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ABSTRACT 

        The parallel efficient global optimization (EGO) algorithm was developed to leverage the rapid 

advancements in high-performance computing. However, conventional parallel EGO algorithm based on 

ordinary kriging (OK) model faces limitations when applied to complex, nonlinear, and high-dimensional 

engineering optimization problems, as OK model relies only on sample point locations, restricting the 

available training information. To further enhance the optimization potential of the parallel EGO algorithm, 

an improved system that integrates the parallel EGO algorithm with gradient-enhanced kriging (GEK) is 

proposed. The integration serves two main purposes: on the one hand, GEK provides a more comprehensive 

representation of the design space, improving the surrogate model’s predictive accuracy; on the other hand, 

as the number of infill points increases, GEK mitigates the unreliability of the pseudo expected 

improvement (PEI) function, facilitating the efficient search for high-quality global optima.  

        In employing a GEK based parallel EGO optimization system, it is essential to investigate how optimal 

sample size and space-filling properties of sampling points contribute to reducing computational resource 

consumption while preserving high optimization performance. The influence of sample size and space-

filling quality of sample points on the optimization performance of GEK based parallel EGO optimization 

system has been investigated. The convergence performance of the current optimization system is compared 

across various multi-modal test functions using different sample sizes and space-filling quality levels. 

Statistical analysis results shown that, increasing sample size does not consistently improve optimization 

performance under the same space-filling quality level. Additionally, under the same sample size, the non-

completely convergent optimal Latin-hypercube design (OLHD) effectively promotes the optimization 

system to rapidly converge to a high-quality solution within a limited number of iterations. 

        The impact of parallel infill strategies on the optimization performance of parallel EGO algorithms 

based on kriging surrogate models of different fidelity was investigated through a comparative study. The 

nine benchmark test functions with different optimization problem characteristics were selected as 

optimization test objects, and the results were systematically analyzed from the perspectives of convergence 

performance, optimization efficiency, and algorithmic diversity. The analysis indicates that increasing the 

number of parallel infill points per optimization cycle has minimal impact on the performance of the GEK 

based parallel EGO algorithm system, highlighting the role of high-fidelity surrogate models in improving 

convergence stability, optimization efficiency, and algorithmic robustness. 

To ensure high performance, various benchmark functions were used to evaluate the impact of 

different optimizer on the proposed system, ultimately identifying the most effective optimizer. 
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Additionally, optimization tests were conducted on benchmark functions, airfoil aerodynamic optimization, 

and automotive aerodynamic optimization to compare the proposed system with traditional OK based 

parallel EGO system in optimization performance. The results demonstrate that the modified Gaussian bare-

bones differential evolution (MGBDE) optimizer consistently accelerated convergence to high-quality 

solutions in most benchmark functions, achieving the highest average ranking across all tests. Compared to 

traditional OK based parallel EGO system, the proposed method showed superior convergence speed, 

solution quality, and computational efficiency. Specifically, for airfoil and automotive aerodynamic 

optimization, when achieving the target performance improvements of 2.4% and 7.0%, the proposed system 

reduced the wall-clock time cost from 1.65h to 0.33h and from 203h to 14.5h, respectively, significantly 

improving optimization efficiency. 
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CHAPTER 1. INTRODUCTION 

1.1 Surrogate-based Optimization 

        Nearly all engineering optimization problems are computationally expensive and involve complex 

black-box functions [1]. Such problems allow for the observation of input data and output results, while 

the specific mathematical relationship between the two remains unclear (Figure 1.1). Such as finite 

element analysis and computational fluid dynamics. With the growing demands of modern industries for 

improved product quality and production efficiency, the pursuit of highly efficient optimization 

techniques has become a shared objective among researchers. 

 

Figure 1.1. Characteristics of engineering optimization problems. 

        To overcome the high computational cost and inefficiency associated with directly applying 

traditional methods to engineering optimization problems, surrogate-based optimization (SBO) methods 

have gained increasing attention over the past two decades [2].  Figure 1.2 shows the typical process of 

SBO in vehicle shape optimization: sampling, deformation, experimentation, surrogate model 

construction, and search optimal solution. SBO provides a cost-effective way to predict function values 

and is widely used in engineering applications [3], such as gas turbine blade shape optimization [4], 

airfoil optimization [5, 6], helicopter rotor blade design [7], automotive aerodynamic performance 

optimization [8, 9], aerodynamic optimization of streamlined bridge deck [10] and design optimization 

for battery thermal management system [11]. 

1.2 Previous Investigations 

        In the early stages, engineers relied solely on empirical knowledge and theoretical research to 

improve optimization targets, a process that required extensive and costly experimental support [12]. 

Advances in computing technology, especially computational fluid dynamics and computer-aided design, 
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have greatly improved the efficiency of engineering optimization. However, the associated computational 

resource demands remain prohibitively high [13]. 

 

Figure 1.2. The typical process of surrogate-based optimization method (e.g. vehicle shape optimization). 

        With the rapid development of intelligent computing, engineering optimization is gradually 

overcoming its reliance on extensive human and material resources. Various optimization algorithms, 

including bio-inspired methods like differential evolution and genetic algorithms, as well as population-

based techniques like particle swarm optimization, have significantly improved engineering optimization 

[14–16]. However, traditional optimization algorithms are prone to becoming trapped in local optima. 

To address this issue, recent years have witnessed the emergence of enhanced and novel optimization 

algorithms [17-22]. Such advanced optimizers have effectively mitigated the limitations of traditional 

algorithms in avoiding entrapment in local optima. However, applying these algorithms directly often 

requires thousands or even tens of thousands of objective function evaluations [23], making them 

impractical for product design. To address the high computational costs and inefficiency associated with 

direct application of optimizers, SBO methods have emerged as one of the most effective alternative 

approaches. 

        Among traditional surrogate models, kriging is widely used in engineering for its ability to predict 

unknown points and quantify uncertainty [24, 25]. However, the accuracy of the ordinary kriging (OK) 

model, constructed with a limited number of samples, may not meet the requirements of practical 

engineering optimization problems. The OK model, as an approximation of the true function, deviates in 
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regions with sparse samples. Limited samples also constrain the model's training, leading to suboptimal 

solutions and a higher risk of missing the global optimum. 

        Two key approaches address the existing limitations. On the one hand, Forrester et al. [26] proposed 

extended regression kriging with re-interpolation, which automatically filters noisy data introduced by 

experiments and yields a higher-fidelity surrogate model. To extract more efficient information from the 

existing sample set, Laurenceau et al. [27] used function values at sample points to build a surrogate 

model and incorporated additional information, such as gradient values, to aid the construction process. 

The collaborative approach has demonstrated effectiveness in practical engineering optimization 

problems [28-32]. Additionally, Han et al. [33, 34] proposed kriging-based variable-fidelity surrogate 

models to improve the efficiency and accuracy of kriging-based optimization method. However, relying 

solely on this approach often reaches the fitting limit of the sample points. This makes it challenging to 

address highly nonlinear and high-dimensional optimization problems. On the other hand, kriging is well-

suited for developing a point infill criterion, as it predicts unknown points and quantifies the uncertainty of 

those predictions. Building on this concept, Jones et al. [35] proposed the efficient global optimization 

(EGO) algorithm, which utilizes the expected improvement (EI) criterion to identify new sample points 

with the highest potential for improvement. This approach achieves better efficiency and accuracy than 

previous methods and has been widely applied in practical engineering optimization problems [36, 37]. 

However, during each point infill cycle, only one potentially improving sample point is added to the training 

sample set. Consequently, external computational resources are not fully utilized, limiting the improvement 

in optimization efficiency.  

        To address this issue, parallel point infill criterions have been developed. Initially, Ginsbourger et al. 

[38] proposed the q-point expected improvement (q-EI) criterion, which selects multiple points based on 

a criterion in each cycle. Despite enhancing optimization efficiency, the method remains time-consuming. 

Further improvements include the kriging believer (KB) and constant liar (CL) strategies. The KB 

criterion relies on the analytically known EI and optimization in d dimensions, which is computationally 

affordable. However, over-relying on the predictor outside the observed data range may result in 

convergence to suboptimal regions. The CL strategy considers the current minimum value to be a “liar” 

and updates the kriging model to give the next candidate point. Although the computational cost of the 

CL strategy is much lower than that of the q-EI criterion, reliance on fabricated information from the 

'liar' leads to exploration in poorer regions, causing the optimization to become trapped in local optima. 

In recent years, Zhan et al. [39] proposed a parallel point infill criterion, called pseudo expected 

improvement (PEI), based on the observed behavior of the EI function. The approach simulates the 

changes in the EI function caused by adding a new sample point to the training set, without updating the 
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kriging model. As a result, the parallel EGO algorithm with the PEI criterion demonstrates superior 

performance and efficiency compared to other parallel EGO algorithms. Zhan et al. proposed a parallel 

EGO algorithm based on the OK surrogate model. However, its optimization efficiency can be further 

improved by enhancing the accuracy of the surrogate model. The PEI function is constructed by multiplying 

the original EI function with multiple influence functions (IFs), corresponding to the number of parallel 

sample points. As the number of parallel sample points increases, the reliability of the PEI function declines 

significantly due to the limited accuracy of the OK model with a finite number of training samples, 

especially in high-dimensional optimization problems. Increasing the number of training samples can 

improve model accuracy but may lead to overfitting [40]. Wang et al. [41] attempted to enhance 

optimization efficiency by integrating the regression kriging model with parallel EGO. However, since 

regression kriging primarily smooths the fitting trend by filtering numerical noise, its contribution to 

improving optimization efficiency remains limited. Existing parallel EGO studies mainly use only the 

spatial positions of training samples while ignoring gradient information, which reflects changes in spatial 

position. Therefore, integrating gradient-enhanced kriging (GEK) with parallel EGO may significantly 

improve optimization efficiency and enable the handling of high-dimensional engineering optimization 

problems, making it a promising direction for further investigation. 

1.3 Objective of the Present Research  

        To further enhance the optimization potential and efficiency of the parallel EGO algorithm and achieve 

the greatest possible improvements within a reasonable computational cost for engineering optimization 

problems, this research proposed an improved GEK-based parallel EGO algorithm system. This system 

integrates gradient-enhanced techniques, a parallel point infill criterion, and powerful optimizer engines. 

Furthermore, to ensure the performance advantages of the proposed improved optimization system in practical 

engineering applications, this study systematically investigates three critical aspects affecting the system's 

overall optimization performance: the matching mechanism of search engines within the system; the selection 

of space-filling properties for initial sample points during initialization; the determination of point-filling 

quantities in parallel optimization loops.  

1.4 Overview of the Present Research 

        The organization of present research is as follows: Chapter 2 introduces the methodologies of 

kriging-based efficient global optimization; Chapter 3 constructs and validates the proposed improved 

optimization system; Chapter 4 investigates the influence of the space-filling quality of initial sample 

points on the performance of the proposed improved optimization system; Chapter 5 investigates the 
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influence of the parallel point infills strategy on the performance of the proposed improved 

optimization system, while Chapter 6 concludes the research and outlines potential directions for future 

research. 
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CHAPTER 2. METHODOLOGIES OF SURROGATE-BASED OPTIMIZATION 

2.1 Design of Experiments  

        In practical engineering optimization, Design of Experiments (DoE) is a systematic and efficient 

methodology used to plan, conduct, and analyze experiments, aiming to identify key influencing factors, 

optimize process parameters, or improve product performance. 

2.1.1 Latin hypercube design 

        For costly engineering optimization problems, conducting numerous experimental evaluations to 

obtain the desired solution is often infeasible. Therefore, effectively utilizing a finite number of evaluation 

points to approximate the properties of the entire design space emerges as a practical strategy to minimize 

experimental costs. Among various DoE methods, Latin hypercube design (LHD) is widely utilized for 

determining the locations of evaluation points due to its non-collapsing features and orthogonality [42, 43]. 

A dataset with 𝑛𝑝 points and 𝑛𝑣 variables is often represented as an 𝑛𝑝 × 𝑛𝑣 matrix X= [X1,X2,⋯,Xnp]
T
, 

where each row 𝑿𝒊 = [𝑥𝑖1, 𝑥𝑖2,⋯ , 𝑥𝑖𝑛𝑣] represents a sample point and each column represents a variable. 

LHD divides each column into 𝑛𝑝 equal levels and ensures that one point per level. Random permutations 

are then applied to obtain an LHD sample points. Figure 2.1 clearly illustrates a size of 6×2 LHD sampling. 

However, due to the presence of these random permutations, ensuring the spatial uniformity of the LHD 

cannot be guaranteed.  

        The space-filling quality of the sample points is considered importantly to describe the entire design 

space in literature. The ∅𝑝 criterion is a widely adopted criteria for assessing the space-filling quality of 

sample points [44]. It is defined as follows: 

∅𝑝 = [∑ ∑ 𝑑𝑖𝑗
−𝑝

𝑛𝑝

𝑗=𝑖+1

𝑛𝑝−1

𝑖=1

]

1
𝑝⁄

(1) 

Where 𝑑𝑖𝑗  represents the distance between any two random sample points. The expression reveals that 

maximizing the distance between any two random sample points is equivalent to minimizing the ∅𝑝 value 

of space-filling quality. The formula for 𝑑𝑖𝑗 is as follows: 

𝑑𝑖𝑗 = [∑|𝑥𝑖𝑘 − 𝑥𝑗𝑘|
𝑡

𝑛𝑣

𝑘=1

]

1
𝑡⁄

(2) 
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Where 𝑥𝑖𝑘 and 𝑥𝑗𝑘 represent the 𝑘th components of the i and j points, respectively. Typically, p = 50 and  

t = 1 are suitable settings. 

 

Figure 2.1. Visualization of 6 × 2 LHD. 

2.1.2 Optimal Latin hypercube design 

        To enhance the uniformity of evaluation points distribution and capture more comprehensive 

information about the design space, researchers have proposed various optimization algorithms aimed at 

improving the space-filling quality of LHD [45-49]. The modified enhanced stochastic evolutionary (MESE) 

algorithm, proposed by Wang et al., is currently one of the most effective algorithms for optimizing the 

performance of conventional random LHD samples. Figure 2.2 illustrates the optimization workflow of the 

MESE algorithm. The MESE algorithm is an improvement of a standard ESE algorithm. It contains two 

loops (inner and outer loops). The main task of the inner loop is to randomly select J distinct elements from 

each column and exchange their positions to generate a new sample point design. By comparing the ∅𝑝 

value of new optimal design with the current best design, the sample point design is updated accordingly. 

The primary task of the outer loop is to adaptively update the hyper-parameters of the optimization 

algorithm based on the current state of the optimization process. However, it is important to note that 

additional optimization process in DOE can increase time in costs, raising the question of whether this 

increased time investment yields significant improvements in the overall efficiency of the optimization 

process. The sampling of the design space determines the distribution of valuable information acquisition 

across the entire design space, directly influencing the exploration direction of the optimization algorithm 

and ultimately impacting the efficiency of the overall optimization process. 
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Figure 2.2. Flowchart of MESE algorithm [49]. 
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2.2 Kriging surrogate models 

        After evaluating the objective function values for all the initially sampled points, the training set for 

fitting the initial surrogate model is obtained. The type of surrogate model used in this study is the kriging 

surrogate model. Kriging was first introduced by Sacks et al. [25] as a surrogate for expensive 

computational models. Among traditional surrogate models, kriging is widely used in engineering for its 

ability to predict unknown points and quantify uncertainty.  

