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Abstract

Tunneling processes in de Sitter spacetime are studied by using the stochas-
tic approach. We evaluate the Martin—Siggia-Rose-Janssen—de Dominicis
(MSRJD) functional integral by using the saddle-point approximation to
obtain the tunneling rate. The applicability conditions of this method are
clarified using the Schwinger-Keldysh formalism. In the case of a shallow
potential barrier, we reproduce the Hawking-Moss (HM) tunneling rate. Re-
markably, in contrast to the HM picture, the configuration derived from the
MSRJD functional integral satisfies physically natural boundary conditions.
We also discuss the case of a steep potential barrier and find an interest-
ing Coleman-de Luccia (CDL) bubble-like configuration. Since the starting
point of our analysis is the Schwinger-Keldysh path integral, which can be
formulated in a more general setup and incorporates quantum effects, our
formalism sheds light on further studies of tunneling phenomena from a real-
time perspective.
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Chapter 1

Introduction

In the thermal history of the universe, it is believed that several phase tran-
sitions occurred in the early universe, where high-energy particle physics
played a central role. In the Standard Model, the electroweak phase transi-
tion (100 GeV) and the quark-hadron phase transition (100 MeV) are well-
known examples. At even higher energy scales, such as those predicted by
grand unified theories (10" GeV) and string theories (10'7 GeV), various
additional phase transitions are hypothesized.

The phase transition is typically described by the finite-temperature one-
loop effective potential, as given below[1, 2, 3]'.

Vo) = V(o) + Valo [anJB w61/ ) = 3 ns o)/ 1)

(1.1)

where ¢ is the vacuum expectation value of the scalar field, which serves as
the order parameter. V(p) and Vi(p) represent the tree-level potential and
the one-loop potential, respectively. The third and fourth terms correspond
to the finite-temperature one-loop effects from bosonic fields and fermionic
fields, respectively. The summations account for the different species of fields.
mi (i) are the effective masses of o, and ny, y represent the degrees of freedom

"'We neglect the gravity.
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Ver(p,T) = Verr(0,T) T > 1T, r=1, Veal®T)=Vea(0,T) T=T,

T>T,

Figure 1.1: The effective potentials for the first-order phase transition (left)
and second-order phase transition (right).

for each field. The functions Jp () are defined by
Jp(x) == / dp p?log (1 —e p2+x), (1.2)
0
Jp(x) = / dp p? log <1 +e p2+x>. (1.3)
0

Using the effective potential (1.1), we can perturbatively analyze the or-
der of the phase transition. In the case of a first-order phase transition, the
minimum point of the effective potential changes discontinuously at the crit-
ical temperature 7' = T, (FIG. 1.1, left). On the other hand, in the case of
a second-order phase transition, the minimum point of the effective poten-
tial changes continuously, but its derivative with respect to temperature is
discontinuous (FIG. 1.1, right). If the minimum point is continuous for all
factorial derivatives with respect to temperature, there is no phase transition;
this scenario is referred to as a crossover.

The first-order phase transition is particularly attractive because it gives
a characteristic object known as a bubble. When the temperature drops below
the critical temperature (see FIG. 1.1, left), the original lowest point of the
effective potential becomes unstable. To transition from the metastable min-
imum to the true minimum, the potential barrier must be overcome through
the quantum effect known as tunneling. Then, the phase transition occurs
locally, and bubbles form, within which the scalar field takes on a value
corresponding to the true minimum, similar to the behavior of supercooled
water.

Bubbles give rise to rich physical phenomena in the early universe. In elec-
troweak baryogenesis [4, 5, 6], bubbles play a significant role in creating the
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non-equilibrium conditions required for baryon number generation, fulfilling
one of the three Sakharov conditions [7]. The formation of primordial black
holes during a first-order phase transition is also an intriguing phenomenon
[8, 9]. During bubble nucleation, metastable regions surrounded by bubbles
appear and collapse as the bubbles expand. The latent heat contained within
these metastable regions is then gravitationally collapses, leading to the for-
mation of primordial black holes. Additionally, gravitational waves produced
by bubble collisions [10, 11, 12, 13, 14] are particularly noteworthy, especially
in light of the recent detection of gravitational waves by LIGO in 2015 [15]
and the Pulsar Timing Array in 2023 [16, 17, 18, 19]. In particular, the grav-
itational waves detected by the Pulsar Timing Array might originate from a
first-order phase transition [20]. In the future, space-based interferometers
such as LISA [21], BBO [22], and DECIGO [23] are expected to usher in a
new era of gravitational wave cosmology.

In the Standard Model, the electroweak phase transition is a crossover
when the mass of the Higgs boson exceeds approximately 80 GeV [24, 25, 26,
27]. In reality, the Higgs boson mass is measured to be 125.20 + 0.11 GeV
[28, 29, 30]. Lattice simulations have shown that the quark-hadron phase
transition is also a crossover under realistic conditions, such as the physi-
cal up, down, and strange quark masses and zero baryon chemical potential
[31, 32, 33]. On the other hand, many well-motivated particle physics mod-
els predict first-order phase transitions in the early universe. For detailed
reviews, see [34, 35] and references therein. The detection of gravitational
waves from a first-order phase transition would provide a powerful tool to
probe physics beyond the Standard Model.

The tunneling rate (or the false vacuum decay rate) is a fundamental
physical quantity that represents the probability of transitioning from the
metastable state (the false vacuum) to the true vacuum, which corresponds
to the lowest minimum point of the potential. Since the tunneling rate de-
termines the timing of phase transition completion, it also characterizes the
peak density and frequency of the resulting gravitational waves today [14].
Therefore, understanding the accurate calculation of the tunneling rate is
crucial in early universe physics.

Since our universe is not flat spacetime, understanding tunneling pro-
cesses in curved spacetime becomes crucial, particularly when the tunneling
involves mass scales close to the Planck scale or when the nucleated bubble
is large enough to be influenced by spacetime curvature. In this context,
tunneling in de Sitter spacetime is especially worth detailed study, as it rep-



8 Introduction

resents the simplest example of a non-trivial curved spacetime. Moreover,
insights gained from de Sitter spacetime can be directly applied to tunneling
phenomena that occur during inflation.

While both Minkowski and de Sitter spacetimes possess maximal symme-
try, leading to some similarities, there are key differences. For instance, the
Euclidean instanton method used to evaluate tunneling rates in Minkowski
spacetime [36, 37| can also be applied to tunneling processes in de Sitter
spacetime [38]. However, extending the Euclidean method to de Sitter space-
time presents interpretational challenges. In de Sitter spacetime, there exist
two saddle point solutions: the Coleman-De Luccia (CDL) instanton [38] and
the Hawking-Moss (HM) instanton [39]. The HM instanton, in particular,
is a homogeneous solution, making it less straightforward to interpret the
tunneling rate as the probability of transitioning from a false vacuum to a
true vacuum [40, 41, 42].

To circumvent the difficulty, the real time formalism might be useful. In
the case of de Sitter spacetime in the flat chart, the stochastic formalism has
been used for investigating time evolution of fluctuations during inflation [43,
44]. In this formalism, Langevin equations describe the dynamics of long
wavelength modes. Stochastic noises stem from short wavelength quantum
modes. The stochastic formalism has been also used to analyze the tunneling
processes in de Sitter spacetime [45, 46, 47, 48, 49, 50, 51].

However, most of the previous works treated only the HM transition
by utilizing the Fokker-Plank (FP) equation for a homogeneous scalar field,
which can be derived from the Langevin equation. Obviously, the HM transi-
tion cannot describe the bubble nucleation in contrast to CDL tunneling. To
describe the bubble, we have to include the spatial gradient term and the FP
equation becomes the functional differential equation instead of the partial
differential equation. Hence, at first glance, it seems difficult to treat the CDL
bubble by the stochastic approach. However, we make an observation that
there exists a path integral representation to solutions of the FP equation. In
condensed matter physics, it is called Martin—Siggia—Rose—Janssen—de Do-
minicis (MSRJD) functional integral [52, 53, 54, 55].

In this paper, we employ the MSRJD path integral formalism to study
tunneling processes on a fixed de Sitter background. The applicability con-
ditions for this method are clarified using the Schwinger-Keldysh formalism.
We consider a real scalar field theory? with a potential V(¢), which has a

2We implicitly assume the stage below the critical temperature (FIG. 1.1, left).
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Figure 1.2: The schematic picture of the potential V' (¢) which has a false
vacuum at ¢ = ¢gee, true vacuum at ¢ = ¢ue and the top of the potential

at ¢ = ¢top'
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local minimum at ¢ = ¢ (the false vacuum), a true minimum at ¢ = Gerye
(the true vacuum), and a local maximum at ¢ = ¢yep, as shown in FIG. 1.2.
We use the saddle point method and evaluate the tunneling rate by comput-
ing the action for the tunneling configurations [56]. We investigate both HM
and CDL tunneling processes.

In the case of a shallow potential barrier, the conventional HM tunneling
rate is reproduced. Notably, the tunneling configuration derived from the
MSRJD functional integral method naturally incorporates physically intu-
itive boundary conditions, in contrast to the Euclidean approach. It means
that the problem of Hawking-Moss tunneling, as proposed by Weinberg [42],
does not arise in our formalism. We clarify that the HM tunneling rate
corresponds to the tunneling probability of a (roughly Hubble-sized) coarse-
grained patch transitioning from @gse t0 Prop. For a steep potential barrier,
we discover an intriguing CDL bubble-like configuration. This configuration
is obtained by solving the scalar field equation in Euclidean anti de Sitter
space, even though we do not work in imaginary time. Our results demon-
strate how the bubble nucleation process can be effectively described within
the stochastic formalism.

The organization of this thesis is structured as follows:

e Chapter 2 is a review of the usual formalism for the tunneling process
named Euclidean method. It begins by presenting the definition of the
tunneling rate in the quantum mechanics and how to calculate it by
Euclidean method. Following this, the formula of the tunneling rate is
extended to the quantum field theory in flat spacetime and de Sitter
spacetime. Especially in de Sitter spacetime, we briefly review the two
famous tunneling process, CDL tunneling and HM tunneling.

e Chapter 3 is a review of the stochastic approach and the MSRJD func-
tional integral which is constructed from the Langevin equations. We
also outline the derivation of MSRJD functional integral starting from
the Schwinger-Keldysh formalism.

e Chapter 4 is the main part of this thesis, which is based on the au-
thor’s paper [57]. We apply the MSRJD functional integral to the case
of the shallow potential barrier and study the HM tunneling process.
Also we consider the case of the steep potential barrier and find the
CDL bubble-like configuration. We derive the tunneling rate using the
configuration and compare it with the one obtained in the case of. We
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also compare our results with those in the Euclidean method reviewed
in Chapter 2.

e Chapter 5 is devoted to the conclusion and future prospects.

Conventions

In this thesis, unless otherwise noted, the following natural unit system is
adopted

c=h=G=1,

where c¢ is the speed of light, A is the reduced Planck constant and G
is the Newton constant. The signature of the four-dimensional metric is

(_7 +7 +7 +)



Chapter 2

Tunneling formalism in
Euclidean method

In this chapter, we review the usual formalism to describe the tunneling
process in the quantum field theory, Euclidean method. In section 2.1, we
consider the quantum mechanical case to see the usual discussion about the
tunneling process in Euclidean method. In section 2.2, we extend the formu-
lation of tunneling rate to the quantum field theory. Finally, we review the
tunneling process in de Sitter background in section 2.3.

This review is grounded in existing literature, with the reference including
[36, 37, 38, 40, 42, 58|.

2.1 Quantum mechanics

2.1.1 Definition of the tunneling rate

Firstly, let us consider a quantum mechanical particle in one dimension with
the Hamiltonian

H=T" 4 v (2.1)

2m

where the potential V' (¢) has a metastable minimum at z = a (FIG. 2.1).
For convenience, we take the value of the potential at this minimum to be
Zero.

12
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) b q

a)

Figure 2.1: Potential V'(¢) with a metastable minimum.

To start, let us consider the matrix element
e TH|a) Ze EnT | (a|n) |2 /Dq Je~Seld, (2.2)

where 7 and 7 is Euclidean time and Sg is Eucledian action. At large T,
this matrix element is approximated as
lim {(ale”""|a) = e 57| (a]0) |*. (2.3)
T—o0

Then if we return to the real time 7" by Wick rotation 7' = —i7, the proba-
bility of the particle staying at the minimum is

lim | {ale”"|a) | = e72™7 (a0) * (2.4)
T—o00
This probability exponentially decay with the tunneling (decay) rate
I = —2ImFE,, (2.5)

and this quantity is what we want to obtain.

2.1.2 Saddle point approximation

To obtain the imaginary part of the energy F, we evaluate the path integral in
(2.2) by the saddle point approximation. Given a classical Euclidean solution
q(T) we wite

1(7) + ) enthn(7), (2.6)
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where () is an eigenmode with eigenvalue A of

sooE vt = stlg 7

SN0 gy TR |
The boundary condition is 1, (=7 /2) = ¥, (T /2) = 0. We change integration
variables from ¢(7) to the mode coefficients and write

de,
= 1;[ Nir3 (2.8)

The contribution to the path integral from this stationary point then
becomes

dc
I = n_ o= (Slal+5 Xy Aeci+ ), 2.9
/H \/27T (2:9)

where the ellipsis denotes terms that are cubic and higher order in the devi-
ation from ¢. Neglecting the ellipsis and integrating the Gauss integral, we
obtain

[ = ¢ SEld H)\;l/2[1 + .. ]
_ e—SE[lﬂ(det S”[q])—l/?[l + .. ] (210)

From below, we omit the ellipsis.

