) gauge sectors discussed so far are theoretical constructs. However, any new

physics describing our universe must necessarily coexist with the Standard Model. Since some

important subtleties arise at this point, we will first briefly discuss them and then discuss the

specific model (B�L gauge model) as a possible application of the gravitational positivity.

If we apply the discussion of gravitational positivity bounds to, for example, the scattering

of photons and dark gauge bosons, the dark sector necessarily has interactions beyond those

described by the Standard Model and gravity as discussed in next chapter. In general, these

interactions allow the dark gauge boson to decay into photons and SM fermions and also decay

into gravitons.

In this case, the dark gauge boson has a finite decay width, and hence care must be taken
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when applying the positivity constraint. Despite those caveats, the decay rate of light and weakly

interacting gauge bosons is extremely small, and we expect no major practical problems.

As an example, we consider the U(1)B�L extension of the Standard Model. We assume the

gauge charge of the B�L breaking Higgs is the same as that of the SM leptons. In Fig. 6.8, we

show the positivity bound (6.4.1) on the U(1)B�L model and current experimental constraints.

Here we take � = 0 and ⇤ = 1 GeV. In this plot, we assume that the B�L Higgs contributions

are dominated over the SM fermions and neglect the SM contributions. The dashed lines in

the figure show the parameter region where the dark gauge boson can decay into neutrinos.

The stringent bound from the positivity constraint comes from TL scattering mode. Note that

the constraint is more severe for the higher cuto↵, as seen in the TL constraint (6.4.3). The

gravitational positivity bound requires the larger gauge coupling for smaller masses and has

strong tensions with the experimental searches.
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Chapter 7

Positivity bounds on photon-dark
photon scattering

7.1 Dark photon model

As described in the chapter 3, the dark photon is the gauge boson A
µ

a
of an extra U(1) symmetry

in the dark sector to which we refer as U(1)d. The kinetic mixing of Aa and the ordinary photon

Ab is renormalizable, so that there is no reason to exclude it 1 . Indeed, it appears naturally if

there exist heavy fields which are charged under both of the electromagnetic U(1)EM and the

hidden U(1)d. Also, Aa is massive in general. We then consider the massive dark photon model

described by

L =
M

2
Pl

2
R + LSM[Ab] + LDS[Aa] , (7.1.1)

where LSM is the Standard Model Lagrangian and LDS is the dark sector Lagrangian. We only

denote the U(1) gauge fields dependence explicitly.

In this work, we consider the following form of LDS:

LDS[Aa] = �
1

4
(Fa,µ⌫)

2
�

1

2
m

2
A0(Aa,µ)

2
�
✏

2
Fa,µ⌫F

µ⌫

b
+ Lhm[Aa] . (7.1.2)

where Lhm denotes Lagrangian of matters in the dark sector. We implicitly assume that there

is no light particle which is charged under both U(1)EM and U(1)d in the given EFT by using

(7.1.1).

In the section 3.1, we see that the kinetic terms of U(1) gauge bosons are diagonalized as

LU(1) = �
1

4
Fµ⌫F

µ⌫
�

1

4
F

0

µ⌫
F

0µ⌫
�

1

2
m

2
A0(A0

µ
)2, (7.1.3)

in terms of new fields (A,A0) which are defined by
✓
Aa

Ab

◆
=

✓
1/
p
1� ✏2 0

�✏/
p
1� ✏2 1

◆✓
A

0

A

◆
. (7.1.4)

1To be precise, the dark photon kinetically mixes with the hyper-charge gauge boson. In this case, the dark
photon couples to the weak neutral current as well. However, this coupling is suppressed as O

�
m2

A0/m2
Z

�
and

irrelevant in the parameter space studied in the present paper.
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The rotation (7.1.4) generates tiny couplings between A
0 and the Standard Model charged

particles. The interaction term is given by replacing Ab of LSM with Ab = A� ✏/
p
1� ✏2A

0:

LSM


A�

✏
p
1� ✏2

A
0

�
⇡ LSM [A� ✏A

0] . (7.1.5)

As apparent from this form, interactions between the dark photon and the Standard Model

charged particles are the same form as that of the ordinary photon, and the strength of the

interaction is suppressed by the kinetic mixing parameter ✏. We will review the explicit form of

the interaction in the next section.

By contrast, interactions between the dark photon and hidden matters Lhm[Aa] do not induce

couplings between A and hidden matters by this rotation, because Aa =
1

p
1�✏2

A
0. Therefore, we

do not need to specify the matter content in the dark sector to analyze the photon-dark photon

scattering ��0 ! ��
0.

7.2 Explicit form of Lagrangian

In this section, we will see the explicit form of the Lagrangian (7.1.1) considered in this chapter.

As we have seen in the previous section, the dark photon interacts with the Standard Model

particles in the same way as the ordinary photon. Therefore, it is enough to consider the

interaction between the ordinary photon and the Standard Model particles and perform the

substitution A ! A � ✏A
0 to analyze the photon-dark photon scattering. We also discuss the

interaction between graviton and other fields.

7.2.1 The Lagrangian of the electroweak sector

In the Standard Model, QCD sector is strongly coupled at low energy. We consider the photon-

dark photon scattering in t ! 0 limit to calculate the positivity bounds. However, the QCD

sector is strongly coupled in the t-channel, and the perturbative calculation is not valid. In our

work, we neglect the QCD sector and the estimation including the QCD sector is left for future

work. Therefore, we focus on the electroweak sector Lagrangian LEW ⇢ LSM below.

Among the Lagrangian of the electroweak sector, the relevant terms for the photon-dark

photon scattering are [98]:

LEW =LA + LW [A] + LL[A] ; (7.2.1)

LA =�
1

4
Fµ⌫F

µ⌫ (7.2.2)

LW [A] =�
1

2

�
@µW

+
⌫
� @⌫W

+
µ

� �
@
µ
W

�⌫
� @

⌫
W

�µ
�
�m

2
W
W

+
µ
W

�µ
� ie@

µ
A
⌫
�
W

+
µ
W

�

⌫
�W

+
⌫
W

�

µ

�

� ieA
⌫
�
�W

+
µ
@⌫W

�µ +W
�µ
@⌫W

+
µ
+W

+
µ
@
µ
W

�

⌫
�W

�

µ
@
µ
W

+
⌫

�

+ e
2
�
A

µ
W

+
µ
A
⌫
W

�

⌫
� AµA

µ
W

+
⌫
W

�⌫
�
, (7.2.3)
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LL[A] =
X

k=e,µ,⌧

i ̄k�
µ (@µ � ieAµ) k �mk ̄k k. (7.2.4)

LA is the kinetic term of the electromagnetic field, LW [A] is the Lagrangian of the W boson,

and LL[A] is the Lagrangian of the lepton fields, where [A] denotes the A dependence. e is the

electromagnetic coupling constant, and mW is the mass of the W boson. Z boson and neutrinos

are not relevant to the photon-dark photon scattering. Couplings between leptons and W boson

can also be neglected because they are not relevant too.

7.2.2 The interaction between graviton and other fields

As discussed in the previous chapter, the graviton kinetic term is given by expanding the

Einstein-Hilbert term around the flat metric in the harmonic gauge as

Lh =
1

2
hµ⌫

✓
⌘
µ⇢
⌘
⌫�

�
1

2
⌘
µ⌫
⌘
⇢�

◆
@
2
h⇢�, (7.2.5)

and the propagator of the graviton is given by

iDµ⌫,⇢�(p) =
i (⌘µ⇢⌘⌫� + ⌘µ�⌘⌫⇢ � ⌘µ⌫⌘⇢�)

p2
. (7.2.6)

Next, let us consider how graviton couples to other fields. Interaction terms between graviton

and the SM particles is given by expanding the metric in (7.2.1) around the flat space time

metric.

