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0. Ihrtrocluction.
The singular points $¥alpha_{¥dot{}}=0$ of a system of ordinary nonlinear differential

equations of the form

(0. 1) $x.y^{/}=f(¥alpha_{¥dot{}}, y)$ $(^{¥prime}=¥frac{d}{dx})$

are usually said to be of Briot-Bouquet type. Here, $x$ is a complex variable, $y$ is
an $¥mathrm{w}$-dimensional column vector, $f(x, y)$ is an $¥mathrm{n}$-dimensional column vector
whose components are functions holomorphic and bounded in $(¥mathrm{i}¥mathrm{b}., y)$ for

(0. 2) $|i1i|<a$ , $||lj||<b$ $(||y||=¥max_{j}|y_{j}|)$

and vanishes at (0, 0), $y_{j}$ being the $j^{¥mathrm{t}¥mathrm{h}}$ component of $y$ .
Such singular points have been studied by diverse authors since C. H. Briot-

J. C. Bouquet. However, it has not yet been studied, except for the case $n=1$ ,

when the eigenvalues of the matrix $F¥equiv¥partial f,,(0,0)$ are all zero.
$1^{¥mathrm{o}}$ . In 1937, M. Hukuhara [1] studied first the case for $n=1$ . In this case

the differential equation is written as

(A) $xy^{¥prime}=y^{¥prime n}f^{(0)}(y)y+¥sum_{k=1}^{¥infty}f^{(k)}(y)x^{le}$ ,

where $m$ is a positive integer and $f^{(k)}(g)(k ¥geqq 0)$ are functions holomorphic and
bounded in $y$ for

(A. 1) $|y|<b$ .

The detailed statement of M. Hukuhara’s result is as follows:
Theorem A. Suppose tfiat the poiver series in the right-hand $rr¥iota ernber$ of

tfie equation (A) is uniformly convergent in
(A. 2) $|x|<a$, $|y|<b$

and that
(A. 3) $f^{(0)}(0)¥equiv¥alpha¥neq 0$ .

Then, there exists a sofution $y=S(x, U)$ with the properties that
i) $S(x, u)$ is a function holomorphic and bounded in $(¥mathrm{a}?, u)$ for

$*¥cdot)$ Sponsored by the Mathematics Research Center, University of Wisconsin, under Con-
$¥ddagger ¥mathrm{r}¥mathrm{a}¥mathrm{c}¥mathrm{t}$ No. $¥mathrm{D}¥mathrm{A}-11-022-¥mathrm{O}¥mathrm{R}¥mathrm{D}$ -2059.
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(A. 4) $|x|<a_{0}$ , $0<$ $|u|<b_{0}$ , $0_{-}^{¥mu}<¥arg u<¥mathit{0}_{+}^{¥mu}$ ,
$?¥mathfrak{t}^{¥}}f¥mathrm{t}erc$

(A. 5) $o^{¥mu_{¥pm}}=¥frac{1}{m}(-¥arg¥alpha¥pm¥frac{3¥pi}{2})$ ,

and developable there in a $¥iota i¥mathit{7}?iforqnly$ convergent $pott^{)}e¥tau- se’.ies$ of $x*$ :

(A. 6) $S(x, u)=u(1+P^{(0)}(u))+,¥sum_{¥mathrm{A}=1}^{¥varpi}P^{(k)}(u)x^{/}‘’$.

$¥mathrm{i}¥mathrm{i})$ The $coefficie¥mathit{7}¥iota tP^{(¥mathit{0})}(¥iota/)$ is a $fi¥ell nctio¥prime z$ hoforno ,-p/7iC $¥mathrm{a}77¥mathrm{d}bou¥mathit{7}lded$ $i^{n}¥iota ll$ $f_{o¥mathit{7}^{-}}$

(A. 7) $|u|<b_{0}$

and vanishing at $u=0$ .
$¥mathrm{i}¥mathrm{i}¥mathrm{i})$ The coefficients $P^{(f_{i})}(u)(k ¥geqq 1)aq^{¥sim}efuncti_{o?}isf_{7}ol_{o¥mathit{7}¥mathit{7}}¥iota orphic$, $b_{o¥mathcal{U}7l}deda¥mathit{7}ld$

$asy$ mptotically developable in $po¥iota ve¥prime^{¥wedge}s$ of $u$ as $u$ tends to 0 $i¥prime l$ the $dornai,i$

(A.8) $0<|u|<b_{0}$ , $¥mathit{0}_{-}^{¥mu}<¥arg u<¥mathit{0}_{+}^{¥mu}$ .
$¥mathrm{i}¥mathrm{v})$ $U=U(x, x_{0}, u^{0})$ is the hofornorphic solution of a sirnpfified equation of

(A) satisfying the initial condition $U=u^{0}$ at $x=x_{0}$ , where $(x_{0}, u^{0})$ is $arz$ $a7^{¥sim}bi-$

trary point in the domain (A. 4). The sirnpfified equation fias tfie forni
(A. 9) $x//^{¥prime}=u^{m}(¥alpha+¥mathrm{a}/*u^{¥prime 2})u$,

$¥ell uf?e¥tau- e¥alpha^{*}$ is a copnpfex constant which rnay be zero.
Moreover, he investigated precisely the property of the general solution of

(A. 9). After eighteen years, his result played an important role in the theory
of T. Kimura [3, 4], So, it is of some interest, I think, to discuss a system
of differential equations such that the eigenvalues of the matrix $F$ are all zero.

$2^{¥mathrm{o}}$ . Recently, the author (M. Iwano [5]) has studied a system of two ordi-
nary nonlinear differential equations of the form

(B) $xy^{¥prime}=y^{¥ovalbox{¥tt¥small REJECT}/}1_{¥underline{9}}(f^{(0)}(y))y+¥sum_{¥prime¥epsilon=1}^{¥infty}f^{(k)}(y)x^{¥prime z}.$,

where $y$ is a 2-dimensional column vector and $1_{2}(y)$ is a 2-dimensional diagonal
matrix such that its diagonal elements coincide with the components of $y$ , $f^{(h)}(y)$

$(k ¥geqq 0)$ are 2-dimensional column vector functions holomorphic and bounded in
$y$ for

(B. 1) $||y||<b$ ,
$¥ovalbox{¥tt¥small REJECT}^{}l$ is a 2-dimensional row vector whose components $m_{1}$ and $m_{2}$ are nonnegative
integers not simultaneously zero and the symbol $y^{¥ovalbox{¥tt¥small REJECT} l}$ stands for the scalar expres-

sion

(B. 2) $y^{¥ovalbox{¥tt¥small REJECT} f}=y_{1}^{n¥iota_{1}}y_{2}^{n¥iota_{¥underline{¥mathrm{o}}}}$ .

