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Funkcialaj Ekvacioj, 9 (1936), 273-285

Convergent Solution of Ordinary Nonlinear

Differential Equations

By Masahiro Iwano*

(Mathematics Research Center, Wisconsin and Tokyo Metropolitan University)

0. Introduction.
The singular points =0 of a system of ordinary nonlinear differential
equations of the form

©0.1) 2y’ = f, 4) (-%)

are usually said to be of Briot-Bouquet type. Here, x is a complex variable, y is
an n-dimensional column vector, f(x,y) is an #n-dimensional column vector
whose components are functions holomorphic and bounded in (z,y) for
(0.2) 2| <a, llyll<b (HyH:rnjaXif»/,jl)
and vanishes at (0,0), y, being the j*® component of y.
Such singular points have been studied by diverse authors since C.H. Briot-
"J.C. Bouquet. However, it has not yet been studied, except for the case n=1,

when the eigenvalues of the matrix F=0£,(0,0) are all zero.

1°. In 1937, M. Hukuhara [1] studied first the case for =1. In this case
the differential equation is written as

(A) xy' =y” fOPy+ k‘;f & (y)zk,

where m is a positive integer and f®(y) (k=0) are functions holomorphic and
bounded in y for
(A. D ly| <b.
The detailed statement of M. Hukuhara’s result is as follows:
Theorem A. Suppose that the power series in the right-hand member of
the equation (A) is uniformly convergent in

(A.2) 2| <a, |yl<b
and that
(A.3) ’ FO0)=a+0.

Then, there exists a solution y=S(x, U) with the properties that
1) S(x,u) is a function holomorphic and bounded in (x,u) for

%} Sponsored by the Mathematics Research Center, University of Wisconsin, under Con-
tract No. DA-11-022-ORD-2059. ’
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(A. D o] <ap, O0<|u|<b, O_-<argu<®,,
where '
(A.5) @+ =—1‘<—arg aiﬂ)
. m 2

and developable thefe in a uniformly convergent power series of x:
(A.6) Sz, 1) =u(1+PO(u)) + i P® () k.
k=1

i) The coefficient P (u) is a function holomorphic and bounded in u for
(A.D ' | 2] < by
and vanishing at u=0.

iii) The coefficients P® (u) (k=1) are functions holomorphic, bounded and

asymptotically developable in powers of u as u tends to 0 in the domain
(A.8) 0<lul<by, O.<argu<@..

iv) U=U(x, o, u%) is the holomorphic solution of a simplified equation of
(A) satisfying the initial condition U=u° at x=1y, where (2, u’) is an arbi-
trary point in the domain (A.4). The simplified equation has the form

(A.9) 2u’ =u"(a+a*u)u,
where a* is a complex constant which may be zero.

Moreover, he investigated precisely the property of the general solution of
(A.9). After eighteen years, his result played an important role in the theory
of T. Kimura [3, 4]. So, it is of some interest, I fhink, to discuss a system
of differential equations such that the eigenvalues of the matrix F are all zero.

2°. Recently, the author (M. Iwano [5]) has studied a system of two ordi-
nary nonlinear differential equations of the form

(B 2y =y LSO @)Y+ 3 P W),

where y is a 2-dimensional column vector and 1,(y) is a 2-dimensional diagonal
matrix such that its diagonal elements coincide with the components of ¥, f% (%)
(k=0) are 2-dimensional column vector functions holomorphic and bounded in

y for
(B.1 | Nyl <b,

Gl is. a 2-dimensional row vector whose components m2; and m, are nonnegative
integers not simultaneously zero and the symbol y<# stands for the scalar expres-
sion

®2 Vg

Actually, in this case, F is the 2-by-2 zero matrix.
He introduced the following assumption : ,

1
a are

M-

Assumption B. The real parts of the components of the vector
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both positive, where
(B.3) FOO=e,
i.e. we have the inequalities
@
e
M-

The symbol - means the inner product.

(B.4) ‘ R

>0 (7=1,2).

Under these assumptions, M. Iwano [5] obtained formal solutions of diverse
types of the equation (B) and investigated the analytical meaning of each of
these formal solutions.