Let us start from vector fields, that is,photon, dark photon and W-boson. We define the

dark photon kinetic term as

LA0 = �
1

4
(F 0

µ⌫
)2 �

1

2
m

2
A0(A0

µ
)2. (7.2.7)

The interaction term is given by

Li,grav = �
hµ⌫T

µ⌫

i

MPl
+O

�
M

�2
Pl

�
, (7.2.8)

where i = A,A
0
,W and T

µ⌫

i
is the energy-momentum tensor defined as

Ti,µ⌫ = �
2

p
�g

@
p
�gLi

@gµ⌫

����
gµ⌫=⌘µ⌫

. (7.2.9)

The explicit form of the energy-momentum tensor is given by

TA,µ⌫ = Fµ↵F
↵

⌫
�
⌘µ⌫

4
F
↵�
F↵�, (7.2.10)

TW,µ⌫ [A] =
⇥�
@µW

+
↵
� @↵W

+
µ

� �
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�↵
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↵
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�

+ 2ie@µA
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↵
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↵
W

�

⌫

�
+ 2ie@↵Aµ

�
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+
↵
W

�

⌫
�W
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⌫
W

�

↵

�



78 CHAPTER 7. POSITIVITY BOUNDS ON PHOTON-DARK PHOTON SCATTERING

� 2e2
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, (7.2.11)

TA0,µ⌫ = F
0

µ↵
F

0↵

⌫
+m

2
A0A

0

µ
A

0

⌫
+ ⌘µ⌫

✓
�
1

4
F

0↵�
F

0

↵�
�

1

2
m

2
A0A

0

↵
A

0↵

◆
. (7.2.12)

The Lagrangian of leptons should be re-written to the form which is suitable to the curved

spacetime. Introducing the vierbein field e
µ

A
, the Lagrangian of the fermion fields in the curved

space-time is given by [99]

p
�g
⇥
 ̄�

A
e
µ

A
(irµ + eAµ) �m ̄ 

⇤
, (7.2.13)

where

rµ =@µ +
1

2
!µABJ

AB
, (7.2.14)

J
AB =

1

4

⇥
�
A
, �

B
⇤
, (7.2.15)

!
A

µB
=� e

⌫

B

�
@µe

A

⌫
� ��

µ⌫
e
A

�

�
. (7.2.16)

Around the flat spacetime, the vierbein field is expanded as

e
µ

A
= �

µ

A
�

1

2MPl
h
µ

A
. (7.2.17)

Therefore, interaction terms between graviton and the lepton fields are given by

VhL[A] =
X

k=e,µ,⌧


�

i

2MPl
h
µ

A
 ̄k�

A
Dµ k +

1

2MPl
h ̄k(i /D �mk) k +

i

2
 ̄k

�
�
µ
J
AB
!µAB

�
 k

�
,

(7.2.18)

where Dµ = @µ � ieAµ, JAB = 1
4

⇥
�
A
, �

B
⇤
, !µAB = 1

2MPl
(@AhBµ � @BhAµ).

Combining everything, we obtain the explicit form of the Lagrangian (7.1.1) as

L =Lh +

✓
�
1

4
F

0

µ⌫
F

0µ⌫
�

1

2
mA0A

0

µ
A

0µ

◆
�

1

4
Fµ⌫F

µ⌫ + LW [A� ✏A
0] + LL[A� ✏A

0]

�
h
µ⌫

MPl
TA,µ⌫ �

h
µ⌫

MPl
TA0,µ⌫ �

h
µ⌫

MPl
TW,µ⌫ [A� ✏A

0] + VhL[A� ✏A
0]

����
gµ⌫=⌘µ⌫

. (7.2.19)

7.3 Kinematics and amplitudes

In this chapter, we consider a 2 ! 2 photon-dark photon scattering ��0 ! ��
0. The photon is

massless whereas the mass of the dark photon is mA0 . We denote momenta of incident particles
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as p1,p2 and momenta of scattered particles as p3 and p4, as usual. Mandelstam invariants for

this process are defined as

s := (p1 + p2)
2
, (7.3.1)

t := (p1 � p3)
2 = �2|~p|2(1� cos ✓), (7.3.2)

u := (p1 � p4)
2 = �2|~p|2(1 + cos ✓), (7.3.3)

where ~p is the 3-momentum of particle 1 in the center-of-momentum(COM) frame. Using

Mandelstam variables, the scattering angle in the COM frame cos ✓ = p1 · p3/|p1||p3| can be

written as

cos ✓ = 1 +
2t

s� 2m2
A0
. (7.3.4)

The relation between the Mandelstam variables is given by

s+ t+ u = 2m2
A0 . (7.3.5)

As in the previous chapter, we have to deal with the kinematic singularity, and we introduce

a kinematic singularity free amplitude fM(s, t) defined by

fM(s, t) := s
2
�
s� 2m2

A0
�2

M(s, t) , (7.3.6)

which maintain the s $ u crossing symmetry in the forward limit.

We apply the gravitational positivity bound to the scattering amplitude of the photon-dark

photon scattering. The positivity bound is given by

B(⇤) := a2 �
4

⇡

Z ⇤2

m
2
th

ds
Im fM(s, t = 0)

(s�m
2
A0)

7 , (7.3.7)

where mth is the threshold energy. In the case of the photon-dark photon scattering considered

here, the threshold energy is determined by the mass of the electron, which is the lightest

charged particle in the Standard Model. Explicitly, the threshold energy is given by m
2
th = 4m2

e
.

a2 is defined at s = m
2
A0 :

a2 := lim
t!�0


@
2
M(s, t)

@s2
+

2

M
2
Plt

�

s=m
2
A0

. (7.3.8)

As in the previous chapter, B (⇤) is composed of the non-gravitational and gravitational

contributions, Bnon�grav (⇤) and Bgrav (⇤), respectively. Bnon�grav(⇤) is given by

Bnon�grav(⇤) := a2,non�grav �
4

⇡

Z ⇤2

4m2
e

ds
Im fMnon�grav(s, t = 0)

(s�m
2
A0)

7 . (7.3.9)
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The interaction term considered in this chapter is renormalizable in the gravity decoupling limit

MPl ! 1, therefore Bnon�grav can be expressed as

Bnon-grav(⇤) =
4

⇡

Z
1

⇤2

ds
Im fMnon-grav(s, t = 0)

(s�m
2
A0)

7 . (7.3.10)

In the limit ⇤ � mA0 , we have

Bnon-grav(⇤) '
4

⇡

Z
1

⇤2

ds
ImMnon-grav(s, t = 0)

(s�m
2
A0)

3 . (7.3.11)

Therefore, it is su�cient to us the original amplitude M for the evaluation of Bnon-grav(⇤).

The expression of the gravitational contribution Bgrav(⇤) is given by

Bgrav (⇤) ' a2,grav,t-channel := lim
t!�0

"
2

6!

@
6 fMgrav,t-channel(s, t)

@s6
+

2

M
2
Plt

#

s=m
2
A0

. (7.3.12)

For ⇤ � mA0 , this expression is simplified to

Bgrav (⇤) ' lim
t!�0


@
2
Mgrav,t-channel(s, t)

@s2
+

2

M
2
Plt

� (kinematic singularity)

�

s=m
2
A0

. (7.3.13)

7.3.1 Helicity configurations

We define the polarization vector of the photon and the dark photon in the same manner in the

previous chapter, (6.1.8) and (6.1.9). There are two s $ u symmetric amplitudes depending

on the helicity configurations of dark photons. For the process with transversely polarized dark

photon, we consider

fMT (s, t) := 1
4

⇥ fM(1+2+3+4+) + fM(1+2�3+4�)

+fM(1�2�3�4�) + fM(1�2+3�4+)
⇤
, (7.3.14)

where 1 and 2 (3 and 4) are the ingoing (outgoing) photon and dark photon, respectively, and

the superscript ± denotes the helicity. For the process with longitudinal modes, we consider

fML(s, t) :=
1

2

h
fM(1+2L3+4L) + fM(1�2L3�4L)

i
, (7.3.15)

where L means the longitudinal polarization. For these amplitudes, the crossing symmetry

implies the s $ u permutation invariance.

Below, we refer to (Bnon-grav, Bgrav) for fMT and fML as (BT
non-grav, B

T
grav) and (BL

non-grav, B
L
grav),

respectively.

