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Abstract

Black hole thermodynamics has been extensively studied as a field that captures the properties of
gravitational theory and its quantum aspects. Particularly, the second law of thermodynamics
is intriguing. Various attempts have been made to prove the entropy increase law for the
generalized entropy, which is the sum of the black hole’s surface area and the entropy of the

matter outside the black hole.

In this thesis, motivated by the black hole thermodynamics in dynamical spacetimes, we aim
to construct a gravitational theory that describes non-equilibrium scenarios. For this purpose,
we propose a recipe for constructing an effective field theory (EFT) in the Schwinger-Keldysh
formalism for dynamical gravitational systems. The EFT is formulated based on symmetry and
quantum unitarity. However, a naive attempt to incorporate effects such as dissipation into the
effective action would break part of the diffeomorphism symmetries, leading to inconsistencies
with gravitational theory. This issue arises from the property that gravity couples to all degrees
of freedom. To resolve this, Stiickelberg fields are introduced to restore symmetry. These fields,
for instance, are modeled as an EFT of hydrodynamics, playing the role of an environment
sector. Finally, using this model that incorporates both gravity and hydrodynamics, we discuss
the generalized second law for a dynamical black hole surrounded by a fluid. Specifically, using
the entropy of a dynamical black hole defined by the area of the apparent horizon and the entropy
of the fluid, it is shown that the change of the generalized entropy is mainly contributed by the

temperature gradient between the black hole temperature and the local temperature of the fluid.
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Chapter 1

Introduction

A black hole is a solution to classical gravity theories. In classical settings, the black hole
can only absorb infalling matter, and its mass never decreases. However, when treated semi-
classically, incorporating the effects of quantum fluctuations, a black hole radiates energy and
loses mass through Hawking radiation [1]. In this context, a black hole can be regarded as
a non-equilibrium thermodynamic system, with its entropy defined in terms of the area of its
“horizon” [2-4]. Indeed, when the horizon area is interpreted as entropy, the mass as energy, and
the conserved charge as particle number with an associated chemical potential, the relationship

among these quantities aligns with the first law of thermodynamics:
T— =0M — QpoQ, (1.1)

where A is the area of the black hole, M is the black hole mass, () is a conserved charge,
Qg is potential and G is the Newton constant. Also, the temperature of a black hole T is
determined by its surface gravity. Furthermore, if a black hole absorbs only ordinary matter,
the area of its horizon—and hence its entropy—continues to increase, satisfying the second law of
thermodynamics % > 0. However, important extensions to these results remain. For example,
when matter falls into a black hole, the black hole’s area increases, but the entropy of the external
matter Sy,,; decreases. This might appear to challenge the validity of the entropy-increase law
for the matter outside. Moreover, when the black hole emits thermal radiation, its mass and
area decrease, potentially violating the null energy condition and the second law. To address
these issues, it becomes necessary to consider a generalized second law of thermodynamics that

incorporates the entropy of the matter outside the black hole.

0A
_ > .
5Smat+4G_O, (1.2)

where Sp.¢ is the entropy of matter outside the black hole. This sum of entropies Sp.¢ + % is
called the “generalized entropy”. Various attempts have been made to prove the entropy increase
law for the generalized entropy [5—22]. The second extension is to generalize the consideration of

black hole thermodynamics, which is typically studied for stationary black holes for simplicity,
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to dynamical cases. For stationary black holes, the concept of the event horizon is used to
understand the thermodynamic relations explained above. However, since the event horizon is
determined by information from the infinite past to the infinite future, it cannot capture the
local time evolution of the black hole. Therefore, it becomes difficult to consider non-equilibrium
processes such as the absorption and evaporation of matter by the black hole, so it seems more
appropriate to characterize the entropy with the area of the apparent horizon (A,p,) which is a
local concept [20,23-31].

In this thesis, we address this problem by considering the Schwinger-Keldysh (SK) formalism
of effective field theory (EFT) for dynamical gravity. The SK formalism is a powerful tool for
describing non-equilibrium processes, such as real-time evolution in finite-temperature systems
and open systems. However, applying the SK formalism to construct an open system in dynam-
ical gravity theories poses issues related to diffeomorphism symmetry. For instance, in open
systems, energy conservation does not generally hold, whereas in dynamical gravity theories,
the Bianchi identity, which stems from diffeomorphism symmetry, ensures the conservation law
of the energy-momentum tensor. In fact, when attempting to construct a theory that includes
dissipative terms, it can be shown that part of the diffeomorphism symmetry is broken and
the energy-momentum tensor is not conserved. In fact, when attempting to construct a theory
that includes dissipative terms, it can be shown that part of the diffeomorphism symmetry is
broken. This issue is resolved using the Stiickelberg trick. By introducing Stiickelberg fields,
the broken diffeomorphism symmetry is restored. Treating these Stiickelberg fields dynamically,
they typically behave like a fluid and play the role of an environment that receives the energy
loss due to dissipation. This stems from the nature of gravity, which couples to all degrees of

freedom.

Through these procedures, it becomes possible to construct an SKEFT that describes sit-
uations with a fluid surrounding a dynamical black hole, while maintaining symmetry and
unitarity. Furthermore, by imposing the dynamical Kubo-Martin-Schwinger (KMS) symmetry
on the effective action, the introduced entropy current (See [32-35]) enables us to define the
generalized entropy. Here, the entropy of the dynamical black hole is characterized not by the
event horizon but by the apparent horizon. And then, by calculating the time evolution of
the generalized entropy defined in this way, one can examine the conditions under which the

generalized second law holds.

In this thesis, we construct gravitational theory with a fluid in the SK formalism and discuss
the generalized second law in a black hole spacetime with a fluid, based on our paper [36]. This

thesis is organized as follows.

e In Chapter 2, we review the black hole thermodynamics. First, after introducing Einstein’s

theory of gravity, we consider the Schwarzschild solution as the simplest black hole solution
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and see how the black hole is characterized by the horizon (Sec. 2.1). Then, using the
Killing vector and Killing horizon, we confirm that the causal structure of such spacetimes
can be understood through spacetime symmetries. Finally, in Sec. 2.2, we verify that the
causal structure based on these symmetries can be understood in terms of thermodynamics
by deriving the first and second laws of black hole thermodynamics, and comment on
the issues in the thermodynamics of stationary black holes from the perspective of the

generalized second law and the apparent horizon.

e In Chapter 3, we introduce the SK formalism. In Sec. 3.1, we first provide an overview of
the SK formalism and the general structure of its EFT using a toy model. In Sec. 3.2, as
preparation for constructing dynamical gravity theories in the SK formalism, we discuss
the properties of diffeomorphism symmetry on the closed-time-path. Here, we explain how
the doubled diffeomorphism symmetry separates into diagonal (physical diffeomorphism)
and off-diagonal (noise diffeomorphism) parts in the classical limit. In Sec. 3.3, as an
example, we construct a dynamical gravity theory in the SK formalism using the theory
of a real scalar field. At this point, we explain the breaking of noise diffeomorphism
symmetry due to dissipation and the use of the Stiickelberg trick to resolve this issue. By
treating the Stiickelberg fields dynamically, we demonstrate how an environment sector,
such as a fluid, is naturally introduced. Sec. 3.2 and 3.3 are part of the main content of

this thesis.

e Chapter 4 is the main part of the thesis, where we study dissipative gravity theories.
First, in Sec. 4.1, we explain how the effects of dissipation in an effective field theory of
gravity, including dissipation, can be characterized using a dissipative fluid introduced as
an environmental sector. As an application, in Sec. 4.2, we consider a scenario where a
black hole is surrounded by a fluid. In this context, the EFT of hydrodynamics defines
a local temperature and an entropy current based on the dynamical KMS symmetry. As
a result, we describe how the change of the generalized entropy are characterized by the
temperature gradient between the black hole’s temperature and the fluid’s local temper-
ature. Furthermore, considerations are made for both cases: ordinary fluids (satisfying
the null energy condition) being accreted by the black hole and exotic matter (violating
the null energy condition), such as Hawking radiation, escaping from the black hole. It is
shown that the temperature gradient is enhanced by the blueshift factor determined by
the direction of the fluid, ensuring that the generalized entropy increases in both scenarios.

This chapter and the previous chapter are based on our paper [36].
e Chapter 5 is devoted to the conclusion and the prospects.

In this thesis, we use natural units with A = ¢ = 1, and restore them as necessary.
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CHAPTER 1. INTRODUCTION



Chapter 2

Black hole thermodynamics

A black hole, a solution of the Einstein equations, serves as a fundamental object for exploring
the properties of gravitational theories. When spacetime is significantly warped by intense
gravitational fields, a causal boundary known as the “black hole horizon” emerges. As the black
hole’s mass increases, the strength of gravity grows, leading to an expansion of this horizon. This
behavior aligns with well-established thermodynamic principles, where the black hole’s mass
corresponds to internal energy, the horizon area represents entropy, and the conserved charges
are analogous to chemical potential. Additionally, in the framework of quantum field theory on
curved spacetime, a temperature can be associated with the black hole, further cementing its
thermodynamic interpretation. Thus, “black hole thermodynamics” has become a crucial field

for deepening our understanding of gravitational theories and their quantum aspects.

The physical quantities of the black hole, corresponding to the aforementioned thermody-
namic quantities, including temperature, are deeply related to the symmetries of spacetime.
These symmetries are described by a vector field known as the Killing vector. Furthermore,

using this Killing vector, the Killing horizon of a stationary black hole can be characterized.

In this chapter, we review the thermodynamic properties of stationary black holes. Sec. 2.1
introduces the characteristics of black hole horizons, the symmetries of black hole solutions,
and their associated Killing vectors. Building on these foundations, Sec. 2.2 derives the first
and second laws of black hole thermodynamics, emphasizing their connection to the symmetries
outlined in Sec. 2.1. Finally, we conclude with a discussion of unresolved questions in the

thermodynamics of stationary black holes.

2.1 Black holes and symmetries

A black hole represents a solution to the equations of motion in gravitational theories. In this
section, we explore the causal structure of black holes through the Schwarzschild solution, the
simplest example of such solutions. Additionally, we examine how this causal structure connects

to spacetime symmetries, with a focus on the role of Killing vectors.

13
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2.1.1 Einstein gravity

The action, which describes the dynamics of gravity and is called the Einstein-Hilbert action,

is given by

1 4

where G is the Newton constant, A is the cosmological constant, and R is the Ricci scalar. The

action, including matter, is given by the following:
S = Sgn + Shatter - (2.2)
By varying this action with respect to the metric g,,, the Einstein equations are obtained.
G = 81GT,, — Ngu (2.3)

where the Einstein tensor and the stress tensor are defined as the following:
2 6Smatter
V=g 09"

The Einstein equations are generally non-linear differential equations and are difficult to solve,

1
G;w = R;w - §Rg;w> T,ul/ (24)

but several solutions are known in cases with sufficiently high symmetries.

2.1.2 Schwarzschild black hole

Let us start from the simplest black hole solution. The Schwarzschild metric is the most general

spherically symmetric vacuum solution of the Einstein equations:

2G M ?
i = = (1= 2 ) g+ (0 s 007) (25)

r
T

where M is a positive constant and corresponds to the black hole mass. This solution has a
singularity at » = 0 and that can be checked by calculating the Kretschmann invariant scalar,
which is given by

48G*M?

UV po _
RMYPRpe = p;

(2.6)

Then, the metric has a coordinate singularity at r = 2G M where the component of the metric

g, diverges and g;; goes to zero, but it can be removed by a coordinate transformation.

Causal structures. In the above Schwarzschild metric, the coordinate singularity appears,
but it disappears through a coordinate transformation. First, let us consider the following

coordinate:

u=t+r", v=t—r", (2.7)
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Figure 2.1: This figure shows Penrose—Carter diagram of the Schwarzschild spacetime depicting
the causal structure. The vertical axis represents the time direction, and i and .#* are the
locations where r = oco. @™ (i7) is the location where r is finite and ¢ = oo (¢t = 0). The
hypersurface at r = 2G M forms the future (past) event horizon H* (H ). As can be seen from
this diagram, light rays emitted from the region where r < 2GM in the future region cannot
escape beyond the future event horizon H* and eventually reach the singularity at r = 0.

r

2GM

d
r*:/lﬁ:r+2MGln‘ -1 (2.8)

Then, by using r* ~ 2MG }QG’“M — 1! on a small neighbourhood of the surface r = 2GM, we

can obtain

U= Fexp (— V =exp ( (2.9)

) )
AGM )’ AGM /)’
where the upper sign of U corresponds to the part of r > 2M G, while the lower sign corresponds
to r < 2MG. The coordinates U and V are called null Kruskal coordinates. By using this
coordinate, a regular metric on r = 2GM can be obtained:

32M3G3

r

ds? = e "PEMAUAV + 1 (d§? + sin® 0d¢?) (2.10)

The causal structure of this spacetime becomes clearer by depicting the spacetime in a finite

region using the following coordinates:
U =arctanU, V =arctanV, (2.11)

From Fig 2.1, we can see that r = 2GM surface provides the event horizon H*. A person at
r < 2GM cannot send a signal to outside of the event horizon, and the signal reach to r = 0 at

future infinity.

Apparent horizons. The apparent horizon is a concept that represents a boundary in space-
time, separating regions where outgoing light rays are still capable of expanding and those where

they are not. Unlike the event horizon, which is a global and absolute boundary marking the
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point beyond which no information can escape from a black hole, the apparent horizon is a local

feature that depends on the observer’s position and the moment in time.

More formally, the apparent horizon is the surface where the expansion of outgoing null
geodesics (light rays) vanishes. In dynamic spacetimes, especially in non-stationary situations
like during gravitational collapse or mergers, the apparent horizon may change over time. It

can move depending on the energy distribution in spacetime.

2.1.3 Killing vectors and Killing horizons
Killing vectors. Transformation rules for tensor components by diffeomorphisms x* — x* +

&H(x) are given by the Lie derivative

k !
»CETM"'MVL..W _ f“VQT“l"'“’“yl...w _ ZTm..ﬁ...ukmmwvﬁgm + ZTul"'“kul...ﬁ...ulvufﬁ (2.12)

i=1 i=1

If a meric is inveriant under some diffeomorphisms,
Leguw =0, (2.13)

this symmetry is called isometry. This £ is called Killing vector and it satisfies the Killing

equation:

Vo + Vil = 0. (2.14)

Killing horizons. Let us consider the isometry and the Killing vector of the Schwarzschild
metric as an example. The metric is invariant under a constant a shift of time ¢t — ¢+ a, clearly.

A corresponding time-like Killing vector t* is
"0, = 0. (2.15)

The inner product of this Killing vector is given by

2GM
Gutt't” = — (1 - ) , (2.16)

so t* is null on the event horizon. In this sense, the null hypersurface which is orthogonal to
the Killing vector is called Killing horizon. In the Schwarzschild spacetime, the event horizon

and the Killing horizon coincide.

Surface gravities. Let us consider the thermodynamics of black holes. The surface gavity &

plays an imporant role, and it is given on the Killing horizon by

V8 = e (2.17)



2.1. BLACK HOLES AND SYMMETRIES 17

The normalization of x can be decided so that #§, — —1 as r — o0o. Alternatively, the

following equations give the equivalent surface gravity in a stationary black hole!:

Vi (£"€) = —2k&, (2.19)
and
2 1 e
W =~ (V,8)(V4E). (2.20)
From (2.15), it can be derived that
Lo =0, (2.21)

which means the surface gravity is a constant along with the orbit of the Killing vector. This
result corresponds to the zeroth law of thermodynamics, that a system in thermal equilibrium

has a uniform temperature.

The surface gravity for the Schwarzschild solution kg, is

1

TEIR (2.22)

RSch =

Using the surface gravity, one can construct the generator of the Killing horizon. In fact, if the

vector k* is defined as in

& = ke "UEH

= kAK", (2.23)

where v is defined to satisfy {#V,v = 1 and A is an affine parameter of £#. This k* will be null

on the Killing horizon and satisfy the geodesic equation:

KAV k= 0. (2.24)

Black hole tamperature and zeroth law. The surface gravity is very important for the
black hole thermodynamics because black holes have a well-defined temperature 7' determined

by the surface gravity:

=" (2.25)
2m

Tt should also be noted that (2.17) can be expressed as

gﬂvugu = guv[pgv] = % (Vufu - vufu) . (2'18)

In Sec. 4.2, this is related to the Kodama vector.
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This can also be understood from the perspective of periodicity in the time direction. As an
example, let us consider the region near the horizon r = 2GM +¢ (¢ < 2GM) of Euclidean the
Schwarzschild spacetime (¢t = —itg) (2.5):

1 2
ds* ~ dp* + (m) prdts + (2GM)? (d6? + sin® 0d¢?) , p= V8GMze. (2.26)

In this case, for tg to determine the temperature without introducing a conical singularity, it

must be periodic as in

1 —1

tp ~t 27 | —— . 2.27

gt em <4GM) (2.27)

Thus, it can be understood that the temperature of the Schwarzschild black hole is interpreted
as

KSch
Ty 2.28
Seh = (2.28)

Following, it is explained why the surface gravity is interpreted as temperature through the

derivation of the laws of black hole thermodynamics.