2.2.1 Ordinary kriging 

        Given 𝑛 initial sampled points, each with n dimensions. the response of the (ordinary kriging) OK 

model can typically be expressed as follows: 

𝑦̂(𝑥) = 𝜇̂ + 𝜖̂(𝑥) (3) 

Here, 𝜇̂ represents the mean term, which is determined by solving a weighted least squares problem:  

𝜇̂ = (𝑭𝑇𝑹−1𝑭)−1𝑭𝑇𝑹−1𝒚 (4) 

Here, 𝑭 is the regression matrix representing the zero-order basis function. In OK model, the polynomial 

vector of the basis function can be expressed as follows: 

𝑭 = 𝟏 = [1,⋯ ,1]⏟    
𝑇

𝑛

 (5) 

The correlation matrix 𝑹 characterizes the spatial correlation among all training points: 

𝑹 = [
𝜓(𝑥1, 𝑥1) … 𝜓(𝑥1, 𝑥𝑛)

⋮ ⋱ ⋮
𝜓(𝑥𝑛 , 𝑥1) … 𝜓(𝑥𝑛 , 𝑥𝑛)

] (6) 

Here, the Gaussian function is selected as the modeling function for spatial correlation: 

𝜓(𝑥𝑖 , 𝑥𝑗) = 𝑒𝑥 𝑝 [∑−𝜃𝑘(‖𝑥𝑘
𝑖 − 𝑥𝑘

𝑗‖)
2

𝑛

𝑘=1

] (7) 

The 𝜃𝑘 is a critical hyper-parameter in kriging, and its value directly influences the quality of the kriging 

fit. As seen from the expression, 𝜃𝑘  scales the influence of the 𝑘𝑡ℎdesign variable on the correlation 

between training points. Figure 2.3 illustrates the variation in correlation with respect to the distance 

between training points under different hyper-parameter values. The determination of hyper-parameters 

requires optimization using the maximum likelihood estimation (MLE) method to achieve the optimal 

fitting trend for the training points. 
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    The error term 𝜖̂(𝑥) in Eq. (3) is treated as a realization of a stochastic process and can be expressed as 

follows: 

𝜖̂(𝑥) = 𝒘𝑇𝒓(𝑥) (8) 

Here, the correlation vector 𝒓 describes the spatial correlation between the training points and the prediction 

point: 

𝒓 = [𝜓(𝑥𝑛+1, 𝑥1), … ,𝜓(𝑥𝑛+1, 𝑥𝑛)] (9) 

The determination of 𝒘 requires solving a system of linear equations: 

𝒘 = 𝑹−1(𝒚 − 𝑭𝜇̂) (10) 

The final kriging predictor can be expressed as follows: 

𝑦̂(𝑥𝑛+1) = 𝜇̂ + 𝒘𝑇𝒓 (11) 

The mean square error of the prediction made by the kriging predictor is given by: 

𝑠2(𝑥𝑛+1) = 𝜎̂2 [1 − 𝒓𝑇𝑹−1𝒓+
(1 − 𝑭𝑇𝑹−1𝒓)2

𝑭𝑇𝑹−1𝑭
] (12) 

Here, 𝜎̂2 represents the predicted system variance: 

𝜎̂2 =
1

𝑛
(𝒚 − 𝑭𝜇)𝑇𝑹−1(𝒚 − 𝑭𝜇) (13)         

        The objective function values at the unknown points can be predicted by solving the linear equation 

systems (4), (10), (12), and (13). 

 

Figure 2.3. The variation trend of spatial correlation between sample points under different hyper-parameter values 

(one-dimensional correlation function). 
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2.2.2 Gradient-enhanced kriging 

        If the objective function values and sensitivity information of the corresponding points are available, 

incorporating gradient information into the construction of the kriging model can significantly improve the 

accuracy of fitting. Figure 2.4 presents an example of fitting the two-dimensional Griewank function using 

both OK and gradient-enhanced kriging (GEK), with the same number of training points. Clearly, the latter 

achieves higher fitting accuracy. GEK model is an extension of OK model that assumes a set of p initial 

sampled points, each with n dimensions. The objective value at an unknown point is predicted as follows: 

𝑦̂(𝑥𝑝+1) = 𝜇̂ + 𝒓
𝑇𝑹−1(𝒚 − 𝑭𝜇̂) (14) 

where 𝜇̂ represents the mean term, which is determined by solving the following weighted least-squares 

problem: 

𝜇̂ = (𝑭𝑇𝑹−1𝑭)−1𝑭𝑇𝑹−1𝒚 (15) 

in which 𝑭 is the regression matrix representing the zeroth-order basis functions. In GEK model, the 

polynomial vector of the basis function is expanded to include the derivatives of the regression basis 

functions. In the case of zeroth-order basis functions, a vector consist of 1s and 0s is given by: 

𝑭 = [𝟏 𝟎] = [1,⋯ ,1⏟  
𝑝

, 0, ⋯ ,0⏟  
𝑝×𝑛

]

𝑇

(16) 

The correlation vector 𝒓 represents the correlation between the sample points and the unknown prediction 

point, whereas the correlation matrix 𝑹 represents the correlation between the sample points. As GEK 

model incorporates gradient information, the corresponding correlation vector and correlation matrix 

include gradient terms: 

𝒓 = [
𝒒1

𝒒2
] (17) 

Here, 𝒒1 represents the correlation vector used in the OK model and 𝒒2 contains the first-order derivatives 

of r: 

{
 
 
 
 

 
 
 
 
𝒒𝟏 = [

𝜓(𝑥𝑛+1, 𝑥1)
⋮

𝜓(𝑥𝑛+1, 𝑥𝑝)
]

   𝒒𝟐 =

[
 
 
 
 
𝜕𝜓(𝑥𝑛+1, 𝑥1)

𝜕𝑥1

⋮
𝜕𝜓(𝑥𝑛+1, 𝑥𝑝)

𝜕𝑥𝑝 ]
 
 
 
  (18) 



12 
 

The Gaussian correlation function is selected: 

𝜓(𝑥𝑖 , 𝑥𝑗) = 𝑒𝑥 𝑝 [∑−𝜃𝑘(‖𝑥𝑘
𝑖 − 𝑥𝑘

𝑗‖)
2

𝑛

𝑘=1

] (19) 

where 𝜃𝑘 represents the hyper-parameter that controls the correlation variation along the kth dimension. It 

determines how the correlation between sample points changes with distance. Similarly, the correlation 

matrix is extended to include gradient terms: 

𝑹 = [
𝑸1,1 𝑸1,2

(𝑸1,2)𝑇 𝑸2,2
] (20) 

Here, 𝑸1,1 represents the correlation matrix used in OK: 

𝑸1,1 = [
𝜓(𝑥1, 𝑥1) … 𝜓(𝑥1, 𝑥𝑝)

⋮ ⋱ ⋮
𝜓(𝑥𝑝 , 𝑥1) … 𝜓(𝑥𝑝 , 𝑥𝑝)

] (21) 

𝑸1,2 contains the first-order derivatives of 𝑹: 

𝑸1,2 =

[
 
 
 
 
𝜕𝜓(𝑥1, 𝑥1)

𝜕𝑥1
…

𝜕𝜓(𝑥1, 𝑥𝑝)

𝜕𝑥𝑝

⋮ ⋱ ⋮
𝜕𝜓(𝑥𝑝 , 𝑥1)

𝜕𝑥1
…

𝜕𝜓(𝑥𝑝 , 𝑥𝑝)

𝜕𝑥𝑝 ]
 
 
 
 

(22) 

and 𝑸2,2 contains the second-order derivatives of 𝑹: 

𝑸2,2 =

[
 
 
 
 
𝜕2𝜓(𝑥1, 𝑥1)

𝜕𝑥1𝜕𝑥1
…

𝜕2𝜓(𝑥1, 𝑥𝑝)

𝜕𝑥1𝜕𝑥𝑝

⋮ ⋱ ⋮
𝜕2𝜓(𝑥𝑝 , 𝑥1)

𝜕𝑥𝑝𝜕𝑥1
…

𝜕2𝜓(𝑥𝑝 , 𝑥𝑝)

𝜕𝑥𝑝𝜕𝑥𝑝 ]
 
 
 
 

(23) 

The correlation vector and matrix clearly show that GEK model incorporates gradient information, 

expanding their dimensions from p × 1 and p × p  to p × (p + 1)  and p × (p + 1) × p × (p + 1) , 

respectively. This expansion allows GEK model to better approximate steep or highly nonlinear regions 

and extract more useful information from limited training samples, leading to a more accurate 

representation of the design space and improved prediction accuracy. However, the increased correlation 

vector and matrix size also raise computational costs. For low-dimensional optimization problems, the cost 

of GEK model fitting is negligible compared to the function evaluation cost in actual optimization, giving 

it a clear advantage over OK model. As dimensionality increases, this advantage diminishes. The specific 

cost-growth trend with increasing dimensions requires further experimental analysis. 
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        In OK model, the vector 𝒚 contains the objective function values of all initial sample points, while in 

GEK model, the vector also includes the derivatives of the objective function with respect to the design 

variables: 

𝒚 =

[
 
 
 
 
 
 
 
𝑓(𝑥1)
⋮

𝑓(𝑥𝑝)

𝜕𝑓(𝑥1)

𝜕𝑥1

⋮
𝜕𝑓(𝑥𝑝)

𝜕𝑥𝑝 ]
 
 
 
 
 
 
 

(24) 

The mean square error of the GEK model prediction can be expressed as: 

𝑠2(𝑥𝑝+1) = 𝜎̂2 [1 − 𝒓𝑇𝑹−1𝒓 +
(1 − 𝑭𝑇𝑹−1𝒓)2

𝑭𝑇𝑹−1𝑭
] (25) 

The variance of the prediction system is given by: 

𝜎̂2 =
1

𝑛(1 + 𝑝)
(𝒚 − 𝑭𝜇)𝑇𝑹−1(𝒚 − 𝑭𝜇) (26) 

For detailed derivations regarding GEK model prediction, see Ollar et al. [50]. 

        The objective function values at the unknown points can be predicted by solving the linear equation 

systems (10), (15), (25), and (26). 

 

 

Figure 2.4. Comparison of fitting accuracy between gradient-enhanced kriging (GEK) and ordinary kriging (Ok). (a) 

Real two-dimensional Griewank function, (b) OK fitting, (c) GEK fitting. 
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2.3 Point Infills Criterions 

        After obtaining the initial kriging surrogate model from the initial training sample set, if the accuracy 

of the current surrogate model meets the predetermined requirements—meaning the optimal solution 

derived from the model satisfies the design needs—the entire optimization process terminates. However, 

for most engineering optimization problems, the quality of the optimal solution obtained from a surrogate 

model trained on a limited sample set often fails to meet the desired target. Therefore, to efficiently search 

for a high-quality optimal solution, it is essential to incorporate an infill criterion for the surrogate model.  

2.3.1 Expected improvement 

        The kriging surrogate model provides predictions of the objective function values at unknown points 

and offers estimates of prediction uncertainty. Thus, it is appropriate to complement the kriging surrogate 

model with a point infill criterion. The process of predicting the objective function values at unknown points 

using kriging can be regarded as implementing a stochastic process that conforms to a normal distribution 

with a mean of 𝑦̂(𝑥) and a variance of 𝑠2(𝑥). Hence, a point infill criterion that accesses the potential 

expected improvement (EI) at unknown points is expressed as [35]: 

𝐸𝐼(𝑥) = (𝑦𝑚𝑖𝑛 − 𝑦̂(𝑥))𝛷 (
𝑦𝑚𝑖𝑛 − 𝑦̂(𝑥)

𝑠(𝑥)
) + 𝑠(𝑥)𝜙 (

𝑦𝑚𝑖𝑛 − 𝑦̂(𝑥)

𝑠(𝑥)
) (27) 

where 𝛷(𝑥)and 𝜙(𝑥)  represent the standard normal cumulative distribution function and probability 

density function, respectively. The EI function consists of two components: the first component exploits 

local optima when a point's predicted function value is lower than the current best, while the second 

promotes exploration of the design space when the prediction error is high. Therefore, the EI function itself 

maintains a balance between local exploitation and global exploration. Additionally, the EI function is equal 

to zero at the sample points, ensuring that sample points cannot be selected as potential improvement points. 

However, a significant limitation of the EI function is that it can only identify one candidate point within a 

single optimization cycle. This prevents it from fully utilizing external parallel computing resources to 

reduce the wall-clock time cost during the optimization process. 

2.3.2 Pseudo expected improvement 

        To overcome the main limitation of EI function, the pseudo expected improvement (PEI) criterion 

proposes using an additional influence function to simulate the impact of the updated points on the behavior 

of the original EI function, thereby eliminating the costly evaluation of the update points and the kriging 

model update within a single optimization cycle. The expression for the PEI criterion is given by [39]: 
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𝑃𝐸𝐼(𝑥, 𝑞 − 1) = 𝐸𝐼(𝑥) × 𝐼𝐹(𝑥, 𝑥𝑛+1) × ⋯× 𝐼𝐹(𝑥, 𝑥𝑛+𝑞−1) (28) 

Where 𝑞 represents the number of candidate points to be identified within a single optimization cycle. The 

IF function is used to simulate the impact of the updated points on the initial EI function and can be 

computed using the following expression: 

𝐼𝐹(𝑥, 𝑥𝑛+1) = 1 − 𝐶𝑜𝑟𝑟[𝑌(𝑥), 𝑌(𝑥𝑛+1)] (29) 

Here, 𝑥𝑛+1 denotes the position of the candidate point, and 𝐶𝑜𝑟𝑟[. ] is the spatial correlation function used 

in the construction of kriging. The value of the PEI function at the update points is zero, and as the distance 

between the unknown point and the update point increases, the value of the PEI function gradually increases 

to one. This means that the EI function is significantly affected in the vicinity of the update point, while 

areas far from the update point are not noticeably impacted. This characteristic ensures that the variation of 

the PEI function across the entire search space closely approximates the influence of the update points on 

the initial EI function. 

         

                                                  (a)                                                                 (b) 

         

(c)                                                                 (d) 

Figure 2.5. Comparison of searching new points by EI and PEI criterion, respectively. (a) The first iteration, (b) The 

second iteration, (c) The third iteration, (d) The forth iteration. 
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        Figure 2.5 provides a case study to visually demonstrate the working principle of the PEI function. 

Figure 2.5a shows the initial visualization of the conventional EI function, where the optimal solution 

(maximum value) can be observed around 0.7. Therefore, the optimizer selects this point as a potential new 

point for improvement. The original non-parallel EGO algorithm first calls external computational 

resources to evaluate the objective function value at this point, incorporates the newly obtained sample 

point into the initial training dataset, and refits the Kriging model. The updated true EI function, derived 

from the new kriging model, is shown in Figure 5.2b. In contrast, the parallel EGO algorithm employs an 

influence function to simulate changes in the EI function without updating the Kriging model. After the 

update, we observe that the PEI function closely approximates the true EI function. This process iterates 

until all new candidate points in an optimization cycle are identified, after which all newly acquired points 

are collectively submitted to external computational resources for objective function evaluation. 