The one-loop diagrams are calculated by using the Mathematica packages FeynRules [64–66],

FeynArts [67], FeynCalc [68–70] and Package-X [71].
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7.4 Calculation of B(⇤)

From (7.2.19), it can be seen that the Standard Model charged particles mediate the photon-

dark photon scattering. In this section, we summarize calculations of the gravitational positivity

bounds Bnon�grav, Bgrav on the photon-dark photon scattering.

Here, we consider the light dark photon and assume that mA0 is much smaller than other

scales in the theory. Then, we can use the formulas (7.3.11) and (7.3.13) to calculateBnon�grav, Bgrav.

Therefore, it is practically enough to calculate the standard scattering amplitude M, not the

kinematic singularity subtracted amplitude fM.

The form of the contribution of each charged particles to Bnon�grav, Bgrav depend on their

spins. Although only fermions and W-boson directly couples to the photon in the Standard

Model, we also discuss the contribution of a charged scalar particle for completeness.

As discussed in the section 7.2, the kinetic term of the graviton h , the photon A and the

dark photon A
0 is given by

Lh =
1

2
hµ⌫

✓
⌘
µ⇢
⌘
⌫�

�
1

2
⌘
µ⌫
⌘
⇢�

◆
@
2
h⇢�, (7.4.1)

LA = �
1

4
Fµ⌫F

µ⌫
, (7.4.2)

LA0 = �
1

4
(F 0

µ⌫
)2 �

1

2
m

2
A0(A0

µ
)2. (7.4.3)

The graviton propagator in the harmonic gauge is given by

iDµ⌫,⇢�(p) =
i (⌘µ⇢⌘⌫� + ⌘µ�⌘⌫⇢ � ⌘µ⌫⌘⇢�)

p2
. (7.4.4)

The covariant derivative is defined as

Dµ = @µ � ieAµ, (7.4.5)

where e is a coupling constant. The fine-structure constant is denoted as

↵ =
e
2

4⇡
. (7.4.6)

7.4.1 Scalar

The part of the Lagrangian which contain the kinetic term and the interaction term of a charged

scalar � is given by

LS[A]�
1

MPl
hµ⌫T

µ⌫

S
, (7.4.7)

where LS[A] is given by

LS[A] = |Dµ�|
2
�m

2
S
|�|

2
, (7.4.8)
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(a) Non-gravitational Feynman diagram.
(b) t-channel graviton exchange diagram.

Figure 7.1: Examples of Feynman diagrams considered in this section. Charged particles
�,  , W mediate the photon-dark photon scattering.

and the energy momentum tensor TS,µ⌫ is defined as

TS,µ⌫ = 2Dµ�D⌫�� ⌘µ⌫

⇥
|D↵�|

2 +m
2
S
|�|

2
⇤
. (7.4.9)

The full Lagrangian is given by

L = Lh + LA + LA0 + LS[A� ✏A
0]�

1

MPl
hµ⌫T

µ⌫

S
. (7.4.10)

Using the above Lagrangian, we can calculate the contribution of charged scalar loops to

the scattering amplitude M
T

S
, M

L

S
.

Transverse

Assuming that s � ⇤ � mS > mA0 , O (M0
Pl) part of the scattering amplitude of the transverse

polarization is approximately given by

M
T

S,non-grav ' 2↵2
✏
2

✓
ln

m
2
S

s
+ ln

m
2
S

�s
+ 2

◆
. (7.4.11)

The imaginary part is

ImMS,non-grav ' 2⇡↵2
✏
2
. (7.4.12)

Then, BT

S,non-grav is given by

B
T

S,non-grav =
4

⇡

Z
1

⇤2

2⇡↵2
✏
2

µ3
dµ =

4↵2
✏
2

⇤4
. (7.4.13)

On the other hand, the gravitational part BT

S,grav is given by

B
T

S,grav = �
↵

90⇡m2
S
M

2
Pl

(7.4.14)
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Longitudinal

Assuming that s � ⇤ � mS > mA0 , O (M0
Pl) part of the scattering amplitude of the longitudinal

polarization is approximately given by

M
L

S,non-grav ' �
2↵2

✏
2
m

2
A0

3m2
S

+
2↵2

✏
2
m

2
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s
� 6 ln

m
2
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�s

◆
, (7.4.15)

and the imaginary part is

ImM
L

S,non-grav ' 4⇡↵2
✏
2

✓
ln

s

m
2
S

� 3

◆
m

2
A0

s
. (7.4.16)

Therefore, BL

S,non-grav is given by

B
L

S,non-grav '
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✏
2
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2
A0

3⇤6
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⇤
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�
128↵2
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. (7.4.17)

BS,grav is given by

BS,grav ' �
↵

90⇡m2
S
M

2
Pl

. (7.4.18)

7.4.2 Fermion

The Lagrangian which contain the kinetic term and the interaction term of a charged fermion

 is given by

LF [A] = i ̄Dµ �mF  ̄ + Vfh[A]. (7.4.19)

The interaction term of  and the graviton Vfh[A] is given by

Vfh[A] = �
i

2MPl
h
µ

A
 ̄�

A
Dµ +

1

2MPl
h ̄(i /D �mf ) +

i

2
 ̄
�
�
µ
J
AB
!µAB

�
 , (7.4.20)

where J
AB = 1

4

⇥
�
A
, �

B
⇤
and !µAB = 1

2MPl
(@AhBµ � @BhAµ).

Transverse

Assuming that s � ⇤ � mF > mA0 , the O (M0
Pl) part of the scattering amplitude of the

transverse polarization is approximately given by

M
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F,non-grav ' �2↵2
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, (7.4.21)

and the imaginary part is

ImM
T

F,non-grav ' 4⇡↵2
✏
2

✓
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s

m
2
F
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◆
. (7.4.22)
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Then, BT

F,non-grav is

B
T

F,non-grav =
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⇡

Z
1

⇤2

4⇡↵2
✏
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On the other hand, the gravitational part is given by

B
T

F,grav = �
11↵

180⇡m2
F
M

2
Pl

. (7.4.24)

Longitudinal

Assuming that s � ⇤ � mF > mA0 , the O (M0
Pl) part of the scattering amplitude of the

longitudinal polarization is approximately given by

M
L

F,non-grav ' �
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and the imaginary part is
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2
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Then, BL

F,non-grav is

B
L

F,non-grav =
4
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On the other hand, the gravitational part is given by

B
T

F,grav = �
11↵

180⇡m2
F
M

2
Pl

. (7.4.28)

7.4.3 Vector

The kinetic term and the interaction term with the photon and the graviton of the Standard

Model W-boson is given by

LW �
1

MPl
hµ⌫T

µ⌫

W
, (7.4.29)

where LW is given in (7.2.3) and TW,µ⌫ is given in (7.2.11). Although the interaction terms

between the W-boson and the photon in (7.2.3) are explicitly obtained within the electroweak

symmetry breaking SU(2)⇥U(1) ! U(1), it can be shown that this is the unique combination

of 3-point and 4-point vertices which maintain the perturbative unitarity of a photon-photon

scattering.
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Transverse

Assuming that s � ⇤ � mW > mA0 , the O (M0
Pl) part of the scattering amplitude of the

transverse polarization is approximately given by

M
T

W,non-grav '
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s
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and the imaginary part is

ImM
T
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Then, BT

W,non-grav is given by

B
T

W,non-grav '
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✏
2

m
2
W
⇤2

(7.4.32)

On the other hand, the gravitational part BT

V,grav is given by

B
T

W,grav ' �
47↵

90⇡M2
Plm

2
W

. (7.4.33)

Longitudinal

Assuming that s � ⇤ � mW > mA0 , the scattering amplitude is given by
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and the imaginary part is

ImM
L

W,non-grav ' 2⇡↵2
✏
2m

2
A0

m
4
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s. (7.4.35)

B
L

W,non-grav is given by

B
L

W,non-grav '
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. (7.4.36)

B
L

W,grav is given by

B
L

W,grav ' �
47↵

90⇡m2
W
M

2
Pl

. (7.4.37)