2.2 The laws of black hole thermodynamics

In this section, we derive the first and second laws of black hole thermodynamics using the
quantities defined in the previous section 2.1. We explain that, while the first law is derived
from the calculations as an identity, the second law requires imposing reasonable conditions,
such as the null energy condition. Finally, we comment on the generalized second law and the

apparent horizon as the dynamical black hole entropy.

2.2.1 First law

Now let us consider a situation that a black hole in a stationary state initially is perturbed by a
small matter described by the stress tensor 7),, [2]. We assume that the black hole is returned
to another stationary state after the process. The most genral Killing vector for stationally

black holes is given by
£ ="+ Qpyt, (2.29)

where (g is a constant angular momentum, When Qg # 0, it corresponds to an axisymmetric

rotating black hole.

By using the Killing vector, the energy momentum vector is defined as

Bt =T, (2.30)
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and the angular momentum vector is
JH= =T, . (2.31)

When a perturbation is introduced, the Killing vector of the original space-time is no longer a
precise Killing vector. However, we assume here that it remains a Killing vector from the per-
spective of the order of perturbation. Using these quantities, the energy and angular momentum

that flowed through the horizon can be calculated as follows.

oM = — / d\d*z+/ak, E" (2.32)
N

6] = — / d\d*z/ak, J" (2.33)
N

where N is the null hypersurface on the future event horizon H* and d?z+/a is the area element.

By using (2.23), one can obtain
SM — QpdéJ =k / ONGERVEDN B (2.34)
N
From the Raychaudhuri equation (See (A.6) in Appendix A), the r.h.s of (2.34) can be calculated
as

K

/ AN22/aT, €' ~ — dwx\f )\—
N 87G
~ d)\(\/_e)——()\\/_e)
= — A 2.
87TG5 (2:35)

where in the first and second line, we ignore higher order perturbations. In the third line, we
used the assumption that the black hole eventually becomes a stationary black hole as A\ — oo
and A0 — 0.

As a result, the first law of black hole thermodynamics is obtained:

M—QuéJ = " §A. 2.
5 #0J = (2.36)

where it can be seen here that % can be interpreted as the black hole’s entropy and 5= as the

temperature.

2.2.2 Second law

When the surface area of the black hole is taken as the entropy, the entropy increase law is
satisfied if the null energy condition T, k*k” > 0 is satisfied?:

%M =K /N dAdx\/aXT,, K"k > 0. (2.37)

2Strictly speaking, Penrose’s theorem is required.
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Generalized second law. On the other hand, when matter is thrown into the black hole from
the outside, the entropy of the black hole increases, but the entropy of the matter Sp,.; outside
decreases. This seems to contradict the usual thermodynamics. Furthermore, if the black hole
emits thermal radiation at the temperature we have defined so far, its mass decreases, violating
the null energy condition and the second law. Therefore, by considering the generalized entropy
% + Smat We expect that the second law will hold for this. In this thesis, we will investigate
the conditions under which this generalized second law of thermodynamics holds in situations

where there is a fluid outside the black hole.

Event horizon vs. apparent horizon. For stationary black holes, the event horizon, ap-
parent horizon, and Killing horizon all coincide, hence there is no ambiguity in the area law.
However, extending the concept of the area law to dynamical black holes remains an open ques-
tion. A reasonable approach is to use the apparent horizon’s area, as it can be determined

without requiring the complete time evolution of the black hole, unlike the event horizon.

Defining the event horizon requires information from the infinite past and future, so it seems
more appropriate to characterize the entropy with the area of the apparent horizon (A,,) which
is a local concept. Under this framework, one can consider the second law of thermodynamics
for the generalized entropy (Sgen), defined as the sum of the BH entropy (%g’) and the entropy
of the matter outside the black hole (Syat):

0A
0Smat + ﬁ > 0. (2.38)
In Sec. 4.2, we consider the generalized second law of black holes from these perspectives.
In particular, we examine the case where the matter around the black hole is approximated
as a fluid, and explore how the temperature gradient contributes to the increase in generalized

entropy.



Chapter 3

EFT in the Schwinger-Keldysh
fomalism for Dynamical Gravity

The Schwinger-Keldysh (SK) formalism is a powerful tool for analyzing nonequilibrium sys-
tems, such as real-time evolution in finite-temperature systems and quantum open systems.
Effective field theories (EFTs) constructed with this formalism explicitly include fluctuations
and dissipation, making it suitable for describing realistic situations. Recent advancements in
non-equilibrium systems based on the SK formalism have been remarkable [32-35,37-58]. For
instance, active research has been conducted on the EFT of hydrodynamics (HydroEFT) based
on the dynamical Kubo-Martin-Schwinger (KMS) symmetry that characterizes local equilib-
rium in [32-35,37-40]. Spontaneous symmetry breaking in open systems and EFTs thereof are
studied in [41-49]. More recently, following these developments, application to the open system
type EFT of cosmic inflation, the open system EFT of inflation, has also been initiated [42,52]
along the line of the EFT of inflation [59]', even though current studies are limited to EFTs on
a fixed background spacetime without dynamical gravity.

It is a natural idea to extend this framework to cases where gravity is dynamical. However,
in such cases, the action must preserve local symmetries like diffeomorphism invariance. In
the SK formalism, the doubled symmetries split into diagonal (physical diffeomorphism) and
off-diagonal (noise diffeomorphism) parts under the classical limit. Breaking the noise diffeo-
morphism symmetry leads to energy dissipation, violating energy-momentum conservation and
contradicting the Bianchi identity. To resolve this issue, Stueckelberg fields are introduced,
restoring the noise diffeomorphism symmetry and defining an “environment” sector to capture
dissipative effects. This arises from the fact that gravity is a field that couples with all degrees
of freedom. In this chapter, we discuss these mechanisms in detail using specific models.

This chapter is organized as follows: In Sec. 3.1, we begin with a review of the general
framework of the SK formalism, using a toy oscillator model for illustration. In Sec. 3.2, we

then provide a detailed discussion of the diffeomorphism symmetries within the closed-time-path

1See [60] for a pioneering work on dissipation in EFT of inflation that does not use the SK formalism. For
discussions on the EFT of open systems in stochastic inflation, see [61].

21
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contour. In Sec. 3.3, we elaborate on the above recipe of the SKEFT for dissipative systems
coupled to dynamical gravity using a scalar matter field as an illustrative example. Sec. 3.2 and

3.3 are part of the main content of this thesis.

3.1 A Review of the Schwinger-Keldysh formalism

We begin by a review of the Schwinger-Keldysh (SK) formalism (also known as the closed-time-
path formalism) and its application to dissipative systems, using a simple model of harmonic
oscillators. The aim of this section is to share the necessary physical intuitions and background
technical information of the present paper in a rather compact and self-contained manner. For

more details of the SK formalism, we refer the readers to, for example, Refs. [35,62,63].

3.1.1 Microscopic description

The SK formalism offers a framework for evaluating correlation functions in non-equilibrium
systems. A basic quantity is the closed-time-path generating functional W{[J;, J;| defined in the

operator formalism as
eMUR] T [ g U, (b5, 8:) Us, (85,13 (3.1)

where Uj(to,t1) is the time-evolution operator from t; to t5 in the presence of external sources
collectively denoted by J. pg is the initial density operator inserted at ¢;. In the path-integral
form, W{Jy, Jo] is given by

W] /DCI)1DCI)2 ei(S[215N1]=5[®2:.02]) (3.2)

where S[®; J] is the microscopic action of dynamical degrees of freedom, collectively denoted by
®. The SK formalism uses a pair of path-integral variables, {®;, ®,} for each dynamical degree
of freedom @, with each variable assigned to a (horizontal) section of the contour in Fig. 3.1.
As a result, the number of degrees of freedom is doubled compared to the in-out formalism.
The boundary conditions at the initial time ¢; are specified by the initial density operator py.
On the other hand, the boundary conditions at the final time t; are ®;(t;) = ®o(ty). Notice
that dynamical variables are doubled compared to the in-out formalism and also that the same
action is used for time-evolution along the two contours since the time-evolution operator is the

same in the microscopic theory.

r-a basis. Let us define (&5, J5) = ({Os1, Osa, ..., On}y {ds1yJs25 - Jsnt) (s = 1,2) for the
purposes of this discussion. For a better physical interpretation of the action , it is convenient
to define a new pair of variables

1

Jri = B (J1i + 72i) 5 Jai = Jri — Joi s (3.3)
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Im ¢

Figure 3.1: The closed-time-path on which the generating functional is defined.

Ori==(01+02), Ou =0y — 0y, (3.4)

N | —

Physically speaking, r-variables describe the physical profile, whereas a-variables capture fluc-

tuations. In the following, we call these the r-a basis.

Green functions. By using this formulation, correlation functions in the r-a basis are defined
as

1 NW
Wéj&l(:ljl)"'éjaj\](xjv) Jar=0

= i (POq, (21)...00, (zN)) (3.5)

Gal...aN (fﬁl, vy ZL‘N) =

where oy, ...,ay € (a,7) and a = a,r for @ = r,a. Here N, and N, are the number of r and

a-index N, + N, = N. One can now obtain several Green’s functions as the following:

GF (21, 22) = i {TO, (x1) Om (12)) ,  GF (1,29) = i <Ton (1) O, ($2)> (3.6)
G (1,22) = (O (1) O (22)) 1 Gy, (1, 22) = (Ony (22) O (1)) (3.7)
A (21, 2) = ([On (21), Oy (22)]) Gy (w1, 20) = % (On (21) O (22) + Oy, (22) On (21))
(3.8)
G (x1,20) =00 (t, — to) Ay (01, 12) , G2 (21, 29) = —i0 (ty — t1) Ay (71, 72) (3.9)

where the subspricts R, A and S each represent retarded, advanced and symmetric respectively.

Thermal equilibrium and KMS conditions Let us consider the properties derived from
the above formalism when the initial state py in global equilibrium:
e_BOH

Zy

po = Zy = Tr(e o) (3.10)

where [y is the inverse temperature of the initial state. In this case, it can be seen that the

generating function satisfies the following Kubo-Martin-Schwinger (KMS) condition:

WL T2] ZL Tr [e—ﬁoH (Te—z‘f%.fz) « PoH ,—BoH <T€z’f<1>1J1>}
0

= ZL Tr [G_BOH (Teifq)l‘h) X (Te_ifq)?h(t_w“))] (3.11)
0
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= Wr [J1,J2(t—iB0)] (3_12)

where T is the anti-time-odered operator. In this case, one can find the standard fluctuation-
dissipation theorem (FDT) for two-point functions which in momentum space:
1 Bow
s 0
Now, let us assume that the microscopic system is invariant under the Z transformation ©,
which is one of the Z, transformation 7'/PT/CPT, where C, P and T represents the charge

A () (3.13)

conjugation, parity and time reversal, respectively. Then the generating function W is invariant

under the following:
W Ji(z), Jo(z)] = Wi (x), Jo(z)], (3.14)
where
Ji(z) = O, (t, %), Jo(z) = Oyt +ifo, T). (3.15)
Then, the condition (3.14) with (3.15) implies the Onsager relation
Gl(k)=GiE(k), and Gji(k)=G(—k). (3.16)

A toy model. Many aspects of the SKEFT can be captured by a simple model of a harmonic

oscillator X coupled to an environment modeled by a set of harmonic oscillators Y,, (n =

1,...,N) with the following microscopic action?:
1 1 /1 1 al
X,V J] = [ dt| [ =X? - ZwiX? i (T U W XY,
SIX,Y,; J] / [(2 50 —l—; 5Yn ~ gWntn —i—;g
+ (source terms)} ) (3.17)
where the overhead dot represents the time derivative f = % f, wn (n =0,...,N) are the

frequencies of the oscillators and g,, are the couplings between the system oscillator X and the
set of environment oscillators Y,,. Details of the source terms denoted by the last term are not

important in our discussion and are kept implicit.

The corresponding path-integral description is
Wl J2] — /DXl'DXQDYnlDYnQ ePSmicro[X1,Yn1,X2,Yn2;J1,J2] 7 (3.18)

with appropriate boundary conditions at ¢t = ¢; and ¢t = t;. Here we have introduced a pair
of path-integral variables {(X7i, Y1), (X2, Y2)} for the set of dynamical variables {(X,Y,)}
appearing in (3.17). Also, the path-integral weight is

Smicro[X1>Yn17X27 Yn27 le J2] - S[Xla Ynh Jl] - S[X27 YnZ; J2] . (319)

2This model is often used as an introduction to the SKEFT. See, e.g., Refs. [42,62] for more details.
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We emphasize that the microscopic SK action Spero is factorized into the (X, Y,; J1) part and

the (Xs, Y,0; J2) part, whereas the boundary conditions mix the two sectors.

3.1.2 Green’s functions of the environment oscillators

Next we would like to write down the effective theory of the system oscillator X. In our
illustrative example, where only terms up to quadratic order are present, it is straightforward
to integrate out the environment oscillators Y,,; and Y2 to obtain the following effective action

in the Fourier space:

) 1 dw o N 9 9
1Sef = —3 Z /% [Xs(—w)Dssz(w,wo)XS/(w)+;ans(—w)Gss/(w,wn)Xs/(w) 3

s,8'=1,2

(3.20)

where we have suppressed the source terms for visual clarity. D,y (w;?) is the 2 x 2 kinetic
matrix of the harmonic oscillator with frequency 2 and G,y (w;?) are the Green’s functions

given by the inverse matrix of Dy (w;Q?).

Off-shell Green’s functions. To elaborate on the effects of the environment, let us take a

closer look at the Green’s functions. First, the kinetic matrix Dy (w;w,,) is of the form,

Dutwrd) = (T L0 ) (3:21)

0 i(w? — w?)

For now, we will neglect the ze-prescription typically required to address the on-shell dynamics

at w = wp. The corresponding Green’s functions Gy (w) are
)
0

_ 2 _ 2
! W= —wy , for w# w,. (3.22)

G (wiwy) 0 i

I
S
&
&
e
I

2 _ 2
w? — w2

Note that these off-shell Green’s functions are diagonal due to the diagonal nature of the kinetic
matrix D,y , so that the X; sector and the X5 sector are factorizable even in the effective action,

as long as there are no on-shell contributions of the environment.

In the field theory language, this means that the effective theory has no mixing between
the two sets of path-integral variables as long as on-shell particle production in the corse-
grained environment sector does not occur. In this situation, one can simply use the in-out
effective action to compute correlation functions in the system sector. For example, the EFT of
inflation [59,64] captures effective interactions sourced by heavy fields whose particle production

during inflation is exponentially suppressed by the Boltzmann factor.
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Full Green’s functions. On the other hand, to derive the full Green’s functions including
the on-shell component, we need to identify the initial conditions and also be careful about the
1e-prescription. For example, when the initial density operator is a thermal state with an inverse

temperature 3, the full Green’s functions read (for details, see, e.g., the textbook [65])?

# + 27 sgn(w)d(w?® — w?) E + nB(w)} :

where P denotes the principal value, sgn(w) is the sign function, and ng(w) is the Bose-Einstein
distribution ng(w) = (¢’ — 1)~!. Notice that the non-zero off-diagonal components only con-
tribute on-shell w = w,,. This is essentially why we need the SK effective action, rather than
the in-out effective action, for effective descriptions of dissipations and noises associated with
on-shell particle creation. Also, for the same reason, the effective theory after coarse graining

is in general non-unitary with a complex effective action.

3.1.3 Effective theory

Generality. Now let us discuss properties of the effective theory (3.20):

iSug = _% 3 / ;l_: [Xs(—w) Dy (w3 w3) X () + Xo(—w) Gy (w) Xy (w)] (3.27)

s,s'=1,2

where we defined the effective coupling matrix G,y (w) by

N
Gow (W) = Y g2 Gl (w;w}) (3.28)
n=1

In general, Gyy(w) is non-analytic with respect to w because of the delta functions, i.e., the on-
shell contributions, in the Green’s functions (3.23)-(3.26). Note that Eqs. (3.23)-(3.26) are for
the initial thermal state, but it is a general statement that non-analyticity appears through on-
shell contributions. This non-analyticity creates a non-local effect in the effective action (3.27).
This non-locality is especially prominent if the number of the environment oscillators, N, is not
very large. In the field theory intuition, this simply means that the effect of particle productions

in the environment sector appears as non-local effects in the effective description of the system.