Consequently, this method significantly reduces the frequent invocation of external computational 

resources and improves the overall efficiency of the optimization process. 
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2.4 Kriging-based Efficient Global Optimization Algorithm Systems 

        The combination of the kriging surrogate model with the expected improvement sampling criterion 

constitutes an efficient global optimization (EGO) algorithm. Figure 2.6 presents the framework of the EGO 

algorithm systems based on the kriging surrogate models. First, a design of experiment method is used to 

generate the initial sample points for evaluation. Then, the computationally expensive experiments are 

conducted to evaluate the objective values of each sample point, forming the initial training dataset for 

fitting the kriging model. Next, an external optimizer is employed to optimize the hyper-parameters of the 

kriging model, thereby constructing the surrogate model. Subsequently, based on the current kriging model 

and the point infills criterion, the external optimizer is utilized to identify promising candidate point. The 

objective value of this candidate point is then re-evaluated. If the optimization of the objective values meets 

the predefined requirements, the optimization process terminates. Otherwise, the kriging model is updated, 

and the iterative optimization continues until the stopping criterion of the optimization process is satisfied. 

 

Figure 2.6. Framework of the kriging-based EGO algorithm systems. 
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2.5 Gradient-enhanced Kriging Based Parallel Efficient Global Optimization Algorithm System 

        To address complex engineering optimization problems and further improve optimization efficiency 

through making full use of external computational resources, an improved system, namely, GEK based 

parallel EGO, is proposed. Specifically, to explain the idea, a relatively high approximation quality of 

surrogate model can be easily obtained through the effective utilization of additional gradient information. 

In addition, the updating points identified by the PEI criterion provide more effective gradient information 

for surrogate model training, which helps reduce the total number of cycles required for inserting points. 

The methodology enables parallel implementations, facilitating the gradual updating of the surrogate model 

and guiding the optimization process toward true global convergence.  

        Figure 2.7 shows the framework of GEK based parallel EGO algorithm system. The algorithmic 

system primarily consists of two components: initializing training samples and performing optimization 

cycles. For initialization, an appropriate design of experiment is used to generate initial sample points, 

which are then evaluated through deterministic experiments to obtain objective function values. The 

resulting sample set is used for surrogate model training. During the optimization process, an external 

optimizer is used to optimize the hyper-parameters of the surrogate model to achieve the best possible fit. 

The external optimizer is then employed to optimize the parallel point-filling criterion (PEI function) 

closely related to the current surrogate model, identifying the locations of multiple updating sample points. 

The objective function values at the updating sample points are re-evaluated. The new sample set is 

incorporated into the existing sample set, forming a new training sample set. The process continues until 

the desired optimal solution is found. Table2.1 presents the pseudocode for the GEK based parallel EGO 

algorithm. 

        As the algorithmic system involves the optimization of hyper-parameters for the kriging surrogate 

model and the parallel point-filling criterion (PEI function) for the updating sample points, the optimizer 

serves as a critical search engine in this process. Therefore, the optimization performance of the optimizer 

directly impacts the optimization performance of the algorithmic system. The following sections will 

discuss how the optimizer impacts the algorithmic system's performance, examine the effects of different 

optimizers, and identify the most robust optimizer for the system. 
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Figure 2.7. Framework of GEK based parallel EGO algorithm system. 

 

Table 2.1. Pseudocode of GEK based parallel EGO algorithm. 

Algorithm 1 The GEK based parallel EGO 

Input: X (initial sample points), f (objective function), S (kriging 

model), q (number of parallel infills), C (stopping criterion) 

Output: x_opt (optimized solution) 

1: D ← InitializeDataset(X, f) 

2: S ← TrainGEKSurrogateModel(D) 

3: while not C do 

4:     PEI ← ConstructPEI(S) 

5:     X_new ← OptimizePEI(PEI, q) 

6:     Y_new ← EvaluateFunction(f, X_new) 

7:     D ← UpdateDataset(D, X_new, Y_new) 

8:     S ← RetrainGEKSurrogateModel(D) 

9: end while 

10: x_opt ← SelectBestSolution(D) 
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CHAPTER 3. INVESTIGATION OF THE INFLUENCE OF THE SPACE-FILLING 

QUALITY OF INITIAL SAMPLE POINTS ON THE PERFORMANCE OF THE PROPOSED 

OPTIMIZATION ALGORITHM SYSTEM 

        In this Chapter, we first classify the space-filling quality properties of evaluation points obtained 

through LHD and OLHD methods. Then conduct a preliminary investigation into the influence of various 

space-filling qualities of evaluation points on the performance of GEK based parallel EGO algorithm 

system. 

3.1 Classification of Space-filling Quality 

        To investigate the influence of space-filling quality of sample points on the convergence performance 

of the proposed optimization algorithm system, its first necessary to classify the space-filling quality of 

sample points obtained through LHD and OLHD methods into reasonable levels. The classification is based 

on the differing ∅𝑝 values (Eq. (1)) of each group of sample points. Although LHD sampling exhibits 

specific randomness, statistical analysis reveals that using LHD sampling, regardless of the sample size, 

the quartile statistics and the maximum and minimum values of the ∅𝑝 values for the same sample size of 

LHD sampling tend to stabilize as the number of sampling repetitions increases. As shown in Figure 3.1, 

an optimization problem with a dimension (D) of 5 is selected here, including four LHD sizes (2 × D, 4 ×

D, 6 × D, 8 × D, 10 × D). Therefore, based on this characteristic, the space-filling quality of LHD can be 

classified into four levels using the quartile values as the critical values. For the classification of OLHD 

sample points, the space-filling quality of the OLHD sample points is categorized based on the convergence 

state of the sample points optimization. Specifically, OLHD sample points are divided into two levels: one 

representing a completed convergence state (100 iterations in Figure 2.2) and the other representing an 

incomplete convergence state (10 iterations in Figure 2.2). As shown in Table 3.1, the specific classification 

of space-filling quality level is presented based on the results from 50,000 repeated samplings. 

Table 3.1. Classification of space-filling quality for LHD and OLHD. 

Level 
Interval of ∅𝑝 value 

2 × 5 4 × 5 6 × 5 8 × 5 10 × 5 

OLHD-

completed 
0.5829~0.6319 0.7752~0.8326 0.9000~0.9400 0.9824~1.0309 1.0677~1.1108 

OLHD-

incomplete 
0.6319~0.8412 0.8326~1.3588 0.9400~1.3569 1.0309~1.5626 1.1108~1.5826 

LHD-Level1 0.8412~0.9200 1.3588~1.4623 1.3569~1.8378 1.5626~2.1669 1.5826~2.4500 

LHD-Level2 0.9200~1.0140 1.4623~1.6060 1.8378~2.0727 2.1669~2.4376 2.4500~2.7222 

LHD-Level3 1.0140~1.1407 1.6060~1.9000 2.0727~2.4167 2.4376~2.7875 2.7222~3.2667 

LHD-Level4 1.1407~ 1.9000~ 2.4167~ 2.7875~ 3.2667~ 
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Figure 3.1. The trend of ∅𝑝 value quartiles as the number of sampling times increases. 
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3.2 Experimental Setting 

        To investigate the influence of space-filling quality of sample points on the performance of the 

proposed optimization algorithm system, 5 multimodal benchmark test functions with 5 dimensions (f10, 

f11, f12, f14, f22 in Table 5.4) from the CEC2013 test suite were selected as the evaluated functions [54]. 

During the optimization process, the parameter settings of the optimization algorithm system were kept 

consistent with those described in Chapter 5. Additionally, to ensure a fair comparison, 50 group of sample 

points were randomly selected from the 50,000 repeated samplings for each space-filling quality level. The 

optimization process was then repeatedly run 50 times for each benchmark test function.     

 3.3 Results and Discussion 

        Nonparametric statistical test [58] is used to analyze the significant differences between the comparative 

results. The Wilcoxon signed-rank test is employed to examine significant differences in the convergence 

results between two groups result on each test function, with a significance level set at 0.05. If the calculated 

p-value is less than 0.05, there is a significant difference in performance between the two groups result. 

Conversely, there is no significant difference in performance between two groups result. the Friedman test 

was used to calculate the mean rankings of each space-filling quality level for all test functions. 

        Table 3.2 presents the Wilcoxon signed-rank test results for the sample size of 𝟏𝟎 × 𝟓 compared to 

four other sample sizes under each space-filling quality level and each benchmark function. The symbol 

“=” indicates that there is no significant difference in performance between two compared sample sizes on 

the optimization system. The symbols “+” and “−” indicate that the first sample size shows better or worse 

performance on the optimization system compared with the second sample size, respectively. Furthermore, 

although p-values between 0.05 and 0.10 for the significance level cannot reflect significant difference in 

the performance of the two compared sample sizes on the optimization system, the symbols “= (𝐩/< 𝟎. 𝟏)” 

and ““= (𝐩\< 𝟎. 𝟏)” are still included in the table to show that the first sample size on the optimization 

system potentially outperforms or underperforms the second sample size, respectively. The comparison 

between the two sample sizes of 𝟏𝟎 × 𝟓   and 𝟐 × 𝟓   clearly demonstrates that the former shows 

significantly better convergence performance than the latter, as evidenced by the predominance of “+” 

symbols and “=” symbols in the table. However, as the sample size increases, the effective information of 

the design space brought by the samples has a diminishing impact on improving the convergence 

performance of the current optimization system, eventually stabilizing at a plateau.  
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Table 3.2. Wilcoxon signed-rank test between sample size of 10×5 and other sample size, respectively, under each 

space-filling quality level. 

Benchmark 

function 

Space-filling quality (2 × 5) 

OLHD-

completed 

OLHD-

incomplete 
LHD-Level1 LHD-Level2 LHD-Level3 LHD-Level4 

𝑓10 = = = = = = 

𝑓11 
= (p/
< 0.1) 

+ = = + = 

𝑓12 + = + = + + 

𝑓14 + + + + + = 

𝑓22 + = = = + = (p/< 0.1) 

 

Space-filling quality (4 × 5) 

OLHD-

completed 

OLHD-

incomplete 
LHD-Level1 LHD-Level2 LHD-Level3 LHD-Level4 

𝑓10 = − = = = = 

𝑓11 = 
= (p/
< 0.1) 

= = = (p/< 0.1) = 

𝑓12 = = = = = + 

𝑓14 = = = = = = 

𝑓22 + = = = = + 

 

Space-filling quality (6 × 5) 

OLHD-

completed 

OLHD-

incomplete 
LHD-Level1 LHD-Level2 LHD-Level3 LHD-Level4 

𝑓10 = = = = = = 

𝑓11 = + = = = = 

𝑓12 = + = = = = (p/< 0.1) 
𝑓14 = + = = (p/< 0.1) = (p\< 0.1) = 

𝑓22 + + = = = = 

 

Space-filling quality (8 × 5) 

OLHD-

completed 

OLHD-

incomplete 
LHD-Level1 LHD-Level2 LHD-Level3 LHD-Level4 

𝑓10 = = = = = = 

𝑓11 = = = = = = 

𝑓12 = = = (p/< 0.1) = = = 

𝑓14 = = = = = = 

𝑓22 = = = = = = 

        To comprehensively analyze the influence of different space-filling quality levels on the convergence 

performance of the current optimization system under the same sample size, Figure 3.2 shows the results 

of the Friedman ranking test on each sample size and benchmark function. Based on the ranking results, 

while the number of sample points significantly affects the convergence performance of the optimization 

system, the impact of different space-filling qualities of sample point designs, given the same number of 

sample points, is less pronounced in terms of convergence performance. However, the statistical results 

indicate that the OLHD-completed level, which has the highest space-filling quality and requires the most 

computational resources to ensure uniform distribution of sample points, does not necessarily lead to 

optimal convergence performance in the current optimization system. Specifically, the OLHD-incomplete 

level, which has slightly lower space-filling quality, significantly reduces computation time during 
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optimization and demonstrates superior convergence performance across most sample sizes and test 

functions (with lower ranks indicating better performance), except for its poorer performance at a sample 

size of 6 × 5. Additionally, the various space-filling quality levels of the standard LHD sample point design, 

which requires the least computational resources but has a higher degree of randomness, also exhibit greater 

variability in their impact on the convergence performance of the optimization system.  

        To specifically evaluate which level of space-filling quality of sample points can more potential 

promote the current optimization system to converge to higher quality solutions within a limited number of 

iterations under each sample size. Table 3.3 presents the mean rankings of different space-filling quality 

levels with each sample size on all benchmark tested functions. It can be observed that the space-filling 

quality level of OLHD-incomplete achieved higher mean rankings with sample sizes of 2 × 5, 4 × 5, 8 ×

5 and 10 × 5 on all tested functions, except with the sample size of 6 × 5. In summary, based on the current 

test results and statistical analysis, the OLHD-incomplete sample point design, which has a good balance 

of space-filling quality and appropriate randomness, appears to better balance between local exploitation 

and global exploration within the current optimization system. This balance, in turn, facilitates the system's 

ability to converge more quickly to higher-quality solutions within a limited number of iterations. 
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Figure 3.2. Rankings of different space-filling quality level with different sample sizes for each benchmark test 

function. 
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Table 3.3. Mean rankings of space-filling quality levels with each sample size for all benchmark test functions. 

Samples size Ranking Space-filling quality  Mean ranking p value 

2 × 5 

1 LHD-Level1 2.20 

0.0671 

2 OLHD-incomplete 2.40 

3 LHD-Level4 3.00 

4 LHD-Level2 3.40 

5 LHD-Level3 4.80 

6 OLHD-completed 5.20 

4 × 5 

1 OLHD-incomplete 1.80 

0.0252 

2 OLHD-completed 2.60 

3 LHD-Level2 3.00 

4 LHD-Level1 3.60 

5 LHD-Level3 4.40 

6 LHD-Level4 5.60 

6 × 5 

1 LHD-Level2 2.40 

0.1422 

2 LHD-Level3 2.60 

3 OLHD-completed 2.80 

4 LHD-Level4 3.60 

5 LHD-Level1 4.60 

6 OLHD-incomplete 5.00 

8 × 5 

1 OLHD-incomplete 1.80 

0.2284 

2 LHD-Level2 3.20 

3 LHD-Level4 3.60 

4 LHD-Level3 3.80 

4 OLHD-completed 3.80 

6 LHD-Level1 4.80 

10 × 5 

1 OLHD-incomplete 2.20 

0.4053 

2 LHD-Level2 2.60 

3 LHD-Level1 3.80 

4 LHD-Level4 4.00 

5 LHD-Level3 4.20 

5 OLHD-completed 4.20 
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CHAPTER 4. INVESTIGATION OF THE INFLUENCE OF THE PARALLEL POINT 

INFILLS STRATEGY ON THE PERFORMANCE OF THE PROPOSED OPTIMIZATION 

ALGORITHM SYSTEM 

        This Chapter aims to enhance the practical applicability and further development of the parallel EGO 

algorithm based on the PEI criterion. A comparative analysis was conducted on nine analytical functions 

with different characteristics to investigate the impact of the number of candidate points on the performance 

of the PEI-based parallel EGO algorithm using both the OK and GEK models. A systematic and in-depth 

evaluation was performed from multiple perspectives, including global optimization capability, 

convergence speed, optimization efficiency in achieving the desired convergence criteria, algorithmic 

diversity, and the balance between global exploration and local exploitation. 