7.4.4 Decoupling of longitudinal mode

From the above results, we can see that Bnon�grav for the longitudinal mode of the dark photon

is suppressed by m
2
A0 compared to the transverse mode. This suppression can be explained by

the decoupling of the longitudinal mode from charged particles in the limit where mA0 ! 0.
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For a dark photon with the momentum

p
µ =

0

BB@

E

|~p| sin ✓
0

|~p| cos ✓

1

CCA , (7.4.38)

where E =
q
m

2
A0 + |~p|

2, the longitudinal polarization vector is given by

"
µ

L
=

1

mA0

0

BB@

|~p|

E sin ✓
0

E cos ✓

1

CCA . (7.4.39)

If the momentum of the particle is much larger than the dark photon mass ~p � mA0 , the energy

can be expanded as

E = |~p|+O
�
m

2
A0
�
. (7.4.40)

Then, the polarization vector can be written as

"
µ

L
=

p
µ

mA0
+O (mA0) . (7.4.41)

Let us consider the scattering amplitude involving a longitudinally polarized dark photon

M = "
µ

L
Mµ. When the scattering energy is large, M can be written as

M = "
µ

L
Mµ =

p
µ

mA0
Mµ +O (mA0) . (7.4.42)

However, the Ward identity p
µ
Mµ = 0 indicates that the first term should vanish. Therefore,

we conclude that

M = O (mA0) , (7.4.43)

and the longitudinal mode decouples from the charged particle in mA0 ! 0 limit.

The scattering amplitude fML(s, t) defined in (7.3.15) involves two longitudinal dark photons.

Therefore, it should be suppressed by m
2
A0 compared to the transverse mode.

7.5 Gravitational positivity bounds on dark photons

Let us apply the results of the previous section to the model (7.2.19). It is the simplest setup

where the contributions of heavy particles including those in the dark sector to B (⇤) are

negligibly small. In this setup, the scattering process ��0 ! ��
0 is mediated only by the

Standard Model particles. Since new particles coupled to photon below 1 TeV have not been

found, we choose ⇤ � 1 TeV.
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The results of the previous section show that non-gravitational contribution Bnon�grav (⇤)

depend on the spin as well as the mass of the charged particle. The contributions of spin

1 particles are less suppressed by ⇤ than that of a spin 0 or 1/2 particles for both trans-

verse and longitudinal polarization configurations. Therefore, the dominant contribution to

B
Tnon-grav(⇤), BLnon-grav(⇤) is given by the W-boson loop.

On the other hand, a contribution to the gravitational part only depends on the mass m

of the charged particle, and proportional to m
�2. Therefore, the dominant contributions to

B
Tgrav(⇤), BLgrav(⇤) come from the electron loop, which is the lightest charged particle in

the Standard Model.

The results are,
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e
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Pl
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where ↵ ' 1/137 denotes the fine-structure constant.

Let us discuss the implication of (7.5.1). As discussed in chapter 5, the gravitational pos-

itivity bound (5.2.6) involves the set of UV parameters (M, �) which is deeply tied with the

properties of the UV completion of gravity and cannot be assessed theoretically in the current

technique. Although we cannot make a confident prediction on the dark photon model due to

this UV ambiguity, the implication of (7.5.1) highlights aspects that have not found in prior

researches.

Firstly, let us consider the case where we adopt the perspective of Interpretation 1 and set

� = 0. Then, (5.2.6) implies a lower bound on ✏: from MT we obtain

✏ �

r
11

5760⇡↵

mW⇤

meMPl
' 1.9⇥ 10�11

⇥

✓
⇤

1TeV

◆
, (7.5.2)

while we obtain a stronger constraint from ML as
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r
11
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◆
. (7.5.3)

The bound (7.5.3) also shows the existence of a lower bound on mA0 for given ✏ and ⇤. Note

that (7.5.3) only applies to the massive dark photon case. The origin of the lower bound on

mA0 is the suppression factor (mA0/mW )2 contained in B
(2)
L,non-grav. This factor appears because

longitudinal modes of dark photons are decoupled from W-bosons in the limit mA0 ! 0, which

is discussed in 7.4.4.

On the other hand, (7.5.2) and (7.5.3) can be regarded as a possibility to experimentally

constrain the properties of quantum gravity from the perspective of Interpretation 3. If a dark
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photon is discovered within the parameter space outside of (7.5.2) and (7.5.3), it inevitably

imply � < 0. Moreover, this would allow us to place a lower bound on M . Such opportunity is

not explored in setups of previous studies [46–48].

We have neglected QCD contributions so far. Since the QCD scale is lower than the elec-

troweak scale, it may give relevant contributions to B
(2)
non-grav. Indeed, QCD e↵ects, particularly

the Pomeron exchange, provide the leading contribution to B
(2)
non-grav in the Standard Model

analysis of [48]. If we extend the analysis to transversely polarized dark photons simply by

multiplying the factor ✏ to the coupling between photon and Pomeron, the bound (7.5.2) is

slightly relaxed as ✏ & 10�13 for ⇤ ⇠ 1 TeV.

It would be interesting to investigate how much the bound (7.5.3) is relaxed when QCD is

taken into account. In general, the QCD contributions to ML will be suppressed by the dark

photon mass mA0 at least as long the mass is the Stückelberg mass. We thus expect that the

existence of a lower bound on mA0 like (7.5.3) is a robust result, leaving further studies for future

work.

7.5.1 Remarks on higher-dimensional operators

In the above analysis, we assume that heavy particles in the dark sector are not charged under

the Standard Model U(1)EM symmetry. In general, however, we can also consider dark photon

models in which new particles other than �0 are also present whose mass scales are well below

the quantum gravity scales such as MPl or Ms. Let us discuss the validity of our results (7.5.2)

and (7.5.3) on the kinetic mixing when new particles are introduced.

Let us introduce a new particle Y with mass mY for illustrations. Below the mass scale

mY , we can take into account the contribution from Y to the process ��0 ! ��
0 by adding the

higher-dimensional operators to the Lagrangian: operators which are relevant for the discussion

of positivity bounds at the leading order are,

C1

m
4
Y

F
2
F

02
,

C2

m
6
Y

Fµ⌫F
⌫

⇢
@
µ
F

0

↵�
@
⇢
F

0↵�
. (7.5.4)

Here, Wilson coe�cients C1 and C2 are typically given by the couplings between Y and (�, �0)

(See figure 7.2). The contributions of the leading higher-dimensional operators (7.5.4) to

BT,non-grav(⇤) and BL,non-grav(⇤) are estimated as

BT,non-grav(⇤)|operators (7.5.4) ⇠
C1

m
4
Y

, (7.5.5a)

BL,non-grav(⇤)|operators (7.5.4) ⇠
C2m

2
A0

m
6
Y

, (7.5.5b)

where we have ⇤ < mY because the cuto↵ scale cannot be heavier than the mass of Y which is

integrated out. When these contributions are larger than those from particles in the Standard

Model (7.5.1), the implications of the positivity bound (5.2.6) will be di↵erent from (7.5.2) and
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Figure 7.2: If the scattering energy is small compared to the mass of the charged particle Y in
the dark sector, loop diagrams of Y can be approximated by e↵ective operators.

(7.5.3).2 According to eqs. (7.5.1) and (7.5.5), the contributions from higher-dimensional oper-

ators to BT,non-grav(⇤) and BT,non-grav(⇤) are negligible when the following condition is satisfied,

respectively:

mY &
✓
|C1|

✏2↵2

◆ 1
4 p

mW⇤ , (7.5.6a)

mY &
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|C2|

✏2↵2

◆ 1
6 �

m
2
W
⇤
� 1

3 , (7.5.6b)

where we impose (mW <)⇤ < mY .

C1 and C2 are not suppressed by ✏ in general if Y is charged under both of U(1) and U(1)d.

In particular, we can consider the scenario in which |C1|, |C2| � ✏
2 such that the conditions

(7.5.6) are violated even for very heavy mY . Therefore, it will be possible to construct models

which are consistent with the positivity bound (5.2.6) with � = 0 regardless of the value of ✏,

by introducing heavy bi-charged particles.