Let us now enumerate the relevant stationary points. For (ale=7*|a) we
have the trivial constant solution ¢o(7) = a. With our convention that V'(q)
vanishes at the minimum, S[¢o] = 0 and the contribution to the path integral
is simply

Iy = (det S [a0)) . (2.11)

Also we have the nontrivial solution named bounce which can be noticed
from the transmittance obtained from the WKB approximation [36]. The
solution ¢, runs from a at 7 = —7 /2, reaches at the turning point b and
back to a at 7 = T /2 (FIG. 2.2). The existence of such solution is obvious
because the potential is flipped in the Euclidean dynamics. According to our
formula, this solution should give a contribution

e‘sE[qb](det Sg[qb])_l/g. (2.12)
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dp

a T

Figure 2.2: Bounce solution in quantum mechanics

However, this is problematic because there is a zero mode of S”

d
Po(T) = N‘”Zdi:, (2.13)

where N = Sg|g] is the normalization constant '. This zero mode reflects
the broken 7-translation symmetry. Because of the zero eigenvalue, det S”
vanishes and the pre-exponential factor diverges.

The solution is to replace the coefficeint of the zero mode by a collective
coordinate z that specifies the location of the center of the bounce, and to
include only the nonzero modes in the determinant. Instead of a Gaussian

integral over the zero-mode coefficient, we must integrate over the full range
of z from —7/2 to T /2. From (2.6)

dq
deg = —d 2.16
Yodcy dr Z, ( )

IThis normalization condition is defined as

T/2 T/2 dor\ 2
1= / bo(r)? = / N1 (%> . (2.14)
~T/2 ~T/2 dr
By using Euclidean energy conservation low

()" o 21

we obtain N = Sg[q)].
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then we have

dCO N 1/2
= — . 2.1
Ner: (%) 4z (217)

Therefore, the net contribution of the bounce solution is
N M2
I, = e~ Srla] (2—) T(det’ S7[qy)) /2. (2.18)
T

with the prime on the determinant indicating that only the nonzero modes
are to be included. Finally, let us define

N 1/2 ran —1/2
s (N[ det'Skla] (2.19)
27 det S%[qo]
so that
I, = e~ 5elel(det S [qo]) Y2 KT. (2.20)

In addition to these saddle solutions, we must include multi-bounce so-
lutions which reach to b several times. For the configuration ¢, with a n-
bounces, its action is just n times that of a single instanton Slg,] = nS[g).
It has n approximate zero modes corresponding to independent 7-translations
of its component bounces. Then a collective coordinate z; must be introduced
for each of these, leading to a total Jacobian factor (N/2m)"/2. Integrating
over the bounce locations, which satidfy the constraint z; < 2z < -+ < 2,

gives a factor of
T/2 T/2 T/2 "
dzl/ dzy - - / dzn = —. (2.21)
*7—/2 zZ1 Zn—1 n:

The final factor will be included in the functional determinant of S”[g,]
(with zero modes excluded). The effect of single bounce on the spectrum of
the fluctuations is localized around the center of the bounce i.e. the ratio of
determinants that in eq (2.19) is independent of T for Large 7. Hence, the
determinant factor for a contribution with n well-separated bounces can be
written as

e (et Sh[g]\ 2 g f(det' S\ T
., 1/2 ( det'Sp|an] _ " 1/2( 2 M EL40]
(det Sg[qo]) (det S [q0] ) (det Spla]) det S%[qo] .

(2.22)
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Figure 2.3: A series of the configurations. The solid line with maximal value
at b corresponds to the bounce. The dashed curve above this is a configura-
tion that extends to the classically allowed region beyond the potential bar-
rier, while the dashed curves below it are configurations that remain within
the potential barrier.

Combining all factors, we find that the contributions of n-bounce solution
is given as

T’I’L
‘.

n.

I, = e el (det SE[qo]) V2 K™ (2.23)

Adding together all contributions from saddle point solutions, we have

(ale™|a) =) I
n=0
= (det Sh[qo]) V2 exp(K Te Sel@l), (2.24)

Actually, we have another problem about the factor K. It can be seen
that the zero mode eigenfunction (2.13) has one node at the center of the
bounce i.e. there is a negative mode. Then the Gaussian integral of the
negative mode is divergent.

The origin of this negative mode can be understood from the configura-
tion space along the direction of negative mode. FIG. 2.3 show a series of
the configurations labeled by ¢, the maximal value of ¢(7). Then ¢ = b corre-
sponds to the bounce solution and the trivial solution ¢(7) = 0 corresponds
to the stational solution. The Euclidean action of these configurations as
a function of ¢ is illustrated in FIG. 2.4. The local minimum and minimum
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SE

Figure 2.4: The Euclidean action for a family of configurations such as shown
in FIG. 2.3. The maximum at ¢ = b corresponds to the bounce.

correspond to the stationary solution and bounce respectively. We can notice
that the bounce is a saddle point.

Our path integral is an infinite-dimensional integral, but the problematic
thing is only the integration over the coefficient of the one negative mode. We
can see how to handle this integration by considering the analogous integral

J= / Jde —e "), (2.25)

where S(c) is the function plotted in FIG. 2.4. As ¢ — —oo the action
increase and the integral converges. On the other hand, as ¢ — oo the action
tends toward infinity and the integral diverges. However, we can relate it to
a finite integral by deforming the contour of integration from the real axis
into the upper half plane (FIG. 2.5). The integration from —oo to b is clearly
real. The imaginary part which comes from the remainder of the contour
and the steepest descent approximation is given by

b+ico
ImJ = Im/ dc _S(b)e—%s”(b)(c—b)Q
=5¢ " |SH( )7 (2.26)

with the factor of 1/2 being due to the fact that the contour only goes through
half of the Gaussian peak.
With this factor taken into account, the imaginary part of (2.19) is given
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ec

Figure 2.5: The contour of integration that makes the integral in (2.25) well-
defined.

by

det’S%[qp] ~1/2 (2.27)
det Silao]

1/ N\2
ImK = - —
2\ 27

Finally, substituting the value of N = Sg[g], we obtain the below decay
rate

I' = —2ImFE, = 2ImKe 5¢le]
_ (Sela) | det'Spla] |
2m

—Sela], 2.28
det S%[qo] ‘ (2.28)
This result is was obtained under the assumption that V(a) = 0. If V(a) # 0,
we obtain instead
1/2
P (E)
2m

where B is the difference between the action of the bounce and that of the
trivial solution. This exponent B is the leading contribution to the decay
rate and a main quantity in this dissertation.

—-1/2

det'Spla]| " -5 (2.29)

det S%[qo]
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2.2 Quantum field theory

In this section, we extend the formulation of the decay rate (2.28) or (2.29) to
the quantum field theory in flat spacetime. We consider a scalar field theory

(ol = [ ata( - 30,000 - V(@) (230

where the scalar field potential has two non-degenerate local minima as in

FIG. 1.2. The lower of the two corresponds to the vacuum state of the theory

called the true vacuum. The higher minimum is called the false vacuum.
Since the actual potential energy is

violell = [ #o|3v0r + Vo), (231

there is an infinite potential between the spatially homogeneous false and
true vacuum configurations. Then, the tunneling amplitude for this van-
ishes. Instead, the false vacuum decays by a tunneling process that takes a
spatially homogeneous state to one with a region of approximate true vac-
uum, a bubble, embedded in a false vacuum background. Because the bubble
can be nucleated anywhere, the decay rate is proportional to the volume of
space, and formally infinite. The finite physically measurable quantity is the
bubble nucleation rate per unit volume, I'/V.

We will denote the bounce solution by ¢,(¢, ). The nucleation rate is
then of the form

= Ae P, (2.32)

where

B = 5[] — S|osarse] (2.33)

like as (2.29). Here S[¢) is the Euclidean action of the bounce solution and

S[¢false] = /deng(Qbfalse) (234)

is that of the homogeneous false vacuum.
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In the quantum mechanics, the tunneling process is described by the
bounce solution in the Euclidean equation of motion, which in the present
case is the field equation

42 dv

_ 2 _— =
= + V<o i 0 (2.35)
that follows from the Euclidean action
1/06\* 1
Sg[@] :/deSI - —¢ + —(V¢)2 +Vi(p)|. (2.36)
2\ 07 2
We also impose boundary conditions as
Qb(:l:OO, CU) = (bfalse? (237)
¢(T’ ‘$| = OO) = ¢false- (238)

The first boundary condition is the same as in quantum mechanics. The
second is needed to obtain a finite action.

Since both of equation and boundary conditions displays an O(4) invari-
ance, we use an O(4)-invariance ansatz when seeking the bounce. Indeed, it
is proved that such a symmetric solution gives the lowest action for the case
of a theory with a single scalar field [59]. Thus let as define s = /72 + x? and
seek a bounce solution that depends only on s. The Euclidean field equation
then becomes

¢  3dp dV

— === — 2.39
ds? + sds  do (2.39)
The boundary conditions on the bounce reduce to
¢(OO) = ¢false (240)
while requiring that the solution be nonsingular at the origin gives
d¢
— =0. 2.41
ds|,_, ( )

The existence of a solution to these equation can be demonstrated by an
”overshoot-undershoot” argument due to Coleman [36].

An expression for the pre-exponential factor (2.29) in quantum mechanics
can be generalized to the quantum field theory. Since the bounce solution
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is not spatially homogeneous, there are three zero modes in addition to the
zero mode corresponding to the translation in Euclidean time. Then we have
to introduce three collective coordinates, which represent the location of the
center of the bounce.

Making the appropriate modification to (2.29), we obtain

r=v[I (%) |

a=1

—-1/2

det’STlgn) | -p (2.42)

det S// [(,bfalse]

Here N, is the normalization factor for the zero mode. The factor V, the
volume of space, comes from integrating over the location of the bounce.
For an O(4)-symmetric bonce, the N, are all equal and given by

N, = / d'z(Dap)* = B. (2.43)

r_(sy
Yy  \2r

2.3 Including gravity

Then we obtain 2

—-1/2

det' STlgu] | -5, (2.44)

det 5" [¢false]

The gravitational effects on the bubble nucleation is often neglected. How-
ever, there are situations where the effects of gravity are significant. The
most obvious case is a transition involves mass scale close to the Plank scale,
but gravitational effects can also come into play at lower mass scales if the
bubble nucleates with a size large enough to be sensitive to the curvature of
spacetime. Even when gravitational effects are negligible for bubble nucle-
ation itself, they can be quite significant for the evolution of the bubble after
nucleation.

The extension of the argument in section 2.2 to include gravity is a non-
trivial manner, mainly because the globally defining energy in a curved space-
time is difficult, and there is no complete derivation of an expression for the

2Until now we have been working implicitly with the action expressed in terms of
unrenormalized fields, masses and coupling constants. If we want take into account the
renormalization, we only have to add the leading counterterm to the calculation of the
Euclidean actions [37].
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tunneling rate. Nevertheless, one can argue from analogy, as first done by
Coleman and De Luccia [38].

In section 2.2, we discuss the decay rate in flat spacetime and obtain the
form I' = Ae~2. In this section, we use this form in de Sitter spacetime. We
only discuss the exponent B and set aside the prefactor A because the one-
loop calculation with gravity becomes so difficult. We will argue the two types
of saddle point solutions, Coleman-de Ruccia instanton [38] and Hawking-
Moss instanton [39]. We also discuss the case where the back-reaction to the
geometry is negligible.

2.3.1 Coleman-de Ruccia instanton

Let us consider the following Euclidean action.

SE[¢, gl“’] = /d437 \/§|: — iR -+ %g’“’@@&,qb + V(¢) + SGHY (245)

that includes a Euclideanized Einstein-Hilbert term with the metric g,,.
Saay is the Euclidean version of the Gibbons-Hawking-York boundary ac-
tion [60, 61] that must be added to remove the second derivative terms from
the action. Also s := 87G = 8m /M.

In flat spacetime, at least for a theory with a single scalar field, the bounce
solution with the minimum action exhibits O(4) symmetry [59]. Although the
analogous result in curved spacetime has not been fully proven, it is widely
believed to hold true3. Assuming this to be the case, any O(4)-symmetric
Euclidean metric can be expressed in the form

ds® = d€* + p(€)2dQ;. (2.46)
The Ricci scalar is then

6
RZ—;@ﬂ+ﬂkﬂ) (2.47)

3There is an attempt to prove this by AdS/CFT correspondance [62].
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with primes denoting differentiation with respect to &, and the action becomes

Snlax 1 / 3 /! /
S =27T2/5 d¢ {p3{§¢2 + V(cb)} +— (0" + pp” - p)} + Sery

Emax
2t [ | {50+ Vo)) - Lo +0)

gzgmax
+ Scny- (2.48)
&§=&min

672 9 4
Jr?(PP)

The boundary tern from the integration by part is exactly canceled by the
Gibbons-Hawking-York term, and then we have

Smax 1 3
o2 [ g sl vl -teren) e
The scalar field equation is
30 av
"+ —¢' = — 2.50
AT (250)

while the ££-component of the Euclidean Einstein equation gives

1
Pr=1+ §p2 (§¢’2 - V). (2.51)

Differentiating (2.50) and using (2.51), we obtain another useful equation.
K
pl=—3("+V)p. (2.52)

Combining (2.49) and (2.51), the action for the solution of the field equation
can be expressed as

gmax 3
Sp = 47r2/ d¢ {pP’V — Ep]. (2.53)
Emin

The boundary conditions for the field equations depend on the topology of
the solution. Subtracting (2.51) and (2.52) shows that p* — p"p > 1, from

which we can conclude that p cannot have a nonzero minimum and must
have at least one zero. The invariance of the metric under translation of £
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allows us to set & = &y, = 0. If this is the only zero point of p, € ranges from
0 to oo, and the solution has the topology of R%. The boundary conditions
for (2.50) are ¢/(0) = 0 to avoid a singularity at the origin, and ¢(00) = Paises
as in flat spacetime.

However, it is possible that p has a second zero point at some finite & .
This is always the case if V(¢) > 0 everywhere and is not identically zero
[63]. In this case, the solution has the topology of a four-sphere, and the
boundary conditions for (2.50) become ¢/(0) = ¢'({max) = 0. Here, there is
no requirement for any point where ¢ = @pse.