4.1 Experimental Setting 

        To comprehensively investigate the impact of the number of infill points on the performance of the 

kriging-based parallel EGO algorithm system, a comparative experimental study was conducted under 

different levels of infill points. The optimization performance of the parallel EGO algorithm system based 

on both the OK model and the GEK model was systematically evaluated. Table 4.1 presents nine benchmark 

test functions, selected from a benchmark test function suit specifically designed for evaluating the 

performance of optimization algorithms [54]. The tested functions all have a dimensionality of five. To 

reduce the impact of randomness in the initial points and stochastic parameters in the optimization process, 

the tested experiments were repeated 50 times using 50 sets of 40 initial points generated by OLHD method 

[49]. In each case, the parallel EGO algorithm based on OK and GEK was allowed to perform an additional 

240 and 120 evaluations, respectively, on the tested function. In each optimization cycle, the parallel EGO 

algorithm generates 2, 4, 6, 8, and 10 candidate points, respectively. This means that the parallel EGO 

algorithm based on OK model has a maximum of 120 optimization cycles, while the parallel EGO algorithm 

based on GEK model has a maximum of 60 optimization cycles. 

        In the numerical simulation tests, a Python toolbox, named VAEOpy (Vehicular Aerodynamic 

Engineering Optimization in Python) [56], was used to fit both OK and GEK models and to perform 

optimization using the parallel EGO algorithm. The corresponding parameter settings are as follows: 

 Regression function: regpoly0 

 Correlation function: corrgauss. 

 Feasible domain of hyper-parameters: [10-5, 105] 

 Optimizer for tuning hyper-parameters: GS-SQP, maximum number of iterations: 1000 
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 Optimizer for searching candidate points: MGBDE, population size: 50, maximum number of 

iterations: 500 

Table 4.1. Details of benchmark test functions. 

Benchmark test functions Design spaces Optimum 

F1(x) = ∑(1 − 𝑥𝑖)
2

𝐷−1

1

+ 100(𝑥𝑖+1 − 𝑥𝑖
2)2 x ∈ [−5, 10]𝐷 0 

F2(x) = 1 +
1

4000
∑𝑥𝑖

2

𝐷

1

−∏cos(
𝑥𝑖

√𝑖
)

𝐷

𝑖=1

 x ∈ [−50, 50]𝐷 0 

F3(x) = 1 +∑
𝑧𝑖
2

4000

𝐷

1

−∏cos(
𝑧𝑖

√𝑖
)

𝐷

𝑖=1

− 500, 𝑧 = 𝛬100𝑀1
600(𝑥 − 𝑜)

100
 x ∈ [−100, 100]𝐷  -500 

F4(x) =∑(𝑧𝑖
2 − 10 cos(2𝜋𝑧𝑖) + 10

𝐷

1

) − 400, 𝑧 = 𝛬10𝑇𝑎𝑠𝑦
0.2 (𝑇𝑜𝑠𝑧(

5.12(𝑥 − 𝑜)

100
)) x ∈ [−100, 100]𝐷  -400 

F5(x) =∑(𝑧𝑖
2 − 10 cos(2𝜋𝑧𝑖) + 10

𝐷

1

) − 300, 

𝑧 = 𝑀1𝛬
10𝑀2𝑇𝑎𝑠𝑦

0.2 (𝑇𝑜𝑠𝑧(𝑀1
5.12(𝑥 − 𝑜)

100
)) 

x ∈ [−100, 100]𝐷  -300 

F6(x) = 418.9829 × 𝐷 −∑𝑔(𝑧𝑖)

𝐷

1

− 100, 

𝑧 = 𝛬10 (
1000(𝑥 − 𝑜)

100
) + 4.209687462275036𝑒 + 002, 

𝑔(𝑧𝑖) =

{
 
 

 
 𝑧𝑖 sin (|𝑧𝑖|

1
2) , 𝑖𝑓|𝑧𝑖 | ≤ 500

(500 −𝑚𝑜𝑑(𝑧𝑖 , 500)) sin (√|500 −𝑚𝑜𝑑(𝑧𝑖 , 500)|) −
(𝑧𝑖 − 500)

2

10000𝐷
, 𝑖𝑓𝑧𝑖 > 500

(𝑚𝑜𝑑(|𝑧𝑖|, 500) − 500) sin((√|𝑚𝑜𝑑(|𝑧𝑖|, 500) − 500|)) −
(𝑧𝑖 + 500)

2

10000𝐷
, 𝑖𝑓𝑧𝑖 < 500

 

x ∈ [−100, 100]𝐷  -100 

F7(x) = 418.9829 × 𝐷 −∑𝑔(𝑧𝑖)

𝐷

1

+ 100, 

𝑧 = 𝛬10𝑀1 (
1000(𝑥 − 𝑜)

100
) + 4.209687462275036𝑒 + 002, 

𝑔(𝑧𝑖) =

{
 
 

 
 𝑧𝑖 sin (|𝑧𝑖|

1
2) , 𝑖𝑓|𝑧𝑖 | ≤ 500

(500 −𝑚𝑜𝑑(𝑧𝑖 , 500)) sin (√|500 −𝑚𝑜𝑑(𝑧𝑖 , 500)|) −
(𝑧𝑖 − 500)

2

10000𝐷
, 𝑖𝑓𝑧𝑖 > 500

(𝑚𝑜𝑑(|𝑧𝑖|, 500) − 500) sin((√|𝑚𝑜𝑑(|𝑧𝑖|, 500) − 500|)) −
(𝑧𝑖 + 500)

2

10000𝐷
, 𝑖𝑓𝑧𝑖 < 500

 

x ∈ [−100, 100]𝐷  100 

F8(x) = 𝑔1(𝑔2(𝑧1 , 𝑧2)) + 𝑔1(𝑔2(𝑧2, 𝑧3)) + ⋯+ 𝑔1(𝑔2(𝑧𝐷−1, 𝑧𝐷)) + 𝑔1(𝑔2(𝑧𝐷 , 𝑧1))

+ 500, 

𝑔1(𝑥) = 1+
1

4000
∑𝑥𝑖

2

𝐷

1

−∏cos(
𝑥𝑖

√𝑖
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x ∈ [−100, 100]𝐷  500 

F9(x) =∑{𝜔𝑖[𝜆𝑖𝑔𝑖(𝑥) + 𝑏𝑖𝑎𝑠𝑖]} + 800, 𝑛 = 3,𝜔𝑖
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=
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exp(−
∑ (𝑥𝑗 − 𝑜𝑖𝑗)
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2

) , 𝜎 = [20,20,20], 𝜆 = [1,1,1], 

𝑏𝑖𝑎𝑠 = [0,100,200], 𝑔1−3: 𝑆𝑐ℎ𝑤𝑒𝑓𝑒𝑙
′𝑠 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 

x ∈ [−100, 100]𝐷  800 
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4.2 Results and Discussion 

4.2.1 Influence of the parallel point infills strategy on the solution quality 

        A comparative analysis was conducted to examine the impact of different point-filling quantities on 

the optimization solution accuracy of the parallel EGO algorithm based on OK model and GEK model 

within a limited total number of evaluations. Table 4.2 presents the statistical results of the optimized 

solutions for all test cases, along with the Friedman ranking across the test cases. The results indicate that, 

for the case based on OK model, filling 2 update points per optimization cycle achieved the most accurate 

converged solutions for test functions F1, F4, F6, F8, and F9. Additionally, for F5, it also obtained the 

second-highest ranked approximate optimal solution in terms of accuracy. In contrast, as the number of 

filled points increased to 10, the algorithm yielded the least accurate converged solutions for almost all test 

functions, except for F3 and F6. However, overall, as the number of filled points increased from 2 to 10, 

the change in the accuracy of the converged solutions did not follow a strictly linear decline; instead, there 

were fluctuations within certain intervals. Meanwhile, it was observed that the differences in the accuracy 

of the converged solutions obtained with different numbers of filled points were relatively significant. This 

suggests that the stability of the optimization performance of the parallel EGO algorithm based on OK 

model deteriorates as the number of filled points increases. 

        For the case based on GEK model, the optimization performance advantage of the strategy with 2 

filled points has decreased. It only achieved the best convergence accuracy on test functions F1, F3, and 

F5, while performing relatively poorly on several other test functions. Particularly, the convergence 

accuracy obtained on F2, F6, and F7 was the worst. Although the strategy with a point filling number of 10 

still performs poorly on most test functions compared to other filling strategies, the overall accuracy of its 

convergence solutions has improved, with a reduction in the differences. Additionally, except for F1 and 

F3, the variation in the accuracy of the convergence solutions does not exhibit a linear decrease as the point 

filling number increases. It is worth noting that, based on the statistical decision metric p-value, the 

difference in the accuracy of the converged solutions has significantly reduced, compared to the case based 

on OK model, except for F1 and F3. This indicates that the stability of the optimization performance of the 

parallel EGO algorithm based on GEK model has been better ensured. 
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Table 4.2. Statistical results of the converged solutions obtained by the parallel EGO algorithms based on OK and 

GEK models under different point-filling strategies. 

Systems Test problems Metrics 2 points 4 points 6 points 8 points 10 points 

OK-based 

F1 

Mean 4.5089e-01 5.6691e-01 6.0459e-01 6.9066e-01 7.7906e-01 

Std 7.8648e-01 6.8798e-01 4.5595e-01 6.8258e-01 5.6624e-01 

Rank 

(p=0.0019) 
2.00 3.03 3.30 3.10 3.57 

GEK-based 

Mean 4.4899e-02 9.1790e-02 1.2199e-01 1.4146e-01 2.7191e-01 

Std 3.7027e-02 7.0604e-02 1.1719e-01 9.5511e-02 3.5650e-01 

Rank 

(p<0.0001) 
1.87 2.57 3.03 3.53 4.00 

OK-based 

F2 

Mean 4.6415e-01 4.9670e-01 4.5509e-01 4.6978e-01 5.0964e-01 

Std 1.1528e-01 1.1181e-01 8.5571e-02 1.1512e-01 1.0584e-01 

Rank 

(p=0.2998) 
2.97 3.20 2.57 2.87 3.40 

GEK-based 

Mean 5.4790e-01 5.3746e-01 5.5005e-01 5.3116e-01 5.6354e-01 

Std 1.2902e-01 1.3038e-01 1.1066e-01 1.0940e-01 1.3511e-01 

Rank 

(p=0.3578) 
3.03 2.97 2.90 2.63 3.47 

OK-based 

F3 

Mean 
-

4.9934e+02 

- 

4.9936e+02 

- 

4.9940e+02 

-

4.9936e+02 

-

4.9938e+02 

Std 1.8581e-01 1.9980e-01 2.1993e-01 1.6577e-01 1.9206e-01 

Rank 

(p=0.6387) 
3.27 3.03 2.73 3.17 2.80 

GEK-based 

Mean 
-

4.9518e+02 

- 

4.9483e+02 

- 

4.9400e+02 

-

4.9388e+02 

-

4.9359e+02 

Std 1.9765e+00 1.7859e+00 2.5571e+00 2.4633e+00 2.2423e+00 

Rank 

(p=0.0316) 
2.43 2.60 3.20 3.20 3.57 

OK-based 

F4 

Mean 
- 

3.9797e+02 

- 

3.9754e+02 

- 

3.9730e+02 

-

3.9694e+02 

-

3.9674e+02 

Std 8.0113e-01 1.3583e+00 1.6863e+00 2.0484e+00 1.8026e+00 

Rank 

(p=0.0023) 
2.23 2.87 2.83 3.23 3.83 

GEK-based 

Mean 
- 

3.9818e+02 

- 

3.9840e+02 

- 

3.9817e+02 

-

3.9807e+02 

-

3.9806e+02 

Std 8.7144e-01 8.9877e-01 1.0087e+00 1.0889e+00 1.0464e+00 

Rank 

(p=0.0316) 
3.20 2.20 2.97 3.30 3.33 

OK-based 

F5 

Mean 
- 

2.9684e+02 

- 

2.9566e+02 

- 

2.9585e+02 

-

2.9730e+02 

-

2.9666e+02 

Std 3.7693e+00 4.9763e+00 4.5262e+00 1.3679e+00 2.1963e+00 

Rank (p=0.2073) 2.67 3.10 3.47 2.63 3.13 

GEK-based 

Mean 
- 

2.9765e+02 

- 

2.9735e+02 

- 

2.9726e+02 

-

2.9749e+02 

-

2.9765e+02 

Std 1.1496e+00 1.2659e+00 1.3008e+00 9.5681e-01 1.0123e+00 

Rank (p=0.3173) 2.63 3.13 3.40 3.10 2.73 
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Table 4.2. Continuous. 

Systems Test problems Metrics 2 points 4 points 6 points 8 points 10 points 

OK-based 

F6 

Mean 
-

6.4438e+01 

- 

1.8168e+01 

- 

4.4596e+01 

-

2.0781e+01 

-

1.9443e+01 

Std 6.3824e+01 1.0328e+02 1.3318e+02 9.5127e+01 1.1667e+02 

Rank 

(p=0.0086) 
2.50 3.40 2.37 3.53 3.20 

GEK-based 

Mean 
-

8.7698e+01 

- 

9.3243e+01 

- 

8.8515e+01 

-

8.0994e+01 

-

9.4264e+01 

Std 3.8849e+01 2.1060e+01 2.9392e+01 4.9746e+01 8.0437e+00 

Rank 

(p=0.6868) 
3.30 2.80 3.13 2.80 2.97 

OK-based 

F7 

Mean 2.0104e+02 1.7902e+02 1.8019e+02 1.7962e+02 1.7694e+02 

Std 1.4379e+02 1.0624e+02 1.0799e+02 1.0126e+02 1.0803e+02 

Rank 

(p=0.8136) 
3.13 2.73 2.97 2.97 3.20 

GEK-based 

Mean 1.3460e+02 1.4083e+02 1.3083e+02 1.3919e+02 1.3518e+02 

Std 6.3485e+01 6.9991e+01 5.5263e+01 6.9680e+01 6.0899e+01 

Rank 

(p=0.9197) 
3.23 2.93 2.97 2.87 3.00 

OK-based 

F8 

Mean 5.0284e+02 5.0311e+02 5.0334e+02 5.0351e+02 5.0351e+02 

Std 6.6693e-01 8.2985e-01 9.7198e-01 9.6062e-01 1.3396e+00 

Rank 

(p=0.0047) 
2.17 2.57 3.40 3.37 3.50 

GEK-based 

Mean 5.0500e+02 5.0480e+02 5.0476e+02 5.0566e+02 5.0515e+02 

Std 1.7700e+00 1.3614e+00 1.3429e+00 2.0348e+00 1.3429e+00 

Rank 

(p=0.6828) 
2.90 2.63 2.83 3.33 3.20 

OK-based 

F9 

Mean 9.7651e+02 1.0291e+03 1.0683e+03 1.0344e+03 1.0929e+03 

Std 1.6718e+02 1.3887e+02 1.3285e+02 1.5219e+02 1.5950e+02 

Rank 

(p=0.0071) 
2.20 2.83 3.47 2.97 3.53 

GEK-based 

Mean 9.5022e+02 9.5390e+02 9.6924e+02 9.3789e+02 9.4671e+02 

Std 8.0413e+01 8.7164e+01 1.0428e+02 7.2873e+01 8.2066e+01 

Rank 

(p=0.8088) 
2.97 3.17 3.20 2.90 2.77 

4.2.2 Influence of the parallel point infills strategy on the convergence speed 

        To investigate the impact of different point filling quantities on the convergence speed of the parallel 

EGO algorithm, Figures 4.1 and 4.2 present the average convergence curves of the parallel EGO algorithm 

based on OK and GEK models, respectively, under different point filling strategies.  