2The contribution from Y to BT,grav and BL,grav will be typically O(M�2
Pl m

�2
Y ) which is negligible compared

to those from electron (7.5.1).
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Chapter 8

Conclusion

In this thesis, we explored gravitational positivity bounds on massive U(1) gauge boson models.

For non-gravitational theories, positivity bounds are derived from fundamental properties of

scattering amplitudes, which encode consistency conditions of quantum field theories such as

unitarity. The dispersion relation connects the IR and UV regimes of the scattering amplitude

and imposes constraints on the coe�cients of low-energy expansion of amplitudes, which can

be translated into bounds on EFT parameters.

For theories with gravity, however, the t-channel pole arising from graviton exchange ob-

structs the naive derivation of positivity bounds. Nevertheless, this t-channel pole can be sub-

tracted by assuming that the scattering amplitudes exhibit Regge behavior in the high-energy

regime. Once the t-channel subtracted dispersion relation is established, it is straightforward

to derive positivity bounds for gravitational theories.

The gravitational positivity bound (5.2.6) establishes a connection between EFT amplitudes

and the set of the UV parameters (M, �). The implication of these bounds depend on M

and �, which parameterize the UV behavior of scattering amplitudes. When � = 0,+1 or

M is su�ciently large, it can be considered as constraints on the parameter space of the EFT,

reflecting the nature of quantum gravity. Schematically, this bound takes the form of Bnon-grav >

|Bgrav|, where Bnon-grav and Bgrav represents non-gravitational and gravitational contributions,

respectively. From this relation, lower bounds on non-gravitational interactions can be derived.

On the other hand, (5.2.6) can be viewed as IR constraints on quantum gravity. From the data

that can be accessible in IR, it is possible to infer the information about the UV amplitude.

In this thesis, we formulated gravitational positivity bounds on the scattering amplitude of

gauge bosons and derived constraints on parameter spaces of theories that include a massive

U(1) gauge boson. First, we discussed the gravitational positivity bounds for a massive U(1)

gauge boson V by considering the V V ! V V scattering process. This scattering is mediated by

either a Higgs boson boson or charged particles depending on the mass generation mechanism. In

the case of Stückelberg mechanism, we derived lower bonds on the gauge coupling of the charged

particle and the mass of the gauge boson. We compared our bounds with other quantum gravity

91
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constraints found that our bound is the strongest, especially when the gauge boson mass is small.

For the Higgs mechanism, the scattering is mediated by the Higgs particle. We obtained lower

bounds on the gauge coupling of Higgs, the mass of Higgs and the gauge boson. We also compare

our bounds with observational constraints on the U(1)B�L gauge boson. It turns out that the

positivity bounds are su�ciently strong to be competitive with these observational constraints.

We also study the dark photon dark matter model in chapter 7. By analyzing photon-

dark photon scattering, we calculate BT (⇤) , BL (⇤) within the simplest model where only the

dark photon and the Standard Model particles are present. Assuming � = 0, we found that

gravitational positivity bounds impose lower limits on mA0 and ✏.

In particular, BL

non�grav (⇤) is suppressed by m
2
A0 due to the decoupling of longitudinal modes

in the mA0 ! 0 limit, and make it di�cult to reconcile small mA0 , ✏ and � = 0 in this model.

We also argued that the presence of a heavy bi-charged particle could provide a dominant

contribution to the photon-dark photon scattering. In this case, tiny value of ✏ might be

compatible with � = 0.

We conclude this thesis with a discussions on potential future directions. First, it is crucial

to deepen our understanding of the parameters (M, �) to obtain concrete constraints. These

parameters are determined from UV data, making it non-trivial to demonstrate that they pos-

sesses desirable features. One promising approach is to constrain UV parameters using unitarity

techniques as discussed in [52,53]. Another approach is to calculate the scattering amplitude in

the high-energy region within specific setup, as discussed in [54,100].

There are also some subtleties involved in applying our method to realistic models, which we

did not touch in this work. First, we ignored issues arising from massless loops. Massless loops

alter the analytic structure of scattering amplitudes, and it is necessary to choose di↵erent con-

tours in deriving positivity bounds [42]. Additionally, massless loops present problems related

to IR divergence. Although we estimated the contributions from massless loops by introducing

IR cuto↵ by hand and discussed that these contributions can be ignored, it would be preferable

to formulate positivity bounds on scattering amplitudes with IR divergence properly addressed

using technique such as the dressed state formalism [101]. There is also a problem in applying

positivity bounds to decaying particles, as these particles are not asymptotic states and, strictly

speaking, the S-matrix does not exist for them. There is discussion on formulating positivity

bounds for decaying particles [61], and it would be interesting to apply this formulation within

our setup.

As mentioned at the end of chapter 7, it is interesting to consider a theory in which heavy

bi-charged particles mediate photo-dark photon scattering. In such a model, � = 0 and tiny

value of ✏ might be compatible. However,there are a lot of experimental constraints on a new

particle charged under U(1)EM. For example, long-lived charged particles have been searched

for in collider experiments. In particular, the ATLAS collaboration has placed bounds on
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muon-like, long-lived, multi-charged articles using
p
s = 13 TeV proton-proton collision data.

These bounds range from 1050 GeV to 1570 GeV, depending on the particle’s charge [102].

Furthermore, if heavy charged particles Y were present during the time of nucleosynthesis, some

protons in nuclei could have been replaced by Y , resulting in the formation of anomalously heavy

hydrogen. By examining deep-sea water samples, the authors of [103] have placed an upper limit

on the fraction of Y as Y/p < 4 ⇥ 10�17 for the mass range 5u < mY < 1600u. Therefore, it

is crucial to establish a concrete setup and scrutinize the relevant experimental results before

drawing definitive conclusion.
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Appendix A

Special function

A.1 Hypergeometric function

The (Gaussian) hypergeometric function 2F1(a, b; c; z) is defined by

2F1(a, b; c; z) =
1X

n=1

(a)n(b)n
(c)n

z
n

n!
, (A.1.1)

where (x)n is the Pochhammer symbol

(x)n =
�(x+ n)

�(x)
. (A.1.2)

The hypergeometric function is a solution of hypergeometric di↵erential equation

z(1� z)
d
2
2F1(a, b; c; z)

dz2
+ [c� (a+ b+ 1)]

d 2F1(a, b; c; z)

dz
� ab 2F1(a, b; c; z) = 0. (A.1.3)

The hypergeometric function has the integral expression:

2F1(a, b; c; z) =
1

B(a, c� a)

Z 1

0

t
a�1(1� t)c�a�1(1� zt)�b

dt Re(c) > Re(a) > 0. (A.1.4)

This equality is proved by expanding (1� zt)�b and integrating term by term. Especially,

2F1(a, b; c; 1) =
1

B(a, c� a)

Z 1

0

t
a�1(1� t)c�a�b�1

dt

=
B(a, c� a� b)

B(a, c� a)

=
�(c)�(c� a� b)

�(c� a)�(c� b)
. (A.1.5)

2F1(a, b; c; z) has a branch cut along z 2 [1,1] and the discontinuity is given by

Disc 2F1(a, b; c; z) := 2F1(a, b; c; z + i")� 2F1(a, b; c; z � i")

=
�2⇡i�(c)

�(1 + c� a� b)�(a)�(b)
(z � 1)c�a�b

2F1(c� a, c� b; c� a� b+ 1; 1� z)

(A.1.6)
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This is the consequence of an linear transformation formula

2F1(a, b; c; z) =
�(c)�(c� a� b)

�(c� a)�(c� b)
2F1(a, b; a+ b� c+ 1; 1� z)

+
�(c)�(a+ b� c)

�(a)�(b)
(1� z)c�a�b

2F1(c� a, c� b; c� a� b+ 1; 1� z). (A.1.7)

A.2 Rodrigues formula

In this subsection, we will review the Rodrigues formula, which gives polynomial solutions of

an equation of hypergeometric type, based on [104].