3 Here we implicitly assumed that Green’s functions of the environment oscillators Y;, are approximated by
the free theory propagator at finite temperature. In other words, we assumed that the dynamics of the system
oscillator X does not affect properties (e.g., temperature) of the environment thermal bath.
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Local effective theory. On the other hand, this non-local effect can be smoothed out when

N is large, for which it is convenient to introduce a spectral function J(w?) such that

00 N
Gy (w) = / dw? J(W?) G (w;w?)  with  J(w?) = Zgzé(wf —w?). (3.29)
0 n=1

Note that the sum over n can be approximated by an integral if V is large, hence non-analyticity
may be resolved depending on the distributions of (w?, g,). While the spectral function J(w,)

depends on details of the environment sector and its coupling to the system sector, the effective
2

*

theory indeed becomes local if the spectral function sign(w,)J(w;) is analytic at w, = 0. For

the so-called Ohmic bath modeling such situations, the effective coupling matrix Gsy(w) is

approximated for small w as follows* (see, e.g., [42,62] for details):
Gri(w) 29T, Gu(w) ~ —yw+ 29T, Go(w) @ yw+ 29T, Gao(w) ~ 27T, (3.30)

where we have assumed that the initial density operator is a thermal state with a temperature
T = 1/B. Also, positivity of J(w?) requires v > 0. The corresponding effective action in the

position space is
iSalxe, X = 3 [ dt[ (7 —upx?) - (X3 - wix3)
— (X1 Xy — X1 X)) + 20T (X2 + X2 - 2X,X,)| . (3.31)

As advertised, we find local effective interactions that mix X; and X5 after integrating out the

environment oscillators, which originate from the on-shell part of the Green’s functions.

r-a basis. In the r-a basis, the effective action (3.31) reads
1S X, Xa] = i / dt [—(XT X, + w2X,) X, +mTXC%] . (3.32)
The equations of motion (EOMs) for X, and X, imply
X, +9X, +wiX, =0, X,=0, (3.33)

which reproduce the Brownian motion with a dissipation coefficient . Also, in the computation
of correlation functions, the last term in Eq. (3.32) gives Gaussian random noise. In this manner,

dissipation and noise are induced by integrating out the environment sector.

3.1.4 Consistency of the effective theory
It is worth noticing that the effective action (3.31) enjoys the following properties:

Se[X1 =X, Xo=X] =0, (3.34)

4We performed renormalization of the frequency wg of the system oscillator X to simplify presentation.
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Seft[ X2, X1] = — (Serr[X1, Xo])" (3.35)
Im Se[ X1, Xo] >0, (3.36)

or equivalently, in the r-a basis,

Seit[ Xy, Xo =01 =0, (3.37)
Set[ Xy, —=Xa] = — (Set[ X, Xa])" (3.38)
Im Seg [ X,, Xa] > 0. (3.39)

These are actually generic properties of the SKEFT that follow from unitarity of the microscopic
theory and the self-adjointness of the initial density operator. To see this, it is convenient to go
back to the definition (3.1) of the closed-time-path generating functional W (.Jy, J) as we will

elaborate below.

First, unitarity of the microscopic theory implies that the time-evolution operator U; in
Eq. (3.1) satisfies

Ul(ty, t)Uy(ta 1) = 1, (3.40)

which leads to the following condition on the closed-time-path generating functional:
Wl =J,J,=J]=0. (3.41)
Also, norm positivity together with the Cauchy-Schwarz inequality applied to Eq. (3.1) leads to
ImW{[Jy, J5] >0, (3.42)

which simply means that probability decreases after tracing out positive-norm states. Finally,

the self-adjointness pg = pp implies
W[Jl, JQ] = —(W[JQ, Jl])* . (343)

The conditions (3.34)-(3.39) follow in the same manner, essentially because we can think of the

system variables are kept fixed like the sources when integrating out the environment variables.

Comments on the Kubo-Martin-Schwinger (KMS) condition. In the present analysis,
we have assumed that the initial state is thermal, for which the correlation functions are related
to each other, e.g., as Eqgs. (3.23)-(3.26) show. This condition is known as the KMS condi-
tion. This relation in turns correlates coefficients of the dissipation term (the second term)
and the noise term (the last term) in the effective action (3.32), hence the name fluctuation-
dissipation relation (FDR). Although the KMS condition is typically presented as a condition

for the generating functional, it can be generalized to a symmetry transformation acting on the
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dynamical fields at the action level. From this symmetry prospective, the FDR can be captured

by requiring the action to be invariant under the transformations,
X/ (t) = X, (—t), X.(t) = Xuo(—t) +iB0_ X, (—t). (3.44)

This symmetry of the effective action is called the dynamical KMS symmetry [34,35,37]. More
details on its properties will be explained in Appendix B. We emphasize that this symmetry is
a consequence of the choice of the initial state, so it is not a universal property of the SKEFT.
Indeed, if we choose other initial states, coefficients of the dissipation and noise terms enjoy
other types of relations reflecting the properties of the Green’s functions in the environment

sector.

3.1.5 General properties of the Schwinger-Keldysh EFT

Various properties of the harmonic oscillator model explained in the previous subsections hold
in field theories too. Below we summarize general properties of the Schwinger-Keldysh EFT

(see, e.g., a review article [35] for details):

1. Dynamical variables, collectively denoted by y, are described by a pair of path-integral

variables (x1, x2), reflecting the closed-time-path nature of the formalism.

2. The EFT is in general non-unitary. In particular, the non-unitarity is due to mixing of
the 1, 2 sectors, which originates from on-shell particle creations in the environment sector

and results in, e.g., dissipation and noise effects.

3. Consistency such as unitarity of the microscopic theory behind the EFT implies

Setx1 =X, X2 = x| =0, Sesr[x2, x1] = —(Sert[X1, x2))", Im Sesr[x1, x2] > 0. (3.45)

Similarly to Eq. (3.3), it is convenient to define

:X1+X2

Xr 9 sy Xa = X1 — X2- (346)

In this r-a basis, the conditions (3.45) are rephrased as

Seff[Xr> Xa = 0] = 07 Seff[Xra _Xa] = _(Seff[Xra XaD* y Im Seff[er Xa] >0. (347)

4. The SKEFT depends not only on the Hamiltonian of the environment sector, but also
details of the initial state, since the mixing of the 1-2 sector arises through on-shell particle
creation. For example, if the initial state is thermal, the SKEFT should satisfy the
dynamical KMS condition, a generalization of the fluctuation-dissipation relation. This
type of information can also be taken into account in the EFT construction, once the

initial state is specified.
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3.2 Diffeomorphism symmetries in gravitational Schwinger-
Keldysh EFTs

In this section we elaborate on diffeomorphism symmetries in the SKEFT. We first introduce the
two types of diffeomorphism symmetries corresponding to the doubled path-integral variables
in the SK formalism in Sec. 3.2.1, based on the microscopic description. We then discuss their
impacts on the SKEFT in Sec. 3.2.2.

3.2.1 Microscopic description

For illustration, let us consider a scalar field ¢ coupled to a dynamical metric g,, and an

environment sector described by microscopic dynamical fields collectively denoted by 3:

1

M2
S[¢> Guvs Z] = /d4x\/__g {TPIR - §(au¢)2 - V(¢) + Eenv[¢a Guvs E] ) (3'48)

where Mp, is the reduced Planck mass and L., is the microscopic Lagrangian density describing
the dynamics of the environment fields ¥ as well as their couplings to ¢ and g,,,.. In the language
of the path-integral form (3.2) of the SK formalism, we have ® = ¢, g,,, ¥ as the microscopic
dynamical fields. For simplicity, we switch off the source terms as they are not important in the
present paper, but it is straightforward to reintroduce them if necessary. We assume that the
gravitational microscopic action (3.48) enjoys the diffeomorphism symmetries. We emphasize
that this setup is chosen for illustrative purposes, but the following discussion is not restricted
to it. The discussion remains universal as long as the underlying microscopic theory is general

covariant.

Doubled diffeomorphism symmetries. The corresponding SK action, i.e., the exponent

of the path-integral weight in Eq. (3.2) is factorized as
Smicro[q)h q)g] — S[(I)l] — S[(I)Q] 5 (349)

where we have introduced a pair of path-integral variables ®; = ¢, g, Ls (s = 1,2). This
implies that Sy enjoys two types of diffeomorphism symmetries, each of which acts on &,
and ®, separately. More concretely, we define the first type of diffeomorphism symmetries that

we call diffs; by the following transformation rule:

¢ (z) = d1(x — &i(2), (3.50a)
91, () oa _afi(x))p o Bily(m))agm(x —&1(x)), (3.50b)
Po(z) = da(x), (3.50¢)
Gy (T) = Gou (), (3.50d)
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with a local transformation parameter &|'(z), and similarly for the environment fields ;. Note
that the first set of variables ®; transforms in the standard manner, whereas the second set ®,
is unchanged. We also define the second type of diffeomorphism symmetries that we call diffs,

in a similar fashion which only acts non-trivially on ®5 but &;.

Comments on boundary conditions. The microscopic action Spyieo in the SK formalism

enjoys the doubled diffeomorphism symmetries, schematically written as
diffSl X difng s (351)

since the action is factorized into the ®; sector and the ®, sector. In contrast, the boundary
conditions imposed at the initial time ¢; and the final time ¢ of the SK path-integral mix the

two sectors. For example, the boundary conditions at ¢t = t; are
Dy (ty, ) = Doty ), (3.52)

which break the doubled diffeomorphism symmetries on the boundary into the diagonal one

satisfying

§i(ty,m) = &ty @) . (3.53)

In a similar fashion, boundary conditions at the initial time break the doubled diffeomorphism
symmetries. However, we emphasize that the two diffeomorphism symmetries in the bulk (; <
t < ty) are not affected by the boundary conditions, thanks to the local nature of diffeomorphism

symmetries.

3.2.2 Schwinger-Keldysh EFT

We have explained that in the SK formalism, the microscopic theory enjoys the doubled dif-
feomorphism symmetries (except at t = ¢;,t) thanks to the local nature of the symmetries.
As a consequence, the SKEFT after integrating out the environment sector should also respect
the doubled diffeomorphism symmetries. This is in sharp contrast to global symmetries. On
the other hand, as we discussed in Sec. 3.1, the SKEFT accommodates mixing of the doubled
path-integral variables ®; and ®,, as a consequence of on-shell particle creation that results
in dissipation and noise effects. Actually, these mixing effects make the SKEFT construction

somewhat non-trivial as we explain below.

Impacts of mixing effects. For illustration, let us imagine constructing a SK effective action

of a pair of scalars ¢, and metrics gy, (s = 1,2). The SKEFT accommodates mixing of the 1,2
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sectors, so that one may consider, e.g., the following operator as a candidate for the effective

coupling;:

/d4l’\/ —91¢1¢2- (354)

Obviously, this explicitly breaks the doubled diffeomorphism symmetries diffs; x diffs, with the
transformation parameters &' # &5, while the diagonal part &' = &5 is still preserved. More
generally, we find that local effective couplings mixing the 1,2 sectors break the non-diagonal
diffeomorphism symmetries, as long as we use fields in linear representations of diffeomorphisms
only. In other words, mixing couplings require Stiickelberg fields that non-linearly realize the
non-diagonal diffeomorphism symmetries. In Secs. 3.3-4.1, we will illustrate this property more

explicitly with concrete examples.

Physical and noise diffs. Having said this, we reorganize the doubled diffeomorphism sym-
metries diffs; x diffsy into diagonal and non-diagonal parts. First, we introduce the physical

diffeomorphism symmetries with the transformation parameter £#(x) by

§iz) =¢z), &(x)=¢"(2), (3.55)

under which the 1,2 variables transform in the same manner. On the other hand, we introduce
the noise diffeomorphism symmetries with the transformation parameter £#(x) by the non-

diagonal part of diffs; x diffsy such that

1 1
g =8, &= 58w, (3.56)

under which the 1,2 variables transform in the opposite way.

r-a basis. To discuss the physical meaning of these symmetries, it is convenient to introduce
the r-a variables as

P+ Dy

® :
2

b, =D — Dy (3.57)
Here and in what follows, we suppress the subscript r of r-variables for visual clarity. In
particular, we define the r-a variables for the metrics by

91w + 9ouv
Juv = % y o Gapw = Gl — G2uv (358)

with lower indices and we raise and lower the indices by the physical metric g,, and its inverse
g"”. Under the physical diffeomorphism transformations, the r-a variables for tensor fields

transform simply as tensors, e.g.,

¢'(z) = ¢z — £(x)), (3.59)
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$o(7) = da(z — £(2)), (3.60)
gpola) = L LV OCEEN (e, (3.61)
) = 2SR O S, (0 ey, (3.62)

On the other hand, the noise diffeomorphism transformations of the scalars are

P(ry) + () n Ga(1) — dalT)

() = ! : 7 (3.63)
() = LI E O o) oy, (3.64)
where #/y = o# F £¢(z). Similarly, the transformation rule of the metrics reads
() = 5 |Gt el + 5 ()|
+ 1 |Gt Gt (5) — Gz ez (369
o) = [ S )+ G G )
b |G Gl — G Gt ()] (3.60)

3.2.3 Classical limit

The noise diffeomorphism transformations (3.63)-(3.66) in terms of the r-a variables look rather
complicated, but they are simplified in the classical limit A — 0, where quantum fluctuations
are negligible compared to the noise effects originating from the coupling to the environment

sector. To see this, let us assign the scale h to the a-variables as
o, -, O, - hd,, (3.67)

and define the classical limit by A — 0 while keeping ®, and ®, fixed®. Correspondingly, we

assign h to the noise diffeomorphism transformation parameter £ as ¥ — h&# and take the limit

5One might wonder that fluctuations around classical solutions disappear in the classical limit, since ®; —®y =
h®, goes to zero. However, it is not the case. To see this, let us consider the harmonic oscillator model (3.32)
for illustration. Fist, recovering & gives the effective action of the form,

; ; .. . T
%Scﬁ = %/dt [XG(XT + 97X, + Wi X,) + whxg} , (3.68)

where the temperature T is replaced as T — T'/h as the dimensional analysis implies. Redefining the a-variable
X, as X, = hX,, we have

- eff—Z/dt o(Xr + X, +wiX, )—l—i’yTXﬂ ) (3.69)

so that the fluctuation term, i.e., the second term survives even in the classical limit 7 — 0 (T fixed).
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h — 0 while keeping &* fixed. Then, the noise diffeomorphism transformations (3.63)-(3.66) are

simplified in the classical limit as

¢'(x) = ¢(z), (3.70a)
$u(2) = ¢a(z) — £40ud(2) , (3.70D)
9 (@) = g (), (3.70¢)
oy (T) = W( ) = Vilar = Vilap - (3.70d)

Here we emphasize that the above is for a finite transformation, rather than an infinitesimal
one. Also, if needed, it is straightforward to perform the semiclassical expansion to include

higher orders in A, which corresponds to expansion in the number of a-variables.

3.3 Dissipative scalar coupled to dynamical gravity

In this section, we perform the EFT construction for a dissipative scalar coupled to dynamical
gravity, as an illustrative example. In Sec. 3.3.1, we first explain how the dissipative effects
are closely tied to the noise diffeomorphism symmetry. Then, in Sec. 3.3.2, we demonstrate
that dynamical Stiickelberg fields for this symmetry and the energy-momentum tensor of the
environment are required to describe dissipation in the presence of dynamical gravity. As
described in Sec 3.1, degrees of freedom in the SK formalism always come in a pair. The
partner of the noise diffeomorphism Stiickelberg field is that for the physical diffeomorphism,
which naturally appears in HydroEFT as slow-variables. We then use HydroEFT to model the
environment in Sec. 3.3.3. While Secs. 3.3.1-3.3.3 focus on the SK action at the linear order
in a-variables that describe classical EOMs, extension to higher orders in a-variables capturing
noise effects is discussed in Sec. 3.3.4. Finally, in Sec. 3.3.5, we quantify impacts of fluctuations
in the environment sector on the scalar dynamics and demonstrate that they are negligible when
the background energy of the environment is large enough compared to the typical energy of

fluctuations (hence we call it the decoupling regime).

3.3.1 Dissipative scalar coupled to background metric

First, we consider a scalar field ¢ coupled to a non-dynamical background metric g, to illustrate
that the noise diffeomorphism symmetry can be utilized to distinguish dissipative operators from

non-dissipative operators in the SKEFT.