        From Figure 4.1, it can be observed that for the case based on OK model, the convergence speed varies 

significantly across different point filling quantities for almost all test functions, except for F3. A point 

filling quantity of 2 exhibits an absolute performance advantage in terms of convergence speed for test 
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functions F1, F4, F6, F8, and F9. This conclusion can be drawn from the fact that the average convergence 

curve for a point filling quantity of 2 remains consistently below the other average convergence curves 

throughout the optimization process. In contrast, the average convergence speed for a point filling quantity 

of 10 is relatively slower across most test functions. The average convergence speed for other point filling 

quantities exhibits a certain degree of fluctuation between these two cases. This result is generally consistent 

with the findings on the accuracy of the optimized solutions presented above. This indicates that the 

optimization performance of the parallel EGO algorithm based on OK model is most reliable when the 

point filling quantity is set to 2. However, as the point filling quantity gradually increases to 10, the stability 

of the parallel EGO algorithm's optimization performance deteriorates significantly. 

 

Figure 4.1. Average convergence curves of the OK-based parallel EGO algorithm on all tested problems. 

        From the average convergence curves in Figure 4.2, it can be observed that in the case of GEK model, 

the impact of different point filling quantities on the convergence speed of the parallel EGO algorithm 

differs only in the early stages of the optimization process for almost all test functions, except for F3 and 

F8. Moreover, during this stage, the impact on the average convergence speed exhibits a trend that is 
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essentially linearly correlated with the increase in point filling quantity. As the optimization process 

progresses, the differences in average convergence speed among different point filling quantities gradually 

diminish. The potential reason for this phenomenon is that, in the early stages of the optimization process, 

fewer point filling quantities lead to more frequent updates of the surrogate model. This provides more 

reliable design space information for the EGO algorithm’s optimization. As the optimization process 

progresses and considering that GEK model has superior fitting performance compared to OK model, it can 

rapidly compensate for the loss of design space information due to fewer surrogate model updates in the 

early stages of the optimization process. This result also indicates that the convergence performance of the 

parallel EGO algorithm based on GEK model is more stable and reliable. 

 

Figure 4.2. Average convergence curves of the GEK-based parallel EGO algorithm on all tested problems. 

4.2.3 Influence of the parallel point infills strategy on the optimization efficiency 

        In practical performance optimization problems, the primary source of time consumption is the wall-

clock time cost. In a single optimization cycle, the wall-clock time cost primarily consists of three 
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components: experimental model preparation, waiting gap, and experimental evaluation (Figure 4.3). An 

effective approach to significantly improving optimization efficiency is to achieve the desired optimization 

objective with as few optimization cycles as possible. Therefore, the multi-point infill criterion was 

proposed based on this principle. 

 

Figure 4.3. Composition of the wall-clock time cost within a single optimization cycle for practical problems. 

        To investigate the impact of different infill point quantities on the optimization efficiency of the 

parallel EGO algorithm, Table 4.3 presents the relevant statistics on the number of optimization cycles 

required to achieve the predefined convergence criteria for the parallel EGO algorithm based on both OK 

and GEK models. For the case based on OK model, the number of optimization cycles continuously 

decreases with an increasing number of infill points for almost all test functions, except for F3. This result 

is generally consistent with the findings presented in [39]. However, the reduction in the number of cycles 

required for the parallel EGO algorithm to reach the convergence criterion does not strictly follow a 

proportional relationship with the increase in the number of infill points. For example, on F1, taking the 

parallel EGO algorithm with an infill point count of 2 as the baseline, the parallel EGO algorithm with an 

infill point count of 4 accelerates the search by approximately 92.77/49.33 ≈ 1.88 times. However, for a 

strictly linear speedup, the expected factor should be 2. A possible explanation given in previous studies is 

that as the sequential selection process progresses within a single optimization cycle, an increasing number 

of IFs are multiplied by the initial EI criterion, making the PEI criterion increasingly unreliable. It is 

noteworthy that for F5, the parallel EGO algorithm with a point filling number of 4 achieved an acceleration 

factor of approximately 53.13/26.63 ≈ 2.00 times. 
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Table 4.3. The statistics of the number of cycles required to reach the expected stopping criterion under different 

point-filling strategies using parallel EGO algorithms based on OK and GEK, respectively. 

Systems 
Test  

problems 

Stopping 

criterions 

Number of 

cycles 
2 points 4 points 6 points 8 points 10 points 

OK-based 

F1 

Expected 

optimum < 

1.0 

Median 91.00 48.00 36.50 27.50 24.00 

Mean 92.77 49.33 35.00 26.83 22.23 

Std 16.15 7.49 4.70 4.03 2.36 

GEK-based 

Median 15.50 11.00 7.00 6.00 5.00 

Mean 15.97 11.47 8.07 6.90 6.17 

Std 4.14 4.30 2.22 1.70 1.93 

OK-based 

F2 

Expected 

optimum < 

0.7 

Median 32.00 19.50 13.00 10.00 9.00 

Mean 39.10 23.43 13.13 11.17 10.23 

Std 29.74 16.36 7.32 6.89 5.59 

GEK-based 

Median 27.50 9.50 8.00 8.00 5.50 

Mean 26.93 13.80 10.23 8.43 7.20 

Std 19.17 9.35 5.78 3.47 3.19 

OK-based 

F3 

Expected 

optimum <  

-490 

Median 2.00 2.00 2.00 2.00 2.00 

Mean 1.93 1.93 1.93 1.93 1.93 

Std 0.25 0.25 0.25 0.25 0.25 

GEK-based 

Median 8.00 6.00 6.00 7.00 4.00 

Mean 11.20 7.57 7.53 7.23 5.33 

Std 10.50 5.63 5.04 4.59 3.09 

OK-based 

F4 

Expected 

optimum <  

-395 

Median 36.50 23.00 14.50 15.00 14.00 

Mean 40.83 29.03 19.70 16.23 14.53 

Std 18.88 16.17 10.81 7.59 6.32 

GEK-based 

Median 7.00 4.00 4.00 3.50 3.00 

Mean 9.60 6.50 5.17 4.63 4.20 

Std 8.19 4.88 3.74 3.06 2.45 

OK-based 

F5 

Expected 

optimum <  

-294 

Median 44.50 21.00 15.00 13.00 11.00 

Mean 53.13 26.63 19.37 13.83 13.47 

Std 29.76 16.28 11.57 5.22 5.93 

GEK-based 

Median 10.00 6.50 5.00 5.00 5.00 

Mean 13.13 8.13 5.93 5.40 4.77 

Std 9.96 4.81 3.44 2.33 1.76 

OK-based 

F6 

Expected 

optimum <  

-50 

Median 51.50 52.50 23.00 25.00 17.00 

Mean 58.50 42.60 24.17 21.20 16.90 

Std 34.35 19.00 11.22 8.91 6.69 

GEK-based 

Median 6.00 4.00 4.00 3.00 3.00 

Mean 14.10 8.07 7.03 6.03 4.97 

Std 14.14 7.23 5.94 4.41 2.81 

OK-based 

F7 

Expected 

optimum < 

200 

Median 59.00 28.50 22.50 17.50 13.50 

Mean 69.33 36.00 24.20 19.03 15.53 

Std 42.81 19.93 12.49 9.89 7.33 

GEK-based 

Median 14.50 6.50 6.00 6.00 6.50 

Mean 23.80 12.60 8.90 7.27 7.03 

Std 20.94 10.54 6.35 4.29 3.52 
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Table 4.3. Continuous. 

Systems 
Test  

problems 

Stopping 

criterions 

Number of 

cycles 
2 points 4 points 6 points 8 points 10 points 

OK-based 

F8 

Expected 

optimum < 

505 

Median 41.50 26.00 15.00 12.00 13.50 

Mean 38.03 24.93 16.17 12.57 12.60 

Std 25.14 18.38 11.61 8.33 8.01 

GEK-based 

Median 60.00 20.00 19.00 15.00 12.00 

Mean 42.20 17.87 14.00 11.27 9.00 

Std 24.33 11.43 7.73 5.66 4.34 

OK-based 

F9 

Expected 

optimum < 

1100 

Median 50.00 27.50 40.00 16.50 21.00 

Mean 61.43 35.20 29.83 19.00 18.07 

Std 39.14 20.69 12.97 9.44 6.84 

GEK-based 

Median 5.00 4.00 3.50 3.00 3.00 

Mean 14.27 8.27 7.27 5.53 4.70 

Std 17.96 9.17 6.68 4.18 2.85 

        To explain this phenomenon, Figure 4.4 illustrates the process of the PEI criterion searching for 

multiple potential improvement points within an optimization cycle. Strictly speaking, the fundamental 

principle of the PEI criterion remains a sequential process, rather than a true parallel point-filling criterion 

(its parallel concept is based on the parallelization of external computational resources, rather than the 

parallelization of the algorithm itself). The search for the first potential improvement point relies on the 

original EI criterion, while the search for subsequent points is sequentially adjusted by multiplying with the 

corresponding IFs. The search for later points depends on the search space information provided by earlier 

points, rather than each point independently having its own fixed search space information. This means that 

the search space information for multiple potential points is highly redundant, leading to the observation 

that optimization efficiency does not increase in a linear proportion with the number of filled points. 

Additionally, the EI criterion itself strikes a perfect balance between local exploitation and global 

exploration. However, in complex optimization problems, OK often fails to provide globally reliable design 

space information, causing the classical EGO algorithm to lean more towards local optimization. In certain 

special cases, the observed linear proportional improvement in optimization efficiency with the increase in 

the number of filled points may be due to the incorporation of IFs, which provides more algorithmic 

diversity to the classical EGO algorithm. This increases the probability of escaping local optima and 

facilitates the EGO algorithm in finding higher-quality solutions. 

        For the case based on GEK model, compared to the parallel EGO algorithm with OK model, the 

number of optimization cycles with the same number of point fillings significantly decreased in almost all 

test functions, except for F3 and F8. Because the fitting performance of GEK model has been significantly 

improved. As a result, the effective spatial information relied upon during the search for potential 

improvement points is more reliable, which facilitates the convergence of the parallel EGO algorithm. 
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However, the redundancy of the spatial information relied upon by multiple points in a single optimization 

cycle also increases, which means the bottleneck for achieving optimization efficiency improvements 

occurs more quickly than in the case of OK model. 

 

Figure 4.4. The process for searching multi-points using the PEI criterion within a single optimization cycle. 

4.2.4 Influence of the parallel point infills strategy on the diversity of parallel EGO algorithm 

        When an optimization algorithm is prone to getting trapped in local optima, strategies can be employed 

to provide population diversity, helping the algorithm escape local optima and thereby increasing the 

probability of finding higher-quality solutions [66]. The classical EGO algorithm inherently achieves a 

perfect balance between local exploitation and global exploration; however, it is also prone to getting 

trapped in local optima. The introduction of the parallel EGO algorithm not only enhances the efficiency 

of the entire optimization process but also, by multiplying the corresponding number of IFs after original 

EI function, can be seen as increasing the diversity of the optimization. Therefore, the impact of different 

point filling quantities on the performance of the parallel EGO algorithm is analyzed from the perspective 

of algorithmic diversity. The calculation method for population diversity is as follows: 

𝑃𝑜𝑝𝑑𝑖𝑣(𝑙) =
1

𝑛
∑√∑(𝑝𝑜𝑠̅̅ ̅̅ ̅𝑗 − 𝑝𝑜𝑠𝑖,𝑗(𝑙))

1
2

𝐷

𝑗=1

, 𝑝𝑜𝑠̅̅ ̅̅ ̅𝑗 =
1

𝑛
∑𝑝𝑜𝑠𝑖(𝑙)

𝑛

𝑖=1

𝑛

𝑖=1

 (30) 

Where 𝑛 and 𝐷 represent the total population size and the number of design variables, respectively. 

𝑝𝑜𝑠𝑖,𝑗(𝑙)  represents the position of the 𝑖  individual in the 𝑗  dimension, and 𝑝𝑜𝑠̅̅ ̅̅ ̅𝑗  denotes the average 

position of all individuals in the 𝑗  dimension. A low population diversity indicates that the search is 

exploring the design space near the local optimum. In contrast, a high population diversity suggests that the 

search is exploring regions of the design space farther from the local optimum. 

        Figures 4.5 and 4.6 present the average population diversity curves of the parallel EGO algorithm 

based on OK model and GEK model, respectively, under different point-filling quantities during 

optimization process. For the case based on OK model, the parallel EGO algorithm with a larger point-

filling quantity generally exhibits greater population diversity in the early stages of optimization, indicating 
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that it explores a larger design space. As the optimization process progresses, population diversity gradually 

decreases. Meanwhile, the rate of decline in population diversity is relatively slower for the parallel EGO 

algorithm with a larger point-filling quantity. This also explains why its overall solution convergence speed 

is relatively slower (Figure 4.1). However, the advantage of having greater population diversity is that it 

can facilitate the parallel EGO algorithm in escaping local optima, thereby increasing the probability of 

discovering higher-quality optimal solutions. For example, in the case of test functions F2, F3, F5, and F7, 

higher-quality solutions were found when using a larger number of filled points. 

 

Figure 4.5. Population diversity curves of the OK-based parallel EGO algorithm on all tested problems. 

        For the case based on GEK model, overall, the impact of different point filling numbers on the 

population diversity of the parallel EGO algorithm is reduced, except for test functions F1, F3, and F8. 

Combining the average convergence curves for the corresponding test functions in Figure 4.2, it can also 

be observed that the differences in the impact of different point filling numbers on the convergence speed 

of the parallel EGO algorithm are minimal. This may be due to the fact that the spatial design information 
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provided by GEK to the parallel EGO algorithm is sufficiently reliable, which makes the search directions 

for potential improvement points more well-defined. 

 

Figure 4.6. Population diversity curves of the GEK-based parallel EGO algorithm on all tested problems. 