3°. We consider a system of » differential equations of the form

(© 2y’ =y ML, (FO )y + élf"” ()t

where ¥ is an n-dimensional column vector and 1,(%) is an n-by-n diagonal
matrix whose diagonal elements coincide with those of y, the n-dimensional row
vector 9} has components m; (j=1,--,n) which are nonnegative integers not
simultaneously zero, the symbol y# stands for the scalar expression

Y L
F®(y) (B=0) are n-dimensional column vector functions holomorphic and boun-
ded in y for

(C.2) lly |l <o.

We assume that the power series in the right-hand member of the equation
(C) is uniformly convergent in
€. 3 ' 2| <a, lyll<d
and introduce the following assumption, similar to the assumption B:

. 1
Assumption C. The real paris of the components of the vector jﬂ-a{w’-
where a=f000), are all positive or, what is the same thing,
o
C.4 Re—=2—>0 (j=1, -, n),
(C.9 o J )

a; being the j'P component of the vector a.

The purpose of the present note is to prove the existence of a solution of
the eqution (C) which contains » parameters and is developable in a uniformly
convergent power series of 2.

However, the analysis which is developed here will be almost exactly the
same as that in [5]. We omit therefore the proof of Theorems and refer the
reader to a forthcoming paper [6] of mine.

1. Formal transformation.

The result concerning a formal transformation can be stated as follows:
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Theorem 1.1. There exists a formal transformation of the form
® y~ut1,(PO @dut 3PP )zt |
Py

by which the equation (C) is formally transformed into an equation of the form
(R ' =uM1,(a+ ) Bg[ltﬂ)u.
gies

1) P®W(w) (B=0) are n-dimensional column vectors whose components are
formal power series of u:

(1. 1)* P® )~ PPuR,
. ® R
i1) S is the set of vectors Y[ satisfying the equation
(1.2) (I — M) - a=0.
iii) If the n-vector constant B gy is different from zero, we have
a.3® (R—M)-Bg=0 for any QRES.

The proof of this theorem will be carried out in quite a similar way to that
of Theorem 1 in Section 2 of M. Iwano [5] and will be found in [6].

Remarks. 1°. - By virtue of the Assumption C, S is a finite set. If any
two components of the vector a are incommensurable, the set S consists of only
one element { 9}.

2°.  The formal transformation (f) is obtained by combining two kinds of
formal transformations.

The formal transformation of the first kind is of the form
1. 4) pet 3 p0 (Dat

by which the equation (C) is formally transformed into
(1.5) x2' =z M1,(2) O (2).
Here, the n-vectors p®(z) are formal power series of z.
The formal transformation of the second kind is of the form
(1.6) . z~u+1n(u)%p _(Ruﬂ

by which the equation satisfied by u takes the form (R). Here, pq are n-

dimensional constant column vectors.

2. Integration of the equation (R).

Let U=U(x, %y, ©*) be the holomorphic solution of (R) satisfying the initial
condition U=u% at #=, A direct solution of (R) by quadratures is generally
impossible. However, if we introduce an auxiliary variable

@D a’ w=UHM,
we can obtain a parametric repesentation of the solution U(x, %o, u%).
We have first _ ’
Proposition 2.1. The function UI-M for any J(ES is independent of
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and, consequently, we have
(2.2) UI - () I -,
Proof. It is enough to prove that a(UI-IM)' =0. However, this relation.
is verified by a direct calculation. )
We define the n-vector a* by
(2.3) at= Y1 Bgr(u)IH -
HES

Then we have
Proposition 2.2.  The solution U(z, x,, u®) is parametrimlly expressed as

a1\,
J %(zo)-c(l—i—j[ e )( M- ax p(__

2. 4) M- w>

. D SR S
Uw) = 1,Z<wj'l'w >1n< (M a+ W arw)y e Ao >C .