Let us now study the Euclidean solutions for the case of a de Sitter false
vacuum. We require both the bounce solution and the Euclidean version
of the false vacuum. The latter is easily obtained. With ¢ constant and
V (¢raise) pOSsitive, (2.51) gives

p = Awesin(§/As), (2.54)

where A is related to the vacuum energy V by A = 1/3/kV and &pax = mAg
With this form for p, the metric gives the standard round metric on a four-
sphere of radius Ag, which is the Euclidean counterpart of the Lorentzian
hyperboloid. We find that its action is

2472
/izv(qéfalse)
Let us now turn to the bounce itself, beginning with the limit where

gravitational effects are expected to be small. Suppose that V(¢) satisfies
the following conditions:

8 2
S[atse] = - —%A?v. (2.55)

1. The variation in V between ¢gse and ¢ge is much smaller than Mél.

2. The radius of the flat-spacetime bounce (i.e., the region where ¢ is
appreciably different from @gs) is much less than Ag,.

Using (2.51), the first condition implies p’ &~ 1, and thus p ~ £ in the region
0 <& < Agy. (2.50) then reduces to the flat spacetime (2.39), showing that
the bounce is essentially identical to that in flat spacetime in this region. The
second condition ensures that ¢ becomes exponentially close to ¢gse before
exiting this region. Outside this region, p is well approximated by (2.54),
with a small shift £ — & — A, where A is of the order of M/Mgl. Here, M
characterizes the mass scale of the barrier in V(¢) that separates the two
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vacua. The Euclidean action is finite and negative, but when subtracting
the false vacuum action, it yields a positive value for B. This value differs
from the flat-spacetime result only by a fractional amount on the order of
M? /Mgl.

The above discussion includes quantum gravity; however, it is also rea-
sonable to neglect quantum gravity effects and focus solely on field theory
in curved spacetime. In other word, we fix the background geometry and
consider the classical gravity.

Let us consider the real scalar field theory in 341 dimensional de Sitter
background.

ds® = — dt* + a*dx?®, a(t) = e 1

1
=i (—dn? + dx?), n:=——, (2.56)

stol = [ dtav=g ( — 90,00, — V<¢>> - (2.57)

where H is Hubble parameter and the potential V' (¢) has the false vacuum
like as FIG. 1.2. In Euclidean method, we Euclideanize the action by taking
the Wick rotation. Generally, the ways of Euclideanization for de Sitter
spacetime depend on the coordinates. In this paper, we choose the second
coordinate in (2.56)%.

By taking the wick rotation as n — —i7, the coordinate becomes

2 __
—ds® = 2

This is the Euclidean AdS spacetime and we can take the global coordinate;

(d7? + dz?). (2.58)

—ds* = H™*(dp? + sinh® pd©Q?). (2.59)

We also impose that the field ¢ only depends on p. Therefore, the Euclidean
action Sg and the equation of motion becomes

© o 1 V(e)
Sg = 27T2/0 dpsmh?’,o{m(aqu)2 + 1 |

&, 3 do_V'9)
dp?  tanhpdp  H? '

(2.60)

(2.61)

4The analytic continuations of this coordinate is examined in [40]
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The second equation is the same as (4.43) and we can obtain the same bounce
solutions discussed in section 4.2.
We take the following non-dimensionalizations;

¢ = ag, (2.62)
V(¢) = g*a'V(9). (2.63)

Therefore, the Euclidean action (2.60) becomes

N N C 2,2
Sp = 27r2m/ dpsmhdp{ﬁ(@p@z + gH2 V(o)
0
a? -
= 27T2ﬁ[E. (2.64)

2.3.2 Hawking-Moss instanton

For a generic potential, the situation is more complex than in the correspond-
ing flat spacetime case. It has already been noted that, with an everywhere
positive potential, the bounce is topologically a four-sphere. One conse-
quence is that the second term in (2.50), which corresponds to a damping
term in the flat spacetime case, changes sign and becomes an anti-damping
term for part of the interval. This invalidates the overshoot—undershoot ar-
gument that guaranteed the existence of a bounce in the absence of gravity.
In fact, there are situations where there is no ’Coleman-De Luccia’ bounce,
that is, no symmetric O(4) bounce with non-constant ¢ crossing the top of
the potential barrier.

To understand this, note that the width of the bubble wall is largely
determined by the shape of the barrier in V(¢), with a natural scale for this
width being set by the curvature of V at ¢ = ¢yop, the top of the barrier.
A very flat potential barrier corresponds to a low mass scale, or a large
distance scale, and thus to a thick wall. In flat spacetime, this is not a
problem, and one can even have a “thin-wall” bounce with a thick wall by
arranging for the bubble radius to be large enough. However, it is definitely
a problem with gravity included, because the compact Euclidean de Sitter
space places an upper limit on the size of the bounce. The critical test is
whether [V (¢rqp)| is greater or less than 4/Ap, [64, 65, 66, 67]. If V" (drop)
is greater, a Coleman—De Luccia bounce is guaranteed to exist. If not, there
may be no Coleman—De Luccia bounce. Even if one does exist, it may be
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quite different from what one might naively expect. We have already seen
that, in flat spacetime, there are bounces in which ¢ never gets near its true
vacuum value. In curved spacetime, one finds bounces in which ¢ is never
close to its false vacuum value either.

When a potential is so flat that no Coleman-De Luccia bounce exists,
there is always a second type of solution, first pointed out by Hawking and
Moss [39]. This is a homogeneous solution with ¢ = ¢, everywhere and

p = Atop Sin(f/Atop)' (265)

Its Euclidean action is given by

2472
Suy = ——— 2.66
e ==y (2.66)
leading to a tunneling exponent
2472 1 1
B =9 -9 lse| = — . 2.67
=S = Slow =L (G v ) @0

In the case where (V(¢rop) — V(¢taise))/V (¢rarse) < 1, this can be approx-
imated as [42]

%Hgg(v(¢top) - V(¢false))
iijV ’

By ~ (2.68)

where Hy, = (87TV(¢false)/3Mp])l/2 and Ty, = Hy, /27 is the de Sitter temper-
ature of the false vacuum. This expression suggest an interpretation of the
Hawking Moss instanton as a thermal fluctuation of a horizon-sized region up
to the top of the barrier. Also the back-reaction to the geometry is negligible
because the energy difference between the false vaccum and the top of the
potential is small.

For later discussion in chapter 4, we define the ratio of the Coleman-de
Luccia Euclidean action (2.64) to the Hawking-Moss action (2.68) in fixed
de Sitter background.

SE e H?* OIE

— — bounce 2.69
e e Rk (269

where we take V(¢fase) = 0.




Chapter 3

Stochastic approach

This chapter provides a review of the stochastic approach and the MSRJD
functional integral. In Section 3.1, we introduce the scalar field theory in
fixed de Sitter background. In Section 3.2, we derive the Langevin equation
and provide its details. Finally, Section 3.3 presents MSRJD functional in-
tegral from the Langevin equation. We also outline the derivation of this
formalism starting from the Schwinger-Keldysh formalism. The more de-
tailed discussion is showed in Appendix A.

Section 3.1 and 3.2 are dedicated to the review of fundamental concept
of the stochastic approach, based on the literature [43, 44]. The review
of MSRJD functional integral in Section 3.3 is based on [68, 69] and its
derivation from Schwinger-Keldysh formalism uses the formalism in [70, 71,

72].

3.1 Setup

We consider a real scalar field ¢ in (3+1) dimensional de Sitter background.
The background geometry is described by the metric

ds* = —dt* + a(t)*de® = a(n®)(—dn* + dz?), (3.1)

with the scale factor ]

a(t) = €Ht = —H—n, (32)
where H is the Hubble constant. The action is given by
1. 1
S = / dtd’z a® {§¢2 - 5OL—Q(W&)? - V(o)], (3.3)

29
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where a dot denotes a derivative respect to t and V' (¢) is a potential function.
From this action, the canonical conjugate momentum II is defined as IT :=
a’¢ and the Hamilton’s equations of motion are given by

d=0al, I=aV3p—d’V'(}). (3.4)

3.2 Langevin equation

3.2.1 Derivation of Langevin equation

First, we divide the quantum fields ¢ and II into an infrared (IR) part and
an ultraviolet (UV) part respectively as

¢ = ¢ + Puv , II = ILig + Iyy . (3.5)
The UV part is defined as

Puv = / (;1:;39<k — k(1)) {akuk(t)eik'm + aLu,*c(t)e‘ik'm} :

o d3_k _ a 3 antl eik~:c (lTiL* 6—ik-w
fov = [ S50 = k(0)alt) |axin (0= + (e =] . 3.0

where uy, is a mode function that will be specified later, and a; and aL are
annihilation and creation operators, respectively. Here, 0(k — k.(t)) is a step
function and k.(t) is the cutoff scale defined as

ke(t) :=ea(t)H, (3.7)

where ¢ is a constant. The value of € will be discussed later. Substituting
Egs.(3.6) into Hamilton’s equations (3.4), we obtain the following equations;

b = a Tl + €7, g = aV2hr — a*V' () + €T, (3.8)

where £? and ¢ are defined as

& = ult) [ 55008 = K0 awan ()6 + )<,

Iom._ g ﬂ _ ara(t)3 cik-x aTa B (1) ek
€= 1) [ ol R0 w0 i) + a0 (0 Lm
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To derive Egs.(3.8) and (3.9), we assumed that the time evolution of UV
modes can be well approximated by the free theory that is defined around
the false vacuum. The mode function ug(t) introduced in (3.9) then satisfies
the following equation

+ 3Hu, + CL72]€2U]§ + V”(¢IR)uk =0. (310)

From this equation, we see the mode function only depends on k := |k|.
Hence, we simply denote the mode function as wug. Note that this mode
function is used for UV modes k > k.(t).

Let us consider statistical properties of £¢# and ¢!. The annihilation and
creation operators ag and aL satisfy following commutation relations:

la, al,) = 226 (k — k'), [ak, aw] = [al., al] = 0. (3.11)
Defining the vacuum state |0) as
ai|0) =0, VK, (3.12)

we can calculate the one point and two point correlation functions of £ and
¢ as

(0[g*(t,)[0) = 0, (a, = ¢,1I),

OlE° (), 2)0) = 5z helob(tf g 0ate — ), (319
where r := | — 2| and
99) = fu (O
g1) o= alt) i (1) - (3.14)

g?(t) = (g"0)" = a(t)ur (t)i, (t).

Because of the Wick theorem, all higher correlation functions can be de-
composed into two point functions. In the stochastic approach, we replace
the operator £“ by the real random field which has the following statistical
properties

(€*(t, m))g =0, (a,8=09,1),

(€ (D), = Fah Ok Rl )3~ ). (315)
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where (---), represents an expectation value with the distribution function
of £€*. With this prescription, Eqgs.(3.8) can be interpreted as Langevin equa-
tions with the noise £¢ stemming from quantum fluctuations. Since £ is
now regarded as a classical variable, we ignore the imaginary parts of g®'!
and ¢''?, which arise from non-commutativity. Accordingly, the IR variables
¢r and IIr are also regarded as classical stochastic variables under this pre-
scription. The validity of this classical approximation will be discussed in
the next section.

3.2.2 Bunch-Davies vacuum

Now we define the vacuum state |0) by specifying the mode function wy.
Eq.(3.10) is the equation for the mode k > k.. Let us assume that we can
ignore the term V" in solving (3.10). This can be justified when |V"| is suffi-
ciently small to satisfy max [(k./a)?, H?] > |[V"|. Under this approximation,
(3.10) can be solved as

w, = (—kn)? | CLH (<kn) + CoHY (—kn) |, (3.16)

where Cp,Cy are constants of integration and H,Sl)(z),Hl(,z)(z) are Hankel
functions. We choose the Bunch-Davies vacuum, i.e., the vacuum coincides
with Minkowski vacuum at past infinity (n — —o0) so that

up — _—776_““7, (—kn — 00). (3.17)

V2k

This determines C, Cy as

|t H

Thus, we obtain the mode function

Hn 1 ik
= — —1 T, 3.19
Uk —Qk(—ikn )6 ( )

To check (3.17), we used the following formulae

[2 /1 A 2 1 ;
Hg,l)(Z) _ .2 (_ _ 1) e Hff)(z) =4 = (— — 1) e . (3.20)
2 TZ \ 12 2 TZ \ —12
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Substituting (3.19) into (3.14) and using (3.7), we obtain

_ H*? 1 _ 1 -3 -1
g¢¢ = ok, (W -+ 1) = SHa3 <€ + & )

g = he = He'e : (3.21)

2H?2n?2 2
g¢H :gH¢*:%(kin+2) :—%8_14‘%

From (3.8), we have to scale g*® like as ¢ — ¢??, g™ — ¢ /(H?a5) and
g — ¢ /(Ha?) in order to compare these quantities. Then, g?? and g™
become dominant for the case ¢ < 1 and € > 1, respectively.

3.2.3 Reduced Langevin equation

Let us focus on physics at the super-horizon scales by taking ¢ < 1 and
assume a shallow potential so that we can use the massless approximation
to evaluate the noise correlations. In this setup, we can use (3.21) from
which we find that ¢ becomes dominant. We then ignore the noise for
momentum &, We also ignore the gradient term in (3.8) because we focus
on the physics at super-horizon scales. Since the potential is assumed to be
shallow, the time variation of ¢rgr(t) will be then very small. Therefore, we
may integrate the second equation of (3.8) as

3
a /
HIR ~ _S_HV (¢IR). (322)

Substituting this relation into the first equation of (3.8), we obtain

V'(¢1R)

]
s & (3.23)

or = —

where the two point correlation function of £ is given at the leading order
by

(€ @)W e = ogi(her)3(t — ), galhr) 1= ).

T 4n?

(3.24)

Eq.(3.23) is the Langevin equation with the noise correlation (3.24) derived
in [44].
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3.3 Path integral representation

In this section, we introduce path integral approach for the Langevin equa-
tion following [68]. From now on, we replace the IR field and its conjugate
momentum as (¢, [Iir) — (¢, [I.). As we see in section 3.3.2, this notation
corresponds to the Keldysh basis. In section 3.3.2, we provide a first-principle
derivation of the stochastic approach based on the Schwinger-Keldysh for-
malism following [71, 72].} We briefly show the sketch of the derivation in
the main text, and details of derivations are given in appendix A.