        Almost all global optimization algorithms aim to achieve a reasonable balance between local 

exploitation and global exploration, and the EGO algorithm is no exception. To evaluate the impact of 

different point filling numbers on the balance between local exploitation and global exploration in the 

parallel EGO algorithm, the percentage change trends of exploitation-exploration throughout the 

optimization process were calculated using the following formula: 

𝑒𝑥𝑝𝑙𝑜𝑟𝑎𝑡𝑖𝑜𝑛(𝑙) = (
𝑃𝑜𝑝𝑑𝑖𝑣(𝑙)

max(𝑃𝑜𝑝𝑑𝑖𝑣(𝑙))
) × 100% (31) 

𝑒𝑥𝑝𝑙𝑖𝑡𝑎𝑡𝑖𝑜𝑛(𝑙) = (
‖𝑃𝑜𝑝𝑑𝑖𝑣(𝑙) − max(𝑃𝑜𝑝𝑑𝑖𝑣(𝑙))‖

max(𝑃𝑜𝑝𝑑𝑖𝑣(𝑙))
) × 100% (32) 
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Here, 𝑃𝑜𝑝𝑑𝑖𝑣 is defined in Eq. (30) and represents the diversity of the entire population. 

        Figures 4.7 and 4.8 show the trends of the exploration-exploitation ratio over the process of 

optimization for the parallel EGO algorithm based on OK and GEK models, respectively, under different 

point-filling quantities. Overall, it can be observed that the parallel EGO algorithm with different point-

filling quantities maintains a high level of exploration during the early stages of optimization, allowing the 

algorithm to explore a broader design space for global optima. As the optimization progresses, the 

exploration rate gradually decreases while the exploitation rate increases, enabling the algorithm to continue 

improving the solution quality in the vicinity of local optima. For the case based on OK model, as shown 

in Figure 4.1, the point-filling quantity of 2 consistently achieves the best convergence speed on F1, F4, F6, 

F8, and F9. Therefore, with a point-filling quantity of 2, the parallel EGO algorithm better maintains a 

reasonable balance between local exploitation and global exploration. This conclusion can be drawn from 

the trend of the exploration-exploitation curves in Figure 4.7, as the exploration-exploitation curves for the 

case with 2 points remain smaller and larger than those for the other point configurations throughout almost 

the entire optimization process. 
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Figure 4.7. Exploration and exploitation curves of the OK-based parallel EGO algorithm on all tested problems. 

        For the case based on GEK model, as shown in Figure 6, except for F1, F3, and F8, where there is a 

significant difference in convergence speed between different point-filling quantities, the convergence 

speed for the other test functions only shows slight differences in the early stages of optimization. As the 

optimization iterations progress, the convergence speed remains nearly consistent. Therefore, as shown in 

Figure 4.8, the differences in the impact of different point-filling quantities on the balance between local 

exploitation and global exploration of the parallel EGO algorithm are negligible for these test functions. 

This indicates that GEK model provides greater reliability and stability to the parallel EGO algorithm. 

 

Figure 4.8. Exploration and exploitation curves of the GEK-based parallel EGO algorithm on all tested problems. 
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CHAPTER 5. CONSTRUCTION AND VALIDATION OF THE PROPOSED IMPROVED 

OPTIMIZATION ALGORITHM SYSTEM 

5.1 Matching the Suitable Optimizer 

        To match the most suitable optimizer for the GEK based parallel EGO algorithm system, this section 

first elaborates on and analyzes the critical role of the optimizer within the entire optimization system, as 

well as how it impacts the overall optimization performance. Then, it performs a comprehensive 

investigation into the influence of different types of optimizers on the performance of the proposed system. 

5.1.1 Key role of optimizer in current optimization system 

        Based on the theory described above, if 𝑞 potential improvement points are to be selected in each point 

infill cycle, then 𝑚 × (𝑞 + 1)  optimization processes are sequentially performed for the GEK-based 

parallel EGO algorithm, where m represents the total number of cycles. Zhan et al. [39] found that, in large-

scale and high-dimensional optimization problems, the resulting PEI function often exhibits complex and 

highly multimodal properties, making it very difficult for optimizers to identify globally optimal solutions 

on the PEI function. In the parallel EGO algorithm, during each point infill cycle, the first updating point 

is located using the original EI function. The remaining updating points are then determined by multiplying 

the corresponding IFs with the original EI function. The quality of the earlier updating points indirectly 

impacts the quality of the later updating points throughout the entire optimization process, ultimately 

affecting the quality of the solution. Zhan et al. [39] briefly studied the influence of the DE algorithm with 

different parameter settings on the performance of the OK-based parallel EGO algorithm. The results 

revealed that the performance of the optimizer has a significant impact on the convergence performance of 

the OK-based parallel EGO algorithm. Given the relatively low computational cost of evaluating the PEI 

function, it was also recommended to conduct as many evaluations as possible to ensure the global 

maximum of the PEI function is located. However, the investigation only explored the influence of the DE 

algorithm with different parameter settings on the convergence performance of the OK-based parallel EGO 

algorithm and the tested benchmark functions were relatively simple. Therefore, Wang et al. [41] 

systematically studied the influence of various optimizers and benchmark functions on the performance of 

OK based parallel EGO algorithm. The results demonstrated that optimizers with a higher central goal of 

exploration–exploitation promote faster convergence to high-quality solutions. Which further confirmed 

that the performance of the optimizer significantly influences the performance of OK-based parallel EGO 

algorithm. However, it is clearly see that the tuning hyper-parameters [50, 51] and the optimizing PEI 

function are two different optimization processes, thereby the optimization strategies may differ. Previous 
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research using the same optimizer to tune the hyper-parameters and optimize the PEI function treated the 

two optimization processes as a unified complete. Which will bring challenge for analyzing the specific 

mechanisms whereby various optimizers influences the convergence performance of the parallel EGO 

algorithm. Therefore, it is necessary to separate two optimization processes, keeping one optimizer fixed 

for one process while using different optimizers for the other process. Furthermore, as the GEK model 

incorporates into optimization system, its correlation vectors and matrices become more complex, leading 

to a significant increase in the difficulty of hyper-parameter tuning and PEI function optimizing. It is 

possible that previous conclusions are no longer applicable to the proposed new system. 

        To further explain the positive impact of the differences between EI and PEI on the convergence of 

the parallel EGO algorithm, the ordinary EGO and parallel EGO algorithms were used to perform point 

infills on the one-dimensional Griewank function within the feasible region [−10, 10]. The function has a 

global minimum of zero at point 0. The parallel EGO algorithm inserts two points in each cycle. Figure 5.1 

illustrates the differences in the EI and PEI functions during the point infill process. Figure 5.1a shows the 

respective locations of the second point infills obtained by the ordinary EGO and parallel EGO algorithms. 

After updating the first point, certain differences arise between the EI and PEI functions due to the ordinary 

EGO algorithm updating the new EI function through the updated kriging model. In contrast, the parallel 

EGO algorithm does not update kriging model, but instead simulates the behavior changes of the EI function 

using the IFs. Therefore, the PEI function approximates the current EI function. Both   methods select 

second point infills located a certain distance from the optimal value of the test function. Figure 5.1b shows 

the respective locations of the third point infills obtained by the ordinary EGO and parallel EGO algorithms. 

Evidently, the EGO algorithm with the PEI criterion finds a point infill location that is closer to the optimal 

solution than the point infill selected by the EGO algorithm with the EI criterion. Therefore, a reasonable 

difference between the PEI and EI functions facilitates faster convergence to high-quality solutions for the 

parallel EGO algorithm. It is worth noting that the performance of the optimizer in finding the maximum 

potential improvement points in the PEI function affects the approximation quality of the EI and PEI 

functions. Typically, an optimizer with higher global search capabilities ensures a better approximation of 

the PEI and EI functions. Conversely, an optimizer with insufficient global search capabilities may amplify 

the differences between the PEI and EI functions. Hence, it is worth exploring whether this elegant balance 

of approximation and differences between EI and PEI induced by the IFs and optimizer will be disrupted 

when the GEK model incorporates into the system. 
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Figure 5.1. Comparison of changes in EI and PEI functions during the process of point infills. 

5.1.2 Experimental setting 

        To explore the influence of different optimizers on convergence performance of GEK based parallel 

EGO system. The gradient-based GS-SQP optimizer is fixed to tune the hyper-parameters [50]. Different 

optimizers were selected to search for potential improvement points on the PEI function. Experiments were 

conducted on seven benchmark test functions (described in Section 5.2.1). The final results determine the 

most suitable optimizer for the proposed system and provide a reference for other investigators and 

developers to select appropriate optimizers. 
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        The candidate optimizers include two traditional algorithms, DE [52] and PSO [53]; two recently 

enhanced DE-based algorithms, enhanced adaptive guided DE (EAGDE) [18] and chaotic local search-

based JADE (CJADE) [19]; a hybrid optimizer, modified Gaussian bare-bones DE (MGBDE) [20], which 

demonstrated the best performance in Wang et al. [41]; and a novel algorithm inspired by the hunting 

behavior of gorilla groups, the artificial gorilla troop optimizer (GTO) [21]. The optimizers were selected 

for their distinct advantages, allowing an analysis of the influence of different aspects on the performance 

of the proposed system. DE, EAGDE, and CJADE focus on global exploration, but exhibit relatively slow 

convergence speeds. PSO accelerates the entire optimization process through individual learning and social 

cooperation. MGBDE emphasizes the balance between local exploitation and global exploration by 

combining the advantages of PSO and DE. The nature-inspired GTO enhances the global search capability 

by using various random mechanisms. In summary, the impact of the optimizers on the performance of 

GEK based parallel EGO system is investigated in terms of the convergence speed, balance between local 

exploitation and global exploration, and global search capability. 

        To guarantee a comprehensive evaluation of each optimizer’s impact on the performance of the 

proposed system, the parameters setting for each optimizer were set to the optimal working states, 

determined through numerous tests. Table 5.1 provides the detailed parameter settings for each optimizer. 

A consistent population size of 50 and a maximum iteration count of 500 were applied across all optimizers. 

The tests focused on optimizing benchmark functions. Please refer to the 5.2.1 section for the selection of 

benchmark functions and parameter setting of the algorithm system. Additionally, before analyzing the 

impact of the different optimizers on the performance of the proposed system, a comparison was conducted 

to better understand the inherent performance of each optimizer. Three key performance metrics were 

evaluated: global search capability, algorithm complexity, and convergence speed through a series of 

algorithm tests. Table 5.2 presents the comparison results. 

Table 5.1. Parameters setting for each optimizer. 

Optimizer Parameters  Value 

GTO P; β;w 0.03; 3; 0.8 

PSO c1; c2;w 1.49618; 1.49618; 0.7298 

DE F; cr 0.8; 0.9 

MGBDE F; Mu_cr; Sigma_cr 0.5; 0.5; 0.1 

EAGDE F; p_rate; Nmin Rand(0.1, 0.9); 0.1; 12 

CJADE Mu_F; Mu_cr; ρ 0.5; 0.5; 0.988 
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Table 5.2. Performance comparison of different optimizers. 

Ranking Global search capability Complexity Convergence speed 

1 CJADE PSO PSO 

2 EAGDE DE MGBDE 

3 MGBDE MGBDE EAGDE 

4 GTO EAGDE CJADE 

5 DE CJADE DE 

6 PSO GTO GTO 

5.1.3 Results and discussion 

        To clearly illustrate the impact of different optimizers on the performance of the proposed system, the 

results obtained from running the algorithm system with six distinct optimizers are compared. Figure 5.2 

shows the results of the Wilcoxon signed-rank test, comparing the convergence levels of MGBDE, PSO, 

and DE against other optimizers across all tested functions, respectively. The symbol “=” indicates that 

there is no significant difference in performance between the two compared optimizers on the proposed 

system. Furthermore, although p-values between 0.05 and 0.10 for the significance level cannot reflect 

significant differences in the performance of the two compared optimizers on the proposed system, the 

symbols “≥” and “≤” are still included in the figure to show that the first optimizer potentially outperforms 

or underperforms the second optimizer, respectively, on the proposed system. It is clearly observed that 

there are no significant differences in performance between the PSO, DE, and MGBDE optimizers for the 

most of tested functions. For the f10 and FMSW functions, PSO achieves significantly better performance 

than MGBDE and DE, respectively. Whereas for the function f12, MGBDE significantly outperforms DE. 

Although most of the statistical results for PSO, DE, and MGBDE in Figure 6 are marked with the “=” 

symbol, indicating comparable performance, MGBDE demonstrates a slightly better performance than the 

other two optimizers. Evidence for this can be found in Figure 6a, where most of the bar charts for MGBDE 

are positioned above the x-axis. Furthermore, from an overall perspective, PSO, DE, and MGBDE 

demonstrate significantly better performance than EAGDE, CJADE, and GTO. The statistical results 

support this observation, as PSO, DE, and MGBDE are more frequently assigned the symbols +, ≥, and = 

in comparisons with EAGDE, CJADE, and GTO, respectively. Consequently, the results suggest that 

MGBDE, DE and PSO improve the convergence performance of the GEK based parallel EGO algorithm 

system within a limited number of samples. 
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Figure 5.2. Wilcoxon signed-rank test for MGBDE, PSO and DE optimizer with other optimizers, respectively. 

        The rankings of each optimizer for each test function are more intuitively presented in Figure 5.3 

MGBDE achieves the top ranking for test functions f11, f12, f14, and f14-l, and also performs well on f22 

and FMSW, securing second place. Performance shows inferiority only on f10, lagging behind most of the 

other optimizers. The traditional PSO, known for its fast convergence speed, exhibits performance similar 

to that of MGBDE. In Figure 5.3, PSO demonstrates dominant performance on functions, and its ranking 

results indicate that this optimizer enables the proposed system to converge to high-quality solutions for 

most of the other test functions. Furthermore, the traditional DE, known for its strong global search 

capability, shows slightly inferior performance compared to MGBDE and PSO. However, DE outperforms 

the other three optimizers, as evidenced by the mean ranking results in Table 5.3 Surprisingly, the two DE 

variants, EAGDE and CJADE, which are known for their stronger global search capabilities than DE, do 

not provide any significant advantages in improving the convergence performance of the proposed system. 

This conclusion is further supported by the mean rankings in Table 5.3, where both EAGDE and CJADE 

are ranked fourth. The recently developed GTO performs reasonably well only on function f14, but its 

performance is among the weakest across the remaining test functions.  

 

Figure 5.3. Friedman test between each optimizer for all tested functions. 

Table 5.3. Mean rankings of optimizers for all tested functions. 

Ranking Optimizer Mean ranking p value 

1 MGBDE 1.8571 

0.0062 

2 PSO 2.4286 

3 DE 3.2857 

4 EAGDE 4.0000 

4 CJADE 4.0000 

6 GTO 5.4286 
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Figure 5.4. Average convergence curves of GEK-based parallel EGO algorithm with different optimizers on all 

tested functions. 