Actually, in this case, $F$ is the $2-¥mathrm{b}¥mathrm{y}-2$ zero matrix.
He introduced the following assumption:

Assumption B. The real $pa¥prime^{-}ts$ of tfie $co?nponents$ of the vector $¥frac{1}{¥varphi.¥mathrm{a}¥prime}¥alpha a¥prime^{¥wedge}e$
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$b$will positive, where
(B. 3) $ f^{(0)}(0)=¥alpha$ ,

$i$ . $e$ . $¥iota ue$ fiave the inequalities

(B. $4¥grave{)}$
$¥mathrm{R}¥mathrm{e}¥frac{¥alpha_{j}}{¥ovalbox{¥tt¥small REJECT} l.¥alpha}>0$ $(j=1,2)$ .

The symbol means the inner product.
Under these assumptions, M. Iwano [5] obtained formal solutions of diverse

types of the equation (B) and investigated the analytical meaning of each of
these formal solutions.

$3^{¥mathrm{o}}$ . We consider a system of $n$ differential equations of the form

(C) $xy^{¥prime}=y^{v7/}1_{n}(f^{(0)}(y))y+,¥sum_{/_{¥vee}=1}^{¥infty}f^{(k)}(y)x^{lz}$,

where $y$ is an $¥mathrm{n}$-dimensional column vector and $1_{n}(y)$ is an n-hy-n diagonal
matrix whose diagonal elements coincide with those of $¥mathrm{y}$ , the $¥mathrm{n}$-dimensional row
vector $ vT¥not¥in$ has components $m_{j}(j=1, ¥cdots, n)$ which are nonnegative integers not

simultaneously zero, the symbol $?J^{A^{c}/}$ stands for the scalar expression

(C. 1) $y^{ffi¥downarrow}=y_{1}^{¥prime¥prime¥uparrow 1}y_{2}^{¥prime¥iota_{¥mathrm{o}_{¥sim}}}’¥ldots y_{¥mathrm{z}}^{n:},¥}‘$,

$f¥backslash ^{l¥iota)}(y)(k¥geqq 0)$ are $¥mathrm{w}$-dimensional column vector functions holomorphic and boun-
ded in $y$ for

(C. 2) $||y||<b$ .

We assume that the power series in the right-hand member of the equation

(C) is uniformly convergent in

(C. 3) $|x|<a$ , $||y||<b$

and introduce the following assumption, similar to the assumption $¥mathrm{B}$ :

Assumption C. The real parts of tfie $¥mathrm{C}Oi?¥iota poftents$ of the vector $¥frac{1}{7[.¥alpha}¥alpha_{-}$

$¥iota ¥mathrm{t}_{¥dot{}}f?ere¥alpha=f^{(0)}(0)$ , are $alf$ positive or, for is tfie same thing,

(C. 4) $¥mathrm{R}¥mathrm{e}¥frac{¥alpha_{j}}{¥ovalbox{¥tt¥small REJECT}¥downarrow.¥alpha}>0$ $(j=1, ^{ n}¥cdots,)$ ,

$¥alpha_{j}$ being $tf¥iota ej^{¥mathrm{t}¥mathrm{h}}$ cornponent of the vector $¥alpha$ .

The purpose of the present note is to prove the existence of a solution of
the eqution (C) which contains $n$ parameters and is developable in a uniformly

convergent power series of $¥mathrm{x}$ .
However, the analysis which is developed here will be almost exactly the

same as that in [5]. We omit therefore the proof of Theorems and refer the
reader to a forthcoming paper [6] of mine.

1. Formal transformation.
The result concerning a formal transformation can be stated as follows:
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Theorem $ $ . 1. There exists a formal $trar¥iota sfor¥rho nation$ of the forin

(f) $y-u+1_{¥mathit{7}?}(P^{(0)}(u))u+¥sum_{k=1}^{¥infty}P^{(k)}(u)x^{lt}$

by which the $eq¥iota/atio¥iota(¥mathrm{C})$ is for mally $tra¥mathit{7}isfor¥mathit{7}ned$ $i?ito$ an equation of tfie forin
(R) $Xl/r¥ovalbox{¥tt¥small REJECT} l¥iota_{f^{¥frac{¥mathrm{y}¥urcorner}{f¥in}¥beta_{¥mathit{3}C}u)u}}Sffl=//1,(¥alpha+$.

i) $P^{(k)}(¥mathrm{z}/)(k ¥geqq 0)a¥mathit{7}^{¥sim}e¥tau¥iota-di¥mathit{7}nensionaf$ column vectors $¥iota ufiose$ $compo¥mathit{7}ZC¥mathit{7}¥iota ts$ $a¥tau^{-}e$

for $mal$ $po¥iota uer$ series of $u$ :
$(1. 1)^{k}$ $P^{(h)}(u)¥sim¥sum P^{(k)}u^{R}$ .

$¥Re$
$¥mathfrak{R}$

$¥mathrm{i}¥mathrm{i})$ $S$ is tfie set of vectors $ff$ satisfying $t/?e$ equation

(1. 2) $(ff-v^{c}7l).¥mathrm{a}’=0$ .
$¥mathrm{i}¥mathrm{i}¥mathrm{i})$ If $tf¥iota e$ $¥mathit{7}l^{-vectO7^{-}}cor¥iota stant¥beta_{ff}$ is different $ frorp¥iota$ $ze¥mathit{7}^{-}¥mathrm{o}$ , $¥tau ue$ fiave

(1. 3) $(¥Re-¥ovalbox{¥tt¥small REJECT} l).¥beta_{Jl}=0$ for any $¥Re¥in S$.
The proof of this theorem will be carried out in quite a similar way to that

$¥not¥leq)¥mathrm{f}$ Theorem 1 in Section 2 of M. Iwano [5] and will be found in [6],

Remarks. $1^{¥mathrm{o}}$ . By virtue of the Assumption $¥mathrm{C}$ , $S$ is a finite set. If any
two components of the vector a are $¥mathrm{i}¥mathrm{n}¥mathrm{c}¥mathrm{o}¥mathrm{m}¥mathrm{m}¥mathrm{e}¥mathrm{n}¥mathrm{s}¥mathrm{u}¥mathrm{r}¥mathrm{a}¥mathrm{b}^{1}|¥mathrm{e}$, the set $S$ consists of only

$¥langle)¥mathrm{n}¥mathrm{e}$ element $¥{¥mathrm{f}¥mathrm{f}¥mathrm{i}^{/}l¥}$ .
$2^{¥mathrm{o}}$ . The formal transformation (f) is obtained by combining two kinds of

formal transformations.
The formal transformation of the first kind is of the form

(1. 4) $y-z+¥sum_{k=1}^{¥infty}p^{(k)}(z)x^{k}$

by which the equation (C) is formally transformed into
(1. 5) $xz^{¥prime}=z^{¥ovalbox{¥tt¥small REJECT}}1_{n}(z)f^{(0)}(z)$ .

Here, the $?¥mathrm{z}$-vectors $p^{(k)}(z)$ are formal power series of $z$ .
The formal transformation of the second kind is of the form

(1. 6) $z-u+1_{¥nu¥iota}(u)¥sum_{¥mathit{9}}p_{¥mathfrak{R}}u^{¥mathfrak{R}}$

by which the equation satisfied by $u$ takes the form (R). Here, $p_{¥Omega}$ are $n-$

dimensional constant column vectors.