Non-dissipative scalar. As we explained in Sec. 3.1, the SK action for non-dissipative sys-

tems is simply a difference of two copies of the in-out action. For a scalar ¢ coupled to a
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background metric g,,, we have

Sua = [ |V=ai (~50.000%01 = Vo)) - v (~ g0 - Vie )| 31

which enjoys the two diffeomorphism symmetries given in (3.50) (and similarly for the one acting

non-trivially on ¢9 and g5). In the r-a basis, the corresponding action in the classical limit reads

Sua = [ doy=g |§TO s + @0 Vo) 5.7

where V'(¢) is the derivative of V(¢) with respect to ¢ and 7}, is the energy-momentum tensor

given by

T<¢ 0,90, — Bapw%ﬂf(d))} Gw - (3.73)

In the following, unless otherwise stated, we take the classical limit for simplicity. Note that

the variation in ¢, reproduces the standard EOM,
O¢p —V'(¢) =0. (3.74)
Also, the noise diffeomorphism transformation (3.70) of the action gives
ASua = [ d'ey=g [T - (@6 - V(@) 0,0] ¢ =0, (3.75)

where we performed integration by parts at the second equality. This expression manifests that
the noise diffeomorphism invariance of the action guarantees that the energy-momentum tensor

Tﬁ‘f) is conserved on-shell.

Dissipative scalar. Next, we introduce dissipative effects to the action (3.72). The SK action

now reads
S, = [ atey=g [T + (06~ 10,0~ Vo) ] (3.76)

where u# is a time-like unit vector (u,u* = —1) that specifies the time-direction for dissipation

and v is the dissipation coefficient. The EOM for ¢, of the modified action is
O¢ — yutd,o — V() =0, (3.77)

which describes a scalar with dissipation now. The noise diffeomorphism transformation of the

modified action is
AS¢ = /d :I:'\/_ [ VV#T (D¢ — Vuuau(ﬁ o V’(cb))é’{;@uqﬂ (3.78)
= /d4x\/—_gggvu#aﬂ¢al/¢7 (379)
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which shows that the new dissipation term breaks the noise diffeomorphism invariance of the
action, as expected from the general argument of the previous section. Note that one can
explicitly show that the noise diffeomorphism symmetry cannot be recovered by any modification
of the energy-momentum tensor Th). Also, Eqs. (3.78)-(3.79) show that the energy-momentum
(¢)

tensor 7)., is no longer conserved due to violation of the noise diffeomorphism symmetry:

VT = 80,6 (06 — V(9)] = yu0,00,¢ (3.80)

om

where =" means equality that holds on-shell, i.e., after using EOMs. In this manner, the noise

diffeomorphism is useful in distinguishing dissipative terms from non-dissipative ones.

3.3.2 Lesson from a naive model with dynamical gravity

Next we elaborate on subtleties in coupling dissipative systems with dynamical gravity. For this,
let us consider the following naive model where the dissipative scalar of Eq. (3.72) is simply

coupled to the Einstein gravity®:
1
S = / e {5 (=MpiGy + TS i + (B0 = 70,0 = V'(9) b |, (383)

where G, is the Einstein tensor constructed from the r-variable metric g,, and Mp; is the

reduced Planck mass.

Noise diffs and Stiickelberg trick. As we discussed in the previous section, both of the
physical and noise diffeomorphism symmetries have to be respected in the presence of dynamical
gravity. On the other hand, the dissipation term in Eq. (3.83) breaks the noise diffeomorphism
symmetry. A simple trick to recover this symmetry is to introduce the Stiickelberg fields X*
that nonlinearly realize the noise diffeomorphism symmetry. Practically, referring to (3.70b)

and (3.70d), it is achieved by performing the replacement,

gam/ — ga;u/ = ga;ux + vuXaV + VVXau ) Cba — Pa = ¢a + X(/;auqb? (384)

6 In the 1-2 basis, the SK action for the pure Einstein gravity is given by

M2
Spure = [ @422 [V=51 (Rlar] = 4) = =33 (Rlge] ~ 1] (381)
where R[gs] (s = 1,2) is the Ricci scalar constructed from the metric gs,,, and A is the cosmological constant.
In the classical limit, the corresponding action in the r-a basis reads

M2
Spure = % / d4x\/ ) (*G;w - Ag/w) gé“’ . (382)

Here and in what follows we suppress metric indication when curvature tensors are constructed from the r-
variable metric g, e.g., Gu = G [g]. Up to the two-derivative order, Eq. (3.82) indeed gives the general SK
action of g, and gqy, that is invariant under both the physical and noise diffeomorphism symmetries. Eq. (3.83)
is obtained by coupling this to the model (3.72) (A is absorbed into the potential V(¢)).
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and assigning a non-linear transformation rule of the noise diffeomorphism to X* as
Xt — XM = XF 4 ¢ (x). (3.85)

Note that X! transforms as a vector under the physical diffeomorphism. By construction,
Gapuw and ¢, are noise diffeomorphism invariant. Then, the SK action after performing the

Stiickelberg trick reads

Sraive = / d'zy/=g B (=MEGyw + TiY) G + (06 = yu'Ou6 = V') |, (3.86)

which is invariant under both of the physical and noise diffeomorphisms. Note that the ac-
tion (3.83) can be thought of as an action in the unitary gauge, in which the Stiickelberg fields

X} are eaten by the noise metric gqp,.

Necessity of the environment sector. Now let us take a closer look at the action (3.86)
to show that the naive model fails to describe dissipation. For this, it is convenient to rewrite
Eq. (3.86) into the following form:

S 1 v
Snaive = /d4l' -9 |i§ (_MP%IGMV + Tlg(lé)) gg
+ (8¢ — yu'0,0 — V'(9)) o — yu"0,00,0 X | , (3.87)

where we just preformed integration by parts similarly to the second equality of Eq. (3.75).
This expression manifests that only the v term requires the Stiickelberg field X* to recover the
noise diffeomorphism symmetry. The EOMs for g,,, and ¢, give the Einstein equation and the
dissipative scalar EOM:

M2G,, =T'9, O¢—~yutd,p—V'(¢) =0. (3.88)

[N

On the other hand, the EOMs for X* are
yut0,¢0,¢ = 0. (3.89)

Note that this can be obtained also by taking divergence of the Einstein equation and applying
the dissipative scalar EOM, so that the unitary gauge action (3.83) leads to the same result.
Notably, Eq. (3.89) requires that the dissipated energy quantified in Eq. (3.80) has to be zero,

hence dissipation cannot be captured by this naive model.

The physical origin of this consequence is simple: Gravity couples to all degrees of freedom
universally, so that the energy-momentum tensor appearing in the Einstein equation has to take
into account the whole matter sector including the environment. However, the current naive

model does not contain the environment sector, hence the energy of the scalar cannot escape
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anywhere. It is also technically important to notice that Eq. (3.89) does not contain second-
time-derivative of ¢, so that it gives a constraint equation due to which initial conditions cannot
be taken arbitrarily. In particular, Eq. (3.89) requires u*0,¢ = 0, so that time-evolution of the
scalar ¢ is prohibited. In other words, X* play a role of auxiliary fields, which is a technical

reason why this naive model failed to describe dissipation.

Summary of the lesson. To summarize, we need to take into account the energy-momentum
tensor of the environment to describe dissipation in the presence of dynamical gravity, simply
because gravity couples to all degrees of freedom universally. For the dissipative scalar, this is

achieved by improving the action (3.86) into the following form:

]' !
5= / d'zv/=g {5 (—MAG + TS + TE) G + (O — yu D — V'(0) pu + .- |
(3.90)

where r-variables of the model include those slow variables in the environment sector collectively
denoted by @, in addition to ¢ and g,,. Also, a-variables of the model are ¢, gau,, X and
possibly other slow variables required to describe the environment sector collectively denoted
by . T is the energy-momentum tensor of the environment sector that is composed of Gy
®, and possibly ¢ as well. The time-like unit vector u* and the dissipation coefficient v may
have ®-dependence reflecting properties of the environment. The dots stand for terms linear in
O, as well as O(¢,) terms for interactions between the scalar and the environment that are not

displayed in the above. In particular, the EOMs for g,,, and X/ are
MGy =T\ + TS V(T + ™) =0, (3.91)

which can capture the energy transfer from the scalar sector to the environment and also gravity
sourced by the environment sector appropriately. In the next subsection, we argue that the EFT

of hydrodynamics offers a simple and natural model for the environment.

3.3.3 Hydro model for the environment

Now we take into account the environment to which energy of the scalar can escape. As
we discussed, the main technical issue of the naive model (3.87) was that the Stiickelberg
fields X* for the noise diffeomorphism played a role of auxiliary fields leading to the constraint
equation (3.89) that forbids dissipation. A simple and natural way to resolve this issue is to
introduce r-variables associated with X* and a kinetic term to give them dynamics. Based on
the motivation explained below, we model the environment sector by HydroEFT to construct a

self-consistent SKEFT of a dissipative scalar coupled to dynamical gravity.
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Motivation for HydroEFT. Recall that the physical and noise diffeomorphisms are r-a com-
ponents of the doubled diffeomorphisms. Then, it is natural to introduce r-variables associated
with X# as Stiickelberg fields for the physical diffeomorphism. Notably, these Stiickelberg fields
for the doubled diffeomorphism symmetries are used in HydroEFT [33,34] as the slow-variables
that represent hydrodynamic modes. We review this formalism in Appendix B to make the
thesis self-contained (see also the original papers [33,34] and the lecture note [35]), but below

we give a minium review useful for following the main text.

Minimum review on HydroEFT. First, the SK action of HydroEFT takes the following

general form at the linear order in a-variables:

1
Sivieo = 5 / A/ =g TG (3.92)

where G,,,,, is defined by Eq. (3.84). The dynamical a-variables of the SKEFT are the Stiickelberg
fields X/ for the noise diffeomorphism and also the noise metric g, is introduced as an external
field. T,S},}ydm) represents the energy-momentum tensor of fluids, whose details will be explained

shortly. The EOM for X/ guarantees the conservation law:
hydro) __
VAT ) = 0. (3.93)

The energy-momentum tensor 7, Sﬁydm) is constructed from dynamical r-variables o4 (z)” (A =
0,1,2,3) that describe a coordinate map from the physical spacetime (Eulerian) coordinates z*

A

to the fluid spacetime (Lagrangian) coordinates o, as well as g,

For example, a concrete form of the energy-momentum tensor for ideal fluids is
T = TO) = pouyu, + pol,,  (ideal fluids) (3.94)
where u* is a time-like unit vector representing the fluid velocity defined by
ut =b"'Kl (ufu, = —1). (3.95)

Here, K’ (z) = (8“0,4(1.))—1 is the inverse of 9,04 (such that K49,0" = 6%) with 9, = 2,
and b = \/TK{)‘K(%’ . The energy density py and the pressure py are functions of § = b5, with
a reference inverse temperature 3y = 7, '. When fluids are locally in thermal equilibrium, 3 is
identified as the local inverse temperature, even though the EFT construction is not limited to
the locally thermal case. Higher derivative corrections to fluid dynamics can also be incorporated

in a systematic manner.

"Note that although the HydroEFT is more naturally formulated in the fluid spacetime with the associated
pair of Stiickelberg fields (X* (o), X*(o)), it is more convenient for our purpose to rewrite the hydro action in
the physical spacetime, 2*, the conversion is provided by the inversion map of X* (), i.e. (x). All the other
dynamical fields, e.g. X*(o(z)) and B(o(z)), are expressed as functions of o (x).



40CHAPTER 3. EFTIN THE SCHWINGER-KELDYSH FOMALISM FOR DYNAMICAL GRAVITY

As a final remark, we summarize the doubled diffeomorphisms in HydroEFT and explain
why o4 () is the variable used in HydroEFT expressed in physical spacetime. First, the physical
diffeomorphism transformation of the Stiickelberg field X*#(o) (dynamical variable in the fluid
spacetime) (See Footnote 7 and Appendix B) is given by

X#(o") = X#(0) — £"(X(0)), (3.96)

where X*(0) is the inverse map of 0*(z) (dynamical variable in the physical spacetime). The
connection between o (z) and X#(o) shows that o*4(x) play a role of Stiickelberg fields for the
physical diffeomorphism in physical spacetime, as advertised. On the other hand, we require
o (z) to be invariant under the noise diffeomorphism similarly to other r-variables. This is
the reason why we say that HydroEFT offers a simple and natural framework to model the
environment sector®. See Appendix B for more details of the EFT construction, including the

symmetry principle thereof.

Dissipative scalar coupled to gravity and hydro. Now we use HydroEFT to model the
environment sector of a dissipative scalar coupled to dynamical gravity. It is simply achieved

by considering the following SK action:
1
§ = / d'zy/=g {5 (=MEGp + TL) + TE) Gi + (00 — 0 — V'(9) goa] ,

1 L1 . )
= /d496\/—g [5 (=ME G + Ti) gt + TGl

+ (0¢ —yutd,0 — V'(9)) du — vuuaugbﬁyqng] , (3.97)
where dynamical variables are ¢, ¢q, g, Gauw, o4, and X,. u* in the dissipation term of ¢
is identified with the one defined in Eq. (3.95). Also, it is compatible with the symmetry of

HydroEFT to promote the dissipation coefficient v to a function of [, just as py and pg in
Eq. (3.94)°. The EOMs for g#* and ¢, are

MG =TS + T 0¢ —yutd,e —V'(¢) = 0. (3.98)
On the other hand, the EOM for X! is modified as
VAT = —yu 0,00, , (3.99)

which captures the energy flow from the scalar sector to the environment sector modeled by
HydroEFT. In the next subsection we include noise effects described by higher orders terms
in a-variables. Also, in Sec. 3.3.5, we use our model to identify the condition under which

fluctuations in the environment sector are irrelevant to the scalar dynamics.

8We are not claiming that HydroEFT is required as a general model for the environment sector, even though
it offers a simple and natural framework to construct a local effective action in the presence of dissipation. It
would be interesting to explore other possibilities too.

9Tt is also compatible with the symmetry to include an operator V,utpq that is at the same order in
derivatives as the dissipation term, but we ignore it for simplicity.
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3.3.4 Noise effects

So far, we focused on the O(a) part of the SK action that describes classical EOMs, where the
non-trivial features of dynamical gravity already appear at this order. However, it is straightfor-
ward to include higher order terms in a-variables that describe noise effects in the same fashion.
For illustration, we consider coupling a dissipative scalar ¢ with the following SK action to
dynamical gravity taking into account the environment:

Sy = / d*z/—g BTlS‘ﬁ)gfj” +(0¢ — yut0,p — V'(B)) ¢ + %A¢3 . (3.100)

Here we have added the last term to the earlier action (3.76), which is second order in a-
variables and captures Gaussian noise effects in the same manner as the harmonic oscillator

model discussed in Sec. 3.1. Note that A > 0 follows from the unitarity condition (3.47).

Generality. We begin by a general argument without specifying details of the environment.
For a general environment, the SK action (3.90) at the first order in a-variables can be extended

to the second order as
1
o / e {5 (~MEGo + TS + Tj5™) G+ (D6 — 70,6 = V'(6)) ...
+%A¢3 + iwuavyﬁgg”ggﬁ o, (3.101)

where the second line is the newly added O(a?) terms. Here we have added a Gaussian noise term
constructed from G,,, parameterized by the coefficient W, ., which respects the physical and
noise diffeomorphism symmetries and is also at the same order in derivatives as the noise term
of the scalar. As we will discuss in the next section, this describes noise effects of gravitational
waves. Besides, the dots in the second line stand for O(a?) terms that include a-variables other

than ¢, g, X4, as well as non-Gaussian noise terms coming from higher orders.

Hydro model. Now we model the environment by HydroEFT. For illustration, we take into
account the first-order corrections to ideal fluids, which are at the same order in derivatives as
the noise and dissipation effects in the scalar sector. More explicitly, the SK action for first-order
fluids in the Landau frame takes the form [33,34],

1 i
Shydro = / d*zy/—g {§T,§};Ydr°)gzj” + ZWW,Vﬁgg‘”GSB} , (3.102)

where the energy-momentum tensor 7 ,El;yd“” is corrected from the ideal fluid one (3.94) as

1
Tde) = 70 + 70 with TS = —2n (K/w — 39wk ) ~CALK. (3.103)
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Here K, is the extrinsic curvature constructed from the fluid velocity vector u* and K is its

trace part:
K,=AVu,, K=A"K,. (3.104)

The shear viscosity 17 and the bulk viscosity ¢ are functions of 5. On the other hand, the second
term representing noise effects has the same form as the one in the general argument (3.101).
To elaborate on it, let us recall that noise terms can be correlated to dissipation terms, once the
environment state is specified. For example, when the fluids are locally in thermal equilibrium,

the dynamical KMS symmetry implies that W, .5 is of the form (see Appendix B)',

2n 1 ¢
Wiaws = 3 (AQ(MAW - §AMVAQ,3) - EA,WAaﬂ : (3.105)

with S identified with the local inverse temperature. Note that the dynamical KMS symmetry

gives a first-law type constraint py + pg = — 0 %—’g) on the ideal fluid part as well.