Here, for the n-vector B and the scalar w,
wB=(wh, -, k),
The constant ¢ and the n—vector C must be so chosen that w(w”) x5 and U(wo)—
u°, where 1w%=u")H,
Proof. By differentiating both sides of (2.1), we have
Cxw =wr (M a+ M atw).
From this it follows immediately that

dux 1
2.5) " —<3M )

Therefore, the function U must satisfy the equation

: au a+atw
2.6) W~ _1"<5M'a+j]/l-a¢*w>U

The formula (2.4) is obtained by integrating the equations (2.5) and (2.6)

with the initial conditions (W) =2, and T(w®) =20,
Remark. Let U(w) be a solution of the equation (2.6) satisfying the ini-
tial condition U=«". A short calculation shows that the expression U(w) M —w

. . . ) ) dY .
satisfies the linear differential equation w T Y. From this we see that the
w

relation ZAJ(w)ﬁ'le holds if and only if we have (u®)H=1".
On the other hand, if we use a certain transcendental funption introduced
by M. Hukuhara [1, 4], we can express the function U as a function of =. V
Proposition 2.3. Let W=9{X) be defined implicitly by
2.7 X=W-log(W+1).
and consider the branch of X)) such that H(X)—X—log X tends to 0 as X
tends to the infinity. Then, the solution U is expressed as
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2.8 U=1n(@<X+c1>"ﬁ‘ﬁln((ﬂfz-a[1_+a:><x+ca-lj)ﬁl'?““ﬁﬂc,

cM=1, X= —%bg .
Proof. Following Hukuhara, we put
‘ - a* M
2 - e I
(2.9 2 cexp< (ﬂ{-a)2X>’ w AW
‘Then, the equation (2.5) is transformed into
aw 1
(2.10) X —1+W.

By integrating this, we have the equation X+4c,—W—log(W+1). Let W=
H(X+c) be defined implicitly by this relation. If we substitute the expres-
sion -/ - -a*D{X+c,) for w in the second equation of (2.4), we have the
formula (2.8). .

3. Estimation of the growth of the solution U near the erigin x=0.

We see by the first equation of (2.4) that the function #(w) tends to 0
exponentially as w tends to 0 in the sector

3. f.<argw<0,, 6i=—arg(ﬁ!fl-a)i%.
Let

(3.2) ®,=—m—min arg @;+40, @,=mw—max arga;—40,,

. J J

where §, is a sufficiently small positive constant. We consider a domain of the
form

(3.3) D)={w: O, <argw<®, 0<|wl|<dlargw,c)},
where
(3.4) d{p,c)=c expf:cot A(r)dr.
Here : _ , _
max<¢_0++2609 60) for (A [0+'—2607 @2]’
(3.5) A =1 72  for  p&[0_+280,0,—28,],
min(e—0_+n—28y, 7w —0d,) for pel®,0_+26,],

and ce® is a boundary point of the domain D(c).

By the definition of 4_, 6., ®, and ®,, it is easy to see that §, < A(p) <7 —
0o for @, L <0,

By virtue of the Assumption C, we can assume without loss of generality
that

(3.6) arg

ﬂ;aaHgg—sao, ([IargBII=mjaX|argBjD,
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for the same &, as before. Then, we can easily verify that

3.7 O, <0-4+28,<0,.—26,< ..
Let %, and «° be arbitrary values such that
(3.8 |20l <ao, O[]l <o, (@DHED(eo)

and let z(w) and U(w) be the holomorphic solutions of the equations (2.5) and
(2.6) satisfying the initial conditions z(w®) =z, and T(w®) =u’. Of course, w’=
@M, Then, we have the relations ‘
(3.9 Uz-1(a)=U(w, 2y, 0®), U@w)H=uw,

because of the Remark following Proposition 2.2.

Then, we have the following

Theorem 3.1. There exists, in the domain weD(c,), a path F;:D, which
starts form w=uw’ and approaches the origin in the sector 0_+26,Largw <0, —

20y, such that we have the inequalities

d|z(w)] sin &,

(3.10) s 22|ﬂ’[‘“||w|2]x<w>|’
AT _ el sindy |, ~ e
(3.11) Z o Zagralju T@I, (el =min|a;D,
| dw |_
(3.12) | ds =1

on the path l"'::o, where s is the length of the curve P:}O measured from the ori-
gin to the variable point w. |

The curve PZO is defined as follows: Let w®=re® and u =pei‘PEF;';0. If
0_+26,0=<0,—20y, the path P;’:o is the segment joining w® with the origin.
If 0,—26,<0<@; or @, <0<L0_+28,, the curve F::o consists of a curvilinear
part I defined by

@
p:rexp/; cot A(D)de,  0.—28,<p<0 or 0<p<0_+25
and of a rectilinear part I''’
0= rexp/
0

Since the proof of this theorem is almost exactly the samc as that of Lem-

ma 3.2 in Section 12 (M. Iwano [5]), we omit the proof and refer the reade
to M. Iwano [6]. |

We denote by Iz, a curve in the complex z-plane obtained by mapping

0_-238,

0,—28,
cot A(t)dr or nggrexpj; cot A(z)dr.