Let us consider the di↵erential equation

�(z)y00 + ⌧(z)y + �y = 0 , (A.2.1)

where �(z) is a polynomial of degree at most 2, and ⌧ is a polynomial of degree at most 1. A

di↵erential equation of this form is called an equation of hypergeometric type. More general

di↵erential equation

u
00 +

⌧̃(z)

�(z)
u
0 +

�̃(z)

�2(z)
u = 0 , (A.2.2)

where �(z), (̃�)(z) are polynomials of degree at most 2, and ⌧̃ is a polynomial of degree at most

1, can be reduced to an equation of hypergeometric type through a change of variables.

We will discuss conditions for (A.2.1) having an polynomial solution. Let us assume y(z) to

be a solution of (A.2.1) which is a polynomial of degree n. Using v1(z) ⌘ y
0(z), the di↵erentiation

of (A.2.1) is:

�(z)v001 + ⌧1(z)v
0

1 + µ1v1 = 0 , (A.2.3)

where

⌧1(z) ⌘⌧(z) + �
0(z) ,

µ1 ⌘�+ ⌧
0(z) , (A.2.4)

and (A.2.3) is an equation of hypergeometric type which have a solution of a polynomial of

order n� 1. By repeating this operation k times, we obtain

�(z)v00
k
+ ⌧k(z)v

0

k
+ µkvk =0 , (A.2.5)

where vk ⌘
d
k

dzk
y(z) is a polynomial of degree n� k and

⌧k(z) ⌘⌧(z) + k�
0(z) ,

µk ⌘�+ k⌧
0(z) +

k(k � 1)

2
�
00(z) . (A.2.6)
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Especially, considering k = n, µn should be zero so that (A.2.5) have a constant solution vn. In

other words, a condition for (A.2.1) having an polynomial solution is given by

� = �n⌧
0
�

1

2
n(n� 1)�00

. (A.2.7)

Then, we will obtain this polynomial solution explicitly. Let ⇢(z) be a function which satisfies

[�(z)⇢(z)]0 = ⌧(z)⇢(z) . (A.2.8)

Using ⇢(z), (A.2.1) can be written as

1

⇢(z)
[⇢(z)�(z)y0(z)]0 + �y(z) = 0 . (A.2.9)

⇢(z) is chosen according to degree of �(z) as

⇢(z) =

8
><

>:

(b� z)↵(z � a)� for �(z) = (b� z)(z � a) ,

(z � a)↵e�z for �(z) = z � a ,

e
↵z

2+�z for �(z) = 1 .

(A.2.10)

Similarly for (A.2.5), defining ⇢k(z) as

[�(z)⇢k(z)]
0 = ⌧k(z)⇢k(z) , (A.2.11)

we obtain

1

⇢k(z)
[⇢k(z)�(z)v

0

k
(z)]0 + µkvk(z) = 0 (A.2.12)

From (A.2.6), (A.2.8), and (A.2.11),

⇢
0
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⇢k
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⇢
0

⇢
+ k

�
0

�
, (A.2.13)

and consequently we have

⇢k(z) = ⇢(z)�k(z) . (A.2.14)

Using this equation and vk+1 = v
0

k
, (A.2.12) becomes

⇢kvk = �
1

µk

(⇢k+1vk+1)
0
. (A.2.15)

From this equation, it is understood that y(m)(z) is given by di↵erentiating ⇢nvn / ⇢(z)�n(z):

y
(m)(z) = vm(z) =

AmB

⇢(z)�m(z)
[⇢(z)�n(z)](n�m)

. (A.2.16)

Here, constants Am, B is given by

Am ⌘(�1)m
m�1Y

k=0

µk, µ0 ⌘ � (A.2.17)
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B ⌘
1

An

y
(n)(z) . (A.2.18)

Especially, the polynomial solution y(z) is given by

y(z) =
B

⇢(z)
[⇢(z)�n(z)](n) , (A.2.19)

which is called the Rodrigues formula.

In the following, we denote yn(z) as a n-th order polynomial solution of (A.2.1), and

�n, Bn, µk;n as corresponding �, B, µk. Let us assume that

�(x)⇢(x)xk
|x=a,b = 0 (k = 0, 1, . . .) (A.2.20)

is satisfied for some points a, b. Then, the orthogonality condition

Z
b

a

yn(x)ym(x)⇢(x)dx =

8
<

:

�
�
�
00

2

�n �
⇣
n�1+ 2⌧ 0

�00

⌘

�(2n�1+ 2⌧ 0
�00 )n!

R
b

a
�
n(x)⇢(x)y(n)n (x)y(n)n (x)dx (n = m) ,

0 (n 6= m) ,

(A.2.21)

can be proved as follows.

Firstly, Let us consider n 6= m case. Without loss of generality, we can assume m < n.

Using notation here, (A.2.15) can be written as

d

dx

⇥
⇢k+1(x)y

(k+1)
n

(x)
⇤
+ µk;n⇢k(x)y

(k)
n

(x) = 0 . (A.2.22)

Multiplying this by y
(k)
m and integrating from a to b,

y
(k)
m

(x)⇢k+1(x)y
(k+1)
n

(x)
��b
a
�

Z
b

a

dx⇢k+1(x)y
(k+1)
m

(x)y(k+1)
n

(x) + µk;n

Z
b

a

dx⇢k(x)y
(k)
m

(x)y(k)
n

(x) = 0 .

(A.2.23)

The first term vanishes due to (A.2.20) so that

Z
b

a

⇢k+1(x)y
(k+1)
m

(x)y(k+1)
n

(x)dx = µk;n

Z
b

a

⇢k(x)y
(k)
m

(x)y(k)
n

(x)dx (A.2.24)

is derived. By repeating the above procedure from k = 0 to k = m+ 1, it is proved that

Z
b

a

⇢(x)ym(x)yn(x)dx =

 
mY

k=0

1

µk;n

!Z
b

a

�
n(x)⇢(x)y(m+1)

m
(x)y(m+1)

n
(x)dx = 0 . (A.2.25)

Next, let us consider n = m case. By repeating (A.2.24) from k = 1 to k = n, the norm of

yn(x) can be calculated as

Z
b

a

⇢(x)yn(x)yn(x)dx =

 
n�1Y

k=0

1

µkn

!Z
b

a

�
n(x)⇢(x)y(n)

n
(x)y(n)

n
(x)dx
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=

 
n�1Y

k=0

1

µkn

!Z
b

a

�
n(x)⇢(x)y(n)

n
(x)y(n)

n
(x)dx . (A.2.26)

Because

µk;n =�n + k⌧
0 +

k(k � 1)

2
�
00

=k⌧
0 +

k(k � 1)

2
�
00
� n⌧

0
�

n(n� 1)

2
�
00

=�
�
00

2
(n� k)

✓
k + n� 1 +

2⌧ 0

�00

◆
, (A.2.27)

the product of µk;n is calculated as

n�1Y

k=0

µk;n =

✓
�
�
00

2

◆n

n!
�
�
2n� 1 + 2⌧ 0

�00

�

�
�
n� 1 + 2⌧ 0

�00

� . (A.2.28)

Using this result, we finally obtain

Z
b

a

⇢(x)yn(x)yn(x)dx =

✓
�
�
00

2

◆n �
�
n� 1 + 2⌧ 0

�00

�

�
�
2n� 1 + 2⌧ 0

�00

�
n!

Z
b

a

�
n(x)⇢(x)y(n)

n
(x)y(n)

n
(x)dx . (A.2.29)

A.3 Q function

Using Cauchy’s integral formula, the Rodrigues formula (A.2.19) can be written as

yn(z) =
Bnn!

⇢(z)

I

C

ds

2⇡i

�
n(s)⇢(s)

(s� z)n+1
, (A.3.1)

where C is a closed contour surrounding the point s = z.

For z /2 [a, b], it is possible to define a function which is called a function of the second kind

by changing a contour of (A.3.1) as follows:

Qn(z) =
Bnn!

⇢(z)

Z
b

a

�
n(s)⇢(s)

(s� z)n+1
ds . (A.3.2)

This function satisfies the same di↵erential equation as yn(x). As is obvious from the definition,

Qn(z) has branch points at z = a, b.