Combining it with the general discussion, we obtain the following SK action for a dissipative

scalar coupled to dynamical gravity and the environment modeled by HydroEFT:

1
o= / d'zv/=g {5 (—MEGu + T3 + T") G4 + (06 — yu'9u = V() pa

Y 9
+tip, +
B

?

4Wua,uﬂgsyggﬁ 5 (3106)

where T,E},,lydm) and W .5 are defined in Eq. (3.103) and Eq. (3.105), and v is now a function of
the local inverse temperature 3. For simplicity, we have assumed that the environment fluids
are locally in thermal equilibrium by imposing the dynamical KMS symmetry, which fixes the
noise term of the scalar as A = 2v/f5. Relaxing this assumption is straightforward, but there

appear some more new terms in the EFT that are not presented here.

3.3.5 Decoupling regime

As we discussed, it is necessary to take into account the energy-momentum tensor of the environ-
ment sector appropriately, in order to describe dissipative systems in the presence of dynamical
gravity. An advantage of the EFT constructed in this manner is that one may study impacts of
fluctuations in the environment sector on the system sector of interest, even though it requires
modeling of the environment sector. For example, the hydro model of the environment can be
used to quantify how the dynamics of the system sector (the scalar ¢ in the present model) is

affected, e.g., by temperature fluctuations.

19The round (square) brackets imply that the indices are symmetrized (anti-symmetrized), e.g., as A(,,) =
%(A;w + Avp) (Apw) = %(AIW — Auvu))-
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On the other hand, there are certain situations where fluctuations in the environment sector
are irrelevant to the dynamics of the system sector. For example, in the harmonic oscillator
model of Sec. 3.1, Green’s functions of the environment oscillators Y,, were approximated by
the free theory propagator at a fixed finite temperature (see footnote 3) and the resultant
effective theory (3.32) was nothing but the one for Brownian motion used in the context of open
systems as the simplest example. Intuitively, this Markovian type approximation is justified
for Brownian motion because energy of the Brownian particle is too small to change properties
(e.g., temperature) of the environment. At the cost of limitation of applicability, this type of
approximation has an advantage in universality, i.e., the effective theory of the system sector
does not depend on details of the environment. In the following, we call the regime where such

approximation works the decoupling regime.

Decoupling regime in hydro model. Having said this, let us use the hydro model for the
environment to identify the decoupling regime, where fluctuations in the environment sector are
irrelevant. For illustration, let us consider the O(a) action for a dissipative scalar ¢ coupled to

gravity and the environment sector described by an ideal fluid:
1
S = /d4x\/—g {5 (—ME)IGW + T/E,‘f) + potuuy, + pOAW) grv
+ (00 — 70, — V'(9)) ¢a | - (3.107)

Also let us denote the background configurations of 8 and u* by § and @*, and their fluctuations
by 63 and du*, respectively. To identify the decoupling regime, let us estimate impacts of 6.,
du*, and X* on the ¢ dynamics. For example, the dissipation term can be expanded around

the background as'!

—(v(B) +1'(8)aB) (@ + du") 0u6 (¢a + X;0,0) , (3.108)

so that 03, dut, and X/ are negligible as long as the following conditions are satisfied:
Y (BBl < [v(B)], |oul <1, [X,00] < |¢al. (3.109)

Here the first condition says that temperature fluctuations are small enough to not change the
dissipation coefficient. The second condition says that the time-direction of dissipation is fixed
approximately. The last condition says that noise in the fluid configuration is small enough
compared to the typical modulation scale of the scalar. Similar conditions can be derived in the
same manner for other terms in Eq. (3.107) and also for higher order corrections in derivatives
and a-fields.

11We assumed that the scalar ¢ vanishes at the background level.
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Finally, let us write down the conditions (3.109) in terms of the path-integral variables. As
we explained in Sec. 3.3.3, path-integral variables of HydroEFT are o (z) and X*. If we write

fluctuations of ¢ as 7, the kinetic term of (7, X, ) is schematically of the form,
(po + po) OTOX,, (3.110)

where for simplicity we assumed that S-dependence of pg, pg is small enough. Then, canonically

normalized fields 7. and X,. can be introduced schematically as

Te™~VpPotPoT, Xae ~ V Po + po Xa - (3111)

Now the conditions (3.109) determining the decoupling regime are rephrased as

|0Xacl, [0me| < v/po + po (3.112)

where we used du ~ 9 and §3 ~ B0, and also assumed for simplicity that the S-dependence

Iny
Ing

is given in terms of the typical energy scale E of fluctuations as

of 7 is not so strong 2| < 1. By dimensional analysis, we conclude that the decoupling regime

E* < po+ po, (3.113)

which means that energy of fluctuations is small enough compared to the background energy of
the environment. This is nothing but the condition intuitively explained earlier using Brownian
motion. In this manner, the decoupling regime of environment fluctuations can be quantified

by explicitly modeling the environment, which is an advantage of the current formulation.



Chapter 4

(Generalized second law in the
Schwinger-Keldysh formalism

For stationary black holes, the event horizon, apparent horizon, and Killing horizon all coincide,
hence there is no ambiguity in the area law. While it is still an ongoing issue on how to extend
the notion of the area law to dynamical black holes, a plausible extension is to use the area of
the apparent horizon [20,23-31], which can be defined without following the full time-evolution
of the black hole, in contrast to the event horizon. In this context, the temperature of the black
hole is defined using the dynamical surface gravity determined by the Kodama vector [24,66,67].
Meanwhile, the fluid surrounding the black hole has a locally defined temperature, leading to
a situation where two distinct temperatures are present. In the following, we show that the
generalized entropy is generated by the temperature gradient between the fluid and the black

hole, as in standard thermodynamics.

This chapter begins by extending the results from the previous chapter to discuss the dis-
sipation of gravity itself in Sec. 4.1. In doing so, it is confirmed that the fluid, modeled as an
environmental sector, captures the dissipation of gravity based on discussions of gravitational
waves in flat spacetime. Furthermore, in Sec. 4.2 | the case of a fluid surrounding a black hole
is considered as an application. By introducing the thermodynamics of dynamic black holes,
the generalized entropy is defined by combining the entropy of the fluid and the black hole. It
is shown that the increase or decrease of the generalized entropy is characterized by the tem-
perature gradient between the local temperature of the fluid, introduced from the perspective

of dynamical KMS symmetry, and the temperature of the black hole.

4.1 Dissipative gravity

In the previous chapter, we constructed the SKEFT for a dissipative scalar coupled to dynamical
gravity. There, it was crucial to introduce the energy-momentum tensor of the environment

sector, essentially because gravity couples to all degrees of freedom universally. In particular,

45
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we used HydroEFT to model the environment. In this section, we apply the same formalism
to dissipative gravity, simply by truncating the scalar field. As an application, we discuss

dissipative gravitational waves in Sec. 4.1.1.

4.1.1 Dissipative gravitational wave

First we construct a SKEFT for dissipative gravitational waves whose linear EOM around a flat

spacetime is schematically of the form,
hET + it — ORntT = 0. (4.1)

is the transverse-traceless (TT) component of metric fluctuations with ¢, j, k as the

Here hiTjT

spatial indices and + is the dissipation coefficient. We begin by a naive attempt analogous to the

naive model of a dissipative scalar studied in Sec. 3.3.2 and then incorporate the environment

sector to which the energy of gravitational waves can escape.

A naive model

To specify the time-direction of dissipation, let us introduce a time-like unit vector u# (u,u" =
—1). Using this, we also define a projector A, onto the three-dimensional spatial surface

orthogonal to v* and the associated extrinsic curvature K, by
Ay = g +upuy, K =28V, u,. (4.2)
At the linear order in perturbations around a flat spacetime with u# = ¢}, the TT components

hET of metric fluctuations are embedded into the Einstein tensor G w and the extrinsic curvature

K

v as

Gy >~ (thT - agh;ff) . Ky 3 ShIT (4.3)

2
Therefore, a naive candidate for non-linear EOMs of dissipative gravitational waves is

G,uu + /YK/LV = 07 (44)

whose T'T components reproduce Eq. (4.1) at the linear level. The corresponding SK action is

o = 30 [ ey G+ 1K) (4.5)

The v term breaks the noise diffeomorphism symmetry, but it can be recovered by introducing
the Stiickelberg fields X! as

M2
% /d4$v —9g (Gm/ + W/K;w) géw

M2
Mgy / 42/ =G (Coang + 1K) | (4.6)

where G,,,,, is defined in Eq. (3.84).

Spre = -
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Necessity of the environment sector. Similarly to the naive model (3.83) of a dissipative
scalar, the current model (4.6) cannot describe dissipative gravitational waves due to absence
of the environment energy-momentum tensor. To see this, consider the EOM for X*, or equiv-
alently the divergence of the EOM (4.4):

VK" =0, (4.7)

If we assume that the time-like unit vector u* has no acceleration v*V,u* = 0,' the EOM (4.7)

is reduced to
AN KK, = 0. (4.8)

Essentially because the derivative acting on K, is projected onto the spatial directions, the
left hand side does not contain second-time-derivatives of propagating modes, i.e., h;fJT, and
time-derivatives of auxiliary fields (lapse and shift), hence Eq. (4.8) gives a constraint equation
due to which the initial conditions cannot be chosen arbitrarily. Indeed, by explicitly calculating
the energy-momentum tensor of linear gravitational waves, one can show that this constraint
equation prohibits energy loss of gravitational waves and the current naive model (4.6) cannot

describe dissipative gravitational waves, similarly to the naive model of Sec. 3.3.2.

Introduction of the environment sector

Generality. Now we take into account the environment sector to which the energy of grav-
itational waves can escape. For generality, consider a SKEFT that contains g,., gou and X%
as well as other - and a-variables collectively denoted by ® and ®,. Also suppose that the SK

action up to the first order in a-variables is schematically of the form,
S = /d%\/ [~ M2 + VK ) + T G + (4.9)

where Tﬁnv) is the energy-momentum tensor of the environment that is composed of g,, and
®. The time-like vector u* defining the extrinsic curvature K, and the dissipation coefficient
~v may have ®-dependence. The dots stand for terms linear in ®,, if any. Then, the EOM for
X! reads

VH(YK ) = V#Tﬁm) , (4.10)

which is no more a constraint equation as long as the right hand side V“Tﬁnv) contains second-
time-derivatives of ® or time-derivatives of auxiliary fields. Physically, this equates the energy
loss of gravitational waves (the left hand side) and the energy increase in the environment sector
(the right hand side). One may check this statement explicitly by expanding Eq. (4.10) around

a given background.

IThis is a covariant generalization of the assumption that u* is a constant vector.



48CHAPTER 4. GENERALIZED SECOND LAW IN THE SCHWINGER-KELDYSH FORMALISM

Hydro model. HydroEFT again offers a simple and natural setup that realizes the above

scenario. More concretely, consider the following SK action up to the first order in a-variables:

1
S = 3 / d*vy/—g (MG + T,El;yd“’)) G (4.11)

T(hydro)

Here is the energy-momentum tensor of fluids that is composed of o as well as g,,,. Its

explicit form up to the first order in the Landau frame is

1
TIE};ydrO) = Polyty + Pol — [277 (KW — ggWK> + (AWK} , (4.12)

where pg, po, n, and ( are functions of the local inverse temperature 3. Notably, the shear vis-
cosity n term contains the extrinsic curvature, which sources dissipation of gravitational waves.
For example, if the background fluid is homogeneous and the corresponding energy-momentum
tensor is small enough, the background spacetime is approximated as a flat spacetime and
u* = §} in the rest frame. Then, the linear EOM for the TT component of metric fluctuations
reproduces Eq. (4.1) with the dissipation coefficient v = 2n/M3,. Note that fluctuations of
the hydro variables X* do not appear in the linear EOM (4.1) simply because there are no
spin-2 modes in the hydro sector. However, they appear from the second order of fluctuations,
which are responsible for describing the energy flow from the gravitational wave sector to the

environment hydro sector and contribute to the non-linear dynamics.

Noise effects. To close this subsection, we discuss the noise effects of dissipative gravitational
waves, which appear through the effective operators at the second order in a-variables. Up to
the second order in a-variables, the SK action of first-order fluids coupled to dynamical gravity

takes the form,

1
= / d*z\/—g {5 (=ME\Gpu + T) GH + WW 3G GaP | (4.13)
In the Landau frame, T\¥" is given by (4.12), whereas W, 5 is
2n 1 ¢
Winws = = <AQ(MA,,)5 - gau,,Aw) + 5. (4.14)

Note that the dynamical KMS condition specific to thermal setups was used to relate the shear
viscosity 7 and the bulk viscosity ¢ with the coefficients in W, 3, but it can be relaxed if
necessary. While the W,, .5 term describes noise effects of fluids, it also captures the noise
effects of gravitational waves as well. For example, if the background fluid is homogeneous
and the spacetime curvature is negligible, the second order SK action for the TT component of

metric fluctuations in the fluid rest frame reads

M2 . :
g — Tpl/d% l_ (h;gT +7h3;T B akhTT) BIT 4 ;0 Ty TT (4.15)

atj 6 atj 'Yaiy

with the dissipation coefficient v = 2n/Mp3,. We confirm that the dynamical KMS symmetry

implies the fluctuation-dissipation relation of dissipative gravitational waves.
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4.2 Generalized second law of black hole thermodynam-
ics

In this section, we discuss the generalized second law [3,6,68] in the context of HydroEFT
coupled to dynamical gravity introduced in the previous subsection. For simplicity, we focus
on first-order fluids coupled to the Einstein gravity (4.13), which is free from higher derivative
terms with Riemann tensors and follows the area law of black hole entropy. We consider a
scenario where a dynamical black hole is surrounded by a fluid and evaluate the change of

generalized entropy within the setup (4.13).

4.2.1 Dynamical black hole thermodynamics
First, we review the thermodynamics of dynamical black holes based on Refs. [24,66].

Metric ansatz. We start by considering a spherically symmetric spacetime, which takes the

following general form parameterized by two functions F'(v,r) and h(v,r):
ds® = =" F(v, r)dv® + 2" dvdr + r? (d6* + sin® 0dg®) | (4.16)

where 6 and ¢ are the angular coordinates, r is the radial coordinate, and v is the ingoing null
coordinate. To describe a dynamical black hole in an asymptotically flat spacetime, we further

parameterize F'(v,r) as

2GM
Flor) =1 2801 0, (4.17)
T
and assume that lim F(v,7) = 1. Here we introduced the Newton constant G = —1=. We
r—00 Pl

also assume that h(v,r) is finite in the spacetime region of our interest. Note that the Vaidya
spacetime is its special case with M (v,r) = M (v) and h(v,r) = 0, but our setup is not limited

to this.

Apparent horizon. The location of the apparent horizon is determined by solving F'(v,r) =

0. We introduce its radius rg(v) as a function of v such that
ru(v) = 2GMgu(v) with  Mgy(v) = M (v,rg(v)) , (4.18)

where Mpp(v) is the Misner-Sharp mass [69] inside the horizon that we will call it the black hole

mass in the following. Note that normalization of the energy is set by the Kodama vector [70]?

kM (v,7)0, = e "®1)g, . (4.19)

2The Kodama vector is defined by k* = ¢**V,r, where "V is the Levi-Civita tensor on the 2-dimensional
v-r spacetime, which is normalized as " = —€¢"¥ = 1//—det g,,,,, with g, being the induced metric on the 2
dimensional spacetime [70].
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With the above definition of the black hole mass, its time-dependence reads
Mgr(v) = M(v,ra(v) + M (v, r5(v))iu(v) . (4.20)

Here and in what follows, we use dot and prime to denote derivatives in v and r, respectively.