        To more intuitively observe the convergence trends of different optimizers throughout the infill 

optimization process of the GEK based parallel EGO algorithm and to further evaluate their overall 

performance, the average convergence curves of the GEK based parallel EGO algorithm with different 

optimizers over 50 runs for all test functions are presented in Figure 5.4. Since the differences in the average 

convergence curves during the initial few infill cycles are minimal across all test functions, the results from 

the earliest infill cycles are not visualized. For f10, it is evident that the GEK based parallel EGO algorithm 

with PSO and DE optimizers converges significantly faster than those with MGBDE, EAGDE, CJADE, 

and GTO within a limited number of infill points. This observation further corroborates the ranking results 

of the optimizers for f10 shown in Figure 5.3. For f11 and FMSW, the average convergence curves of 

MGBDE, DE, and PSO remain lower than those of EAGDE, CJADE, and GTO throughout almost the 

entire convergence process, indicating that the GEK based parallel EGO algorithm with MGBDE, DE, and 

PSO optimizers generally converges faster than those with EAGDE, CJADE, and GTO. For f12, MGBDE 

consistently ensures faster convergence of the GEK based parallel EGO algorithm throughout nearly the 

entire infill optimization process. Although the convergence curve of PSO gradually flattens in the later 

stages of infill, it exhibits convergence performance similar to MGBDE in the range of approximately 50 

to 170 infill points. For f14, f22, and f14-l, while no single optimizer demonstrates an absolute advantage 

in convergence speed across the entire infill process, it can still be observed that the GEK based parallel 

EGO algorithm with the MGBDE optimizer exhibits a better convergence trend in the later stages compared 

to other optimizers. For PSO, although its average convergence curve shows slower convergence in the 

early and middle stages for f14 and f22, a noticeable decline occurs in the later stages. However, for the 

GEK based parallel EGO algorithm with EAGDE and CJADE optimizers, which possess stronger global 

search capabilities, their convergence speeds are faster than other optimizers in the early stages of infill for 

nearly all test functions. Yet, as the optimization progresses, their convergence rates gradually stabilize. 

The traditional DE optimizer exhibits a convergence trend similar to the two DE variant optimizers 

(EAGDE and CJADE) in the early stages. However, compared to the two DE variants, DE tends to achieve 

a declining trend more easily in the middle and later stages of infill. Finally, the GEK based parallel EGO 

algorithm with the recently developed emerging optimizer GTO exhibits the slowest convergence speed in 

almost all test functions, except for f14.  

        In summary, the hybrid optimizer MGBDE, which with a high central goal of exploration–exploitation, 

achieved superior convergence performance in the GEK based parallel EGO algorithm system by balancing 

the approximation and difference between the EI and PEI criterion. Additionally, although the PSO 
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optimizer focuses more on rapid convergence and cannot always guarantee high-quality solutions on the 

PEI function, it still provides valuable algorithmic diversity to the proposed system. The diversity increases 

the probability of escaping local optima, leading to PSO's performance being second only to MGBDE. 

Furthermore, although EAGDE and CJADE demonstrate strong global search capabilities and often find 

high-quality solutions on the PEI function, they did not significantly improve the convergence performance 

of the proposed system. A potential reason is that finding high-quality solutions on the PEI function does 

not ensure an absolute improvement, as the PEI function is merely an approximation of the EI function, 

rather than the true EI function. Since the EI function is also based on the current surrogate model, high-

quality solutions found on the PEI function may not lead to an improvement in the optimization objective, 

making it difficult to escape local optima. This limitation ultimately results in a reduction in convergence 

performance. Similarly, the GTO optimizer, which also possesses strong global search capabilities, 

demonstrates poor convergence performance in the proposed system due to reasons similar to those 

affecting EAGDE and CJADE. 
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5.2 Performance Verification of the Proposed Optimization Algorithm System 

        To evaluate the performance of the proposed system in comparison with the traditional OK-based 

parallel EGO system, performance tests were conducted on both benchmark functions and two real-world 

optimization problems of aerodynamics. 

 5.2.1 Verification on benchmark test functions  

        To evaluate the convergence performance of the proposed system in comparison with the traditional 

OK-based parallel EGO system, the MGBDE optimizer, identified as the most suitable for the proposed 

system, is employed to optimize the PEI function. Additionally, a gradient-based optimization algorithm, 

GS-SQP, is employed to tune the hyper-parameters of the GEK model. Table 5.4 provides descriptions of 

five benchmark functions and one engineering optimization problem, selected respectively from CEC2013 

[54] and CLEC2011 [55], for performance evaluation. To maintain a reasonable computational cost, the 

feasible regions of all test functions were scaled to smaller ranges compared to the original intervals of 

[−100,100]5 and [−6.4,6.35]6. To reduce the potential impact of initial sample selection and optimizer 

randomness on the results, and to ensure experimental fairness, each system was evaluated 50 times for 

each test function. The 50 groups of initial samples, each consisting of 10D samples, are obtained using 

Latin hypercube designs (LHD) [48]. For each test case, a total of 200 updating points were added to the 

GEK model through the parallel EGO algorithm, with four points added in each cycle.  

        An object-oriented Python toolbox named Vehicular Aerodynamic Engineering Optimization in Python 

(Vaeopy) [56] was utilized to construct the corresponding kriging model and implement the parallel EGO 

algorithm. The parameter settings for constructing the OK and GEK models are specified as follows: 

 Regression function: regpoly0. 

 Correlation function: corrgauss. 

 Feasible region of hyper-parameters: [10-5, 105]. 

        A nonparametric statistical test [57] is employed to analyze significant differences among the 

comparative results. The Wilcoxon signed-rank test examines significant differences in convergence results 

between the two systems for each test function, with the significance level set at 0.05. A p-value below 0.05 

indicates a significant performance difference between the two systems; otherwise, the difference is not 

significant.  

        To clearly illustrate the performance advantages of the proposed system, the optimization results 

obtained using the two comparative systems across all benchmark functions are compared. Figure 5.5 

presents the Wilcoxon signed-rank test results, comparing the convergence levels of the proposed system 
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with the traditional system across all selected test functions. The symbols “+” and “−” indicate that the first 

system outperforms or underperforms the second system, respectively. 𝑅+ and 𝑅− represent the sum of the 

rankings in the Wilcoxon signed-rank test, indicating that the first group of results outperforms or 

underperforms the second group, respectively. The y-axis in Figure 5.5 represents the difference between 

the absolute values of 𝑅+ and 𝑅−, with a larger gap between 𝑅+ and 𝑅− indicating a greater performance 

difference between the two compared systems. From the statistical results, it is clear that the convergence 

level of the GEK-based parallel EGO system is significantly better than that of the OK-based parallel EGO 

system on almost all tested benchmark functions, except for f10. The results show that by effectively 

utilizing additional gradient information to construct a high-reliability surrogate model, the updating point 

can acquire more effective information from the high-precision surrogate model, ensuring the search for 

higher-quality solutions through the PEI function. 

Table 5.4. Details of benchmark test functions. 

Benchmark function Property Lower bound Upper bound optimum 

Rotated Griewank’s 

Function (f10) 

Multi-modal; Rotated; 

Non-separable 
[-50, 0, -60, 30, -50] [0, 50, -10, 80, 0] -500 

Rastrigin’s Function (f11) 
Multi-modal; Separable; 

Asymmetrical 
[-50, 0, -60, 30, -50] [0, 50, -10, 80, 0] -400 

Rotated Rastrigin’s 

Function (f12) 

Multi-modal; Non-

separable; Asymmetrical 
[-50, 0, -60, 30, -50] [0, 50, -10, 80, 0] -300 

Schwefel’s Function (f14; 

f14-l) 

Multi-modal; Rotated; 

Non-separable; 

Asymmetrical 

[-50, 0, -60, 30, -50], 

[-80, -30, -90, 0, -80] 

[0, 50, -10, 80, 0], 

[20, 70, 10, 100, 20] 
-100 

Composition Function 

(f22) 

Multi-modal; Separable; 

Asymmetrical 
[-50, 0, -60, 30, -50] [0, 50, -10, 80, 0] 800 

Frequency Modulated 

Sound Waves (FMSW) 

Multi-Modal; Strong 

hierarchy 
[0, 4, -2.5, 3.8, 1, 3.9] [2, 6, -0.5, 5.8, 3, 5.9] 0 

 

Figure 5.5. Wilcoxon signed-rank test between OK and GEK based parallel EGO system. 
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Figure 5.6. Average convergence curves of comparative systems on benchmark tested function. 

        To observe the convergence trend of the entire optimization process more intuitively and better 

highlight the difference in convergence speed between the two compared systems, the average convergence 

curves of different systems on the test functions are presented in Figure 5.6. The GEK-based parallel EGO 

system converged significantly faster than the OK-based parallel EGO system on nearly all tested functions, 

except for f10. Notably, on the FMSW optimization problem, the OK-based parallel EGO system achieved 

minimal improvement throughout the optimization process, while the GEK-based parallel EGO system 

effectively addressed this type of optimization problem. 

5.2.2 Verification on airfoil aerodynamics optimization problem 

        The proposed GEK-based parallel EGO system is employed to address a real-world airfoil 

aerodynamics optimization problem, with its optimization performance compared to that of the OK-based 

parallel EGO system. To accomplish this, key details of the optimization problem are outlined, including 

the airfoil model, optimization objective, design variables, meshing strategy, and computational fluid 

dynamics (CFD) solver. The rationality of the numerical simulation was first validated, followed by a 

detailed discussion of the optimization performance of the proposed system in addressing the airfoil shape 

optimization problem. 

        The NACA0012, a classic symmetrical airfoil widely utilized in low Reynolds number flow and 

control studies [58], serves as the baseline model for shape optimization. In this study, two-dimensional 
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numerical simulations are conducted for airfoil shape optimization. The airfoil model has a relative 

thickness of 12%, with the maximum thickness positioned at 40% of the chord length from the leading edge. 

The chord length is set to 1 meter, as illustrated in Figure 5.7.  

 

Figure 5.7. Baseline model of NACA0012 airfoil and definition of design variables. 

        This study selects the maximization of the lift-to-drag ratio (Cl/Cd) relative to the baseline airfoil 

model as the optimization objective. The lift coefficient (Cl) and drag coefficient (Cd) of the airfoil are 

calculated by the following formulas respectively: 

𝐶𝑙 =
𝐿

1
2⁄ 𝜌𝑣2𝑆

(33) 

𝐶𝑑 =
𝐷

1
2⁄ 𝜌𝑣2𝑆

(34) 

Here, L and D represent the lift and drag forces generated by the object in the airflow, measured in Newtons 

(N). 𝜌 denotes the fluid density (kg/𝑚3), 𝑣 is the freestream velocity (𝑚/𝑠), and 𝑆 refers to the object's 

reference area (𝑚2). 

        To enhance the aerodynamic performance of the airfoil while minimizing computational costs, the 

design variables are carefully selected to modify the shape of the airfoil model. Yu et al. [59] reported that 

the aerodynamic performance of an airfoil is predominantly affected by the pressure differences between 

its leading and trailing edges, as well as between the upper and lower surfaces. Therefore, four control 
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points were defined as design variables, located at 23.62%c and 76.38%c along both the upper and lower 

surfaces of the airfoil, measured from the leading edge.  

        To control the airfoil shape automatically, the Direct Morphing (DFM) module in ANSA v23 is utilized 

to perform shape deformation based on the original airfoil configuration. Figure 5.7 illustrates the definition 

of each design variable and the corresponding deformed models. The deformation process is managed by 

adjusting the positions of control points, represented by black solid circles, along the y-direction. Table 5.5 

specifies the feasible range for each design variable. To maintain the integrity of the airfoil shape after 

deformation, appropriate upper and lower bounds are established for the design variables. 

        To obtain the Cl/Cd of the airfoil models before and after deformation, CFD solver Fluent in ANSYS 

2021 R1, a commercial CFD software, running on the computer along with the 𝐾 − 𝜔 − 𝑆𝑆𝑇 turbulence 

model was used to perform the numerical simulation. The computer is equipped with an i9-12900K 

processor, which operates at a base frequency of 3.20 GHz and has 16 cores. The details of the 

computational domain and mesh generation are as follows: the distance between the far-field boundary of 

the computational domain and the airfoil surface is set to 50c [60]. A C-H type structured grid is adopted 

as the mesh strategy. To capture the details of the flow field around the airfoil, the mesh has a growth rate 

of 1.1, and the first layer height is set to 0.015 mm to ensure that the y+ value is controlled to be less than 

1, which is necessary for the turbulence model used [61]. The total number of mesh elements is 106,752. 

Table 5.5. Details of design variables. 
Deformation position Variable Lower bound (mm) Upper bound (mm) 

23.62% (upper edge) P1 -20 +20 

76.38% (lower edge) P2 -20 +20 

23.62% (upper edge) P3 -20 +20 

76.38% (lower edge) P4 -20 +20 

        Reasonable boundary conditions and solver settings are crucial for accurately solving the external flow 

field around the airfoil. In this study, the inlet velocity is set to 42.0245m/s (𝑅𝑒 = 3.0 × 106), and the 

incoming flow angle of attack is 10°. The outlet pressure is fixed at zero. The airfoil surface boundary is 

set to a no-slip condition. The simulation is conducted using the semi-implicit method of pressure-linked 

equations (SIMPLE) algorithm with GAME for pressure and "smoothSolver" for the transport parameters. 

The number of iterations is set to 500 for each simulation, and the convergence tolerance for each solution 

variable is set to 1 × 10−6.  
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        To verify the reliability of the numerical simulation method, the results obtained from the original 

model used in this study are compared with those from previous studies [62] (NASA Langley Turbulence 

Modeling Resource website). The comparative results are shown in Figure 5.8. It is evident that the 

variation trend of the pressure coefficient (Cp) on the airfoil surface in this study aligns closely with the 

results from previous studies. Additionally, Table 5.6 presents the Cl and Cd values obtained in this and 

previous studies. The computational error is within acceptable limits. In conclusion, the numerical 

simulation method employed in this study is reliable and suitable for subsequent optimization studies. 

 

Figure 5.8. Validation of the Cp value of airfoil surface with previous studies [62]. 
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Table 5.6. Validation of aerodynamic characteristics of Cl and Cd of airfoil with previous studies [62]. 
Data source Cl  Cd  

In this study 1.04994 0.01590 

CFL3D 1.07781 0.01236 

Gregory 0.98488 -- 

Ladson 1.07070 0.01201 

        To efficiently apply the proposed optimization system for airfoil shape optimization, a series of key 

processes must be performed sequentially. These processes include sampling, evaluation, construction of 

the GEK surrogate model, and the point infill criterion to drive global convergence during the optimization 

process. Five initial sample points were obtained using the LHD sampling method. Numerical simulations 

were conducted to obtain the Cl and Cd values for each sample point. The OK and GEK-based parallel 

EGO algorithm systems were repeatedly run until a stopping criterion was met, respectively. It is important 

to note that real-world optimization problems are often constrained by development time and high costs. 

Thus, achieving the maximum possible improvement within a limited time, rather than focusing solely on 

obtaining a global optimum, better aligns with the practical needs of optimization in real-world scenarios. 

In consideration of this, a total of 20 point infills (4 updating points per cycle) were selected to evaluate the 

performance of the proposed system. Another important aspect to note is that the Cl/Cd value of the original 

airfoil model was 66.03396, while the maximum Cl/Cd value in the five initial samples was 70.07862. 

Therefore, the actual improvement in the Cl/Cd value during the optimization process is measured based 

on the maximum objective value from the initial samples, meaning that a higher Cl/Cd value than 70.07862 

must be achieved. Additionally, the required gradient information for constructing the GEK is obtained 

using the finite difference method. The differential step length is set to 1 × 10−3m, which yielded the best 

results in the tests. The specific settings for constructing the OK and GEK models are the same as those 

described in section 5.2.1. 