I'* by the first equation of (2.4), where the integration constant ¢ must be so
w’ "

* chosen that the point w=w, is mapped into x=2,. Clearly, Iy, is spiral-shaped.
Since the correspondence between the points on these two curves is one-to-
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one, the solution U(x, 2o, #%) and the variable point # on I'z, can be considered
‘as functionsof we F:}o. We denote them by x(w) and U(w). Explicit represen-

tation of these functions is given by the formula (2.4) for the suitably chosen
constant ¢ and the n-vector C.

By virtue of the relations (3.9) and Theorem 3.1, we have

Theorem 8.2. There exists a spiral-shaped path Iy, which starts from
x=2x, and approaches x=0, turning aroud the origin in the complex x-plane,
such that when & moves on this curve the values of % and U(z, %, u%) always
remain in the domain

(3.8)* 2] <as, O<|lull<by uMeD(c).

Proof. The inequalities (3.10) and (3.11) imply that |#(w)| and || T

. are monotonously decreasing functions as w tends to 0 along Fj‘;;, whence we

have |2| < |ao] and ||U|| £ [|«°]] for a=T:,.

4. Formal solution. -
Let x, and «® be arbitrary values satisfying the inequalities (3.8) and define
the solution U(x, xy, #®) as before.  Then, by virtue of Theorem 1.1, if we

replace # by U, we-have a formal solution of the form
(F) y~U+1,(0IPOU) + 3 PO (D)

where the n-vectors P® (u) (/é;O) are the power series of u given by (1.1)*.

In order to give the formal solution (F) an analytical meaning, it is first
necessary that the coefficients defined by the power series (1.1)* should be given
some analytical interpretation.

We have the following theorem.

Theorem 4.1. The n-vector function PO (U) can be uniquely determined
as a solution of the non-linear differential equation ‘

) .
’ dPx = U1+ POYHL, 1+ PO O (U+1,(U) P)

—(atar U —1,(a+a* U PO

in such a way that the n-vector P (w) is a function holomorphic and bounded

4.1) x

in u for
(4.2) |2 ] < &0
and developable there in the uniformly convergent power series (1.1)°.  Here,
1 is an n-dimensional column vector whose entries are all equal to 1.
The n-vector functions P®(U) (R=1) can be uniquely determined as solu-

tion of the linear differential equations

(k) X
.t 2T pk L F(UL,(U)YPO(UY)P® +RB (U,

dx
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F@=5-@M,GO@w,  FO=0

in such a way that the n-vector functions P® (u) are holomorphic, bounded and
asymptotically developable in the power series (1.1)* as w tends to 0 in the do-
main ‘
4.9 0<lull <y, uMeD(c).
Here, the n-vector R™ (w) is a known function admitting an asymptotic expansion
in powers of u as u tends to 0 in the domain (4.4).
The proof of this theorem is almost exactly the same as that of Theorem

4.3.1 in Section III in Part II (M. Iwano [5]). We omit therefore the proof
and refer the reader to M. Iwano [6].

5. Statement of main theorem.

By virtue of Theorem 4.1, we have obtained a formal solution (F) which
is arranged in the form of a single power series of . Our main theorem will be
stated as follows: ‘

Theorem 5.1 (Main Theorem). Suppose that the Assumption C is satisfied.
Then, the differential equation (C) admits a solution y=S(x, U), where the n-
vector S(x,u) is a function holomorphic and bounded in (%,u) for

GRY) lz| <a”, 0<|lull<d”, uMeD('")
and admit there the uniformly convergent expansion
(£ S(@, w) =u+1,@) PO (u) + ZLP(’” (w)z*,
k=

The coefficients P® (u) are the same as those that appeared in Theorem 4.1 and
U is the holomorphic solution of the simplified equation (R) satisfying the ini-
tial condition U=u’ at x=1y, (2, u") being an arbitrary point in the domain
G.D.