To see the physical meaning of each term, it is convenient to introduce the black hole volume

VBH(U) as
4 3
Van(v) = —M‘;(U) , (4.21)
and one can obtain from Eq. (4.20) that
: : M'(v, ru(v))
M =M — . 4.22
BH(V) (v, ru(v)) + Trra(0)? Var(v) (4.22)

We interpret the terms Mgy (v), M(v,rg(v)) and MH()Z))VBH(U) as the changes of internal

4mryg (v

energy, heat, and work, respectively. Using Eq. (4.18), the time-dependence of the horizon

radius reads

fia(v) = 2G) g (v) = < fiﬁ%ﬂ?&» . (4.23)

We also introduce the entropy Sgu(v) of the time-evolving black hole proportional to the area

of the apparent horizon as

4rrg(v)?

Seu(v) = — /5

(4.24)

Then, its time-dependence reads

Spa(v) = — 22‘;7]:;1{((”“)7411 M7 (0). (4.25)

Black hole temperature. The relation (4.25) motivates us to introduce the inverse temper-

ature Opy(v) of the time-evolving black hole by

Arry(v)

Beu(v) = 20 o (0)) (4.26)

in terms of which Eq. (4.25) enjoys the following first-law type relation:

SBH(U) = ﬁBH(v)M(v,TH(v)) ) (4.27)

Indeed, it is related to the so-called dynamical surface gravity x(v) as®

o 47try(v)
K(v) 1 —=2GM'(v,ru(v))’

3We followed the definition (4.29) proposed in [24] and further studied in [66,67,71-75]. See however Refs. [67,
76-79] for other approaches to surface gravity in dynamical spacetimes.

Beu(v) = (4.28)
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Figure 4.1: This figure shows the Penrose diagram of a non-stationary black hole: The black
line corresponds to the event horizon and the red line corresponds to the apparent horizon. Here
we consider the area of the apparent horizon A and the entropy of matter on the time slice C.

where the general definition of x(v) is given in terms of the Kodama vector k* by

NV kg = BOR ) (4.29)
and its concrete form in our setup (4.16) reads
1 =2GM'(v,rua(v))  1-2GM'(v,ru(v)) (4.30)

r(v) = AGM(v,ra(v)) 2rm(v)

4.2.2 Generalized second law

Setup. Now we suppose that time-evolution of the black hole is induced by a flow of fluid
matter and discuss the generalized second law in this context. We parameterize Cauchy surfaces

by the coordinate v at its intersection with the apparent horizon. See Fig. 4.1.

Energy flow. On the apparent horizon, M and M’ are related to the energy-momentum

tensor T, of the fluid through the Einstein equation as

M(v,ra(v)) = dmrg(v)2e Ty, M'(v,rg(v)) = —4nrg(v)?e T, . (4.31)
Here and in what follows we suppress the superscript “hydro” of T,El}}ydm) for visual clarity. Also

we refer to h(v,ry(v)) and T}, (v,ru(v)) as h and 7),,, as long as there is no risk of confusion.

Then, time-dependence of the black hole mass Mgy from (4.22) reads
MBH(U) = 4nrg(v)? TH0,(r —ru(v)),

which is nothing but the rate of the total energy flowing across the apparent horizon.
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Fluid entropy. We next consider entropy of fluids outside the apparent horizon:
Smat (V) = /d4x\/—g (v —20)0(r —ru(v))s’, (4.32)

where s* = sut = (po + po)Pfu* is the entropy current of the fluid (see, e.g., Refs. [32-34] and
Appendix B). Its time-dependence follows from the Stokes’ theorem that

dSmat (D)

> / d*zy/—=g0' (v — 0)0(r — ru(v))s”

__ / a0/ =G 0,5(v — 0) 0(r — ria(v)) 5" (4.33)
_ /d4x\/—_g(5(v — ) [9(7“ — ri(v)) Vs + 8(r — ru(v)) $48,(r — rH(v))] ,

where the local second law V,s* > 0 (that follows from unitarity and the dynamical KMS
symmetry [33]) implies that the first term in the square brackets is non-negative. Then, the
second term gives a lower bound on the entropy change:

dSmat (U)

0 > dnry(v)? ehs”au(r —ru(v)), (4.34)

where h = h(v,rg(v)) and s* = s*(v,rg(v)) as before.

Generalized second law. With the entropy change of the black hole and fluid matter intro-

duced in the above, we can now discuss the generalized entropy Sgen given by the sum,
Sgen<U> = SBH(U) -+ Smat(v) . (435)

Using the results so far, its time-dependence follows as

Pl ) (Ste) = S ) ) + a0, )

= dmrge (Ben — Begr) Tk k" + Amrie” Beg (T kMK — Togs'Ouru(v)) . (4.36)

where we have defined the effective temperature of the fluid as

L1 (4.37)

ﬁeﬂ - E (k‘“uu)T

Note that the effective temperature does not in general coincide with the local temperature T'
but differs by a factor —(k*u,), where k* is defined in (4.19). This correction factor plays a
similar role as the blue-shift factor in the definition of Tolman temperature [67]. The blue-shift
factor and hence the effective temperature vanishes when £* and w* are parallel k*u, = 0,

whereas it becomes larger as the fluid is boosted to the inward direction®.

4Tt is worth noticing that for the Schwarzschild spacetime (h(v,r) = 0 and M(v,r) = M is a constant),
k*u,, = —1 when taking u* as a velocity of a free-fall particle emitted from infinity, indicating that there is no
blue/red-shift. This is consistent with the equivalence principle.
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Quasi-static approximation. While it is not easy to provide a full interpretation of the
general result (4.36), a certain simplification occurs if we focus on quasi-static processes and
neglect terms proportional to 75 (v):

dSgen (V)

y > drrge (Ben — Bes) Ty k"k” + 47Tr12{ehﬁeffT/Ell,)k“k” (quasi-static) , (4.38)
v

where the second term is from the first order corrections to ideal fluids, hence it is subdominant
at least when fpy # Peg. Interestingly, the sign of the dominant first term is controlled by the
temperature gradient between the black hole and fluids, and also the null energy. Below, we

discuss its property for the Ty > 0 case and the Ty, < 0 case separately.

Case 1: T,, > 0. When the matter flow satisfies the null energy condition, the generalized
entropy increases when gy > [eg. This is consistent with the general thermodynamic expecta-
tion that the total entropy of a closed system increases when heat flows from a warmer region

to a colder region.

Case 2: T,, < 0. Conversely, when the null energy condition is violated, the generalized
entropy increases when gy < Beg. A typical example for this is particle emission through
the Hawking radiation [1]. Again, it is consistent with thermodynamic expectation that heat
flow is controlled by the temperature gradient. Furthermore, for Hawking particles in quasi-
static processes, we expect that u* is proportional to k*, in which limit the inverse effective

temperature goes as Sog — 00 and gy < Beg is trivially satisfied.
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Chapter 5

Conclusion

In this thesis, motivated by the description of black hole thermodynamics in dynamical contexts,
we discuss the effective field theory (EFT) of dynamical gravity within the Schwinger-Keldysh
(SK) formalism as a framework for describing non-equilibrium gravitational theories. In the
dynamical gravitational theory under the SK formalism, the time evolution is described by
the closed-time-path, leading to a doubling of diffeomorphism symmetry. Both the diagonal
parts, referred to as the physical diffeomorphism, and the off-diagonal parts, referred to as the
noise diffeomorphism, must be preserved. However, the breaking of the noise diffeomorphism
is related to the non-equilibrium nature of the system. For the theory to remain consistent,
the noise diffeomorphism symmetry can be restored by introducing Stiickelberg fields. By
dynamically promoting these Stiickelberg fields, an environment sector is naturally introduced,
replacing the role of capturing dissipation from the breaking of the noise diffeomorphism to
the dynamics of the Stiickelberg fields. Furthermore, by selecting a fluid as the model for the
EFT of the environment sector, a dissipative gravitational theory can be constructed in which

dissipation is captured through the dynamics of the fluid.

This framework is constructed as an EFT based on considerations of symmetry and the quan-
tum unitarity. As a further application to gravitational theories, this thesis employs results from
the SKEFT of hydrodynamics to explore the generalized second law in scenarios where a black
hole evolves dynamically while surrounded by a fluid. For dynamical black holes, the entropy
is typically associated with the apparent horizon. It is demonstrated that generalized entropy
production arises from the temperature gradient between the local fluid temperature, defined
based on local equilibrium principles linked to dynamical Kubo-Martin-Schwinger (KMS) sym-
metry, and the black hole temperature, determined by spacetime symmetries. Additionally, this
temperature gradient is affected by the blue-shift effect, which depends on the direction of the
fluid flow. The analysis confirms that entropy production is enhanced in both of the following
cases: (i) when fluid flows into the black hole under typical conditions, and (ii) when exotic
matter, such as Hawking radiation, flows out of the black hole. In both scenarios, the alignment

of the matter flow direction and the temperature gradient plays a critical role in driving the

25
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increase in entropy.

We finish this thesis by outlining several potential future directions. To begin with, our
proposed framework is highly versatile. It is interesting to apply the dissipative scalar model
of Sec. 3.3 to cosmology. As we discussed there, interactions between the scalar sector and
the environment sector are present in general. Impacts of these new interactions on dissipative
inflation will be worth studying. Second, our EFT recipe can directly be applied to the open
EFT of inflation [42,52]. Even though the current studies in the literature are limited to fixed
background spacetime, our present work offers a framework to incorporate dynamical gravity and
go beyond the decoupling limit of gravity, by which dynamics of gravitational waves in the open
EFT of inflation can be studied for example. Another important issue is the model-dependence
of the environment sector. Although it is natural and simple to use HydroEFT as a fluid model
for the dynamical Stiickelberg field associated with the physical diffeomorphism symmetry,
we have implicitly imposed a set of internal symmetries which defines a fluid. However, the
HydroEFT formalism is not limited to this and one can modify the set of symmetries imposed
on the Stiickelberg fields to describe other phases of matter such as solid and superfluid [46,80].
It is interesting to utilize the flexibility of the HydroEFT formalism to study various environment
sector scenarios and explore a possibility to identify the phase of the environment matter from
the dynamics of dissipative open systems. Besides, more fundamentally, the SK formalism is
a framework useful to study real-time dynamics at finite temperature, so it will offer a proper
arena to study thermodynamic properties of dynmical gravity and spacetime. We hope that
our present work on the SKEFT with dynamical gravity gives useful insights for such studies

as well.



Appendix A

Raychaudhuri’s equation

A.1 The null version of Raychaudhuri’s equation

In this appendix, we derive the null version of Raychaudhuri’s equation. First, let us consider

a generator of null hypersurfaces k* affinely parameterized by A which satisfies the following:
kKtk,=0, k'V, k" =0. (A.1)

Then, to construct the transverse metric h,, for the null hypersurface, we select an auxiliary
null vector N* and choose its normalization as k#N,, = —1. By using this, the transverse metric

is given as
hul/ = guy + kﬁNl/ + N,uku . (AQ)

Now we introduce the tensor

and define

B, = h*,h°,Bas . (A.4)

w =

This tensor describes the force experienced by the congruence of k" as

1
BMV = 50[1;“, + [y + (U,ul, s (A5)

where 0 = Bl/j is the expansion, o, = % (BW + BW> — %th is the shear tensor, and w,, =

% (B;w — Bvu) is the rotation tensor. From this B,,,, one can obtain
k'Y, B, = —B,,B" — R, k"k"
de 1 i v i
= 52—59—0 O + ww,, — R k'K (A.6)
This is Raychaudhuri’s equation for a congruence of null geodesics.
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Finally, let us mention an important property of the expansion. For a coordinate z* =
(A, 7, 2"), the cross-sectional area element of the null hypersurface generated by k* is defined by

ad?z. Here a = det(a;;) and it is given as
J
aij = gueies, kyef =0= Ny . (A7)

This a;; is inverse of h,, on the geodesic:

h = aijefej’{. (A.8)
Now one can obtain the relation
do - - y
o= ( o+ Bw) ele (A.9)

and taking its trace give

h=—"/a. (A.10)



Appendix B

Schwinger-Keldysh EFT of
hydrodynamics

This appendix reviews and explains all the essential features and ideas of HydroEFT used in

this paper. We refer the readers to [32-35] for proofs and derivations.

B.1 Stiickelberg fields of HydroEFT

In this subsection, we explain the physical origin of the Stiickelberg fields that arise in Hydro
EFT. Recall that in Eq. (3.102), we presented a hydro action

1
Shydro = / d'z\/—g {éT;E};ydm)gaW +

i
4
which implicitly contains the dynamical fields X* and X* in the r-a basis or equivalently X}’

and X% in the 1-2 basis. These fields were introduced in Eq. (3.84) through the Stiickelberg

trick to recover the diffeomorphism symmetries at the action level on the closed-time path. To

Wua,uﬁggyggﬁ 5 (Bl)

make a connection to conventional hydrodynamics and discuss the physical meaning of these
fields, it is best done by going back to the original form of the action constructed in [32,33].

The exact form of the action is not important here and is schematically written as
Shydro = /d40'£eff [X{L(O')a XQ”(O-)a gl,uzu g2;w] . (Bz)

The effective Lagrangian, L., is written in terms of coordinates 4. In this form, this hydro
action is expressed in a “fluid spacetime” parameterized by the coordinates o (A = 0, 1,2, 3).
The dynamical fields X{(0)/X4(0) describes a map from the fluid spacetime to a physical
spacetime parameterized by the coordinates z/' /x4 (see Figure B.1). This is equivalent to the
Lagrangian frame of conventional hydrodynamics. Note that we have two copies of the physical
spacetime. ¢, and gs,, in Eq. (B.2) are the two physical spacetime metrics and act as the
(non-dynamical) source of the stress tensor living on each physical spacetime, respectively. In

this language, the induced metric hy4p on the fluid spacetime in the 1-2 basis reads

X1 OXY
hsAB(U) = gs;w(Xs)W&T_Ba (S = 17 2) . (B3)

29
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fluid spacetime physical spacetime
o! i 0 I
\\\ X'(o",0")
5 ™ X050 ol
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Figure B.1: The left figure shows the fluid spacetime where h 45 lives: Fluid elements are labeled
by ¢® and ¢’ (I =1,2,3). The right figure shows the physical spacetime where g, lives: X*(o)
tells us the position of the fluids in the spacetime. Note that there are two copies of physical
spacetime but only one is shown here.

To convert the hydro action to a more familiar form, i.e., the effective Lagrangian and all the
fields are functions of the physical spacetime, formally we can introduce an inverse map of
the dynamical variables and express the fluid spacetime coordinates in terms of the physical

spacetime coordinates. Such inverse map was presented and discussed in [34].

B.2 Symmetries and local temperature of HydroEFT

Having discussed the physical meaning of the dynamical fields of HydroEFT, the next step is
to understand the symmetries of a fluid. After that, we also explain how we can introduce a
local temperature to the system and how the concept of local thermal equilibrium is connected

to the KMS symmetry in this subsection.

Fluid symmetries. In the Lagrangian frame of hydrodynamics, we label each fluid element
and follows their trajectory (c.f. the Eulerian frame where we focus on a fixed spacetime point
and observe how fluid elements pass through it.). Such role is played by the spatial coordinates
ol (I =1,2,3) in the fluid spacetime. The worldline (trajectory) of each fluid element is given
by a constant-o! curve and parameterized by ¢°. Although the existence of a fluid breaks part

of the diffeomorphism symmetry, the following symmetries remains:

1. Time-independent reparameterizations of o

' =0 o —=ole), (I=1,23). (B.4)

2. Time-diffeomorphisms of ¢°

o =% "), ol w0l (I=1,23). (B.5)
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The first condition (B.4) implies the invariance under a relabeling of fluid elements, while (B.5)
implies the time-reparametrization invariance of the fluid element’s worldline. These symmetries

define a fluid.