3.3.1 MSRJD functional integral representation
0+1 dimensional theories

Eq.(3.23) can be regarded as the equation determining the position of a
particle ¢(¢) with the white noise £? defined by Eq.(3.24). For k.r < 1, we
have sin(k.r)/(k.r) ~ 1 in a good approximation. Let us discretize the field
and noise as ¢,(t) = ¢y, E2(t) — £, (i € Z). Then, Eq.(3.23) reads

N Vi(g)) o) _
X, = ¢, ¢11+At< i 51-)—07 (3.25)

where At is the temporal discretization interval. Note that the discretization
(3.25) is called Tto discretization.? Denoting a solution of (3.23) by ¢.[¢], the
expectation value of an observable (O) ¢ can be formally expressed as

0X

(Ol6.0l = [ o016 5(6. — alel); = [ D0t (|

o(X .
( >>5
(3.26)

where D¢, := [], d¢; is the functional measure, §(¢. — ¢.[£]) := [[, 6(¢: —
¢il€]), and [6.X/d¢.| is the determinant of {dX;/d¢;}. When we choose the
above discretization (3.25), .X/d¢. becomes triangular matrix with a unit

1For earlier discussions of stochastic approach based on the Schwinger-Keldysh formal-
ism, see e.g., [70, 47].

2Generally, we can choose other discretization like as Stratonovich discretization. This
ambiguity does not affect the result since the amplitudes of the noise do not depend on
fields within the range of our approximation.
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in the diagonal components, i.e., the functional determinant is unity. Thus,
substituting (3.25) into (3.26), we obtain

(©l6.th = [ Do.0l6 <H6(¢Z @wm( i) §¢))>
3

(3.27)

Representing the delta functions in terms of a Fourier integral and taking
the continuum limit, we obtain the following path integral representation

Ot = [ D6 0) <exp[ / dws(@ Clod) 5¢)]>€

(3.28)

After averaging over the noise assuming Gaussian statistics, we obtain the
Martin—Siggia—Rose —Janssen—de Dominicis (MSRJD) functional integral

)= [ D(6.6) Ol exp { [ (z’&(gfsc + V;ﬁ}”) - 857;&2)].
(329)

Putting O[¢.] = 0(¢.— ¢.(t)) and taking the boundary conditions ¢.(t') = ¢/,
and ¢.(t) = ¢., we obtain the transition probability p(¢., t|¢.,t")

be(t)=¢c _ Y ! 3
ot t) = [ Dby e | [arlio6+ H5) - 5) |
) (3.30)

Finally, introducing new variables IIn := i(ﬁ, we obtain the "phase space”
path integral

pe(t)=dbc

poutiont) = [ o) esp | [ anad - A (0T 30

where we defined the Hamiltonian as

V'(¢e) °

———TIA — —H2 3.32
3H ~° 8n (3:32)
We emphasize that this is just a change of integration variable, not the
Wick rotation. A set of saddle point equations is defined as the Hamilton’s

equations for the Hamiltonian defined above.

H(¢C> HA) =
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3+1 dimensional theories

Let us consider the case of the full Langevin Egs. (3.8), (3.13) and (3.21).
When the space is discretized, (3.8) can be seen as the dynamics of many
body particles. Thus, the procedure in the previous subsection can be uti-
lized. Taking the continuum limit, we obtain the following expression which
is analogous to (3.30),

) ) be(t,T)=¢c(T)
plon(a) o).t = | D60, 11,6 1)
b (t! @)=¢( ()
X exp |:Z / d433' (HAéc - (bAHc - H(¢c> Hc: ¢A> HA)):| .
(3.33)
We defined the Hamiltonian H (¢, Il., da, I1a) as

H (6o e 0, TTa) =592 — (96, — V' (60))0

32 [N @6 e ) Xal), (330)
a,B

where the Greek indices o, 8 = (¢,1II) label the A fields as (X,, Xn) =
(ITa, —¢a) and G*? denotes the correlations of noises:

G (@, a") = (£%(2)€% ("))e, (3.35)

where the RHS is given in (3.15). We use the formula (3.33) in chapter 4.
Note that we have not changed the integration variables as (¢a,IIn) —
(—iga, —iI1n).

In chapter 4, we take the initial state and the final state to be the false
vacuum and the field configurations after tunneling (true vacuum or bubble),
respectively.

3.3.2 Transition probability from the Schwinger-Keldysh

formalism

In the above prescription, we treat IR fields (¢r, IIjr) as classical stochas-
tic variables. To quantify the validity of this approximation, we derive the
stochastic approach from the first principles based on the Schwinger-Keldysh
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formalism. Note that we recover the label “IR” for IR fields in this subsection
following the notation adopted in appendix A.

Suppose that the system is in the false vacuum |W,5.) at the past infinity
t = —oo and it evolves into a certain quantum state [{¢™(T, ) }zep) at the
final time ¢ = T', where |{¢"™ (T, )} zep) is an eigenstate of an IR field ¢'®(z)
at spatial points x in the domain D with an eigenvalue ¢'®(T,x). Here,
éIR(a:) is an IR field in the Schrédinger picture.® The transition probability
p for this process is given by

p{"™ (T, @) }Yae) = | ({8 (T, @) Yaen|U(t, —00) | Urae) 2

, (3.36)

where U(t, ') describes the unitary time evolution from ¢ to t. The RHS is
the Fourier component of the generating functional Z[J™®] for IR fields, and
we have

P 2]} en) = [T [ A7) 2l D))o Tt

xeD

(IR (T9)=0} g
(3.37)

where the generating functional Z[J™(T)] is defined by

Z[J®(T)] == Tr

U(T7 _OO) |\Ilfalse> <\I/false| UT (T7 _OO) H eiJIR(T’m)d)IR(T’m)] .

(3.38)

We can evaluate Z[J™(T)] non-perturbatively in the IR sector based on
the method developed in [71, 72]. Our strategy is that we integrate out UV
sector k > k.(t) perturbatively in nonlinear couplings to obtain Z[J™(T)].
This is analogous to tracing out environmental degrees of freedom to evaluate
the reduced density matrix for the system under considerations. Each step
we take can be summarized as follows:

1. First, we derive a path integral representation of Z[J™(T')]. We then
split the integration variables into UV fields and IR fields such that

3Precisely, d;IR(m) is defined in terms of the the Schrédinger picture field ngS(k:) in mo-
mentum space as ¢'R(x) 1= Ik (gjr]f3 d(k) e™®®0(k.(t) — k). We suppressed the trivial time
dependence stemming from the step function.
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the integration contour of UV variables of ¢ is closed: see discussions
around Eq.(A.4) for more details.*

2. We perform the integration over UV variables and evaluate an IR ef-
fective action, the so-called Feynman-Vernon influence functional [73]
perturbatively.

3. We substitute the obtained expression of Z[J™(T)] into (3.37), giving
rise to the path integral expression for the transition probability p.

Technical details are shown in appendix A. At the step 2, we assumed that
the quantum state for non-zero modes is given by the Bunch-Davies vacuum
state for a free field defined around the false vacuum, and that the exact
zero mode provides a non-fluctuating classical background field configuration

Qb = ¢false-

In this way, we can obtain the path integral expression for the probability
p as

p({™(T, ) Yuep) / D( BRI €95 [Can] 6 [Cin] - (3.39)

Here, 0 [Csn] and 6 [Ciy] fix the boundary conditions of path integral at the
final time and the initial time, respectively:

5Conl = [ 56 (T ) — 6™(T, ) [[ 665 (T, 3)) (3.40n)

xeD Yy

Ha (00, ) — Praise) 0 (IF(—00, ) 6[Caetat] ,  (3.40D)

where §[Cgetail] is not relevant for the main points here, and we define it in
appendix A. A term § may be understood as an IR effective action,

S = / d*z [HIARQAIR PWITR — (qﬁiR,HiR,gbg{,HlAR)—cSH} : (3.41a)
OH = a*(t) [V (o + (0K'/2)) = V(& — (0K'/2)) = V'($£)$X] + 6 Huigher »
(3.41b)

4There is a subtlety that modes satisfying k > k.(T) are initially regarded as the
“UV” degrees of freedom (DoF) while they become “IR” DoFs due to the accelerating
expansion of the spacetime. However, by adopting this splitting procedure, we can use the
Schwinger-Keldysh (or closed-time-path) formalism to evaluate the integration over UV
variables first as usual.
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where H is given in (3.34). dHpigher denotes the higher-order terms in the
coupling constant. Note that eq (3.39) allows us to understand the transition
probability p in terms of the stochastic dynamics: this point is discussed in
appendix A.3.

Validity of Eq.(3.33). Now we find that S coincides with the term in the
exponent of (3.33) up to the term dH. Hence, (3.39) shows that the result
(3.33) in the previous section can be justified from the first-principles when
the term JH is negligible. Suppose that the potential V' (¢) is sufficiently
flat in the regime of our interest such that perturbation theory works when
integrating out UV modes. In this case, we can systematically calculate
d Hyigher perturbatively and we have d Hyigner = O at the leading order. We
set 0 Hpigher = 0 in the present analysis. We should keep in mind however
that the non-perturbative physics at UV scales k > k.(t) = ca(t)H is lost
by setting 0 Hyigher = 0. From this viewpoint, we should choose € as large as
possible.

Even after setting 6 Hpigher = 0, we have nonzero 6H. In the classical
approximation, we may regard the A-variables (¢, TII}) as tiny quantities
and keep only the terms which are linear in the A-variables in S, leading
to 0H ~ 0. In the case ¢ < 1, this approximation would work thanks to
the squeezing of quantum fluctuations at super-horizon scales. However, it
is more subtle if we can set 0H = 0 in the case ¢ 2 1. We will revisit this
issue in chapter 4.



Chapter 4

Tunneling as a stochastic
process

In this chapter, we apply the MSRJD path integral to the tunneling process
in de Sitter spacetime, based on the author’s paper [57]. In Section 4.1, we
firstly investigate the case of the HM tunneling and obtain the same tunneling
rate appeared in Section 2.3. In Section 4.2, we construct a CDL-like process
in our formalism and calculate the tunneling rate. We also discuss its validity
and compare with that of the Euclidean method.

4.1 Hawking-Moss tunneling

In this section, we discuss the Hawking-Moss (HM) tunneling from the per-
spective of MSRJD functional integral. We calculate the tunneling rate de-
fined by (3.31) and (3.33) in sections 4.1.1 and 4.1.2, respectively. Hereafter,
for the numerical calculations, we consider the potential [58] in FIG. 4.1;

Vo =L@ - o+ Ll - sato-209], (a1

for which the derivative with respect to ¢ is given by a simple form

V'(¢) = ¢*(¢ — a)(¢ + a)(¢ + af). (4.2)
For this potential, we have ¢gie = —, Ppue = @ and ¢y, = —Ba. The
dimensionless parameter 8 must be 0 < # < 1, otherwise ¢ = —« is not a

40
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V(g)
2

a4g

1.0F

Figure 4.1: The potential of (4.1) for various 8. From top to bottom, the
curves correspond to = 0,0.25,0.5,0.75, 1.

false vacuum. The potential at each point takes the following values:

2.4 2.4
SR V(g = L5 - 5B+ ). (43)

The height of potential barrier AV between the false vacuum and the true
vacuum 1s

V(—a)=0, V(a)=

2.4

AV =V (-fa) — V(-a) = 91‘;‘ (1-B)3*3+5). (4.4)
The mass of fluctuations around a given point ¢ is
V() = a’¢” [3(¢/a)’ +28(¢/a) — 1] . (4.5)

In our analysis, we work in the quantum field theory on the fixed de Sitter
background. This assumption will be valid when the condition

max|[|[V(—a)l, [V(=Ba)l, |V (a)|] < 3MyH? (4.6)
is satisfied. This is always satisfied when the following condition is imposed,

2
M, ([ H\? V14
H<<M(—) z2.9><1012GeV< J ) ( 0) (A7)

2 g 1.12 x 104 ga/H
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where we use 0 < < 1 and choose parameters (g,ga/H) = (1.12 x
10~*,4/140) as a benchmark point for later convenience. This shows that
we can ignore the backreaction consistently with the weak coupling ¢ < 1
provided that H is well below the Planck scale M, ~ 2.44 x 10*® GeV. Note
that under this condition, our discussion below is also applicable in the case
of a quasi de Sitter background. However, it is non-trivial to generalize our
analysis to the case when a non-negligible backreaction on H exists. This is
because it is necessary to extend the first-principles derivation of the stochas-
tic approach to account for the backreaction. This is in itself an interesting
issue which we leave for future work.

4.1.1 The case for the reduced Langevin equation

Let us start from the simpler formula (3.31). The Hamilton’s equations for
the Hamiltonian H (¢, 1) defined in (3.32) are given as

T V/(¢C> H3
¢c_ - 3H _4_71_2 Ay
. B V”<¢c)
Ha = 51l (4.8)

There exist many Hamiltonian flow lines in phase space (¢, [Ia) that repre-
sent the solution of Hamilton’s equations as shown in FIG.4.2. Each flow line
can be specified by the value of Hamiltonian since it is conserved on the given
flow line. In the FIG.4.2, there are two important flow lines corresponding
to H(¢.,11a) = 0. Since the Hamiltonian is the quadratic polynomial of IIx,
there are two Il satisfying H(¢.,I1o) = 0:

8 2
HA:Q—i%vK (4.9)

In the case of IIn = 0, the equations (4.8) reduce to

] V/(¢C)
=——". 4.1
5= -2 (4.10)
Similarly, in the case of IIn = —;%V’(gbc), the equations (4.8) reduce to
/
ACON (4.11)

3H
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alla

Figure 4.2: The Hamilton flow for (4.8) where we take a = H, g = 0.4 and
B = 0.1. The solid lines correspond to H(¢.,IIn) = 0. From left to right,
the intersections of the solid lines correspond to the false vacuum, the top of
potential hill and the true vacuum.