2. Integration of the equation (R).

Let $U=U(x, x_{0}, ¥iota/^{0})$ be the holomorphic solution of (R) satisfying the initial
condition $U=¥iota/^{0}$ at $x=x_{0}$ . A direct solution of (R) by quadratures is generally
impossible. However, if we introduce an auxiliary variable

(2. 1) $|$ $w=U^{A^{c}¥mathit{4}}$ ,

we can obtain a parametric repesentation of the solution $U(x, x_{0}, u^{0})$ .
We have first
Proposition $ $ . 1. The $f¥iota/nctionU^{¥mathrm{J}^{l}¥mathrm{f}-¥mathrm{f}¥mathrm{f}¥mathrm{i}^{}l}$ for any $ff¥in S$ is independent of $x$
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and, consequently, $¥iota ue$ have
(2. 2) $Ud¥ell-¥underline{¥eta}/=(u^{0})ff-v9l$ .

$P$roof. It is enough to prove that $x(-U^{Jl}c_{-d}¥mathrm{q})^{¥prime}=0$. However, this relation
is verified by a direct calculation.

We define the $¥mathrm{n}$-vector $¥alpha^{¥mathrm{A}}|¥backslash $ by
(2. 3) $¥alpha^{f^{1}}¥backslash .=¥sum_{ffl¥in S}¥beta ffl(u^{0})^{ff-ffi/}$ .

Then we have
Proposition $ $ . 2. The $sof¥iota¥iota tion$ $U(x, x_{0}, u^{0})$ is $paramet¥prime^{¥wedge}icalfy$ expressed as

(2. 4) $¥left¥{¥begin{array}{l}x(lU)=c(1+¥frac{¥ovalbox{¥tt¥small REJECT}}{¥ovalbox{¥tt¥small REJECT}}//l¥cdot¥cdot¥alpha^{*}¥mathrm{a}¥prime¥frac{1}{lU})^{¥frac{(}{(}}dJ^{C}¥eta|/¥frac{la|}{a)^{¥underline{¥mathrm{o}}}}¥mathrm{e}¥mathrm{x}¥mathrm{p}(-¥frac{1}{¥mathrm{q}l¥cdot ¥mathrm{a}¥prime¥rho}/|),¥¥¥tilde{U}(lL,)=1_{7?}(^{¥frac{1}{ffi tc_{d}}p_{¥nu}}¥iota¥iota¥})1_{n}((¥ovalbox{¥tt¥small REJECT} l¥cdot¥alpha+¥ovalbox{¥tt¥small REJECT},¥downarrow¥cdot¥alpha^{*}.u’)¥frac{1}{A^{c}l^{¥alpha^{1}}}¥zeta|i^{¥{}-..¥frac{1}{..¥sigma ¥mathrm{l}l^{¥zeta ¥mathrm{H}}}¥alpha)C.¥end{array}¥right.$

Here, for $tf?e$ $n-$vector $¥beta a¥mathit{7}id$ $tf¥iota e$ scafar- $w$ ,
$w^{¥mathrm{P}_{¥lrcorner}}=(l¥mathit{0}^{¥beta_{¥perp ¥mathrm{p}¥mathrm{t}^{1n})}^{¥rho_{D}}},$

$¥cdots,$ .

Tfie $cor¥iota stant$ $c$ and the $n-$vector $C$ must be so $cf?oser¥iota tf¥iota at$ $x’(¥iota¥iota^{0}¥})=x_{0}$ and $¥overline{U}(2U^{0})=$

$u^{0}$ , $¥ell/)herel()^{0}=(¥iota¥iota^{0})^{¥ovalbox{¥tt¥small REJECT}/}$ .

Proof. By differentiating both sides of (2. 1), we have
$xw^{¥prime}=¥iota ¥mathit{0}^{2}(¥ovalbox{¥tt¥small REJECT}^{}l.¥alpha+¥ovalbox{¥tt¥small REJECT}’/¥cdot¥alpha^{i|}¥iota¥iota J)$.

From this it follows immediately that

(2. 5) $w^{2}¥frac{dx}{d_{¥ell U}}=(¥frac{1}{¥ovalbox{¥tt¥small REJECT} l.¥alpha+¥ovalbox{¥tt¥small REJECT} l.¥alpha^{*}¥backslash ¥iota}.U)¥ell¥iota.$.

Therefore, the function $U$ must satisfy the equation

(2. 6) $¥iota ¥mathit{0}¥frac{dU}{d¥iota ¥mathit{0}}=1_{2},(¥frac{¥alpha+¥alpha^{*}¥iota ¥mathit{0}}{¥ovalbox{¥tt¥small REJECT}^{/}l.¥alpha+¥mathrm{S}l.¥alpha^{¥{_{¥vee}^{}}w},¥cdot)U$.

The formula (2. 4) is obtained by integrating the equations (2. 5) and (2. 6)
with the initial conditions $¥tilde{x}(¥iota v^{0})=x_{0}$ and $¥tilde{U}(¥mathrm{z}v^{0})=u^{0}$ .

Remark. Let $(lU)$ be a solution of the equation (2. 6) satisfying the ini-

tial condition $¥hat{U}=¥hat{¥iota}¥iota^{0}$ . A short calculation shows that the expression $(¥iota v)^{¥ovalbox{¥tt¥small REJECT} l}-w$

satisfies the linear differential equation $w¥frac{dY}{d¥mathrm{z}o}=$ Y. From this we see that the

relation $(¥iota¥{f)^{¥underline{¥mathrm{q}}/}¥equiv/u$ holds if and only if we have $(u^{0})^{d^{¥mathrm{C}}]/}=¥iota ¥mathit{0}^{0}$ .
On the other hand, if we use a certain transcendental function introduced

by M. Hukuhara [1, 4], we can express the function $U$ as a function of $x$ .
Proposition $ $ . 3. Let $W=v^{¥ulcorner}¥mathit{2}_{¥backslash }^{}¥mathrm{X}$ ) be defified implicitly by

(2. 7) $¥mathrm{X}=W-¥log(W+1)$ .

and consider the branch of $crp_{-¥backslash }^{/}¥mathrm{X}$ ) $s¥iota/cfi$ that $¥prime ¥mathrm{f}¥mathit{2}_{¥backslash }^{(}¥mathrm{X}$ ) $-¥mathrm{X}-¥log$ $¥mathrm{X}$ tends to 0 as $¥mathrm{X}$

tends to the infinity. Then, tfie $sofutioi$ $U$ is expressed as
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(2. 8) $U=1_{l},(¥backslash ¥mathfrak{H}(¥mathrm{X}+c_{1})^{-¥frac{1}{¥mathrm{E}l^{(¥mathrm{b}}}¥omega})1_{l},(_{¥backslash }(¥ovalbox{¥tt¥small REJECT} l.¥mathrm{a}’[1+¥mathfrak{H}(¥mathrm{X}+c_{1})^{-1}])^{¥frac{1}{¥eta l^{¥mathrm{o}_{}^{¥mathrm{r}}}}a_{}^{*}-¥frac{1}{¥mathrm{J}^{c}l^{¥omega}}¥omega})C$,

$c^{d}¥mathrm{q}t=1$ , $¥mathrm{X}=-¥frac{(y¥eta t.¥alpha)^{2}}{vTl.¥alpha^{*}},.¥mathrm{l}¥mathrm{o}¥mathrm{g}x$ .