Local temperature. In formulating the HydroEFT, we have assumed an initial thermal den-
sity matrix p = %eﬁgoH with an inverse temperature 3,. Under a perturbation with a timescale
much larger than the local thermalization (relaxation) time, thermodynamics quantities includ-
ing the temperature can fluctuate locally. To describe the local temperature of a fluid, it is

convenient to introduce a scalar field 7(o) which defines the local proper temperature T'(o) as
T(o)=Tye ™) (B.6)

with a reference temperature set by the initial state Ty = 3;'. The local temperature Tiocai(0)

normalized by the temporal coordinate ¢° is defined as

Toea(0) = BT(0) = B:Toe ", Br =5 (Voo + v/ o) (B.7)
From here and onward, we fix E, = €7 by using the time-diffeomorphisms (B.5) to obtain
Tiocat(0) = To , (B.8)
and the local proper temperature becomes

()= 5 = 57 (B.9)

These procedures correspond to defining the local temperature by imposing the imaginary fluid
time periodicity o ~ ¥+ iB;". This gauge choice does not completely fix (B.5) and the

following gauge transformation remains:

o® = ¥+ A\(ol). (B.10)

Dynamical KMS symmetry. If the microscopic system has a Z, symmetry which includes
time reversal, the generating function e?"V191:92] of a system with an initial state in thermal equi-

librium (with an inverse temperature f) satisfies the Kubo-Martin-Schwinger (KMS) condition:
Wligi(x), 92(x)] = W (g1 (), ga()] (B.11)

with
G () = Og1y (6,7) . Jou(x) = Ogop (t + 1P, T) , (B.12)

where © is one of the following Z, transformations T7'/PT/CPT, where C, P and T repre-
sents the charge conjugation, parity and time reversal, respectively. The explicit choice of this

transformation depends on the microscopic system of interest but at least contains 7.
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One can generalize the KMS condition to accommodate systems that are out-of-equilibrium
but in local thermal equilibrium. It was proposed in [34] (and also in [37] in a different context)
that the local equilibrium condition can be implemented as a symmetry at the level of the

effective action:

Ser[X1(0), X2(0); h1, ha] = Ser[X1(0), Xa(0); hy, hy (B.13)

with
hiag(0) = Ohiap(0®, '), hoap(0) = Ohyup(c® + by, o?), (B.14)

and
XMo)=0X"0" "), XU(o)=0Xc®+if, ol) —ibudh. (B.15)

(B.12) is implied by (B.14) and (B.15). The symmetry associated with the transformations
(B.14) and (B.15) is called the dynamical KMS symmetry. Note that the KMS symmetry
(B.11) is a symmetry based on the temperature of the initial state in equilibrium, whereas the
dynamical KMS symmetry (B.13) is a symmetry based on the periodicity of 00, Therefore,
theories with the dynamical KMS symmetry can take any local equilibrium state as the initial

state.

B.3 Ingredients of HydroEFT and symmetries in the clas-
sical limit

To construct the HydroEFT perturbatively, we need to identify a suitable set of variables with
nice transformation properties under the symmetries discussed above. In this subsection, we
discuss this procedure in more details. We will only consider the classical limit which is adequate

for this thesis.

r-a basis. It is convenient to use the r-a basis for considering the classical limit:

1

Juw = 92 (910 + G20) 5 hGapw = Gruw = o (B.16)
1

X“:§(Xf+X2”), hXF = XV — XV, (B.17)
1

hap = 3 (hiap + haag), hhoap = hiap — haap . (B.18)

As explained in Sec. 3.2.3, the spacetime diffeomorphisms in the classical limit are given by
(3.70c) and (3.70d). In what follows, we introduce the transformation properties of the fluid
diffeomorphisms in the classical limit, along with the corresponding ingredients for constructing
the hydro EFT. Furthermore, we present the transformation properties of the dynamical KMS

symmetries in the same limit.
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Fluid spacetime metric. Next, we associate the fluid spacetime metric h4p and the physical

spacetime metric g, in the classical limit:

oX"oX"
Similarly, the “noise” metrics h,45 on the fluid spacetime reads
oXHoXY
haAB(U) = ao'—Aao'_Bga'uy(X) , gaw/(X) = ga“y -+ V#Xay + VZ,X(L“ . (B20>

Notice that G,,, is invariant under the noise diffeomorphism (3.70d), hence it is a suitable

quantity for constructing the EFT.

Ingredients for hydro EFT. Now we identify ingredients of the hydro effective action. First,
we define the canonically normalized four-velocity u* by
1 oXx*

which is invariant under the fluid diffeomorphisms (B.4) and (B.5). The transverse projector

ut (wu" = —1), (B.21)

orthogonal to u* is defined by
AP = g +ulu” (B.22)

which satisfies u, A" = 0 and A*A,, = ¢5. Also it is invariant under (B.4) and (B.5). In the
classical limit, we have E, = /—hg, so that the local proper temperature reads
Ty 1

- V-hw  Blo)’

Note that (o) is invariant under (B.10). Thus, the variables that transform nicely under the

T(o) (B.23)

symmetries and are convenient for constructing the action are

ga,u,lja UN’ AMV? 67 (B24)
and their derivatives.
Dynamical KMS transformations. Let us also look at the dynamical KMS transformations

for the r-a variables in the semiclassical limit. If we recover h explicitly, 5y becomes hfSy, so

that we obtain

g,tw(x) = @g;w(x) ) ga/u/(I) = @gaul/<x> + iG‘CﬁoguV(x) ) (B'25)
X*(0) = ©XH o), X"(0) = ©XH(0) — 108" (o) + il (B.26)
HAB(O'> :@hAB(O'), HaAB(U> :@haAB(U)+i@£5hAB(U), (B27)

where #(z) = B(x)ut, 85 = Bodyy, and the physical variables transform as

a#(x) = Guﬂ(‘r)? B(I) - @B(l’), Gauy(l’) = @ga,uz/(x) + Z@Eﬁguy(x) . (B28)
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B.4 Entropy current associated with the dynamical KMS
invariance

If dynamical KMS symmetry is a symmetry of the action, we can construct a quantity similar
to a Noether current by using the Lagrangian formulated in the previous subsection. For
HydroEFT, this quantity coincides with the usual entropy current defined in thermodynamics.
We will review the construction in this subsection. For simplicity, we only consider the action
(B.1) which includes derivatives up to first order.

In general, dynamical KMS invariant theories satisfy

Log = Leg — 1V, VH, B.29
m

where L.g is obtained by taking the KMS transformation and z — 2’ = Oz, with © =
T, PT,CPT, of the Lagrangian density. Applying the KMS transformation to (B.1) and keeping

only upto first order in derivatives, V* is given by
VI = popt, (B.30)

where we have used the thermodynamics identity py + pp = —B9spo. On the other hand, using
the EOM, the KMS transformation of the Lagrangian becomes

Lot — Lo =iV, (T"85,) . (B.31)

where T}, = T,Sg) + T,S,l,). From these calculations, we can define something akin to a Noether

current based on the dynamical KMS invariance:

st=VH-THgG,
=po" =T, . (B.32)

This s* coincides with the usual entropy current in hydrodynamics. Considering the divergence

of this entropy current s*, we have
Vst = gnJWUW + BC* >0, (B.33)

where we have used the constitution relation of the stress tensor upto first order in derivative
and the semi-positive definite properties of n and &, i.e. ( > 0, n > 0, from quantum unitarity
condition (3.47). For a perfect fluid, the entropy current is conserved. Here, we only presented

a proof of the second law upto first order correction. A proof to all orders can be found in [33].



Bibliography

1]

[7]

8]

[9]

[10]

[11]

[12]

S. W. Hawking, “Particle Creation by Black Holes,” Commun. Math. Phys. 43 (1975)
199-220. [Erratum: Commun.Math.Phys. 46, 206 (1976)].

S. W. Hawking and J. B. Hartle, “Energy and angular momentum flow into a black hole,”
Commun. Math. Phys. 27 (1972) 283-290.

J. D. Bekenstein, “Black holes and entropy,” Phys. Rev. D 7 (1973) 2333-2346.

J. M. Bardeen, B. Carter, and S. W. Hawking, “The Four laws of black hole mechanics,”
Commun. Math. Phys. 31 (1973) 161-170.

S. W. Hawking, “Gravitational radiation from colliding black holes,” Phys. Rev. Lett. 26
(1971) 1344-1346.

J. D. Bekenstein, “Generalized second law of thermodynamics in black hole physics,”
Phys. Rev. D9 (1974) 3292-3300.

W. H. Zurek and K. S. Thorne, “Statistical mechanical origin of the entropy of a rotating,
cha rged black hole,” Phys. Rev. Lett. 54 (1985) 2171.

R. D. Sorkin, “Toward a proof of entropy increase in the presence of quantum black
holes,” Phys. Rev. Lett. 56 (1986) 1885-1888.

V. P. Frolov and D. N. Page, “Proof of the generalized second law for quasistationary
semiclassical black holes,” Phys. Rev. Lett. 71 (1993) 3902-3905, arXiv:gr-qc/9302017.

T. M. Fiola, J. Preskill, A. Strominger, and S. P. Trivedi, “Black hole thermodynamics
and information loss in two-dimensions,” Phys. Rev. D 50 (1994) 3987-4014,
arXiv:hep-th/9403137.

S. Mukohyama, “New proof of the generalized second law,” Phys. Rev. D 56 (1997)
2192-2201, arXiv:gr-qc/9611017.

R. D. Sorkin, “The statistical mechanics of black hole thermodynamics,” in Symposium
on Black Holes and Relativistic Stars (dedicated to memory of S. Chandrasekhar). 5,
1997. arXiv:gr-qc/9705006.

65


https://dx.doi.org/10.1007/BF02345020
https://dx.doi.org/10.1007/BF02345020
https://dx.doi.org/10.1007/BF01645515
https://dx.doi.org/10.1103/PhysRevD.7.2333
https://dx.doi.org/10.1007/BF01645742
https://dx.doi.org/10.1103/PhysRevLett.26.1344
https://dx.doi.org/10.1103/PhysRevLett.26.1344
https://dx.doi.org/10.1103/PhysRevD.9.3292
https://dx.doi.org/10.1103/PhysRevLett.54.2171
https://dx.doi.org/10.1103/PhysRevLett.56.1885
https://dx.doi.org/10.1103/PhysRevLett.71.3902
https://arxiv.org/abs/gr-qc/9302017
https://dx.doi.org/10.1103/PhysRevD.50.3987
https://arxiv.org/abs/hep-th/9403137
https://dx.doi.org/10.1103/PhysRevD.56.2192
https://dx.doi.org/10.1103/PhysRevD.56.2192
https://arxiv.org/abs/gr-qc/9611017
https://arxiv.org/abs/gr-qc/9705006

66

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

22]

23]

[24]

BIBLIOGRAPHY

E. E. Flanagan, D. Marolf, and R. M. Wald, “Proof of classical versions of the Bousso
entropy bound and of the generalized second law,” Phys. Rev. D 62 (2000) 084035,
arXiv:hep-th/9908070.

R. Bousso, E. E. Flanagan, and D. Marolf, “Simple sufficient conditions for the
generalized covariant entropy bound,” Phys. Rev. D 68 (2003) 064001,
arXiv:hep-th/0305149.

A. C. Wall, “Ten Proofs of the Generalized Second Law,” JHEP 06 (2009) 021,
arXiv:0901.3865 [gr-qc].

A. C. Wall, “A Proof of the generalized second law for rapidly-evolving Rindler horizons,”
Phys. Rev. D 82 (2010) 124019, arXiv:1007.1493 [gr-qc].

A. C. Wall, “The Generalized Second Law implies a Quantum Singularity Theorem,”
Class. Quant. Grav. 30 (2013) 165003, arXiv:1010.5513 [gr-qc]. [Erratum:
Class.Quant.Grav. 30, 199501 (2013)].

A. C. Wall, “A proof of the generalized second law for rapidly changing fields and
arbitrary horizon slices,” Phys. Rev. D 85 (2012) 104049, arXiv:1105.3445 [gr-qc].
[Erratum: Phys.Rev.D 87, 069904 (2013)].

K. Bamba, M. Jamil, D. Momeni, and R. Myrzakulov, “Generalized Second Law of
Thermodynamics in f(7T") Gravity with Entropy Corrections,” Astrophys. Space Sci. 344
(2013) 259-267, arXiv:1202.6114 [physics.gen-ph].

U. Debnath, M. Jamil, R. Myrzakulov, and M. Akbar, “Thermodynamics of Evolving
Lorentzian Wormhole at Apparent and Event Horizons,” Int. J. Theor. Phys. 53 no. 12,
(2014) 4083-4094, arXiv:1202.1706 [physics.gen-ph].

X. Dong, “Holographic Entanglement Entropy for General Higher Derivative Gravity,”
JHEP 01 (2014) 044, arXiv:1310.5713 [hep-th].

A. C. Wall, “A Second Law for Higher Curvature Gravity,” Int. J. Mod. Phys. D 24
no. 12, (2015) 1544014, arXiv:1504.08040 [gr-qc].

S. A. Hayward, “General laws of black hole dynamics,” Phys. Rev. D 49 (1994)
6467-6474.

S. A. Hayward, “Unified first law of black hole dynamics and relativistic
thermodynamics,” Class. Quant. Grav. 15 (1998) 3147-3162, arXiv:gr-qc/9710089.


https://dx.doi.org/10.1103/PhysRevD.62.084035
https://arxiv.org/abs/hep-th/9908070
https://dx.doi.org/10.1103/PhysRevD.68.064001
https://arxiv.org/abs/hep-th/0305149
https://dx.doi.org/10.1088/1126-6708/2009/06/021
https://arxiv.org/abs/0901.3865
https://dx.doi.org/10.1103/PhysRevD.82.124019
https://arxiv.org/abs/1007.1493
https://dx.doi.org/10.1088/0264-9381/30/19/199501
https://arxiv.org/abs/1010.5513
https://dx.doi.org/10.1103/PhysRevD.85.104049
https://arxiv.org/abs/1105.3445
https://dx.doi.org/10.1007/s10509-012-1312-2
https://dx.doi.org/10.1007/s10509-012-1312-2
https://arxiv.org/abs/1202.6114
https://dx.doi.org/10.1007/s10773-014-2159-9
https://dx.doi.org/10.1007/s10773-014-2159-9
https://arxiv.org/abs/1202.1706
https://dx.doi.org/10.1007/JHEP01(2014)044
https://arxiv.org/abs/1310.5713
https://dx.doi.org/10.1142/S0218271815440149
https://dx.doi.org/10.1142/S0218271815440149
https://arxiv.org/abs/1504.08040
https://dx.doi.org/10.1103/PhysRevD.49.6467
https://dx.doi.org/10.1103/PhysRevD.49.6467
https://dx.doi.org/10.1088/0264-9381/15/10/017
https://arxiv.org/abs/gr-qc/9710089

BIBLIOGRAPHY 67

[25]

[30]

[31]

[32]

A. Ashtekar and B. Krishnan, “Dynamical horizons: Energy, angular momentum, fluxes
and balance laws,” Phys. Rev. Lett. 89 (2002) 261101, arXiv:gr-qc/0207080.

A. B. Nielsen and M. Visser, “Production and decay of evolving horizons,” Class. Quant.
Grav. 23 (2006) 4637-4658, arXiv:gr-qc/0510083.

A. B. Nielsen, “Black holes and black hole thermodynamics without event horizons,”

Gen. Rel. Grav. 41 (2009) 1539-1584, arXiv:0809.3850 [hep-th].

S. Hollands, R. M. Wald, and V. G. Zhang, “Entropy of dynamical black holes,” Phys.
Rev. D 110 no. 2, (2024) 024070, arXiv:2402.00818 [hep-th].

M. R. Visser and Z. Yan, “Properties of Dynamical Black Hole Entropy,”
arXiv:2403.07140 [hep-th].

D. Takeda, “Coarse-graining black holes out of equilibrium with boundary observables on
time slice,” JHEP 05 (2024) 319, arXiv:2403.07275 [hep-th].

D. Kong, Y. Tian, H. Zhang, and J. Zhao, “Dynamical black hole entropy beyond general
relativity from the Einstein frame,” arXiv:2412.00647 [hep-th].

M. Crossley, P. Glorioso, and H. Liu, “Effective field theory of dissipative fluids,” JHEP
09 (2017) 095, arXiv:1511.03646 [hep-th].

P. Glorioso and H. Liu, “The second law of thermodynamics from symmetry and
unitarity,” arXiv:1612.07705 [hep-th].

P. Glorioso, M. Crossley, and H. Liu, “Effective field theory of dissipative fluids (II):
classical limit, dynamical KMS symmetry and entropy current,” JHEP 09 (2017) 096,
arXiv:1701.07817 [hep-th].

H. Liu and P. Glorioso, “Lectures on non-equilibrium effective field theories and
fluctuating hydrodynamics,” PoS TASI2017 (2018) 008, arXiv:1805.09331 [hep-th].

P. H. C. Lau, K. Nishii, and T. Noumi, “Gravitational EFT for dissipative open systems,”
arXiv:2412.21136 [hep-th].

L. M. Sieberer, A. Chiocchetta, A. Gambassi, U. C. Tauber, and S. Diehl,
“Thermodynamic Equilibrium as a Symmetry of the Schwinger-Keldysh Action,” Phys.
Rev. B 92 no. 13, (2015) 134307, arXiv:1505.00912 [cond-mat.stat-mech].