These two flow lines have three intersections which correspond to the false
vacuum, the top of potential hill and the true vacuum from left to right. On
the flow line with IIn = 0, the false and true vacuum are stable and the top
of potential is unstable. While on the flow line with IIn # 0, the stability is
reversed. The different signs of the potential forces account for the reverse
of the stability at the intersections. We see that the tunneling configuration
exists; starting from the false vacuum (¢, I1n) = (—«,0), going to the top
of the potential (¢, [In) = (—Sa,0) through the flow line with IIn # 0 and
finally going to the true vacuum through the flow line with IIn = 0. We
numerically solve the second equation with the initial conditions ¢.(t') = —«
and switch to the first equation when the field reaches the top of potential
¢c(t) = —Ba. Thus, we obtain the tunneling configuration in FIG.4.3.
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Figure 4.3: The tunneling configuration for the homogeneous fields is plot-
ted for § = 0.1 and ag/H = V/10. We choose the initial condition as
$.(1071)/a = —1 + 1075 and solve the equation of (4.11). When ¢./a
gets close to the top of potential ¢./a = —, we switch to the equation of
(4.10) with the initial condition ¢./a = —8 + 107°.

Now, we evaluate the transition probability (3.31) by substituting the
above tunneling configurations. The action in (3.31) can be calculated with-
out the concrete solutions for ¢.;

2

7= /t/t dt [HMAC — H(¢e, HA)} _ _% /t,t* o =

872
30 AV,
(4.12)

where t, is the time that ¢, reaches the top of potential and AV is the
difference of energy density between the top of the potential and the false
vacuum. The trajectory from the top of the potential to the true vacuum
does not contribute to the transition probability because H(¢.,In) = 0 and
ITA = 0 on its trajectory. Thus, the transition probability of the tunneling
can be evaluated as

(] — a, 1) S Ay (4.13)
plost] — o) ~exp | — o2z AV ). .

This shows a complete agreement with the result of the HM instanton on the
fixed background (2.68).
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Comments on this result are in order. It is pointed out in [42] that when
the potential V' (¢) has several degenerate local maxima, all of them yield the
same tunneling action in the Euclidean method, despite differing distances
from the false vacuum. In our formalism, however, a transition to a distant
maximum is described by a saddle-point solution that passes through all the
intermediate maxima, and the transition probability is given by the product
of the factors on the RHS of (4.13) for each maximum. The aforementioned
subtlety is absent in our formalism.

Since the analysis in section4.1.1 is based on (3.23), which describes the
stochastic dynamics of the IR field ¢. at a single spatial point, eq.(4.13)
calculates the tunneling probability at a single spatial point, not for the
whole universe.! Hence, physically speaking, (4.13) provides the tunneling
probability of a coarse-grained patch with a physical radius (¢H)~!. This
point is also made clear in sec. 4.1.2.

4.1.2 The case for the full Langevin equation

Next, we evaluate the tunneling rate based on the formula (3.33). An ad-
vantage of (3.33) is that one can discuss various non-trivial dynamics in the
whole universe covered by the flat chart in principle.

In the previous section, we focused on the dynamics at a single spatial
point and found the HM tunneling process as a non-trivial solution of the
Hamilton’s equations. In this section, we discuss the corresponding process
in the global picture based on (3.33) by identifying a non-trivial configuration
that satisfies the Hamilton’s equations in a good approximation. We then
reproduce the result (4.12). We also estimate the characteristic time scale
of the tunneling. In sec. 4.1.2, we remark some technical complications that
arise in the global picture.

We start with simplifying the expression (3.33). As discussed in chapter 3,
G?%? becomes dominant and the others can be neglected for e < 1 in (3.34).
Under this approximation, the exponent of the integrand of (3.33) is linear
in ¢a. We can then perform the path integral [D¢a in (3.33), yielding
the product of delta functions [[, 6(flc — aV?¢. + a®V'(¢.)). These delta
functions give an equation of motion for II. and eliminate the path integral
| DII.. We solve this equation as I, ~ —a®V’(¢.)/3H, ignoring the spatial

!This is consistent with the observation made in [41] that the HM solution corresponds
to the transition over a region of a Hubble horizon volume.
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gradient and the time variation of ¢.. Furthermore, we change the integration
variable as [Ty — —ill in (3.33). Consequently, (3.33) reduces to

pe(t,®)=dc(x) .
o) o). )= [ " e ayesp | [ (Mad - (o 1)) |

(4.14)

where the Hamiltonian Hiy is defined as

Hia(¢e, Ta) == ! V' (¢)11 HBH I (4.15)
HM\Pey LLA) -— 3H c A ]2 ALLA .
and Il is given by
— A&k 4rn? H? :
._ 3 ik-x

(4.16)

Here we define ¢, by the condition k.(t;) = k. The Hamilton’s equations are

. H 3_
e = 3H V'(pe) — I, (4.17a)
1

[l = S_HV (ngC)HA. (4.17b)
Here, the term IIA(t,«) on the LHS of (4.17b) is defined as the Fourier
transform of Ta(t, k) i.e., Ha(t, ) := (27)73 [ d*k TIA(t, k)e™™®. The same
rule applies to other IR Varlables in the real space as in eq. (A.25). Intuitively,
this is because the stochastic formalism is formulated in the momentum space
and its Fourier transform provides the stochastic formalism in the real-space:
see appendix A for more details.

Eqgs. (4.17) admit a trivial configuration IIa(¢,k) = 0 under which we
have Hypy = 0 and (4.17a) becomes ¢, = —V'(¢.)/(3H) describing the stan-
dard classical time evolution. Now we are interested in the non-trivial con-
figuration which satisfies (4.17). In the previous section, we focus on the
non-trivial dynamics at the single spatial point * = xy and it is found that
the tunneling configuration is obtained by IIa(t, @) = 5};4 V' (¢e(t, x0)).
This configuration can be naturally extended to the one in the global picture
by considering the following configuration
872

IA(t, k) = —mv’(qbc(t, xg))e ko (4.18)
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From now on, we show that this configuration satisfies a set of Hamilton
equations (4.17) in a good approximation. For this configuration, we have

MA(t ) — —f—ivwc(t, 2 f(r: 1), (4.19)
fia(t ) = —%V”(@(u 20))e(t, ) F(r: 1) (4.19D)
Ta(t, @) —%v’(@(t, 20))jo (ke(t)r) | (4.19)

where 7 == |z — x| and f(r;t) := (27)2 [ Bk O(k.(t) — k) e® (@20 The
functions jo(k.(t)r) and f(r;t) rapidly oscillate for r > k;!(t). Hence, they
exponentially decay to zero after they are smeared over the Hubble time: for
instance, jo and f becomes the smooth function after the suitable coarse-
graining as 2

Jo(ke(t)r) s W(r;t) == /dt/w(t,at)jo (ke(t)r) ~ 0 (r> k71(t)) ’

ke(t)/(67%)  (r < kZH(1))
0 (r> k(1)
(4.21)

{1 (r < k74(1))

Flrit) S5 Wi(r;t) = /dt’w(t’,t)f(r;t') R {

Here, we perform the smearing by using a window function w(#',t) which is
approximately constant in the domain |t — /| < H~! while it exponentially
decays to zero at |t —t'| > H~'. We also impose the normalization condition
[dtw(t,t) = 1. We can choose w(t',t) = Hr Y2exp[—H*(t — t')?] for
example. Note that the property (4.21) is based on the behavior jo(k.r) ~ 1
and f(r;t) ~ k2/(67?) for r < k! and the rapid oscillations of jo(k.r) and
fo(r;t) for r > k;'. Hence, the property (4.21) will be robust against the
choice of w(t',t).

Therefore, substituting Eqs. (4.19¢) and (4.21) into Eq. (4.17a) and per-

2Note that this behavior may motivate one to replace the term jo(k.(t)r) in (4.15) by
the step function

Jo(ke(t)r) — 6(1 — ke(t)r) . (4.20)

This is the approximation adopted in [44].
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forming the smearing in time, we obtain

Oc(t, @) = = o [VI(e(t, ®)) — 2V (e(t, o)) o (ke(t)r)] (4.22a)
imacs, (VO @)/GH) (r> kW) o

V(¢e(t, o))/ (3H)  (r < k(1))
This exhibits the non-trivial dynamics only in the domain r < k1, ie., a

coarse-grained patch centered at a point @y with a physical radius (eH)™'.
Here, we used ¢.(t,x) =~ @.(t,xy) for r < k;'(¢). In the second line,
it is assumed that V’(¢.(t,x)) does not cancel the rapid oscillations of
Jo(ke(t)r) so that their product V'jo decays exponentially at r > k! after
the suitable smearing. This assumption will be valid thanks to the approxi-
mate constancy of super-Horizon fluctuations ¢. (¢, k) over the Hubble time:
b.(t, k) ~ ¢.(t', k) for |t —t'| < H™'. Adopting the same assumption, from
(4.19a) and (4.19b) we also obtain the smeared expressions of IIx and IIa
which turn out to satisfy (4.17b) under the condition (4.17a). Hence, we
conclude that (4.19) describes a non-trivial saddle-point solution in a good
approximation. Furthermore, after the smearing we can find Hygy ~ 0 for
this configuration.

Now we use the configuration (4.18) or (4.19) to obtain the tunneling
configuration shown in FIG.4.3 again. We can calculate the action for this
tunneling configuration similarly to (4.12). By substituting the exact expres-
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sions (4.19) and (4.22a), we obtain 3

H3 ts -
I=—— dt /d3xHA(t,a:)HA(t,m)

871_2 #
8 2 Ty V/ o(t, .

o [ Vet e G2 [ o) s
87 872

g7 [ etV et ) = — AV (4:23)

In the first line, we used (4.17a) to eliminate ¢, from the integrand. In the sec-
ond line, we substituted the concrete configurations (4.19). In the third line,
we used (4.22a) and performed the spatial integral as [ d®z jo (k.(t)r) f(r;t) =
1. Thus, we reproduce the previous result (4.12). Our analysis confirms that
(4.23) gives the tunneling probability of a coarse-grained patch with a phys-
ical radius (eH) ™.
It is worth mentioning the time scale of the HM tunneling. We may
naively calculate the typical time scale of the HM tunneling as t, — t’ =
i::; do.. % Here, the space-time argument of the field is suppressed.
However, this integral is in general divergent since V' = 0 at the both ends
of the integral. In the vicinity of the domain where V' = 0, we expect that
the quantum fluctuations of the field would play an important role. Since
the typical size of quantum fluctuations accumulated over the Hubble time
is H/(27), we may define the regulated quantity ¢y as

‘z)top_% 3H
tin = / ddpe —— |, (4.24)
d’false‘i’% Vl(CbC)

and we expect that ¢ty would correctly characterize the typical time scale

3Note that we can also estimate the action I by performing the coarse-graining in time
suitably and substituting the smeared expression of IIa into the action:

872
- v 3H* /.
reproducing the previous result (4.12). In the first approximate equality, we used Hygy = 0
which is well satisfied after the smearing. In the second one, we use ¢.(t, ) ~ d.(t, xo)
for r < k;'(t) and the condition [d3xz Wy (r;t) = 1 which follows from the definition of
W;. This estimate may be more analogous to the calculation of the action in sec. 4.1.1
since the approximate locality of the dynamics is restored after the smearing.

ty . 82 ts .
= ors [ aViodtan) [ @bt = - gr [ dtbut o)V (0t e0) =

8?2

3H*

AV,
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of the HM tunneling. In particular, for our potential (4.1) we have

" _ 3H 3+6 log |1 — 1—6 _1lo 1_H/§7roz NLO
T 90a2 (14 8) [\1-5 & H/2m«a & 1-1-[{1/;760( H

(4.25)

Since we have (H/ga)? ~ (H? V") 4100 <oe<ne, > 1 for the shallow potential,
we conclude that the time scale of HM tunneling is much longer than the
Hubble time.

Remark

So far it is found that, starting from (3.33), the configuration (4.18) approx-
imately solves the Hamilton’s equations (4.17) and reproduce the previous
result (4.12) when it is substituted into the action. There is actually an
important reason behind why we should choose the configuration (4.18) to
evaluate the HM tunneling process.

To see this, it is important to realize an important difference between the
current Hamilton’s equations (4.17) and the previous one (4.8); the equation
for ¢. now contains I rather than ITn. Due to this difference, the structures
of Hamilton’s equations (4.17) are understood as follows;

e the equation for ¢, (4.17a) is determined once Il is specified,

e IIA(t, ) is understood as initial conditions for (4.17b) since I (¢, )
contains only the boundary modes satisfying k = k.(t). Hence, IIa(, z)
is obtained by solving (4.17b) for given I1o under the condition (4.17a).

On top of that, substituting the Hamilton’s equation for ¢, into the action,
we have the first line of (4.23) which can be rewritten as

/ dt / At R)TIA(L, —k)2H—];6(t—tk) (4.26)

The RHS depends only on the value of IIa (¢, k)|r=k. (). Hence, we can evalu-
ate the tunneling action once Il is specified, provided that (4.26) or equiv-
alently (3.33) is reliable.

We claim that (3.33) will be valid when II is chosen so that ITa (t > t4, k)
becomes a smooth function in time. Otherwise, it will not be justified to ig-
nore the higher-order corrections  Hyigner Which are neglected in (3.33). In-
tuitively, this states that perturbation theory tend to be broken down around

((H/ga)?) .
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exotic configurations. When Il is a smooth function, we can relate Il to
IIA after the suitable smearing in time:

time c.g.

At o) / P At &)W (@ — ]:t) ~ VIIa(L @), (427)

Here, we also used IIa(t,x) ~ Ma(t, @) for |x — /| < k! and defined
V= (47 /3)k;3(t) ~ [ d*a’ W(|z — «'|;t). We then require that the Hamil-
ton’s equation for 1 (4.17b) is satisfied in a good approximation to ensure
the validity of (3.33). This constrains the choice of IIn. Indeed, the con-
figuration (4.18) approximately solves (4.17b) and satisfies the smoothness
and henceforth (4.27) after the smearing. This would be the reason why our
analysis with (4.18) based on (3.33) can reproduce the correct result.