Proof. Following Hukuhara, we put

(2. 9) $x=c¥exp(-¥frac{¥ovalbox{¥tt¥small REJECT} l.¥alpha^{*^{}}}{(¥ovalbox{¥tt¥small REJECT} l.¥alpha)-},,¥mathrm{X})$ , $w=,¥frac{¥ovalbox{¥tt¥small REJECT}^{/}l.¥alpha}{¥mathrm{f}¥mathrm{f}¥mathrm{i}¥downarrow.¥alpha^{*^{}}W}$ .

Then, the equation (2. 5) is transformed into

(2. 10) $¥frac{dW}{d¥mathrm{X}}=1+¥frac{1}{W}$ .

By integrating this, we have the equation $¥mathrm{X}+c_{1}-$ $¥mathrm{W}-¥log$ $(W+1)$ . Let $W=$

$¥subset ¥mathrm{r}_{¥mathrm{c}}p_{}^{}¥mathrm{X}+c_{1})$ be defined implicitly by this relation. If we substitute the expres-

sion $v^{c}¥mathrm{i}^{J}l.¥alpha/¥ovalbox{¥tt¥small REJECT}/¥cdot¥alpha^{l¥backslash }¥backslash .¥cdot ¥mathfrak{H}_{¥backslash }^{¥subset}¥mathrm{X}¥dashv- c_{1}$ ) for $¥mathrm{i}¥mathrm{V}$ in the second equation of (2. 4), we have the
formula (2. 8).

3. Estimation of the growth of the solution U near the origin $x=0$ .

We see by the lrirst equation of (2. 4) that the function $x.(tv)$ tends to 0
exponentially as $w$ tends to 0 in the sector

(3. 1) $¥theta_{-}<¥arg w<¥theta_{+}$ , $¥theta¥underline{-¥vdash}=-¥arg(¥ovalbox{¥tt¥small REJECT} l.¥alpha)¥pm¥frac{¥pi}{2}$.

Let
(3. 2) $o_{H_{1}=}-¥pi-¥min_{j}¥arg ¥mathrm{a}_{j}’+4¥delta_{0}$ , $¥mathit{0}H_{¥underline{¥gamma}}=¥pi-¥max_{j}¥arg¥alpha_{j}-4¥delta_{0}$,

where $¥delta_{0}$ is a sufficiently small positive constant. We consider a domain of the
form

(3. 3) $¥mathfrak{D}(c)=¥{¥iota v:¥mathit{0}_{1}^{¥mu}<¥arg¥iota u<o_{h_{¥underline{)}}}, ¥mathrm{o}¥backslash /|l¥theta|<d(¥arg w, c)¥}$ ,

where

(3. 4) $ d(¥varphi, c)=c¥exp¥int_{¥theta_{0}}^{¥varphi}¥cot A(¥tau)d¥tau$ .

Here
$(¥max(¥varphi-¥theta_{+}+2¥delta_{0}, ¥delta_{0})$ for $¥varphi¥in[¥theta_{+}-2¥delta_{0}, O_{¥mathrm{o}_{¥sim}}^{¥mu}]$ ,

(3. 5)
$A(¥tau)=¥backslash ¥pi/2$ $¥mathrm{f}¥mathrm{f}¥mathrm{o}¥mathrm{r}¥mathrm{o}¥mathrm{r}$

$¥varphi¥in[¥theta_{-}+2¥delta_{0}, ¥theta_{+}-2¥delta_{0}]$ ,
$¥min(¥varphi-¥theta_{-}+¥pi-2¥delta_{0}, ¥pi-¥delta_{0})$ $¥varphi¥in[OH_{1}, ¥theta_{-}+2¥delta_{0}]$ ,

and $ce^{j¥theta_{0}}$ is a boundary point of the domain $¥mathfrak{D}1(c)$ .
By the definition of $¥theta_{-}$ , $¥theta_{+}$ , $0_{1}^{¥mu}$ and $O_{2}^{¥mu}$ , it is easy to see that $¥delta_{0}¥leqq A(¥varphi)¥leqq¥pi-$

$ 0_{0}¥theta$ for $¥mathit{0}_{1}^{¥mu}¥leqq¥varphi¥leqq ¥mathit{0}_{2}^{¥mu}$ .

By virtue of the Assumption $¥mathrm{C}$ , we can assume without loss of generality
that

(3. 6) $||¥arg¥frac{1}{¥ovalbox{¥tt¥small REJECT}.¥alpha}¥alpha||¥leqq¥frac{¥pi}{2}-3¥delta_{0}$ , $(||¥arg¥beta||=¥max_{j}|¥arg¥beta_{j}|)$ ,
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for the same $¥delta_{0}$ as before. Then, we can easily verify that
(3. 7) $o_{H_{1}}<¥theta_{-}+2¥delta_{0}<¥theta_{+}-2¥delta_{0}<¥mathit{0}_{2}^{¥mu}$ .

Let $x_{0}$ and $u^{0}$ be arbitrary values such that
(3. 8) $|x_{0}|<a_{0}$ , $0<||¥iota/^{0}||<b_{0}$ , $(u^{0})^{¥theta t}¥in ¥mathfrak{D}¥{(c_{0})$

and let $x.(w)$ and $¥tilde{U}(llJ)$ be the holomorphic solutions of the equations (2. 5) and

(2. 6) satisfying the initial conditions $¥tilde{x}(¥iota U^{0})=x_{0}$. and $¥overline{U}(¥iota u^{0})=¥iota/^{0}$ . Of course, $w^{0}=$

$(¥iota/0.¥mathrm{I}l)^{c}$ . Then, we have the relations
(3. 9) $¥tilde{U}(¥tilde{x}^{-1}(x))¥equiv U(x, x_{0}, ¥iota/^{0})$ , $¥tilde{U}(¥iota u)^{¥ovalbox{¥tt¥small REJECT} l}¥equiv¥ell v$ ,

because of the Remark following Proposition 2. 2.
Then, we have the following

Theorem $ $ . 1. There exists, in the domain $¥mathrm{r}u¥in ¥mathfrak{D}(c_{0})$ , a path $¥Gamma_{¥iota v^{0}}^{l^{}}.$ , which

starts for $m$ $¥iota v=¥iota u^{0}$ and approaches the origin in tfze sector $¥theta_{-}+2¥delta_{0}¥leqq¥arg¥iota U¥leqq¥theta_{+}-$

$2¥delta_{0}$ , $s¥iota¥ell cfi$ that $¥iota ue$ have the inequalities

(3. 10) $¥frac{d|¥overline{x}(¥iota v)|}{ds}¥geqq¥frac{¥sin¥delta_{0}}{2|¥ovalbox{¥tt¥small REJECT} l.¥alpha||w|^{2}}|¥tilde{x}(w)|$ ,