Remark. The equation (C) has the form similar to the equation (A) and
the expansions of both solutions have the same form except for the difference
of the dimension. But, there exists an essential distinction between the domains
(56.1) and (A.4) where the solutions are defined. In fact, if #=2, the central
angle of the angular domain ®(¢’’) within which the variable w= UM is re-
stricted is less than 27z, while if n=1 the corresponding angle is almost equal to
3m. The reason is as follows: In the case n=1, if ||U]| is small, then |w]| is
too and the converse is also true. But, if =2, the converse is not true.
Therefore, in order that the converse is also true, we must impose restrictions
on the domain of w so that ||U|| is small.

6. Proof of the main theorem.
We put
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N-1
6.1 Py (@, u) =u+1,(@) PO (u) + 2 P® (u)a*

and apply a transformation of the form

(6.2) y=z+Pn(x, U)
to the equation (C). By an elementary calculation, we see that the transformed
equation is written as

(6.3) xz'=g(x, U, 2)
“with
(6.4 9(x, u, 2) =f(z, z+ Py (z, u))—mﬁ%’u}
v _ uMe Py (2, 20) .

uH
3 1,1(a¢+ﬂzejs B grudu.

Hence, we can assume without loss of generality that the n-vector g(@,u,z) is
a function holomorphic and bounded in (x,u,z) for
(6.5) ol <a, O0<|lull<b, aMeD(), |lzll<d
for suitably chosen positive constants a;, b;, ¢; and d;. Clearly, the equation
(6.3) admits the formal solution
(P 2~ 31 PO (U)ak,
v ‘ E=N
From this it is concluded that the function g(,u, z) satisfies the inequalities
(6.6) e, u, || = Allz||+By| 2|V,
(6.7 |1 gC, u, 2) —g(m, 2, || < Al] z—2]|
if (#,u,2) and (%,u,z) are contained in the domain (6.5). A is a certain posi-
tive constant independent of (%, %,z N), while By may depend on N.
In order to obtain Theorem 5.1, it is sufficient to prove the following theo-
rem, -
Theorem 6.1 (Auxiliary theorem). The equation (6.3) admits a solution
z=0x5(x, U) such that the n-vector On(x,u) is a function holomorphic and bound-
ed in (z,u) for

6.8)n ]m]<ax., 0< Hu|l<b§\',, ujne@(c;\;)
and satisfying there the inequality
(6.Dn NOnC, W < Kylx|V,

where Ky is a certain positive constant.
Moreover, the solution of (6.3) satisfying the condition
(6.10)n On(z,u)=0(=|V)
is unique. , ,
Suppose that this theorem has been established. Then, the n-vector
Sy(x, U)=0x5(z, U)+Py(x, U)
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is a solution of the equation (C). It is obvious that the function Sn(x,u) is
holomorphic in (x,u) for the domain (6.8)y. Moreover, we can prove that
this function is independent of N. k

In fact, for any N’ > N, the expression Sy+(x, U)—Py(z, U) is also a solu-
tion of the equation (6.3) provided that (x, U) belongs to both domains (6.8)n
and (6.8)n. And, this solution satisfies the condition similar to (6.10)y.
From this it is concluded that we have the identity Sy (=, 2)=Sn' (%, «) if (%, )
is in the common part of these two domains. However, since both sides are
analytic functions, by the analytic continuation this identity must hold for (=, )
in the domain (5.1) where a'’=supay, &'’ =sup by, ¢’/ =supcy.

Let S(&,u)=Sy(x,«). - Then, since #=0 is an inner point of the domain
(5.1), it is known by Cauchy’s theorem that S(z,z) is developable there in
a uniformly convergent power series of . On the other hand, S(x,«) admits
the asymptotic expansion (f). By virtue of the uniqueness of the asymptotic
expansion, the asymptotic expansion (f) must coincide with the convergent
expansion. This proves the main theorem.

7. Sketch of the proof of the auxiliary theorem.

Let = {p(z,u)} be the family of the n-vectors ¢(x,«) which are functions
holomorphic and bounded in (%, %) for the domain (6.8)y and satisfying there
the ineqﬁality

7. Dn ‘ oz, || < Kylz|V.
Define the n-vector @(x,#) by the integral
@2 p=[ Ga s,  (Glow=oGu el 0y )

where the path 'z, is the same as in Theorem 3.2.
Then, the mapping % is defined as follows:

(7.3 oz, u) g (%, u).
By virtue of Theorem 3.2, as # moves on the path I's,, the values of z and U

~~

are always in the domain (6.8)y. Moreover, by using the inequality (6.6), we
see that the integral (7.2) is uniformly convergent with respect to any u’ for
every %,. Hence, the mapping ¥ has a well-defined meaning.