F. M. Haehl, R. Loganayagam, and M. Rangamani, “Adiabatic hydrodynamics: The
eightfold way to dissipation,” JHEP 05 (2015) 060, arXiv:1502.00636 [hep-th].


https://dx.doi.org/10.1103/PhysRevLett.89.261101
https://arxiv.org/abs/gr-qc/0207080
https://dx.doi.org/10.1088/0264-9381/23/14/006
https://dx.doi.org/10.1088/0264-9381/23/14/006
https://arxiv.org/abs/gr-qc/0510083
https://dx.doi.org/10.1007/s10714-008-0739-9
https://arxiv.org/abs/0809.3850
https://dx.doi.org/10.1103/PhysRevD.110.024070
https://dx.doi.org/10.1103/PhysRevD.110.024070
https://arxiv.org/abs/2402.00818
https://arxiv.org/abs/2403.07140
https://dx.doi.org/10.1007/JHEP05(2024)319
https://arxiv.org/abs/2403.07275
https://arxiv.org/abs/2412.00647
https://dx.doi.org/10.1007/JHEP09(2017)095
https://dx.doi.org/10.1007/JHEP09(2017)095
https://arxiv.org/abs/1511.03646
https://arxiv.org/abs/1612.07705
https://dx.doi.org/10.1007/JHEP09(2017)096
https://arxiv.org/abs/1701.07817
https://dx.doi.org/10.22323/1.305.0008
https://arxiv.org/abs/1805.09331
https://arxiv.org/abs/2412.21136
https://dx.doi.org/10.1103/PhysRevB.92.134307
https://dx.doi.org/10.1103/PhysRevB.92.134307
https://arxiv.org/abs/1505.00912
https://dx.doi.org/10.1007/JHEP05(2015)060
https://arxiv.org/abs/1502.00636

68

[39]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

[51]

BIBLIOGRAPHY

K. Jensen, N. Pinzani-Fokeeva, and A. Yarom, “Dissipative hydrodynamics in
superspace,” JHEP 09 (2018) 127, arXiv:1701.07436 [hep-th].

K. Jensen, R. Marjieh, N. Pinzani-Fokeeva, and A. Yarom, “An entropy current in
superspace,” JHEP 01 (2019) 061, arXiv:1803.07070 [hep-th].

Y. Minami and Y. Hidaka, “Spontaneous symmetry breaking and Nambu-Goldstone
modes in dissipative systems,” Phys. Rev. F297 no. 1, (2018) 012130, arXiv:1509.05042

[cond-mat.stat-mech].

M. Hongo, S. Kim, T. Noumi, and A. Ota, “Effective field theory of time-translational
symmetry breaking in nonequilibrium open system,” JHEP 02 (2019) 131,
arXiv:1805.06240 [hep-th].

T. Hayata and Y. Hidaka, “Diffusive Nambu-Goldstone modes in quantum time-crystals,”
arXiv:1808.07636 [hep-th].

M. Hongo, S. Kim, T. Noumi, and A. Ota, “Effective Lagrangian for Nambu-Goldstone
modes in nonequilibrium open systems,” Phys. Rev. D 103 no. 5, (2021) 056020,
arXiv:1907.08609 [hep-th].

M. J. Landry, “The coset construction for non-equilibrium systems,” JHEP 07 (2020)
200, arXiv:1912.12301 [hep-th].

M. J. Landry, “Non-equilibrium effective field theory and second sound,” JHEP 04 (2021)
213, arXiv:2008.11725 [hep-th].

M. J. Landry, “Dynamical chemistry: non-equilibrium effective actions for reactive
fluids,” J. Stat. Mech. 2207 no. 7, (2022) 073205, arXiv:2006.13220 [hep-th].

M. J. Landry, “Higher-form and (non-)Stiickelberg symmetries in non-equilibrium
systems,” arXiv:2101.02210 [hep-th].

K. Fujii and M. Hongo, “Effective field theory of fluctuating wall in open systems: from a
kink in Josephson junction to general domain wall,” SciPost Phys. 12 no. 5, (2022) 160,
arXiv:2109.10335 [hep-th].

J. Polonyi, “Equilibrium properties and decoherence of an open harmonic oscillator,” J.
Phys. A 53 no. 23, (2020) 235301, arXiv:1904.08706 [quant-ph].

A. Ota, “Fluctuation-dissipation relation in cosmic microwave background,” JCAP 05
(2024) 062, arXiv:2402.07623 [hep-th].


https://dx.doi.org/10.1007/JHEP09(2018)127
https://arxiv.org/abs/1701.07436
https://dx.doi.org/10.1007/JHEP01(2019)061
https://arxiv.org/abs/1803.07070
https://dx.doi.org/10.1103/PhysRevE.97.012130
https://arxiv.org/abs/1509.05042
https://arxiv.org/abs/1509.05042
https://dx.doi.org/10.1007/JHEP02(2019)131
https://arxiv.org/abs/1805.06240
https://arxiv.org/abs/1808.07636
https://dx.doi.org/10.1103/PhysRevD.103.056020
https://arxiv.org/abs/1907.08609
https://dx.doi.org/10.1007/JHEP07(2020)200
https://dx.doi.org/10.1007/JHEP07(2020)200
https://arxiv.org/abs/1912.12301
https://dx.doi.org/10.1007/JHEP04(2021)213
https://dx.doi.org/10.1007/JHEP04(2021)213
https://arxiv.org/abs/2008.11725
https://dx.doi.org/10.1088/1742-5468/ac7a27
https://arxiv.org/abs/2006.13220
https://arxiv.org/abs/2101.02210
https://dx.doi.org/10.21468/SciPostPhys.12.5.160
https://arxiv.org/abs/2109.10335
https://dx.doi.org/10.1088/1751-8121/ab8d08
https://dx.doi.org/10.1088/1751-8121/ab8d08
https://arxiv.org/abs/1904.08706
https://dx.doi.org/10.1088/1475-7516/2024/05/062
https://dx.doi.org/10.1088/1475-7516/2024/05/062
https://arxiv.org/abs/2402.07623

BIBLIOGRAPHY 69

[52]

[53]

[54]

[60]

[61]

[62]

[63]

S. A. Salcedo, T. Colas, and E. Pajer, “The open effective field theory of inflation,” JHEP
10 (2024) 248, arXiv:2404.15416 [hep-th].

M. Hongo, N. Sogabe, M. A. Stephanov, and H.-U. Yee, “Schwinger-Keldysh effective
action for hydrodynamics with approximate symmetries,” arXiv:2411.08016 [hep-th].

S. A. Salcedo, T. Colas, and E. Pajer, “An Open Effective Field Theory for light in a
medium,” arXiv:2412.12299 [hep-th].

C. O. Akyuz, G. Goon, and R. Penco, “The Schwinger-Keldysh coset construction,”
JHEP 06 (2024) 004, arXiv:2306.17232 [hep-th].

L. M. Sieberer, M. Buchhold, and S. Diehl, “Keldysh Field Theory for Driven Open
Quantum Systems,” Rept. Prog. Phys. 79 no. 9, (2016) 096001, arXiv:1512.00637

[cond-mat.quant-gas].

X. Chen-Lin, L. V. Delacrétaz, and S. A. Hartnoll, “Theory of diffusive fluctuations,”
Phys. Rev. Lett. 122 no. 9, (2019) 091602, arXiv:1811.12540 [hep-th].

J. Chao and T. Schaefer, “Multiplicative noise and the diffusion of conserved densities,”
JHEP 01 (2021) 071, arXiv:2008.01269 [hep-th].

C. Cheung, P. Creminelli, A. L. Fitzpatrick, J. Kaplan, and L. Senatore, “The Effective
Field Theory of Inflation,” JHEP 03 (2008) 014, arXiv:0709.0293 [hep-th].

D. Lopez Nacir, R. A. Porto, L. Senatore, and M. Zaldarriaga, “Dissipative effects in the
Effective Field Theory of Inflation,” JHEP 01 (2012) 075, arXiv:1109.4192 [hep-th].

C. P. Burgess, R. Holman, G. Tasinato, and M. Williams, “EFT Beyond the Horizon:
Stochastic Inflation and How Primordial Quantum Fluctuations Go Classical,” JHEP 03
(2015) 090, arXiv:1408.5002 [hep-th].

A. Kamenev, Field Theory of Non-Equilibrium Systems. Cambridge University Press,
2011.

Y. BenTov, “Schwinger-Keldysh path integral for the quantum harmonic oscillator,”
arXiv:2102.05029 [hep-th].

S. Weinberg, “Effective Field Theory for Inflation,” Phys. Rev. D 77 (2008) 123541,
arXiv:0804.4291 [hep-th].

M. L. Bellac, Thermal Field Theory. Cambridge Monographs on Mathematical Physics.
Cambridge University Press, 3, 2011.


https://dx.doi.org/10.1007/JHEP10(2024)248
https://dx.doi.org/10.1007/JHEP10(2024)248
https://arxiv.org/abs/2404.15416
https://arxiv.org/abs/2411.08016
https://arxiv.org/abs/2412.12299
https://dx.doi.org/10.1007/JHEP06(2024)004
https://arxiv.org/abs/2306.17232
https://dx.doi.org/10.1088/0034-4885/79/9/096001
https://arxiv.org/abs/1512.00637
https://arxiv.org/abs/1512.00637
https://dx.doi.org/10.1103/PhysRevLett.122.091602
https://arxiv.org/abs/1811.12540
https://dx.doi.org/10.1007/JHEP01(2021)071
https://arxiv.org/abs/2008.01269
https://dx.doi.org/10.1088/1126-6708/2008/03/014
https://arxiv.org/abs/0709.0293
https://dx.doi.org/10.1007/JHEP01(2012)075
https://arxiv.org/abs/1109.4192
https://dx.doi.org/10.1007/JHEP03(2015)090
https://dx.doi.org/10.1007/JHEP03(2015)090
https://arxiv.org/abs/1408.5002
https://arxiv.org/abs/2102.05029
https://dx.doi.org/10.1103/PhysRevD.77.123541
https://arxiv.org/abs/0804.4291
https://dx.doi.org/10.1017/CBO9780511721700

70

[66]

[67]

[68]

[69]

[71]

[72]

[74]

BIBLIOGRAPHY

A. B. Nielsen and J. H. Yoon, “Dynamical surface gravity,” Class. Quant. Grav. 25
(2008) 085010, arXiv:0711.1445 [gr-qc].

S. A. Hayward, R. Di Criscienzo, L. Vanzo, M. Nadalini, and S. Zerbini, “Local Hawking
temperature for dynamical black holes,” Class. Quant. Grav. 26 (2009) 062001,
arXiv:0806.0014 [gr-qc].

J. D. Bekenstein, “Black holes and the second law,” Lett. Nuovo Cim. 4 (1972) 737-740.

C. W. Misner and D. H. Sharp, “Relativistic equations for adiabatic, spherically
symmetric gravitational collapse,” Phys. Rev. 136 (Oct, 1964) B571-B576.
https://link.aps.org/doi/10.1103/PhysRev.136.B571.

H. Kodama, “Conserved Energy Flux for the Spherically Symmetric System and the Back
Reaction Problem in the Black Hole Evaporation,” Prog. Theor. Phys. 63 (1980) 1217.

S. Murk and D. R. Terno, “Universal properties of the near-horizon geometry,” Phys.
Rev. D 103 no. 6, (2021) 064082, arXiv:2010.03784 [gr-qcl.

R. B. Mann, S. Murk, and D. R. Terno, “Surface gravity and the information loss
problem,” Phys. Rev. D 105 no. 12, (2022) 124032, arXiv:2109.13939 [gr-qcl].
[Erratum: Phys.Rev.D 110, 089902 (2024)].

S. Murk and D. R. Terno, “Physical black holes in semiclassical gravity,” in 16th Marcel
Grossmann Meeting on Recent Developments in Theoretical and Ezperimental General
Relativity, Astrophysics and Relativistic Field Theories. 10, 2021. arXiv:2110.12761
[gr-qcl.

F. Kurpicz, N. Pinamonti, and R. Verch, “Temperature and entropy—area relation of
quantum matter near spherically symmetric outer trapping horizons,” Lett. Math. Phys.
111 no. 4, (2021) 110, arXiv:2102.11547 [gr-qcl.

S. Murk and I. Soranidis, “Kinematic and energy properties of dynamical regular black
holes,” Phys. Rev. D 108 no. 12, (2023) 124007, arXiv:2309.06002 [gr-qc].

M. Visser, “Dirty black holes: Thermodynamics and horizon structure,” Phys. Rev. D 46
(1992) 2445-2451, arXiv:hep-th/9203057.

G. Abreu and M. Visser, “Kodama time: Geometrically preferred foliations of spherically

symmetric spacetimes,” Phys. Rev. D 82 (2010) 044027, arXiv:1004.1456 [gr-qc].

M. Pielahn, G. Kunstatter, and A. B. Nielsen, “Dynamical Surface Gravity in Spherically
Symmetric Black Hole Formation,” Phys. Rev. D 84 (2011) 104008, arXiv:1103.0750
[gr-qc].


https://dx.doi.org/10.1088/0264-9381/25/8/085010
https://dx.doi.org/10.1088/0264-9381/25/8/085010
https://arxiv.org/abs/0711.1445
https://dx.doi.org/10.1088/0264-9381/26/6/062001
https://arxiv.org/abs/0806.0014
https://dx.doi.org/10.1007/BF02757029
https://dx.doi.org/10.1103/PhysRev.136.B571
https://link.aps.org/doi/10.1103/PhysRev.136.B571
https://dx.doi.org/10.1143/PTP.63.1217
https://dx.doi.org/10.1103/PhysRevD.103.064082
https://dx.doi.org/10.1103/PhysRevD.103.064082
https://arxiv.org/abs/2010.03784
https://dx.doi.org/10.1103/PhysRevD.105.124032
https://arxiv.org/abs/2109.13939
https://dx.doi.org/10.1142/9789811269776_0095
https://arxiv.org/abs/2110.12761
https://arxiv.org/abs/2110.12761
https://dx.doi.org/10.1007/s11005-021-01445-7
https://dx.doi.org/10.1007/s11005-021-01445-7
https://arxiv.org/abs/2102.11547
https://dx.doi.org/10.1103/PhysRevD.108.124007
https://arxiv.org/abs/2309.06002
https://dx.doi.org/10.1103/PhysRevD.46.2445
https://dx.doi.org/10.1103/PhysRevD.46.2445
https://arxiv.org/abs/hep-th/9203057
https://dx.doi.org/10.1103/PhysRevD.82.044027
https://arxiv.org/abs/1004.1456
https://dx.doi.org/10.1103/PhysRevD.84.104008
https://arxiv.org/abs/1103.0750
https://arxiv.org/abs/1103.0750

BIBLIOGRAPHY 71

[79] B. Cropp, S. Liberati, and M. Visser, “Surface gravities for non-Killing horizons,” Class.
Quant. Grav. 30 (2013) 125001, arXiv:1302.2383 [gr-qcl.

[80] M. Baggioli and M. Landry, “Effective Field Theory for Quasicrystals and Phasons
Dynamics,” SciPost Phys. 9 no. 5, (2020) 062, arXiv:2008.05339 [hep-th].


https://dx.doi.org/10.1088/0264-9381/30/12/125001
https://dx.doi.org/10.1088/0264-9381/30/12/125001
https://arxiv.org/abs/1302.2383
https://dx.doi.org/10.21468/SciPostPhys.9.5.062
https://arxiv.org/abs/2008.05339

	Introduction
	Black hole thermodynamics
	Black holes and symmetries
	Einstein gravity
	Schwarzschild black hole
	Killing vectors and Killing horizons

	The laws of black hole thermodynamics
	First law
	Second law


	EFT in the Schwinger-Keldysh fomalism for Dynamical Gravity
	A Review of the Schwinger-Keldysh formalism
	Microscopic description
	Green's functions of the environment oscillators
	Effective theory
	Consistency of the effective theory
	General properties of the Schwinger-Keldysh EFT

	Diffeomorphism symmetries in gravitational Schwinger-Keldysh EFTs 
	Microscopic description
	Schwinger-Keldysh EFT
	Classical limit

	Dissipative scalar coupled to dynamical gravity 
	Dissipative scalar coupled to background metric
	Lesson from a naive model with dynamical gravity
	Hydro model for the environment
	Noise effects
	Decoupling regime 


	Generalized second law in the Schwinger-Keldysh formalism
	Dissipative gravity 
	Dissipative gravitational wave

	Generalized second law of black hole thermodynamics
	Dynamical black hole thermodynamics
	Generalized second law


	Conclusion
	Raychaudhuri's equation
	The null version of Raychaudhuri's equation

	Schwinger-Keldysh EFT of hydrodynamics
	Stückelberg fields of HydroEFT
	Symmetries and local temperature of HydroEFT
	Ingredients of HydroEFT and symmetries in the classical limit
	Entropy current associated with the dynamical KMS invariance 