(3. 11) $¥frac{d||¥tilde{U}(w)||}{ds}¥geqq¥frac{||¥alpha||^{¥prime}¥sin¥delta_{0}}{2|v?l.¥alpha||¥iota ¥mathit{0}|}||¥tilde{U}(w)||$, $(||¥alpha||^{¥prime}=¥min_{j}|¥alpha_{j}|)$ ,

(3. 12) $|¥frac{dw}{ds}|=1$

$Oll$ the path $¥Gamma_{w^{0}}^{*_{¥backslash }}$ , $¥iota ufiere$ $s$ is the fengtf? of the $c¥mathrm{z}/rve¥Gamma_{v^{0}}^{4^{}}$, measured from tfie ori-

gin to the variable $poi¥mathit{7}lt$ $w$ .
The curve $¥Gamma_{¥iota v^{0}}^{*}$

. is defined as foflows: Let $¥iota v^{0}=re^{i¥theta}$ and $¥iota Jv=¥rho e^{i¥varphi}¥in¥Gamma_{¥iota v^{0}}^{1^{}}.$ . $¥perp¥tau f$

$¥theta_{-}+2¥delta_{0}¥leqq¥theta¥leqq¥theta_{+}-2¥delta_{0}$ , the path $¥Gamma_{w^{0}}^{1_{¥vee}^{}}$ is the $seg¥prime ¥mathit{7}zent$ point $¥mathit{7}¥mathit{7}gpu^{¥mathit{0}}¥iota vith$ the origifi.

If $¥theta_{+}-2¥delta_{0}¥leqq¥theta<OH_{2}$ or $O_{1}^{¥mu/}¥backslash ¥theta¥leqq¥theta_{-}+2¥delta_{0}$, the curve $¥Gamma_{¥iota v^{0}}^{*}$

. consists of a curvilinear

part $¥Gamma^{t}$ defined by

$¥rho=r¥exp¥int_{¥theta}^{¥varphi}¥cot A(¥tau)d¥tau$ , $¥theta_{+}-2¥delta_{0}¥leqq¥varphi¥leqq¥theta$ or $¥theta¥leqq¥varphi¥leqq¥theta_{-}+2¥delta_{0}$

$af?d$ of a rectilinear part $¥Gamma^{¥prime¥prime}$

$ 0¥leqq¥rho¥leqq r¥exp¥int_{¥theta}^{¥theta_{+}-2¥delta_{0}}¥cot A(¥tau)d¥tau$ or $ 0¥leqq¥rho¥leqq r¥exp¥int_{¥theta}^{¥theta_{-}-2¥delta_{0}}¥cot A(¥tau)d¥tau$ .

Since the proof of this theorem is almost exactly the same as that of Lem-

ma 3. 2 in Section 12 (M. Iwano [5]), we omit the proof and refer the reader
to M. Iwano [6].

We denote by $¥Gamma_{x_{0}}$ a curve in the complex $¥mathrm{c}¥mathrm{c}$ -plane obtained by mapping
$¥Gamma_{w^{0}}^{*^{}}¥cdot$ by the first equation of (2. 4), where the integration constant $c$ must be so
chosen that the point $rv=¥iota v_{0}$ is mapped into $x=x_{0}$ . Clearly, $¥Gamma_{x_{0}}$ is spiral-shaped.

Since the correspondence between the points on these two curves is one-to-
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one, the solution $U(x, x_{0}, ¥iota/^{0})$ and the variable point $x$ on $¥Gamma_{x_{0}}$ can be considered

as functionsof $ q¥iota$ ) $¥in¥Gamma_{w^{0}}^{¥iota}¥cdot ¥mathrm{I}$ . We denote them by $i¥mathrm{l}j(lb^{)})$ and $¥tilde{U}(¥iota u)$ . Explicit represen-

tation of these functions is given by the formula (2. 4) for the suitably chosen
constant $c$ and the 7?-vector $C$ .

By virtue of the relations (3. 9) and Theorem 3. 1, $¥backslash ¥mathrm{v}¥mathrm{e}$ have
Theorem $ $ . 2. $T/?e¥prime^{¥wedge}e$ exists a spiral-shaped path $¥Gamma_{x_{0}}$ ivhich starts $fro¥mathit{7}?$?

$x=X_{¥{¥urcorner}$ and $app¥tau.oacfi¥mathrm{C}s.¥iota=¥mathit{0}$ , $tu¥mathit{7}^{-}f?i¥mathit{7}lg$ $a¥prime^{¥wedge}o¥iota¥iota dtf?eorigi¥mathit{7}ii_{¥mathit{7}}t$ the $co’’¥iota pfex$ $x$-plane,

such that $¥iota¥iota ff?er?x$ $¥mathit{7}¥mathit{7}2Ol^{)}CSO7$? this curve tfie $¥iota$)aliies of $xo7?dU(a., x_{0}, z/^{¥mathit{0}})al¥iota uays$

$¥gamma- e/?¥mathrm{z}aif7i7?tf¥mathit{7}edornai¥mathit{7}i$

$(3. 8)^{*}$ $|^{}.¥gamma_{¥sqrt}^{¥tau}|<a_{0}$ , $0<||¥iota/||<b_{0}$ , $u^{¥ovalbox{¥tt¥small REJECT} t}¥in ¥mathfrak{D}’(c_{0})$ .

$P_{¥mathit{7}^{¥sim}}oof$. The inequalities (3. 10) and (3. 11) imply that $|¥tilde{x}(¥iota u)|$ and $||¥overline{U}(¥mathrm{t}tJ)||$

are monotonously decreasing functions as $i$ ‘, tends to 0 along $¥Gamma_{l}^{F_{1}}.v^{0}¥cdot$ , whence we

have $|x|¥leqq|x_{0}|$ and $||U||¥leqq||u^{0}||$ for $¥hat{¥epsilon}j¥sim=¥Gamma_{10}.$ .

4. Formal solution.
Let $x_{0}$ and $¥iota¥iota^{0}$ be arbitrary values satisfying the inequalities (3. 8) and define

the solution $U(x, x_{0}, u^{0})$ as before. Then, by virtue of Theorem 1. 1, if we
replace $u$ by $U$ , we have a formal solution of the form

(F) $y-U+1_{7},(U)P^{(0)}(U)+¥sum_{l’=11}^{¥infty}P^{(k)}(U)x^{k}$ ,

where the 72-vectors $P^{(k)}(u)(k ¥geqq 0)$ are the power series of $u$ given by $(1. 1)^{k}$ .

In order to give the formal solution (F) an analytical meaning, it is first
necessary that the coefficients defined by the power series $(1. 1)^{l?}$ should be given

some analytical interpretation.
We have the following theorem.