4.1.3 On the c-independence of the Hawking-Moss tun-
neling

In sections 4.1.1 and 4.1.2, the tunneling probability of a coarse-grained patch
with a physical radius (eH)™! is calculated. Our results coincide with the
HM tunneling and are independent of e.

The e-independence of the results would be a consequence of the scale-
independence of the dynamics of light scalar fields at super-horizon scales.
To see this, it is useful to notice that a coarse-grained patch of physical radius
(e1H)™! at a time t = T expands to a patch of larger physical radius (g9 H) ™!
at a later time ¢t = T + 0t > T with g9 = & exp[—Hdt] < &1 < 1. The value
of IR field does not evolve from ¢t = T to T + ot because the fluctuations of
light scalar field at super-horizon scales are approximately time-independent,

d3k i o ﬂ b B
/ Wd)c(t,k)e O(ke(t) — k) ~ / O Gt + 0t, k)e™®®0(ko(t) — k),
(4.28)

unless §t is much longer than H~!. Hence, we can relate the coarse-grained
dynamics of different ¢ < 1 by considering the time shift ¢ — ¢ + 6t with the
value of IR field being kept fixed. This means that the tunneling probability
from ¢ = @rase t0 Puue Of a patch with physical radius (e H)™! should be
independent of ¢.
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P (x)

(812> (x),0)

Figure 4.4: A schematic picture of Hamiltonian flows in the "field” phase
space. We expect that there is a flow line which starts from the false vacuum
(left intersection) and reaches the bubble configuration (right intersection)
through a non-zero ¢ (x) path.

4.2 Coleman-de Luccia tunneling

n the previous section, the result of the HM instanton was reproduced using
(3.33). We expect that the formula (3.33) can describe not only HM tunneling
but also CDL tunneling. In other words, we anticipate that there will be a
flow line starting from the false vacuum to the bubble configurations, as
illustrated in FIG. 4.4. In this section, we explicitly present an interesting
configuration by following the prescription outlined in the previous section.

4.2.1 Coleman-de Luccia bubble solution

In Euclidean method, the CDL instanton is dominant rather than the HM
instanton when the potential barrier is steep [64, 65, 66, 67]. By taking
e > 1, we can study nonperturbative physics at sub-horizon scales such as
the formation of bubble. In this case, G'! becomes dominant and the other
noises can be ignored in (3.34). Under this approximation, the exponent of
the integrand of (3.33) is linear in ITn. We can then perform the path integral
[ DI in (3.33), yielding the product of delta functions [], 5(&50 — a*3Hc).
These delta functions eliminate the path integral [ DII..* Furthermore, we

4This is the reason why we illustrate flow lines in the (¢., ¢a)-plane in FIG. 4.4.
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change the integration variable as ¢n — —ign in (3.33), leading to

p [ Dlonosiew | [ate (¢sde— Homlono0)| (129

with appropriate boundary conditions; we consider bubble configurations as
boundary conditions later. Here, the Hamiltonian Hcpy, is defined by

Hoon (60, 6a) = — (a9, — 'V/(6)) s — & oa(@)dsle).  (130)

with

Galt,x) = ﬁr’“—% [ i kiole - 2 ose.a). (4.31)

We would like to find the appropriate configuration ¢, which describes the
tunneling process. Following the choice made in the last section, let us sup-
pose that the appropriate choice is given by the configuration for which the
Hamiltonian (4.30) vanishes:

Palr) =0, =2(a7*V?¢. = V'(¢r)). (4.32)

Note that this condition is imposed up to the suitable smearing in time
because ¢, (t,x) includes only the boundary Fourier mode k = k.(t). As
discussed in sec. 4.1.2, ¢ becomes sufficiently smooth for the appropriate
¢, and hence we also suppose

2
DR INE (4.3
™
after the suitable averaging over the Hubble time, similarly to (4.27). We
use the relation (4.33) to evaluate the action later. This would work at least
for the purpose of estimating the action.

In principle, we do not need to use the estimate (4.33) in evaluating the
action since it is determined once ¢, is specified based on the analogous logic
discussed around (4.26). For this purpose, we need to specify the configu-
rations {¢a(t, k)|k=k.(1)} in momentum space which result in the sufficiently
smooth ¢ that solves the Hamilton equations. It is not easy to find such
appropriate configurations precisely, however. Hence, we leave more careful
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analysis on the choice of ¢, for future work. In this study, instead, we fo-
cus on how we can proceed the analysis for given configuration (4.32) with
adopting the estimate (4.33) and how the bubble nucleation process could
be described in the stochastic approach.

Using the relation (4.33), the Hamiltonian (4.30) and the configuration
(4.32) become

2 BV o’
Hepr ~ — (aV ¢c vV (¢c)) ¢A - 6_0' ¢A ) (434)
6a2) =0, — (@ V6.~ V(6.)). (4.35)

The Hamilton’s equations under the constraints (4.35) give the following
equation of motions for ¢.:

¢+ 3Ho. = —(V'(¢c) — a *V?¢.), (da =0),
950 + 3H¢c = V/((bc) - CLiQVQ(bC, (¢A on

(070, ~ V' (0).

(4.36)
Similar to the previous case (4.10), the signs of the potential term and the
gradient term are flipped in the equation of motion with the non-trivial
oa # 0. Hence, we can expect that the tunneling process is realized. From
(4.29), we find that only the solutions satisfying ¢a # 0 contribute to the
action. Then we focus on the second equation in (4.36).

Interestingly, this equation is the classical equation of motion in the Eu-
clidean anti-de Sitter (AdS) space which is defined by the embedding equation

~Xe+XP+ X5+ X7+ X =—H? (4.37)
in five-dimensional Minkowski spacetime
ds® = —dX¢ +dX7 +dX; +dX] +dX;. (4.38)

In fact, the d’Alembert operator 97 + 3H9; + a~>V? can be obtained from
the following induced metrics;

1
ds? = dt* + *Hlda? = o ——(dn? + dx?) = H*(dp? + sinh? pdQ?) |
(4.39)
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where dQ? := d#? +sin? §;d62 +sin? 0, sin® #,dH2 and 0 < p < 00, 0 < 0, < 7,
0 <60y <mand 0 < 63 < 27. The second metric is that in the Poincaré
coordinates and the third one is that in the global coordinates. The explicit
coordinate transformations are given by

Xo = H ' cosh p,
2 =
T —1 . .
X, = = sinh psin 6; cos 05,
—Hp
Xy = 2 H! sinh p sin 6, sin 65 cos 63,
—Hp
X3 = gt sinh p sin 6 sin 05 sin 6,
1n2 2 _ g2
Xy = 577 T = H'sinh pcos ;. (4.40)
-
For later convenience, we derive the relation between (n,r := |x|) and (p, o7)
as
1 sinh psin 6,
1= Cosh p — sinh pcos )’ " cosh p — sinh p cos 6, (4.41)

From this, we can check that a point (n,r) = (—H!,0) is mapped to p =
0 for any #; € [0,7]. Except for this, there is one-to-one correspondence
between points in the (7, r)-plane with < 0 and r > 0 and points in the
(p,01)-plane with p > 0 and 0 < 6; < 7m. On a constant-n slice in the
(n,r)-plane, the value of p for given spatial point r is given by
B . LH*(* +r?) +1
p = arccos (2 “Hn )

This function increases monotonically in r for given 7 in the region r > 0.

From the global coordinate (4.39), we see the Euclidean AdS spacetime
has O(4) symmetry. Hence, we assume that the field ¢. depends only on p.
Thus the second equation of (4.36) reads

d*¢. L3 de V(o)

dp?  tanhp dp H?
Note that this is the same equation utilized in the Euclidean method [38, 40].
Imposing the boundary conditions [36, 38]

lim ¢, = —a, do.

p—00 dp | =

(4.42)

(4.43)

— 0, (4.44)
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numerical

----- fitting
0.5

1.0

Figure 4.5: The tunneling configuration for the inhomogeneous field is plot-
ted. The solid curve is the numerical solution for 8 = 0.5 and ag/H = 1/140.
We take the initial conditions as ¢.(1071%)/a = 1 — 4.98284 x 1072 and
#.(1071%)/ae = 0. The dashed curve is the fitting function (4.45) where
= "7.32515 and p = 0.34397.

we obtain the bubble solutions as is shown in FIG. 4.5. Note that the latter
condition ensures the continuity of d,¢.(n,r) and d2¢.(n,r) at (Hn, Hr) =
(—1,0).

It is useful to fit the bubble configurations by the following fitting function
(FIG. 4.5);

¢c(p) = —atanh u(p — p), (4.45)

where ;1 and p represent the thickness and the position of the bubble wall,
respectively. Note that, for § 2 0.6, the deviation from the true vacuum at
the p = 0 becomes significant [58] and the fitting (4.45) becomes bad.

We also have to examine the boundary conditions in the Hamilton flow.
As in the case of HM tunneling, we expect that there are several intersections
where ¢ = 0 (FIG. 4.4). Since we have the concrete ¢ (4.35) and the
bubble configurations (4.45), it is possible to obtain the curves in (r,7)-plane
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on which ¢ = 0. Using (4.35) and (4.36), such curves are given as
2
F(nv T) = aggbc - _an(bc = 0. (446)
n

Note that this is equivalent to solving a=2V2¢, — V'(¢.) = 0. Substituting
(4.35) into (4.46) and using the fitting formula (4.45), we find four solutions
which are expressed as four lines in the (7, r)-plane; two of them are placed
at n = —oo with fixed r and r = oo with fixed 1. These correspond to
p = oo where ¢ = —a (FIG. 4.5). Also, we numerically find other two non-
trivial hypersurfaces (FIG. 4.6(a)). It can be seen that one of the curves is
totally spacelike but another is partially timelike. Thus, it seems natural to
take 7 = —oo curve as an initial time slice on which ¢ is false vacuum and
totally spacelike non-trivial curve as a final time slice on which the bubble is
nucleated. We denote the region between the two spacelike curves as .

As a matter of fact, the configurations on the final time slice has a bubble.
It can be checked as follows; the value of ¢, at the origin exceeds the top of po-
tential hill. In the case of FIG. 4.6(a) where we set (3, ag/H) = (0.5, /140),
we have ¢./a ~ —0.1 > —=0.5=—F at Hr =0, Hn ~ —0.7.

Now, we can evaluate the action for the bubble configurations for ¥ (FIG.
4.6(b) or (d)). We use the fitting function (4.45) for the numerical integration.

I~ /Ed% [—a?’(bA (gbc + 3H¢c> — HCDL}

.2 . . hS 2 2
= _6_7T / dpdf,dbsdbs sin” 0 sin 0, sin P>4 (asﬁbc - —an¢c)
. n

Hbe (cosh p — sinh p cos 0,
2472 (sinh p — cosh pcos0;)? 9%
=— dpdb; sin® 6, sinh® .
H?e /2 pEVLSIN VLS P [ (cosh p — sinh pcos01)? Op?
n 3sinh p — cosh pcos 0y n sin? 6, 0¢.. 2
cosh p — sinh pcos#; ~ tanh p(cosh p — sinh pcos6;)? | dp
24m2a? -
= ———1(u, p). 4.47
iR (1, p) (4.47)

In the second line, we used Hepr, = 0, (4.35) and (4.36). Also we performed
a coordinate transformation (¢,7) — (p,6;). In the third line, the following
relations are used

_290:(p) _ _20p0¢c(p)
n On non Op

dbc(p)

= 2H?(cosh p — sinh p cos 6 )(sinh p — cosh p cos ;) P
P
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Figure 4.6: (a): The two non-trivial curves on which (4.46) is satisfied. We
insert the mesh to confirm whether the curves are spacelike or timelike. It
can be seen that the upper line is spacelike but the lower one is partially
timelike. (b): The integration region for (4.47). There are another spacelike
curve at 7 = —oo. (c¢): The two non-trivial curves in (p, 6;) plane is plotted.
(d): The integration region for (4.47) in (p, 6,) plane. All plots are the case
for B = 0.5 and ag/H = +/140.
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and
P oe(p) i o
g = H? {(smh p — cosh p cos 91)28_p2

sin?6;) 0
+<¢ (sinh p — cosh p cos 61 )(cosh p — sinh p cos 0) + tanhip | 3p be(p).
Here, the partial differentiation with respect to 7 is taken while keeping r
constant.

4.2.2 Discussions
Appropriate choice of ¢

Since our results (4.47) depend on e, we need to choose some specific value
of € to predict the tunneling rate. We emphasize that the € dependence does
not imply the pathology of our result. Rather our results should depend
on € because the non-perturbative effects from UV modes are missed in our
formalism as discussed in section 3.3.2. We then choose ¢ as large as possible
to evaluate the tunneling rate.

Our analysis will be valid only when the value of ¢ lies in a certain range.
Below, we briefly discuss necessary conditions for ¢ to justify our analysis.

Lower bound on . We need to choose sufficiently large € so that IR fields
can describe the bubble configuration. This imposes that (¢H)~! should be
smaller than the typical physical size of the bubble or the bubble wall. This
condition will be satisfied by taking ¢ 2 u for our parameter choices.

Upper bound on . Our analysis is based on Eq.(3.33) which will be
invalid when quantum fluctuations of IR fields are too large. This imposes an
upper bound on € because the size of fluctuations of ¢, at the scale k ~ k.(t)
is proportional to €:

3 ) 1/2 a e
oo, i= | [ s b tnlk k) (ot P~ 5 = S )

where we assumed (k./a)?> > V"(¢.) 5 and approximated ¢ as a massless
scalar field.