        To comprehensively evaluate the performance advantages of the proposed optimization system, the 

improvement in the Cl/Cd ratio with different systems as the number of point infills increases is presented 

in Figure 5.9 The proposed system converges more efficiently than the traditional system. Notably, the 

former system identified a high-quality solution at the first updating point and achieved continuous 

improvement in the Cl/Cd ratio, increasing it from 70.07862 to 72.04189 throughout nearly the entire 

optimization process. In contrast, the latter system did not identify an improved solution during the first 

point infill cycle and showed only limited improvement over the first 12 updating points. Table 5.7 presents 

the details of the optimal solutions obtained by two compared systems. The final improvement in the Cl/Cd 
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ratio achieved by the proposed system and the traditional system was 2.80% and 2.39%, respectively, 

compared to the baseline airfoil model.  

Table 5.7. Optimal solutions obtained by GEK and OK based parallel algorithm system. 

System P1 (mm) P2 (mm) P3 (mm) P4 (mm) Cl Cd Cl/Cd 

GEK based 

parallel EGO 
19.37 2.90 20.00 20.00 1.18653 0.01647 72.04189 

OK based 

parallel EGO 
16.21 -2.97 20.00 20.00 1.16959 0.01630 71.75399 

 

         

 

Figure 5.9. Convergence curves of Cl/Cd ratio with GEK and OK based parallel EGO algorithm system, 

respectively. 

        To better understand the mechanism behind the improvement in the Cl/Cd ratio following airfoil shape 

optimization, a comparative analysis of the pressure distribution on the airfoil surface before and after 

optimization was conducted. Figure 5.10 illustrates the surface pressure distribution for both the baseline 

and optimized airfoils using different optimization systems. The optimal solutions obtained by both systems 
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resulted in significant positive changes in the control variables P1, P3, and P4 along the y-direction. As a 

result, the pressure around these control points also underwent substantial changes compared to the baseline 

airfoil. The primary reason for the improvement in the Cl/Cd ratio is the enhanced pressure difference 

between the upper and lower surfaces of the airfoil, which significantly increases the lift generated by the 

airfoil. To more intuitively observe the flow field changes resulting from airfoil shape modifications during 

the optimization process, Figure 5.11 presents the corresponding pressure contours for the baseline airfoil 

model and the optimized airfoil models at the 1st, 7th, 13th, and 19th solutions using different optimization 

systems. The pressure contours clearly show that significant changes in the control points correspond to 

notable variations in the pressure distribution. 

 

 

Figure 5.10. Surface pressure coefficient distribution of the baseline airfoil model and the optimized airfoil model 

using GEK and OK based parallel algorithm system, respectively. 



61 
 

 

Figure 5.11. Pressure contour of the baseline airfoil model and the optimized airfoil model using GEK and OK 

based parallel algorithm system, respectively. 

5.2.3 Verification on vehicle aerodynamics optimization problem 

        To demonstrate the performance advantages of the proposed algorithm system in more complex 

engineering optimization problems, this section presents a comparative investigation of another real-world 

optimization problem in vehicle aerodynamics. 

        To efficiently and rapidly validate the performance advantages of the proposed improved algorithm 

system in automotive aerodynamic optimization, a high-precision neural network model [63], trained on a 

large high-fidelity dataset, was employed to evaluate the objective. The dataset for the high-fidelity model 

was constructed using aerodynamic parameters, such as drag, lift, and changed drag, of a full-scale SUV 

vehicle shape. The baseline vehicle shape and the 10 deformed vehicle shapes, obtained through parametric 

deformation using the commercial pre-processing software "DEP MeshWorks," are shown in Figure 5.12. 

A total of 29 design variables were selected to control the vehicle shape. A total of 232 and 123 sample 

points were chosen from the design space using the OLHD method and the optimization algorithm, 

respectively. These objective values were efficiently and accurately evaluated using the ‘Fugaku’ 

supercomputer [64] and the ‘CUBE’ numerical simulation method [65]. In this case, the inlet velocity was 
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set to 27.78 m/s toward the vehicle model, and the Reynolds number was 𝑅𝑒 = 5.83 × 106 based on the 

original vehicle length, inlet velocity, and fluid viscosity. The numerical simulation was conducted using 

the “Fractional-step method,” “Crank-Nicolson method,” and “Quick scheme.” For grid resolution, the 

minimum grid size was 7 mm, and the total number of grids was 201 million. The total numerical simulation 

time was 2 s, with the time step set to 𝟐. 𝟓 × 𝟏𝟎−𝟓𝒔. 

 

Figure 5.12. Baseline vehicle shape, and deformed 10 vehicle shapes based on definition of design variables. 

        A fully connected neural network model was trained using 355 high-fidelity original datasets, with the 

'ReLU' activation function applied. Different training parameters were compared to determine the optimal 

configuration. Both the input layer and hidden layer were set to 30 nodes, which provided the best 

performance. The output layer consisted of 3 nodes, each representing a predicted objective value for the 

aerodynamic performance of the vehicle. 

        The predictive accuracy and reliability of the neural network model were validated using 10 vehicle 

models, as mentioned in the previous section. In this study, only the Cd (calculating by Eq. (34)) is 

considered as the optimization objective for validating the performance of the proposed algorithm system. 

Therefore, Figure 5.13 shows the validation of the predicted Cd values from the neural network model and 

the numerical simulation experiment. It can be observed that the predicted Cd values align well with the 

numerical simulation results. Both experimental and predicted Cd values were normalized. The average 

prediction error is 0.52%, which is within the acceptable range for practical engineering applications. 
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Figure 5.13. Validation of the predicted Cd values of the neural network model and numerical simulation 

experiment, respectively. 

        In the current study, only the Cd value is considered as the optimization objective for validating the 

performance of the proposed algorithm system. Therefore, when evaluating the objective values of the 

sample points using the constructed neural network model, the focus is solely on the Cd value. The LHD 

method was used to select 10 initial sample points from the design space, which were then used to construct 

OK and GEK surrogate models after obtaining the Cd value of each sample point. To obtain the gradient 

information required for constructing the GEK surrogate model, two methods were employed. The first 

method is the finite difference method (with a step size of 0.001). The second method leverages the training 

characteristics of the neural network model, enabling the efficient acquisition of gradient information for 

each dimension of each sample point through automatic differentiation techniques. Figure 5.14 presents the 

gradient information obtained using both methods. As shown, the gradient information derived from the 

two approaches is generally consistent. During the optimization process, each of the compared algorithm 

systems filled 60 new sample points, with 4 new sample points added in each iteration, following the 

parallel point infill criterion. 

        Figure 5.15 presents the normalized convergence curves of the parallel EGO optimization algorithm 

systems based on the OK and GEK surrogate models, respectively. From the figure, it can be observed that 

the parallel EGO algorithm system based on the OK surrogate model fails to find an improved solution 

during the early optimization stage due to the limited effective information provided. It only identifies the 

first improved solution after the 32nd sample is added, resulting in a relatively slow convergence speed. In 

contrast, the system based on the GEK surrogate model is able to identify an improved solution even in the 

early optimization stage, leveraging the limited information available. Moreover, as more sample points are 
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added, the GEK-based system rapidly and consistently converges towards the optimal objective. Notably, 

within the current limited number of sample points, the GEK-based system ultimately converges to higher-

quality solutions, while the OK-based system converges to a lower-quality solution. Specifically, the final 

maximum drag reduction rate achieved is 12.97%, relative to the initial optimum. 

 

Figure 5.14. Validation of the obtained gradient information of finite difference and automatic differentiation 

technique, respectively. 
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Figure 5.15. Convergence curves of Cd values with GEK and OK based parallel EGO algorithm system, 

respectively. 

5.2.4 Quantitative analysis on real-world optimization problem of aerodynamics 

        To validate the performance advantages of the proposed improved parallel EGO optimization system 

in practical engineering optimization problems, experimental verification was conducted in sections 5.2.2 

and 5.2.3. From the convergence curves in Figures 5.9 and 5.15, it was observed that the proposed method 

achieves faster convergence than the traditional parallel EGO optimization system. Additionally, under the 

same number of sample point infills, the proposed method identifies higher-quality approximate optimal 

solutions. 

        To further analyze its performance advantages, a quantitative comparison was conducted in terms of 

samples cost, optimization cycles, computational resource cost, and total wall-clock time cost required to 

reach a predefined optimization target. Firstly, it is essential to understand the main components of wall-

clock time cost. In our case, the wall-clock time cost for a parallel infill process consists of three parts: 

mesh preparation, waiting gap, and simulation, as shown in Figure 5.16. It is worth noting that updating the 

surrogate model and searching for new sample points based on the infill criterion require significantly less 

time than other steps, making their wall-clock time cost negligible. Specifically, the wall-clock time cost 
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per parallel infill process for the airfoil and vehicle shape optimization problems is 0.33 h and 14.5 h, 

respectively. Table 5.8 shows a quantitative comparison of optimization costs between the proposed 

improved optimization system and the traditional parallel EGO optimization system. In the airfoil shape 

optimization problem, the traditional parallel EGO optimization system requires 18 samples infills, 

corresponding to 5 parallel optimization cycles, to reach the optimization target. In contrast, the GEK-based 

parallel EGO optimization system achieves the same target with only one samples infill and a single 

optimization cycle. Furthermore, the GEK-based system has a lower wall-clock time cost. For the vehicle 

shape optimization problem, the traditional parallel EGO optimization system requires 56 samples infills, 

equivalent to 14 optimization cycles, whereas the GEK-based system reaches the target with only 2 samples 

infills and a single optimization cycle. Additionally, the GEK-based system significantly reduces the wall-

clock time cost compared to the traditional parallel EGO optimization system. 

 

 Figure 5.16. Wall-clock time cost components of each optimization cycle. 
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Table 5.8. Quantitative comparison of performance of the GEK and OK based parallel algorithm system in 

optimization process. 

Optimized 

target 

Improved aerodynamic performance（Case 

C: 2.4%） 

Improved aerodynamic performance（Case 

D: 7.0%） 

Performance 

Indicators 

Cost of 

samples 

Execute 

optimization 

cycles  

Cost of 

evaluation 

objective 

Cost 

of 

Wall-

clock 

time 

(h) 

Cost of 

samples 

Execute 

optimization 

cycles 

Cost of 

evaluation 

objective 

Cost 

of 

Wall-

clock 

time 

(h) 

OK based 

parallel EGO 
18 5 18 1.65 56 14 56 203 

GEK based 

parallel EGO 
1 1 1 0.33 2 1 2 14.5 
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CHAPTER 6. CONCLUSIONS AND RECOMMENDATIONS 

6.1 Conclusions 

        In this study, to fully exploit the performance advantages of the parallel EGO algorithm, an improved 

algorithm system called the GEK-based parallel EGO algorithm system was proposed. This system is derived 

from the OK-based parallel EGO algorithm system by introducing a powerful surrogate model called GEK. 

It effectively utilizes gradient information to enhance the construction of a high-fidelity surrogate model, 

improving the reliability of the EGO algorithm in identifying potential improvement points based on the 

parallel infill criterion. First, optimization performance tests were conducted on benchmark functions to 

ensure the robustness of the proposed system and identify the most suitable optimizer. Based on this, 

performance comparisons and analyses were conducted between the proposed method and the traditional 

parallel EGO optimization system on benchmark functions and two aerodynamic shape optimization 

applications. Second, this study also investigated the impact of varying sample sizes and space-filling quality 

levels of sample points design on the optimization performance of GEK based parallel EGO algorithm system. 

By categorizing the space-filling quality of sample points obtained from LHD and OLHD sampling methods. 

Third, this study also conducted an in-depth investigation into how the optimization performance of the 

kriging-based parallel EGO algorithm with the PEI multi-point sampling criterion is affected by different 

numbers of points filled in a single optimization cycle.  Finally, from the analysis and discussion of the 

results, the following conclusions were drawn: 

1) The hybrid MGBDE optimizer, with its stronger balance between exploration and exploitation, 

achieved the best performance on the proposed algorithm system. Therefore, for real-world engineering 

optimization problems, it is recommended that the MGBDE optimizer be used as the core engine to 

search for potential improvement points. 

2) The proposed improved system demonstrates significant improvement in convergence performance 

compared to the original system on nearly all tested benchmark functions and two real-world 

engineering optimization problems. 

3) Quantitative analysis of airfoil and automotive shape optimization cases demonstrates that the proposed 

algorithm system significantly reduces wall-clock time compared to traditional methods, highlighting 

its potential for real-world engineering applications. 

4) A gradual increase in sample size does not consistently improve the convergence performance of the 

current optimization system when the space-filling quality of the sample points remains unchanged. 

5) Under the same sample size, the incomplete level of space-filling quality in OLHD effectively 

accelerates the convergence of the current optimization system, enabling it to reach higher-quality 
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solutions within a limited number of iterations. 

6) The impact of different point-filling quantities on the optimization performance of the parallel EGO 

algorithm based on the OK model is significant. Filling 2 points per optimization cycle ensures the 

most stable optimization performance of the parallel EGO algorithm. However, as the number of filled 

points increases, the stability of the optimization performance gradually declines. In contrast, for the 

GEK model, the influence of different point-filling quantities on the optimization performance of the 

parallel EGO algorithm is only noticeable in the early stages of optimization. As the optimization 

process progresses, the performance differences gradually diminish. 

7) For the parallel EGO algorithm based on the OK model, optimization efficiency improves as the point-

filling quantity increases. However, the rate of improvement gradually slows with the increasing 

number of filled points. In the case of GEK, this slowdown in optimization efficiency becomes even 

more pronounced. 

8) The point-filling quantity has a significant impact on the optimization diversity of the parallel EGO 

algorithm based on the OK model. In most cases, filling 2 points per optimization cycle ensures a 

reasonable level of optimization diversity and maintains a balance between local exploitation and global 

exploration. In contrast, for the GEK model, the influence of different point-filling quantities on the 

diversity of the parallel EGO algorithm is less pronounced. 
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6.2 Recommendations for Future Work 

        Notably, while the proposed system significantly improves optimization performance over the 

traditional parallel EGO system, certain limitations must be addressed for practical engineering applications. 

These limitations can be categorized into two types. The first arises when the optimization problem exhibits 

strong nonlinearity, leading to noise in numerical simulation results. This noise may cause overfitting in 

the GEK model, restricting its generalization ability. The second limitation stems from the additional 

computational cost required to obtain gradient information for the initial GEK model. When the number of 

design variables is high, obtaining gradients via traditional finite difference method can become 

computationally prohibitive. Overcoming challenge requires improving gradient computation efficiency. 

Additionally, future work will also focus on further exploring the influence of sample point properties on 

the optimization performance of the current optimization system across a broader range of sample 

dimensions, sample sizes, and different types of benchmark functions. Furthermore, further research will 

also focus on developing more efficient and stable parallel point-filling strategies to better meet the needs 

of practical engineering optimization problems. Finally, future research will also investigate the integration 

of deep learning-based surrogate models with hardware acceleration techniques to improve computational 

efficiency, with the ultimate goal of applying these advancements to real-world engineering optimization 

problems. 
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