Theorem 4.1. $Tf?e$ $n-$vector $functio¥mathit{7}iP^{(¥mathit{0})}(U)$ can be uniquely $dete¥mathit{7}^{¥wedge}?nined$

as a $sofi¥ell tio¥mathit{7}i$ of the $¥mathit{7}?on$ ?firzear differential equation

(4. 1) $x¥frac{dP^{(0)}}{dx}=U^{v^{c}1l}(1+P^{(0)})^{¥ovalbox{¥tt¥small REJECT} t}1_{l},(1+P^{(0)})f^{(0)}(U+1_{?},(U)P^{(0)})$

?
$(¥mathrm{a}’+¥alpha^{¥{_{¥backslash }^{}}’ U^{Tl}.)-1_{¥iota},(¥mathrm{a}’+¥mathrm{a}^{*}¥prime U^{ffit})P^{(0)}$

$i¥prime ¥mathit{2}$ sucf?a $¥iota¥iota’ ay$ that the $7?^{-}vecto?^{¥wedge}P^{(0)}(u)$ is a $f¥iota¥ell fctoii¥mathit{7}?hofo¥mathit{7}no¥mathit{7}$ -phiC and $bo¥iota/??ded$

$ if¥iota$ $ufo¥mathit{7}^{¥sim}$

(4. 2) $||u||<b_{0}^{¥prime}$

and developable $tfie?^{-}e$ in the $u¥mathit{7}?ifornfy$ $conve?^{-}get¥iota tpo¥iota ver$ $se?^{¥wedge}ies(¥mathit{1}.¥mathit{1})^{¥mathit{0}}$ . Here,
1 is $¥mathrm{a}¥tau ¥mathrm{z}¥mathit{7}i^{-dimeio¥mathit{7}?af}¥mathit{7}iS$ $ cof¥iota¥iota rn¥tau¥iota$ vector rufiose $e¥tau ttr^{¥sim}ies$ are $aff$ equal to 1.

The $n-$vector $f¥iota/nctions$ $P^{(k)}(U)(k¥geqq l)ca¥mathit{7}$? be $¥iota/¥tau¥iota iquefy$ $deter^{-}rnir¥tau ed$ as solu-
t $ io¥iota$ of tfie linear differential equations

$(4. 3)^{/i}$ $x¥frac{dP^{(k)}}{d¥mathrm{t}_{¥dot{}}}.=-kP^{(k)}+F(U+1_{2},(U)P^{(0)}(U))P^{(k)}+R^{(h)}(U)$ ,
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$F(y)¥equiv¥frac{¥partial}{¥partial y}(?J^{¥ovalbox{¥tt¥small REJECT} l}1_{l},(f^{(0)}(y))y)$ , $F(0)=0$

in such a ruay that the $n$-vector functions $P^{(k)}(u)$ are holomorphic, bounded and
asymptotically developable in the poiver series $(1. 1)^{k}$ as $¥iota/$ tends to 0 in the do-
main

(4. 4) $0<||u||<b_{0^{¥prime}}$ , $¥mathrm{z}¥iota^{¥ovalbox{¥tt¥small REJECT} l}¥in ¥mathfrak{D}¥mathrm{t}(c_{0^{¥prime}})$ .
Here, the $n-$vector $R^{(k)}(u)$ is a fenown function admitting an asymptotic expansion
in $po¥iota vers$ of $¥iota/$ as $u$ tends to 0 in the domain (4. 4).

The proof of this theorem is almost exactly the same as that of Theorem
4. 3. 1 in Section $¥mathrm{I}¥mathrm{I}¥mathrm{I}$ in Part $¥mathrm{I}¥mathrm{I}$ (M. Iwano [5]). We omit therefore the proof
and refer the reader to M. Iwano [6].

5. Statement of main theorem.
By virtue of Theorem 4. 1, we have obtained a formal solution (F) which

is arranged in the form of a single power series of $x$ . Our main theorem will be
stated as follows:

Theorem $ $ . 1 (Main Theorem). Suppose that the Assumption $¥mathrm{C}$ is satisfied.
Then, the differentiaf $eq¥iota/ation(¥mathrm{C})$ $ad$ mits a $sol¥iota/tion$ $y=S(x, U)$ , where the $n-$

vector $S(x, u)$ is a fimction $hofomorpf¥iota ic$ and bounded in $(x, u)$ for
(5. 1) $|x|<a^{¥prime¥prime}$ , $0<||u||<b^{¥prime¥prime}$ , $u^{¥ovalbox{¥tt¥small REJECT} l}¥in ¥mathfrak{D}(c^{¥prime¥prime})$

and $ad¥tau nit$ there the uniformfy $CO¥mathit{7}?vergent$ expansion

(f) $S(x, ¥iota¥ell)=u+1_{n}(u)P^{(0)}(u)+_{ff}¥sum_{=1}^{¥infty}P^{(h)}(u)x^{l¥epsilon}$.

The $coefficie¥mathit{7}its$ $P^{(k)}(u)$ are tfie same as those that appeared in Theorem 4. 1 and
$U$ is the hofomorphic $sofi¥prime tion$ of the sirnpfified equation (R) satisfying the $ir¥iota i-$

tial condition $U=u^{0}$ at $x=x_{0}$ , $(x_{0}, ¥iota¥iota^{0})bei¥mathit{7}2ga¥mathit{7}l$ arbitrary point in the domain
(5. 1).

Remark. The equation (C) has the form similar to the equation (A) and
the expansions of both solutions have the same form except for the difference
of the dimension. But, there exists an essential distinction between the domains
(5. 1) and (A. 4) where the solutions are defined. In fact, if $n¥geqq 2$ , the central
angle of the angular domain $¥mathfrak{D}’(c^{¥prime¥prime})$ within which the variable $w=U^{¥ovalbox{¥tt¥small REJECT} t}$ is re-
stricted is less than $2;¥mathrm{r}$ , while if $n=1$ the corresponding angle is almost equal to
$ 3¥pi$ . The reason is as follows: In the case $n=1$ , if $||U||$ is small, then $|¥ell u|$ is
too and the converse is also true. But, if $n¥geqq 2$ , the converse is not true.
Therefore, in order that the converse is also true, we must impose restrictions
on the domain of $¥iota ¥mathit{0}$ so that $||U||$ is small.

6. Proof of the main theorem.
We put
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(6. 1) $P_{N}(x, u)=¥iota/+1_{¥tau},(u)P^{(0)}(u)+¥sum_{lt=1}^{N-1}P^{(k)}(u)x^{k}$

and apply a transformation of the form
(6. 2) $y=z+P_{N}(x, U)$

to the equation (C). By an elementary calculation, we see that the transforme $¥mathrm{d}$

equation is written as
(6. 3) $xz^{¥prime}=g(x, U, z)$

with

(6. 4) $g(x, ¥iota/, z)=f(x, z+P_{N}(x, u))-x¥frac{¥partial P_{N}(x,¥iota¥iota)}{¥partial x}$

$-¥frac{u^{¥ovalbox{¥tt¥small REJECT}/}¥partial P_{N}(x,u)}{¥partial¥iota/}1_{l},(¥alpha+ffl¥sum_{¥in S}¥beta_{ffl}u^{¥ovalbox{¥tt¥small REJECT}})u$ .