5This is compatible with the condition ¢ < a/H when the weak coupling g < 1 is
considered.
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As discussed in section 3.3.2, (3.33) will be justified when the term 0 H is
negligible. Then, we define the ratio Q of the term dH to the final term on
the RHS of (4.34) as ©

372

= 52 |VI”(¢C) (G72V2¢C - V/<¢c))| :

0. oH
" | H2ea3¢? /(67)

¢A:_H§7g5(a*2v2¢c—V’(¢c))

and we impose Q < 1. In the second equality, we used 6 H = (a®/24)V" (¢.)dA-
Similarly to (4.48), we can estimate the size of quantum fluctuations of
a"2V?@¢. Then, we estimate Q at large ¢ as Q ~ g?ae/H where we also
used |V"(¢.)| ~ g*a for |¢.] < a. The condition e < H/(g*a) follows from
Q<L

Summary. In summary, it is necessary to choose ¢ satisfying the following
condition to justify our analysis,

1.12 x 10~ 140
i< e < emax = H/(g%a) = 755 x ( > . 4.49
/(g0 : sy ERCED

This suggests that, at least when ¢ is sufficiently tiny, we can reliably choose
large €. Note that we cannot make the action I given in (4.47) arbitrarily
small even if we take £,,,x — 00 in the free-theory limit g — 0; for ¢ = €.y,
we have I|._.,. ~ —g '(go/H)*I (11, ). Roughly speaking, the small gor/ H
corresponds to the bubble radius being larger than the Hubble radius. Since
we are interested in the bubble smaller than the Hubble radius, gar/ H cannot
be taken small arbitrarily.

A few more comments on the e-dependence of our results are in order.
Our result (4.47) shows that the value of I becomes larger for smaller choice
of e. This is because the size of quantum fluctuations of modes k ~ ea(t)H is
proportional to €, while the nonperturbative physics caused by UV modes k >
ea(t)H is truncated in our formalism. This interpretation however implicitly
assumes that the modes k ~ epaxa(t)H are relevant for the tunneling process.
We expect that this is the case because a kinetic energy of fluctuations of
modes k ~ epaxa(t)H is estimated as (eqacH)* which is much smaller than
the height of potential barrier AV ~ g%a* for our parameter choices.

6We can also compare §H with the second and the third term on the RHS of (4.34).
Such considerations do not change our estimate of €pyax in (4.49).
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By contrast, very short-scale physics which is insensitive to the detailed
structure of V(¢) near its origin might be irrelevant for the tunneling process.
Hence, we expect that the tunneling rate would converge to some finite value
in the limit ¢ — oo. It would be interesting to see whether the tunneling
rate converges to a finite value as ¢ increases, and if so, from which value of
¢ this convergence begins.

Hawking-Moss vs. Coleman-de Luccia

From the formula (3.33), we derived the two configurations which describe
the tunneling from the false vacuum to the true vacuum. One is HM config-
uration and the other is CDL-like configuration. Using these configurations,
we evaluate the probability of the tunneling. Here, we compare these prob-
abilities. Denoting the action (4.47) and (4.12) as Iyupble and Iy, the ratio
of the two actions is given by

L Ibubble . 90&2]‘[2 ~ 1 108 H2

= T AVE ) S SO BB arg M P)
For example, if we choose 3 = 0.5 and ag/H = /140 (see FIG. 4.5), the fit-
ting parameters become p = 7.32515 and p = 0.34397 and the ratio becomes
v = 12.9840/¢. For these parameters, the upper bound of € is given as (4.49)
and then v can be smaller than one for appropriately small g. This means
that the CDL bubble configuration is dominant rather than HM configura-
tion. Results for other parameters are also shown in Table 4.1.

(4.50)

Comparison with the Euclidean method

We also compute the CDL action in Euclidean method (Chapter 2) and com-
pare the ratios of the CDL action to the HM action (Table 4.1). For € > ¢,,
our tunneling process becomes more probable than the one predicted by the
Euclidean method. As discussed in section 4.2.2, we can consistently choose
e > ¢, for certain choices of parameters (g, o, ). However, the implications
of this choice should be analyzed with caution, as the quantitative properties
of € are not yet fully understood.

Bubble nucleation hypersurface and the subsequent evolution

We find the non-trivial spacelike hypersurface on which the bubble is nucle-
ated (FIG. 4.6(a)), where the hypersurface is given by the condition F(n,r) =
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| B g/ [1-9(00 /o] p [ » | e | o7 [ & |
0.3 80 4.87210x 107° | 6.22563 | 1.05197 | 355.089 | 0.247004 || 1437.58
0.4 80 5.20273x 1072 | 5.99645 | 0.65257 | 64.1185 || 0.0909796 | 704.758
0.5 80 3.89106x 107% | 5.63444 | 0.475247 | 33.9526 || 0.0599470 | 566.376
0.3 140 3.50945x 10~* | 8.13990 | 0.673305 | 52.2515 | 0.0486678 || 1073.64
0.4 140 8.96003x 1073 | 7.82419 | 0.459659 | 19.2912 || 0.0239903 | 804.123
0.5 140 4.98284x 1072 | 7.32515 | 0.34397 | 12.9840 | 0.0172063 || 754.606

Table 4.1: The values of 7 for several parameter sets. First and second ones
are potential parameters. Third one is the initial condition for the equation
of motion (4.43). Forth and fifth ones are fitting parameters for (4.45). Sixth
and seventh ones are the numerical results of (4.50) and (2.69). The last one
is the cut-off parameter € for which (4.50) coincides with (2.69).

0 or equivalently a=2V?¢, — V'(¢.) = 0. The subsequent evolution is then
described by the one shown in the first line of (4.36) which is the standard
classical equation of motion. The configuration on the hypersurface gives the
initial data for the classical dynamics after the bubble nucleation.

The field value on the spacelike hypersurface does not reach the true vac-
uum but rather it lies between the true vacuum and the top of the potential
as mentioned in the subsection 4.2.1. This is possible because the location
of hypersurface is defined by the condition a=?V?¢, — V'(¢.) = 0 where the
gradient force is balanced with the potential force. Though it is non-trivial
to solve the evolution starting from the general spacelike hypersurfaces, it
is desirable to solve it to fully understand the formation of the true-vacuum
bubble in our scenario.

We conclude this section by pointing out that our formalism naturally
predicts that the condition ¢, = 0 (or ¢a = 0 via (4.33)) defines the hyper-
surface on which the quantum dynamics is switched to the classical dynamics
and the non-trivial field configuration is nucleated. This would be the generic
prediction of our formalism that holds true once the appropriate configura-
tion ¢, is specified.



Chapter 5

Conclusion and prospects

We studied tunneling processes in a de Sitter background using the stochas-
tic approach. A key novelty of our work is the application of the MSRJD
functional integral to this problem. In this formalism, the tunneling rate is
obtained by evaluating the functional integral via the saddle-point approxi-
mation. Using this method, we analyzed both the HM and CDL tunneling
processes.

For the HM case, we first analyzed (3.31), the MSRJD functional integral
of the stochastic equation (3.23) at a single spatial point. We successfully de-
rived the tunneling solution in the ”phase space” (FIG.4.2), which describes
the tunneling process from the false vacuum, through the top of the potential
hill, and finally to the true vacuum (FIG.4.3). This solution naturally satis-
fies the tunneling boundary conditions, which cannot be obtained using the
Euclidean method. The tunneling rate for this configuration coincides with
that of the HM instanton at leading order. In section 4.1.2, we re-derived
this result starting from (3.33), which describes the stochastic dynamics in
the global region covered by the flat chart. We also estimated the time scale
of the HM tunneling as (4.24), which is much longer than the Hubble time
scale. Our analysis clarifies the physical picture of the HM instanton: the
HM transition probability represents the transition probability of a coarse-
grained patch with a physical radius (e H)™'. Some technical complications
that arise in dealing with (3.33) and the methods for addressing them are dis-
cussed in section 4.1.2. Physically, these complications stem from the spatial
correlations of stochastic noises.

For the CDL case, we found configurations that describe the bubble nu-
cleation process. The tunneling rates for these bubble configurations depend

63
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on the cutoff scale dividing IR and UV fields. We argued that this depen-
dence arises from the truncation of non-perturbative effects from UV modes.
We also discussed the appropriate choice of the cutoff scale for which the
MSRJD functional integral remains reliable. This consideration is based on
the first-principles derivation of the stochastic approach from the Schwinger-
Keldysh formalism. With an appropriate cutoff scale, we found that the
CDL tunneling rate is larger than the HM rate for a steep potential barrier.
However, as mentioned above (4.34), it has not yet been fully investigated
whether our configuration can be reliably used for estimating the tunneling
action. This aspect, which is crucial for evaluating the tunneling action, is
left for future work. Nonetheless, we believe that our study clarifies how
the analysis can be extended and how the bubble nucleation process can be
described within the stochastic approach. For instance, our formalism nat-
urally defines the hypersurface on which the quantum dynamics transitions
to classical dynamics and the non-trivial field configuration is nucleated.

It is interesting to understand the relation between the stochastic ap-
proach and the Euclidean method. We compared the CDL tunneling rate in
our method with that in the Euclidean method and found that the former
becomes larger than the latter for the potential considered with a certain cut-
off scale. Investigating the meaning of this result would be worthwhile. In
particular, we need to clarify the precise relation between the CDL instanton
and our configuration. Intriguingly, our method is also related to that dis-
cussed in [74, 75, 76, 77, 78], where the bubble emerges spontaneously from
initial quantum fluctuations. In our method, however, we assume that non-
perturbative effects from UV modes, the quantum component of the potential
in the form V" (¢.)¢%, can be neglected, and that the configuration (4.35)
can be used to estimate the tunneling rate. The first two are summarized
into the term dH. We also assume a fixed background spacetime. Relaxing
these assumptions would be important to explore the relations among the
three methods. It would also be useful to apply our path-integral method to
tunneling in flat space and compare it with the Euclidean method.

Once this relaxation is achieved, it would also be interesting to apply our
method to tunneling phenomena where the back-reaction to the background
geometry is non-negligible and to make comparisons with recently discussed
methods. For instance, the formalism of the Wheeler-DeWitt equation [79,
80, 81] and the tunneling potential [82] must be related to ours because the
HM exponent is reproduced. Tunneling in black hole spacetimes [83, 84] is
also of interest. In particular, [84] discussed the HM transition with a black
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hole from the viewpoint of the stochastic approach.

Our method, based on the saddle-point approximation, effectively amounts
to solving real-time quantum dynamics, which reduces to Starobinsky’s stochas-
tic approach [43, 44] at leading order when the super-horizon dynamics in de
Sitter space is considered. However, since our starting point is the Schwinger-
Keldysh path integral, which can be formulated in a more generic setup and,
in principle, incorporates all quantum effects, we believe that our formal-
ism sheds light on further studies of tunneling phenomena from a real-time
perspective.

One of the advantages of our method is that it is applicable to a dy-
namical setup. The application of our method to inflationary models, such
as chain inflation [85] and warm inflation [86], is also intriguing. Using our
method, we can study the tunneling process in an inflationary background
under dissipation and fluctuations coming from the circumference. We leave
these issues for future work.
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Appendix A

Stochastic approach from the
first principle

In this appendix, we evaluate the generating functional for IR fields Z[J™®(T')]
defined in Eq.(3.38) to obtain (3.39). Note that each step we need to take
for evaluating Z[J™(T)] is summarized in section 3.3.2.

A.1 Path integral representation

A path integral representation of Z[J™(T)] takes the following standard
form,

ARl / D, 6, T, 1) 70140072

x S5 =50 T 6o (T, ) — ¢ (T, 2)) Voo ]W3[0-] . (A1)

where Wy[¢] is an initial wave functional. We specify it more concretely in
section A.2.1. S3 = ft:T d'z(IT*¢* — H[p*,11#]) is a Hamiltonian action.
After the rotation of the basis (X, X ) = (X, Xa) = (X+;X*,X+ - X))
with X = ¢, 11, (A.1) is written as

Z[J™(T)] :/D(chaﬁbA,HmHA)6iJIR'¢£R€iSH[qﬁc’%’nc’nﬂ [16(6a(T,®))pol6e 6]

(A.2)
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Here, we defined Sy[¢e, ¢a, I, IIa] == (SF; — Si)|(xy.x )= (xo,xa) With X =
¢,I1. We also defined po[dc, pa] := Yol + (¢A/2)] oloe — (¢a/2)].

A.2 Nonperturbative generating functional for
IR sector

Now we explain how to calculate Z[J™(T')] non-perturbatively in the IR
sector. This allows us to capture the non-perturbative physics of the sector
k < ko(t). Our strategy is to split the integration variables into UV modes
k > k.(t) and IR modes k < k.(t) for each time step t, and perform the
integration over UV variables to get Z[J™(T)]. One may simply split the
integration variables X,(t, k),! where X = (¢,1I) and a = (¢, A), by the
following replacement in (A.2):

XzIzR(tv k) (t 2 tk‘)
X, (t k) — {ng(t’ B (et (A.3)

where t;, is defined by the condition k.(¢;) = k. It is then tempted to perform
the integration over UV variables XUV by using the Schwinger-Keldysh (or
closed-time-path) formalism. However, the expression obtained from (A.2)
after the replacement (A.3) does not have the product of delta functions
[T, 0(oRY (t — 07, k)) at the final time ¢ = ¢, — 0.2 That is, the time
contour for each UV ¢-variable with modes 0 < k < k.(7T) is not closed
at the final time. Hence, the usual Schwinger-Keldysh formalism does not
apply for evaluating the integration over UV variables. To resolve this issue,
Refs.[71, 72] proposed a new way of splitting integration variables. The
splitting is given by (A.3) for X = II, while for ¢-variable it is defined by the
following rule rather than (A.3):

LK) (> ) LK) (2t
M”"H{wvu,k) (<), M"““{ k) ().

(A4)

In the main text, we use the notation Xy (t) to write variables in momentum space.
We however adopt the notation X (¢, k) in this appendix since we have many subscripts
such as ¢ and A.

2Here, 01 is the infinitesimal time step which is introduced to obtain path integral
representation of unitary time evolution as usual.
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In this replacement (A.4), the variables ¢RV (t, k) are absent while the vari-
ables ¢JV(tr, k) are present. Therefore, in the expression obtained from
(A.2) after the new replacement, the time contour for every UV ¢-variable
including those for modes k with 0 < k < k.(T') is closed. This allows us to
perform the integration over UV variables based on the Schwinger-Keldysh
formalism as we see below. Note that there is no subtlety in the replacement
of integration variables X, (¢, k) for a zero mode k = 0 and those for deep
UV modes k > k.(T): in both replacement rules mentioned above, they are
simply replaced by IR variables X!®(¢, k) and UV variables X V(t, k), re-
spectively. The time contours for them are closed thanks to the product of
delta functions in the original expression (A.2).