Our proof is based on the existence of a fixed point of this mapping.

Since {0} €%, ¥ is not empty and the family § is convex, closed and nor-
mal. Therefore, to obtain the auxiliary theorem, it is sufficient to prove the
following four propositions. '

1°. T transforms § into ‘itself: T(F)CF or what is the same thing, the
vector function p(x,u) is holomorphic and bounded in (z,u) for (6.8)y and
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satisfles the inequality
7.4 [ @ (o, u|| £ K| o |V,

2°. % is a continuous mapping of T with respect to the topology of uniform
convergence or, by virtue of the inequality (6.7), if the sequence {p™ (=, u)} tends
to 0 with respect to the topology of T, the corresponding sequence {p™ (%, u)} does
too. .

If we suppose that these two propositibns have been proved, it is concluded
by means of a fixed point theorem (M. Hukuhara [2]) that there exists a fixed
point of the mapping ¥ or a member ¢(z,u)EF such that ¢(x, u)=¢2, u).
Since this function depends on N, we denote it by Oy (2, u).

3°. On(z, U) is a solution of the equation (6.3), or we have

@.5) L w) =Gl ), @=Uls, 0 ).

4°.  The solution of (6.3) with the order of O(|%|N) is unique.

Since the integral (7.2) is uniformly convefgent, it is not so difficult to
prove these propositions except for that of the inequality (7.4) (See Sections
31-35 in M. Iwano [5]). So we discuss the proof of the inequality (7.4) only.

We change the integration variable from x to w by the relation (2.5). Then,
we have

dw
Xw)’

oo, u)= [ gGEw), Tw), p(Eaw), Tw)))
X)) =w?(HM-a+ M- aFw).
We can assume that | Xw)|= % | HM-ellw|? for ||U]|<by and weD(cy). There-

fore, owing to the inequality (6.6), we have

So Ky+B P N
e [LEDIESS Z%qu.j;lm lxﬁﬁ!

where s and s, are the length of the curve FZG measured from the origin to the

ds,

points w and w° respectively.
On the other hand, the inequality (3.10) in Theorem 3.1 implies that
s [a@IN 2| G-
./:) lw]? ds= N sin
Hence, the right-hand member of (7.6) does not exceed the expression
(4(AKN+Bn)[Nsindg)| 20|Y. Therefore, the inequality (7.4) is an immediate
consequence of the inequality
4(AKn+ By) < Ky N sin 6. :
We take first N so large that 4A < Nsind, and next Ky sufficiently large so
that By < Ky (Nsind,—4A4)/4. But, since Ky(ay)V <d, must be satisfied,

we take finally a;\', so small that this inequality is satisfied

;Zl |2 (w)| V.



Convergent Solution of Ordinary Nonlinear Differential Equations 285

Added in proof

After the present author wrote this paper, he succeeded in improving the conclusion
of the main theorem in the following way. Let '

él=—3n'/2—arg M-a+60,, (/:DZ=37r/2—arg TMax—63,
and define the function A(p) by (3.5) with (@, 0y)=(6,,0,). Let
@(c) ={w: @Al < arg zv<é2, 0<|w) <dA(arg w,c)},
where dA((p, c¢) is to be defined by (3.4) with A(go)://i(@.
Theorem. Under the Assumption (C), the equation (C) admits a solution §(w, U)

such that the n-column vector §(:v, U) admits the uniformly convergent expansion (f) when-
ever (x,u) is in the domain

lz]<a’, 0<|jul|<b’, uHeD(").
The n~vectors P® (U) (k=1) can be uniquely determined as solutions of the equations (4.3)%
so that P® (u) ave asymptotically developable in powers of u for
o<ull<by, ueD(e).
It is clear that this theorem contains Theorem A as a corollary. The discussion for
the proof of this improved theorem is quite different from what was developed here. The
proof will be given in a forthcoming paper [6].
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