Hence, we can assume without loss of generality that the $¥mathrm{n}$ -vector $g(x, u, z)$ is
a function holomorphic and bounded in $(¥mathrm{a}?, u, z)$ for

(6. 5) $|x|<a_{1}$ , $0<||u||<b_{1}$ , $u^{¥mathit{5}¥mathrm{I}l}¥in ¥mathfrak{D}’(c_{1})$ , $||z||<d_{1}$

for suitably chosen positive constants $a_{1}$ , $b_{1}$ , $c_{1}$ and $d_{1}$ . Clearly, the equation
(6. 3) admits the formal solution

$(¥mathrm{F})_{N}$ $z-¥sum_{k=N}^{¥infty}P^{(h)}(U)x^{le}$ .

From this it is concluded that the function $g(x, u, z)$ satisfies the inequalities

(6. 6) $||g(x, u, z)||¥leqq A||z||+B_{N}|x|^{N}$ ,

(6. 7) $||g(x, u, z)$ $-g(¥mathrm{r}, ¥iota¥iota,¥overline{z})||¥leqq A||z-¥tilde{z}||$

if $(x, u, z)$ and $(x, u,¥overline{z})$ are contained in the domain (6. 5). $A$ is a certain posi-
tive constant independent of $(x, u, z, N)$ , while $B_{N}$ may depend on $N$.

In order to obtain Theorem 5. 1, it is sufficient to prove the following theo-
rem.

Theorem $ $ . 1 (Auxiliary theorem). The equation (6. 3) admits a solution
$¥hat{¥sim}=¥Phi_{N}(x, U)$ such that $tf¥iota e$ $n-$vector $¥Phi_{N}(x’’ u)$ is a function holomorphic and bound-
ed in $(x, u)$ for

$(6. 8)_{N}$ $|x|<a_{N}^{¥prime¥prime}$ , $0<||u||<b_{N}^{¥prime¥prime}$ , $¥iota/¥ovalbox{¥tt¥small REJECT} l¥in ¥mathfrak{D}|(c_{N}^{¥prime¥prime})$

and satisfying there the inequality
$(6. 9)_{N}$ $||¥Phi_{N}(x, ¥iota/)||¥leqq K_{N}|x|^{N}$ ,

$¥iota ufiere$ $K_{N}$ is a certain positive constant.

Moreover, $ tf¥iota esof¥iota/tior¥iota$ of (6. 3) satisfying the condition
$(6. 10)_{N}$ $¥Phi_{N}(x, u)=O(|x|^{N})$

is unique.
Suppose that this theorem has been established. Then, the $¥mathrm{w}$ -vector

$S_{N}(x, U)=¥Phi_{N}(i¥lambda_{¥dot{}}, U)+P_{N}(x, U)$
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is a solution of the equation (C). It is obvious that the $functio¥mathit{7}iS_{N}(x, ¥iota/)$ is
hofornorphic in $(x, u)$ for the domain $(6. 8)_{N}$ . Moreover, we can prove that
this function is independent of $N$.

In fact, for any $N^{}>N$, the expression $S_{N^{¥prime}}(x., U)$ $-P_{N}(x, U)$ is also a solu-
tion of the equation (6. 3) provided that $(x, U)$ belongs to both domains $(6. 8)_{N}$

and $(6. 8)N^{¥prime}$ . And, this solution satisfies the condition similar to (6. 10)N.
From this it is concluded that we have the identity $S_{N}(x, u)¥equiv SN^{¥prime}(x, ¥iota/)$ if $(x, u)$

is in the common part of these two domains. However, since both sides are
analytic functions, by the analytic continuation this identity must hold for $(x, u)$

in the domain (5. 1) where $a^{¥prime¥prime}=¥sup a_{N}^{¥prime¥prime}$ , $b^{¥prime¥prime}=¥sup b_{N}^{¥prime¥prime}$ , $c^{¥prime¥prime}=¥sup c_{N}^{¥prime¥prime}$ .

Let $S(x, ¥iota/)¥equiv S_{N}(x, ¥iota/)$ . Then, since $x=0$ is an inner point of the domain
(5. 1), it is known by Cauchy’s theorem that $S(x, u)$ is developable there in
a uniformly convergent power series of $x$ . On the other hand, $S(x, u)$ admits
the asymptotic expansion (f). By virtue of the uniqueness of the asymptotic
expansion, the asymptotic expansion (f) must coincide with the convergent

expansion. This proves the main theorem.

7. Sketch of the proof of the auxiliary theorem.

Let $¥mathfrak{F}.=¥{¥varphi(x, u)¥}$ be the family of the $¥mathrm{n}$ -vectors $¥varphi(x, ¥iota/)$ which are functions
holomorphic and bounded in $(x, u)$ for the domain $(6. 8)_{N}$ and satisfying there
the inequality

$(7. 1)_{N}$ $||¥varphi(x, u)||¥leqq K_{N}|x|^{N}$.

Define the $;¥mathrm{z}$-vector $¥overline{¥varphi}(x, u)$ by the integral

(7. 2) $¥overline{¥varphi}(x_{0}, ¥iota¥iota^{0})=¥int_{¥Gamma x_{0}}G(x, U)dx$ , $(G(x, u)¥equiv g(x, u, ¥varphi(x, u))¥frac{1}{x})$ ,

where the path $¥Gamma_{x_{0}}$ is the same as in Theorem 3. 2.
Then, the mapping $¥mathfrak{T}$ is Define as follows:

$¥mathfrak{T}$

(7. 3) $¥varphi(x, u)$ $-¥overline{¥varphi}(x, u)$ .
By virtue of Theorem 3. 2, as $x$ moves on the path $¥Gamma_{x_{0}}.$ , the values of $x$ and $U$

are always in the domain $(6. 8)_{N}$ . Moreover, by using the inequality (6. 6), we
see that the integral (7. 2) is unifo rmly convergent iuith respect to $a?¥iota yu^{0}$ for
every $x_{0}$ . Hence, the mapping $¥propto_{1}¥sim$ has a well-defined meaning.

Our proof is based on the existence of a fixed point of this mapping.
Since $¥{0¥}¥in ¥mathfrak{F}^{¥sim}$ , $¥mathfrak{F}$. is not empty and the family $¥mathrm{c}¥mathrm{c}¥mathrm{f}$. is convex, closed and nor-

mal. Therefore, to obtain the auxiliary theorem, it is sufficient to prove the
following four propositions.

$1^{¥mathrm{o}}$ . $¥mathfrak{T}¥dagger$ transfo $rms$ $¥mathfrak{F}$. into itseff: $¥underline{¥propto(’}(¥mathfrak{F}.)¥subset ¥mathfrak{F}$. or what is the sa me thing, $tf?e$

vector $f¥iota/nction¥overline{¥varphi}(x, ¥mathrm{z}/)$ is $hofo¥mathit{7}norphic$ and bounded in $(x, ¥iota/)$ for $(6. 8)_{N}$ and
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satisfies the inequality

(7. 4) $||¥overline{¥varphi}(x_{0}, u^{0})||¥leqq K_{N}|x_{0}|^{N}$ .
$2^{¥mathrm{o}}$ . $¥mathfrak{T}$ is a $co¥mathit{7}¥iota ti¥tau¥iota uo¥iota/s¥mathit{7}nappir¥iota g$ of $¥mathfrak{F}$. with respect to the topology of $u¥mathit{7}zifo¥Gamma ¥mathit{7}¥mathit{7}l$

convergence or, by virtue of the inequality (6. 7), if the sequence $¥{¥varphi^{m}(x, u)¥}$ tends
to 0 with respect to the topology of $¥mathfrak{F}^{¥backslash }$ , the corresponding sequence $¥{¥overline{¥varphi}^{n¥mathrm{z}}(x, u)¥}$ does
too.