It is possible to translate (A.3.2) by repeating integration by parts as

Qn(z) =
Bn

⇢(z)

Z
b

a

(dn/dsn) [�n(s)⇢(s)]

s� z
ds

=
1

⇢(z)

Z
b

a

yn(s)⇢(s)

s� z
ds , (A.3.3)

where the Rodrigues formula is used in the second line.

For z 2 [a, b], Qn(z) has the discontinuity. Using

Disc
1

s� z
=

1

s� z � i"
�

1

s� z + i"
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= ⇡�(s� z), (A.3.4)

Qn(z) satisfies

DiscQn(z) = ⇡yn(z) (A.3.5)

A.4 Gamma function

Gamma function is defined as

�(x) ⌘

Z
dtt

x�1
e
�x

. (A.4.1)

For n 2 N,

�(n)

�
�
n

2

�
�
�
n+1
2

� =
2n�1

p
⇡

. (A.4.2)

A.5 Legendre polynomial

Legendre polynomial of order n is defined as

Pn(x) =
1

2nn!

✓
d

dx

◆n �
x
2
� 1
�n

. (A.5.1)

Pn(x) satisfies the following equation:

d

dx

�
1� x

2
� d

dx
f(x)

�
+ n(n+ 1)f(x) = 0 . (A.5.2)

Let us calculate inner products of Legendre polynomials using (A.2.29). The functions which

define Legendre polynomials are given by

⇢ = 1 ,

� = x
2
� 1 ,

⌧ = 2x ,

d
n

dx2
Pn(x) =

(2n)!

2nn!
. (A.5.3)

Then, the inner product is given by

Z 1

�1

Pn(x)Pm(x)dx =�nm ·
� (n+ 1)

� (2n+ 1)n!
·


(2n)!

2nn!

�2 Z 1

�1

�
1� x

2
�n

dx

=�nm ·
1

(2n)!
·


(2n)!

2nn!

�2
· 22n+1

Z 1

0

s
n (1� s)n ds

=�nm ·
1

(2n)!
·


(2n)!

2nn!

�2
· 22n+1 �(n+ 1)2

�(2n+ 2)
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=
2

2n+ 1
�nm . (A.5.4)

Changing the variable from x to y = 1�x

2 in (A.5.2), we have

y(1� y)
d
2

dy2
Pn + (1� 2y)

d

dy
Pn + n(n+ 1)Pn = 0. (A.5.5)

This is the hyper geometric di↵erential equation with ↵ = �l, � = l + 1, � = 1. Therefore, the

legendre polynomial can be written as

Pn(x) = 2F1 (�n, n+ 1; 1; (1� x)/2) . (A.5.6)

Using this expression, Pn(x) can be analytically continued to non-integer l. For x < �1, Pl

have the discontinuity. Using (A.1.6), it is given by

DiscPl(x) = �2iPl(�z) sin ⇡l (A.5.7)

The asymptotic behavior of Pl(z) in |z| ! 1 is given by

Pl(z) !

8
<

:
⇡
�

1
2
�(l+ 1

2)
�(l+1) (2z)

l Rel � �
1
2

⇡
�

1
2
�(�l�

1
2)

�(�l) (2z)�l�1 Rel  �
1
2

(A.5.8)

The legendre function of the second kind is given by

Ql(x) = �
1

2

Z 1

�1

Pl(s)

s� x
ds (A.5.9)

, where normalization is di↵erent from that of (A.3.3). Ql(z) can be expressed using the hyper-

geometric function as

Ql(z) = ⇡
1
2
�(l + 1)

�(l + 3
2)

(2z)�l�1
F

✓
1

2
l + 1,

1

2
l +

1

2
;
1

2
l +

3

2
; z�2

◆
. (A.5.10)

When x 2 [�1, 1], the equation

1

2i
(Ql(x+ i")�Ql(x� i")) = �

⇡

2
Pl(x) (A.5.11)

is satisfied.

The asymptotic behavior of Ql(z) is given by

Ql(z) !
z!1

⇡
1
2
�(l + 1)

�(l + 3
2)
(2z)�l�1 (A.5.12)

Using (A.5.6), (A.5.10), and the relation between hypergeometric functions, there is the

relation between Pl and Ql:

Pl(�z) = e
�i⇡l

Pl(z)�
2

⇡
sin(⇡l)Ql(z). (A.5.13)

The reflection relation is given by

Ql(�z) = �e
�i⇡l

Ql(z). (A.5.14)

There is integral relation
Z

1

1

P↵(z)Ql(z)dz =
1

(l � ↵) (l + ↵ + 1)
. (A.5.15)
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A.6 Spherical harmonics

Spherical harmonics is defined as

Y
m

l
(✓,') ⌘

s
2l + 1

4⇡

(l �m)!

(l +m)!
P

m

l
(cos ✓)eim' , (A.6.1)

where P
m

l
(cos ✓) is defined using Legendre function as

P
m

l
(x) = (�1)m

�
1� x

2
�m/2 d

m

dxm
Pl(x) , (A.6.2)

and called associated Legendre polynomial.

There is an important relation called the spherical harmonic addition theorem:

Pn(cos �) =
4⇡

2n+ 1

nX

m=�n

(�1)mY m

n
(✓1,'1)Y

�m

n
(✓2,'2) , (A.6.3)

where � is the angle between the directions (✓1,'1) and (✓2,'2):

cos � = cos ✓1 cos ✓2 + sin ✓1 sin ✓2 cos('1 � '2) . (A.6.4)

A.7 Gegenbauer polynomial

Gegenbauer polynomials are d-dimensional analog of legendre polynomials. In this section, we

will review some fundamental properties of Gegenbauer polynomials.

Let us start from the metric of d� 1 dimensional spherical coordinates:

ds
2 =dr

2 + r
2
d✓

2
1 + r

2 sin2
✓1d✓

2
2 + · · ·+

�
r
2 sin2

✓1 · · · sin
2
✓d�1

�
d✓

2
d�2

p
g =r

d�2 (sin ✓1)
d�3

· · · sin ✓d�3 . (A.7.1)

Then, the Laplacian is given by

r
2 =

1
p
g
@µ (

p
gg

µ⌫
@⌫) = @

2
r
+

1

r2 (sin ✓1)
d�3@✓1

h
(sin ✓1)

d�3
@✓1

i
+ · · · . (A.7.2)

The eigenvalue equation of the di↵erential operator, where r2 is multiplied by the ✓1 component

of the Laplacian, and z = cos ✓1 is substituted is:

�
1� z

2
� 4�d

2
d

dz

�
1� z

2
� d�2

2

�
f + �f = 0 . (A.7.3)

This di↵erential equation is a equation of hypergeometric type where

�(z) =1� z
2
, (A.7.4)

⌧(z) =� (d� 2)z , (A.7.5)
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⇢(z) =
�
1� z

2
� d�4

2 . (A.7.6)

Using (A.2.7), it has l-dimensional polynomial solution P
(d)
l

(z) if

� = �l ⌘ l(l + d� 3) . (A.7.7)

Explicitly,

�
1� z

2
� 4�d

2
d

dz

�
1� z

2
� d�2

2
d

dz
+ l(l + d� 3)

�
P

(d)
l

(z) = 0 (A.7.8)

holds. This solution is called Gegenbauer polynomial. Using the Rodrigues formula (A.2.19), it

can be written as

P
(d)
l

(z) =
Bl

(1� z2)
d�4
2

d
l

dzl

h�
1� z

2
� d�4

2 +l
i
, (A.7.9)

, where Bl is a normalization constant.