After the new replacement, the term Sg[d., da,Il., 11| in the expo-
nent of (A.2) is decomposed into three pieces: purely IR terms Sk :=
SuloR, oW IR TIIR] purely UV terms SyY = Sg[plV, oRV, VY TIRY], and
the remaining IR-UV mixing terms Shixed:

SH[gbw ¢A7 Hc> HA] — SIIT;R + SEV + Smixed . (A5)

In terms of these quantities, Z[J™(T)] can be formally written as [71, 72]
Z[J™(T)] _/D( R IR IR IR i TBIR ST il

x | s k) ] 0@F k), (A.6)

k<ke(T) 0<k<ke(T)

where iI" is the effective action for IR fields,

(i [ DY, 68 I T e S T (6 (06) Kl 08 6%, o

k>0

(A.7)
with t;(k) := min[T,¢]. Here, polde, da] — po[dlY, dRV; dIF, o due to
the replacement of variables. The IR variables (¢!}, o) in the argument of
po contain only a zero mode. Since the time path for each UV ¢-variable
is closed in (A.7), we can calculate i[' perturbatively as usual by writing
the connected diagrams with n external IR fields that are connected by UV
propagators. The diagramatic rules such as vertex factors and symmetry
factors follow the standard rules of Scheinger-Keldysh formalism for given

vertexes in S5V + Shixed-
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Interestingly, due to the non-trivial replacement rule (A.4), the I1¢ terms
in Sy also contribute to Spixea [70, 47, 71, 72]. Referring to such contributions
and the remaining terms in Spieq as Sy and Spixint, respectively, we have
Smixed = Str + Smixcine With 3

T dgk IR o Uv 1Ry uv
S | [ Gt —n) [P RV (k) — T (k)0 <t,(iz>1)).

The bi-linear vertexes exist only at the UV—IR transition time ¢; for given
modes with 0 < k < k.(T"). Physically, these vertexes set the initial fluctua-
tions for such modes in (A.6).

A.2.1 Integrate out short-wavelength modes

Now we calculate ¢I" perturbatively by specifying the setup more concretely.
We organize the perturbation theory around the false vacuum state pg for
which the expectation value of the zero mode is ¢g1. We assume that the
fluctuations of zero modes are tiny enough so that the couplings between
zero-mode fluctuations and those of non-zero modes k£ > 0 are switched off
in the past infinity ¢ = —oo. We then take the initial state of non-zero
modes to be the Bunch-Davies vacuum state for a free field, where the time
evolution of a free field is defined by the quadratic action expanded around
the homogeneous background ¢g,s.. These assumptions can be implemented
by writing the initial quantum state as

pO[(/bEVv X\/’ ¢£R7 (bIAR] = PBD [¢gv7 (bgva ¢false] Po [¢£R - ¢falsea ¢IAR] (AlO)

3Precisely speaking, we need to perform the UV-IR splitting in the path integral with
infinitesimal discrete time step for deriving Sy, correctly. After taking the continuum limit,
we obtain (A.9); see also [72]. Furthermore, the form of Spix.int depends on the model.
In our case, we have

Smix-int = /d4x V(@YY + o) — V(elV) — V(s

uv IR uv IR
- V(¢— + ¢— ) + V(¢— ) + V(¢— )] ¢¥V:¢,gvi(¢XV/2)’¢IiR:¢£Ri(¢RK/2) .
(A.8)
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which is properly normalized as

L= H/ Cva —0Q, k /d¢ ( OO,I{?) PBDWEVaﬁbXV;Cﬁfalse]

k>0
= / dQSiR(—OO, O) / d¢I ( o0 0) PO[¢ ¢falsea ¢IR] (All)
pBD [0V, 0RY; Praise] is the density matrix for non-zero modes. An initial state

for the zero mode is given by po[¢™ — Praise, P] for which we have

(U(—00)| gk = 0) [¥(—00)) = /dcbiRpo[cbiR—cbfalse, Ao = Graise(27)0(0) .

A (A.12)
Combining this with (¥(—o00)| (k) |V (—00)) = 0 for non-zero modes k > 0,
we have

(U(—00)| (k) |¥(~00)) = rae(2m)*6(K) . (A.13)

Hence, the VEV of the IR field ¢'™®(¢, ) in the past infinity ¢ = —oo is given
by ¢false~

The interaction vertexes for calculating iI" are the bi-linear vertexes (A.9)
and non-linear vertexes coming from interacting potential V' (¢). We assume
that the potential is sufficiently flat under the region we are interested in. It
is then natural to separate ¢I" into the leading order pieces and higher-order
terms in the coupling constant as follows,

(bIR ¢falsea (b ] LO eilfd I‘Sthgher
k>0
e ARG AR S B | RO CIOROEICAS
k>0

(A.14)

Here, SpYe[odY, oRV, IV, TIRY; draise] is the free part of the Hamiltonian
action defined around the false vacuum as explained above. Higher-order
corrections to I' in the coupling constant are represented by the term ¢ Hpigher
which can be evaluated perturbatively. We have 6 Hpigher = 0 at the leading
order.

To calculate iT'¥3? by writing down the connected diagrams with external
IR fields, we only need to consider the bi-linear vertexes Sy, given in (A.9).

XV; gbfalse] .
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The number of diagrams are only four, and iFI’fBO can be calculated as [71, 72]

k>0
LO -

— —/d4 /d%’X Bz, 1) Xp(a'). (A.15)

dt [ at’ k)g®?(t,t' k) Xs(t', —k)

Here, the Greek indices o, 8 = (¢,1II) label the IR-A fields: (X4, Xu) =
(IR — ). Substituting Eq.(A.14) into (A.6), we find

JIR /'D ¢ IR) H£R7 Hg{) eiJIR.¢IR [¢ gbfalse, ¢ ] i(SIR4Tk>0) —ifd4gc SHnigher
< I o [T oot k). (A.16)
k<ke(T) 0<lc§k:c(T)

Now we introduce i[',—g as
fheolf AT = / dﬁbiRPo[CbIR Bralse, D) ] I O ~fraie(2m)°5(0)) (A.17)
By definition, we have
/ dqiRpo[qiR — Qralse; ¢IAR] e‘mg{(¢£R_¢false(2”)35(0))
= [ gl M IS (I g (2 5(0)) (A1)
Substituting (A.18) into (A.16), we find

JIR /D IR IR HX‘) oI ol i(STATEG +Th—0) p—i [ d*a 6 Hhigher
b c )

x ] SR(T k)S(AF (tr, k) — brase(27)6(K)),  (A.19)

k<ke(T)

with defining t|x—o = —00.
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A.2.2 Long-wavelength sector

For later convenience, let us focus on the term [ dtTIR(t, k)@ (¢, —k) in
St We use the following trick to perform the integration by parts:

6( IA}{(T, k)) e’i f;}; dt HiR(t,k)(z)IAR(t,—k)
. T IR
= 5(¢"R(T, k) / AR (1), — 0T, k) e Jo—or OIS EROR R s IR (4 0+ k)

= 6(oR(T, k) / AR (1, — 0% ko) e Jumor SCRORCR) SR ot fo))
(A.20)
Thanks to this trick, (A.19) can be written as

JIR / D( IR HIR HIR / DHIR iJIR. IR z(SIR(d>+S§?( )15+ h=0) o= d*2 S Hhighes

X H 5 g{ T7k))5(¢c (tk’ ) - Qbfalse(Qﬂ-) 5(k))6(H£R(tk - O+v k)) )
= (A.21)

where, DHIR H dl_[IR (t, — 0", k). Below, we simply omit this integra-
k<ke(T)

tion measure just for simplifying the notation. We also decomposed S as

SR = S}{Pj(d) + S}E‘(S) up to boundary terms which vanish thanks to the trick

(A.20) as

Sh = [ dte [ (6 = ) — ol (T — a() V2ol + () VO

(A.22)
i == [ dtea’(®) Ve + (682) - Ve - (ol/2) - V(o]
(A.23)

Here, the space-time argument of IR variables are omitted. We introduced
the IR variables and their time derivatives as

X™(t, ) ::/%H(kc() k) X™(t, k) ek (A.24)
X"t x) = / ((21;’;3 O(ke(t) — k) XB(t, k) e™*® | (A.25)
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where X'® represents the IR variables: X'® = (¢!R ¢ TIIR TII}). Precisely
speaking, for X™ = TII® we should replace k(¢ ) by k.(t +0%) so that we

c

have k.(t) = k at t = ¢, — 0". One may concern about the subtlety of
the time derivatives ¢[R(¢, ) and II'R(¢, x) in (A.22): We in general have
XR(t,x) # 9(X™(t,x)), where the LHS is defined by (A.25), due to the
presence of time-dependent step function. However, there is no subtlety
thanks to the initial conditions for all IR modes k < k.(T) of the form

Oe(th, k) = drase(27)°0(k), Tt — 0%, k) =0, (A.26)

which are imposed by the delta functions in the final line in (A.21). The
corresponding conditions in the real space for all  are

X®B(t,x) = 0,(XB(t,x)) for XT = (¢F I}, (A.27a)
(biR(_ooy :-B) = ¢false , HiR(—OO, -’E) =0. (A27b)

To implement these conditions in the path integral, we define § [Cin;] by
(3.40b) with

5 Caat] == ] I1 H(S(XIRta: 8t(XIR(t,:1:))>. (A.28)

—o0o<t<T XTR— d)IRHIR @x

We find from egs. (3.37) and (A.21) that the transition probability can be
written in terms of path integral as

p({6"™(T, )} 10en) /D¢ R IR TIR) ¢3S0 [Cay ] 8 [Cini]
(A.29)

where 0 [Cqp| is defined in (3.40a), and the term S in the exponent is given
by

8 = (Shiw + St +T10") — / d*2 6 Hyigher (A.30)

which agrees with the definition of S given in (3.41). When fluctuations of
zero mode are negligible, we can set [',_g = 0. This is the setup adopted in
the main text. Then, (A.29) coincides with (3.39).
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A.3 Stochastic interpretation of the tunnel-
ing

It is useful to see how the stochastic equations emerge as a consequence of

performing the path integral over IR variables non-perturbatively. This leads

to the stochastic interpretation of the tunneling probability. A final result of

this section is (A.40).

For simplicity, let us ignore higher-order corrections 0 Hyigner for a while.
We start with introducing the auxiliary fields (&4, &) as

(P30T ST /D Eor 1) Pl et (e (@) 618 () £ () TR (2))
(A.31)

We substitute (A.31) into (A.21). Then the exponent becomes linear in
W (t, k) or ITR(t, k) with to <t < T

Z[J™(T /D IR’H?’HIAR)/ﬁﬂiR eiJIR'¢£R/D(fqbfo)P[&ﬁ’gH]

4’k IR IRy .
xexp{/ dt/ (IR (¢, —k) Lo (t, k) — oA (t, —k)Lu(t, k)] O(ke(t) k;)}
x ] 0(ex(T k)5 (¢£R(tk, k) — Graise (2m)°0(k))S (I (1, — 0%, k) ,

k<ke(T)
(A.32)
where
Lot k) = ¢(t k) — a (TR (t, k) — £4(t, k), (A.33a)
Lo(t, k) == It k) + a()k* 9 (t, k) + a®() V! () (¢, k) — En(t k) -
(A.33Db)

Consequently, we can perform the path integral [ D(¢RF, IIR), leading to

Zl"T) ~ ] / Ao (T, k) e / D(&y, n) Pléy, &nl

k<ke(T Lo =L =0& (A.26)
(A.34)
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Now we regard auxiliary fields (£, &n) as noise variables whose correlations
are given by

(Ealt )L K)) = / D€ €1) Pléo, &ul €alt, k)Ea(t', K)

. |i 2(5 25 (F’“>0+Fk 0+SIR(5))
6 Xo(t k) 6 X5t k') PRMR)
(A.35)

where a, 8 = (¢,11) and (X4, Xn) = (IR, —¢%) following the notation in
(A.15). We also have the corresponding expression in the momentum space.
If we ignore Sy (s and iI'y—g, we have

(alt, K)Eo(F k) = (27)75 (k + k) Re [g7(1)] 6(t — #)3(t — t4) . (A.36)

Eq.(A.34) shows that the effective dynamics of IR fields are described by the
set of Langevin equations L4, = Ly = 0 with the initial condition (A.26) and
the noise correlations (A.36).

In the real space, the dynamics is described by the set of Langevin equa-
tions,

#R(w) = a (O (2) + Eo(2) (A.37a)
I (x) = a() V¢, () — a*V' (¢ () + &n (=) (A.37b)

with the initial conditions (A.27) and the noise correlations

{a(2)€s(y)) = G (a,y). (A.38)
Eq.(A.34) takes the following form in the real space:

ZLTR(T H/ dgR (T iJIR-c/)iR/D(§¢,£H)P[§¢,£n]

(A.27) & (A.37)
(A.39)

Substituting (A.39) into (3.37), we have

™72} rnco) =] [ aeizy) TL o6 T,2) - o™ (7,)

xeD

(A.40)

< / D(&y. €n) PlEy. &l

(A.27) & (A.37)
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This expression provides a stochastic interpretation of the transition proba-
bility; the dynamics of ¢! is described by the set of Langevin equations and
the transition probability is simply understood as the probability to realize
the field configuration ¢!*(T,z) = ¢*(T, ) in the domain € D at the
final time 7' starting from the initial configuration ¢*(—o00, ) = @paee. In
particular, the set of Langevin equations is given by (3.8) with the noise
correlations (3.15) when we ignore the terms ¢ Hyigher, ng(s), and I',—g. Note
that such terms simply correct the Langevin equations? and do not invalidate
the above stochastic interpretation.

4For instance, leading-order corrections to the stochastic dynamics at the super-horizon
scales are calculated in [71].
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