If we suppose that these two propositions have- been proved, it is concluded
by means of a fixed point theorem (M. Hukuhara [2]) that there exists a fixed
point of the mapping $¥mathfrak{T}$ or a member $¥varphi(x, ¥iota/)¥in-¥mathfrak{F}$. such that $¥varphi(x, u)¥equiv-¥overline{¥varphi}(x, u)$ .

Since this function depends on $N$, we denote it by $¥Phi_{N}(x, u)$ .
$3^{¥mathrm{o}}$ . $¥Phi_{N}(x, U)$ is a solution of $tf¥iota e$ equation (6. 3), or $¥iota ve$ have

(7. 5) $¥frac{d}{dx_{1}}¥overline{¥varphi}(x_{1}, u^{1})=G(x_{1}, u^{1})$ , $(u^{1}=U(x_{1}, x_{0}, u^{0}))$ .

$4^{¥mathrm{o}}$ . The solution of (6. 3) with the order of $O(|x|^{N})$ is unique.
Since the integral (7. 2) is uniformly convergent, it is not so difficult to

prove these propositions except for that of the inequality (7. 4) (See Sections
31-35 in M. Iwano [5] $)$ . So we discuss the proof of the inequality (7. 4) only.

We change the integration variable from $x$ to $lU$ by the relation (2. 5). Then,
we have

$¥overline{¥varphi}(x_{0}, ¥iota¥iota^{0})=¥int_{¥Gamma_{w0}^{*}}g(¥tilde{x}(w),¥tilde{U}(w), ¥varphi(¥tilde{x}(w),¥tilde{U}(¥iota v)))¥frac{d¥iota ¥mathit{0}}{¥mathrm{X}(w)}$,

$¥mathrm{X}(w)¥equiv w^{2}(¥ovalbox{¥tt¥small REJECT}¥phi.¥alpha+¥pi.¥alpha^{*^{}}.w)$ .

We can assume that $|¥mathrm{X}(w)|¥geqq¥frac{1}{2}|¥ovalbox{¥tt¥small REJECT} d.¥alpha||w|^{2}$ for $||U||<b_{N}^{¥prime¥prime}$ and $¥iota v¥in ¥mathfrak{D}|(c_{N}^{¥prime¥prime})$ . There-

fore, owing to the inequality (6. 7), we have

(7. 6) $||¥overline{¥varphi}(x_{0}, u^{0})||¥leqq¥int_{0}^{s_{0}}¥frac{2(AK_{N}+B_{N})}{|¥ovalbox{¥tt¥small REJECT} l.¥alpha|}¥frac{|¥overline{x}(w)|^{N}}{|¥iota v|^{2}}ds$ ,

where $s$ and $s_{0}$ are the length of the curve $¥Gamma_{w^{0}}^{*}$

.
measured from the origin to the

points $¥iota v$ and $w^{0}$ respectively.
On the other hand, the inequality (3. 10) in Theorem 3. 1 implies that

$¥int_{0}^{s}.¥frac{|i¥mathrm{b}(¥mathrm{t}v)|^{N}}{|lU|^{9}}.ds¥leqq¥frac{2|¥ovalbox{¥tt¥small REJECT} l.¥alpha|}{N¥sin¥delta_{0}}|¥overline{x}(¥iota v)|^{N}$ .

Hence, the right-hand member of (7. 6) does not exceed the expression
$(4(AK_{N}+B_{N})/N¥sin¥delta_{0})|x_{0}|^{N}$ . Therefore, the inequality (7. 4) is an immediate
consequence of the inequality

4 $(AK_{N}+B_{N})<K_{N}N¥sin¥delta_{0}$ .

We take first $N$ so large that $¥mathit{4}A$ $<N¥sin¥delta_{0}$ and next $K_{N}$ sufficiently large so
‡ hat $B_{N}<K_{N}(N¥sin¥delta_{0}-4A)/4$ . But, since $K_{N}(a_{N}^{¥prime¥prime})^{N}¥leqq d_{1}$ must be satisfied,

we take finally $a_{N}^{¥prime¥prime}$ so small that this inequality is satisfied
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Added in proof

After the present author wrote this paper, he succeeded in improving the conclusion
of the main theorem in the following way. Let

$¥Theta_{1}¥wedge=-3¥pi/2-¥arg¥ovalbox{¥tt¥small REJECT} l.¥alpha+6¥delta_{0}$, $¥Theta_{2}¥wedge=3¥pi/2-¥arg¥ovalbox{¥tt¥small REJECT} l.¥alpha-6¥delta_{0}$

and define the function A $(¥varphi)$ by (3. 5) with $(¥Theta_{1}, ¥Theta_{2})=(¥hat{¥Theta}_{1}, ¥Theta_{2}¥mathrm{A})$ . Let
$¥hat{¥mathfrak{D}}(c)=¥{w:¥hat{¥Theta}_{1}<¥arg w<¥Theta_{2}¥mathrm{A}, 0<|w|<¥hat{d}(¥arg¥iota ¥mathrm{t}^{¥}}, c)¥}$ ,

where $¥hat{d}(¥varphi, c)$ is to be defined by (3. 4) with A(?)=A $(¥varphi)$ .

Theorem. Under the Assu mption (C), the $eq¥iota¥iota ation(¥mathrm{C})$ admits a solution $¥hat{S}(x, U)$

such that the $n$-column vector $¥hat{S}(x, U)ad¥uparrow¥uparrow¥iota its$ the $ti¥uparrow¥iota iforinly$ convergent expansion (f) $wf¥iota e¥uparrow¥iota-$

ever $(x, ¥iota¥iota)$ is in the domain
$|x|<a^{¥prime¥prime}$ , $¥mathrm{o}<||u||<b^{¥prime¥prime}$ , $¥iota¥iota¥theta t¥subset-¥mathfrak{D}¥mathrm{A}(c^{¥prime¥prime})$ .

The $n$-vectors $P^{(h)}(¥mathrm{U})$ $¥geqq 1)$ can be $¥iota/¥uparrow¥iota iquely$ determined as solirtions of the equations $(4. 3) ^{k}$

so that $P^{(k)}(u)$ are asymptotically developable in powers of $¥mathrm{u}$ for
$0<||u||<b_{0^{¥prime}}$ , $¥iota/¥ovalbox{¥tt¥small REJECT} t¥in ¥mathfrak{D}’ ¥mathrm{A}(c_{0^{¥prime}})$ .

It is clear that this theorem contains Theorem A as a corollary. The discussion for
the proof of this improved theorem is quite different from what was developed here. The
proof will be given in a forthcoming paper [6].
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