(A.7.8) equal to

x(1� x)
d
2

dx2
P

(d)
l

+
d� 2

2
(1� 2x)

d

dx
P

(d)
l

+ l(l + d� 3)P (d)
l

= 0 (A.7.10)

by the change of variable x = 1�z

2 . This is the hypergeometric di↵erential equation and Gegen-

bauer polynomial can be written using the hypergeometric function as:

P
(d)
l

(z) / 2F1

✓
�l, l + d� 3;

d� 2

2
;
1� z

2

◆
. (A.7.11)

In the following, we calculate appropriate normalization factor Bl where Gegenbauer poly-

nomial coincide with the hypergeometric function. Because

d

dzl
[(1� z)x(1 + z)x] =

lX

k=0

✓
l

k

◆
(�1)k

�(x+ 1)2

�(x� k + 1)�(x+ k � l + 1)
(1� z)x�k(1 + z)x+k�l

,

(A.7.12)

the following relation is satisfied:

1

(1� z2)
d�4
2

d
l

dzl

h�
1� z

2
� d�4

2 +l
i
=

lX

k=0

✓
l

k

◆
(�1)k

�
�
d�4
2 + l + 1

�2
(1� z)l�k(1 + z)k

�
�
d�4
2 + l � k + 1

�
�
�
d�4
2 + k + 1

�

= (�1)l2l
�
�
d�4
2 + l + 1

�

�
�
d�4
2 + 1

� +O(1� z) . (A.7.13)

Then, choosing

Bl = (�1)l
�
�
d�4
2 + 1

�

2l�
�
d�4
2 + l + 1

� , (A.7.14)
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the desired result is obtained:

P
(d)
l

(z) = 2F1

✓
�l, l + d� 3;

d� 2

2
;
1� z

2

◆
. (A.7.15)

We will calculate the norm using (A.2.29) under this normalization. Firstly, the term pro-

portional to z
l is given by

P
(d)
l

(z) =2F1

✓
�l, l + d� 3;

d� 2

2
;
1� z

2

◆

=
lX

k=0

(�l)k (l + d� 3)
k

k!
�
d�2
2

�
k

✓
1� z

2

◆k

=(�1)l
�(2l + d� 3)/�(l + d� 3)

�
�
d�2
2 + l

�
/�
�
d�2
2

�
✓
1� z

2

◆l

+O(zl�1)

=
�(2l + d� 3)�

�
d�2
2

�

2l�
�
d�2
2 + l

�
�(l + d� 3)

z
l +O(zl�1) , (A.7.16)

and d
l

dzl
P

(d)
l

(z) is given by

d
l

dzl
P

(d)
l

(z) =
l!�(2l + d� 3)�

�
d�2
2

�

2l�
�
d�2
2 + l

�
�(l + d� 3)

. (A.7.17)

Therefore, the norm can be calculated as

Z 1

�1

�
1� z

2
� d�4

2 P
(d)
l

(z)P (d)
k

(z)dz

= �lk ⇥
�(l + d� 3)

�(2l + d� 3)l!
⇥

"
l!�(2l + d� 3)�

�
d�2
2

�

2l�
�
d�2
2 + l

�
�(l + d� 3)

#2
⇥

Z 1

�1

�
1� z

2
� d�4

2 +l

dz

= �lk ⇥
l!�(2l + d� 3)�

�
d�2
2

�2

22l�
�
d�2
2 + l

�2
�(l + d� 3)

⇥ 22l+d�3

Z 1

0

x
d�4
2 +l(1� x)

d�4
2 +l

dx

= �lk ⇥
2d�3

l!�(2l + d� 3)�
�
d�2
2

�2

�
�
d�2
2 + l

�2
�(l + d� 3)

⇥
�
�
d�2
2 + l

�2

�(2l + d� 2)

=
2d�3

l!�
�
d�2
2

�2

�(l + d� 3)(2l + d� 3)
�lk . (A.7.18)

Defining constant factors Nd, n
(d)
J

as

Nd =
(16⇡)

2�d
2

�
�
d�2
2

� , n
(d)
J

=
(4⇡)

d
2 (d+ 2J � 3)�(d+ J � 3)

⇡�
�
d�2
2

�
�(J + 1)

, (A.7.19)

The norm can be written as

1

2

Z 1

�1

dz
�
1� z

2
� d�4

2 P
(d)
J

(z)P (d)

J̃
(z) =

�
JJ̃

Ndn
(d)
J

. (A.7.20)
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There is a identity called the Gegenbauer addition formula [105]:

24�d
�(d� 3)

�2
�
d�3
2

�
Z 1

�1

dzP
(d)
J

✓
z1z2 + z

q
1� z

2
1

q
1� z

2
2

◆�
1� z

2
� d�5

2 = P
(d)
J

(z1)P
(d)
J

(z2) .

(A.7.21)

When d = 4, this is the integral of the addition theorem of spherical harmonics (A.6.3) . By

changing the variable of the integral

y = z1z2 + z

q
1� z

2
1

q
1� z

2
2 , (A.7.22)

with integration limits

z1z2 �

q
1� z

2
1

q
1� z

2
2 < y < z1z2 +

q
1� z

2
1

q
1� z

2
2 . (A.7.23)

This can be written as

1� z
2
1 � z

2
2 � y

2 + 2yz1z2 > 0 . (A.7.24)

Using

Pd (y, z1, z2) =
2⇡

d�3
2

�
�
d�3
2

�
�
1� y

2
� 4�d

2
⇥ (1� y

2
� z

02
� z

002 + 2yz0z00)

(1� y2 � z02 � z002 + 2yz0z00)
5�d
2

(A.7.25)

1� z
2 =

1� z
2
1 � z

2
2 � y

2
� 2yz1z2

(1� z
2
1)(1� z

2
2)

, (A.7.26)

we get
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(y) . (A.7.27)

This shows that the kernel Pd (z, z0, z00) can be written as

Pd (z, z
0
, z

00) = (4⇡)d�2
N

2
d

�
1� z

02
� d�4

2
�
1� z

002
� d�4

2

1X

J=0

n
(d)
J
P

(d)
J

(z)P (d)
J

(z0)P (d)
J

(z00) . (A.7.28)
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A.7.1 Derivation of kernel

Let us consider d � 2-dimensional vectors ~p1, ~p3(They represent momentum of 2-2 scattering

amplitude) and ~n. Let us define z =
�!
p1·

�!
p3

|
�!
p1||

�!
p3|

, z0 =
�!
p1·

�!
n

|
�!
p1|

, z0 =
�!
p3·

�!
n

|
�!
p3|

. Then, �!n can be written

using~p1, ~p3 as

~n = ↵
~p1

|
�!
p1 |

+ �
~p3

|~p3|
+ ~n?, ~n? · ~p1 = ~n? · ~p3 = 0 , (A.7.29)

where ↵, � are real coe�cients. There are relations between ↵, � and z
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Here, we define
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Appendix B

Gravitational Contributions Beyond
Graviton t-channel

V V

V V
�

h

Figure B.1: An example of a gravitational contribution beyond t-channel exchange.

The gravitational contribution Bgrav(⇤) to B(⇤) can be divided into Bgrav,t-channel(⇤) from

the graviton t-channel exchange and the remaining part Bgrav,others(⇤) (see Fig. B.1). In this

Appendix we show that we can neglect Bgrav,others(⇤) in comparison with Bgrav,t-channel(⇤).

Calculation of Bgrav,others(⇤) is challenging due to the presence of IR-divergent diagrams in

fMgrav,others(s, t). While it is more desirable to define IR-finite amplitudes using the dressed

state formalism, it is beyond the scope of this work and will be pursued in future research.

To regularize this IR divergence, instead, we introduce an IR regulator µIR by deforming the

graviton propagator as

iPµ⌫⇢�

q2 + i✏
!

iPµ⌫⇢�

q2 � µ
2
IR + i✏

, (B.0.1)

where Pµ⌫⇢� is defined by Pµ⌫⇢� = (⌘µ⇢⌘⌫� + ⌘µ�⌘⌫⇢ � ⌘µ⌫⌘⇢�) /2 in the harmonic gauge. Using

the deformed graviton propagator, we can confirm that |fMgrav,others(s, t)| is bounded by O(s6)

as |s| ! 1. Along with the analyticity of fMgrav,others, this makes it possible to derive the

relation

Bgrav, others(⇤) =
4

⇡

Z
1

⇤2

ds
Im fMgrav, others(s, t = 0)

(s� 2m2
V
)7

. (B.0.2)

Moreover, since Im fMgrav,others(s, t) is also bounded by O(s6), we obtain

Bgrav, others(⇤) = O

✓
1

M
2
Pl⇤

2

◆
. (B.0.3)
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This is much smaller compared to the contribution from the graviton t-channel exchange dia-

grams and can be safely neglected.
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