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Euler-Cauchy Polygons and the Local

Existence of Solutionse to Abstract
Ordinary Differential Equations

By J. M. BOWNDS* and J. B. DIAZ

(University of Arizona and Rerisselaer Polytechnic Institute)

Abstract: A $1¥dot{¥mathrm{o}}¥ddot{¥mathrm{c}}¥mathrm{a}¥mathrm{l}$ $¥mathrm{e}¥mathrm{x}¥mathrm{i}¥mathrm{s}¥mathrm{t}¥dot{¥mathrm{e}}¥mathrm{n}¥mathrm{c}¥dot{¥mathrm{e}}¥mathrm{t}¥mathrm{h}¥mathrm{e}¥dot{¥mathrm{o}}¥mathrm{r}¥mathrm{e}¥mathrm{m}$ , of $¥mathrm{P}¥overline{¥mathrm{e}}¥dot{¥mathrm{a}}¥mathrm{n}¥mathrm{o}$

$¥mathrm{t}¥mathrm{y}¥mathrm{p}¥dot{¥mathrm{e}}$ , $¥mathrm{i}¥dot{¥mathrm{s}}¥mathrm{p}¥mathrm{r}¥dot{¥mathrm{o}}¥mathrm{v}¥mathrm{e}¥mathrm{d}$ for the
initial-value $¥mathrm{p}¥dot{¥mathrm{r}}¥mathrm{o}¥mathrm{b}¥mathrm{l}¥dot{¥mathrm{e}}¥mathrm{m}¥mathrm{f}¥mathrm{o}¥dot{¥mathrm{r}}¥dot{¥mathrm{t}}¥mathrm{h}¥dot{¥mathrm{e}}¥mathrm{o}¥dot{¥mathrm{r}}¥mathrm{d}¥mathrm{i}¥mathrm{n}¥dot{¥mathrm{a}}¥mathrm{r}¥mathrm{y}$

$¥mathrm{d}¥mathrm{i}¥mathrm{f}¥mathrm{f}¥dot{¥mathrm{e}}¥mathrm{r}¥mathrm{e}¥mathrm{n}¥mathrm{t}¥mathrm{i}¥mathrm{a}¥mathrm{l}$ equation, $y^{¥prime}=F(x, y)$ , $¥mathrm{w}¥mathrm{h}¥mathrm{e}¥mathrm{r}¥dot{¥mathrm{e}}$

$F$ is $¥dot{¥mathrm{c}}¥mathrm{o}¥mathrm{n}¥dot{¥mathrm{t}}¥mathrm{i}¥mathrm{n}¥ddot{¥mathrm{u}}¥mathrm{o}’¥dot{¥mathrm{u}}¥dot{¥mathrm{s}}$ as a $¥mathrm{f}¥ddot{¥mathrm{u}}¥dot{¥mathrm{n}}$ction of $(x, ¥mathrm{y})^{¥prime},¥dot{¥mathrm{a}}¥dot{¥mathrm{n}}¥mathrm{d}¥mathrm{h}¥mathrm{a}¥dot{¥mathrm{s}}$ values in a compact subset of
a $¥mathrm{r}^{¥mathrm{c}}¥mathrm{e}¥mathrm{a}1$ Banach $¥mathrm{s}¥mathrm{p}¥mathrm{a}¥mathrm{c}¥dot{¥mathrm{e}}B$ . The $¥mathrm{p}¥dot{¥mathrm{r}}¥mathrm{o}¥mathrm{o}¥mathrm{f}¥dot{¥mathrm{e}}¥mathrm{m}¥mathrm{p}¥mathrm{l}¥mathrm{o}¥mathrm{y}¥dot{¥mathrm{s}}$ Eiiier-Cauchy polygons in $B$. The
$¥mathrm{p}¥mathrm{r}¥dot{¥mathrm{o}}¥dot{¥mathrm{o}}¥mathrm{f}$ does $¥mathrm{n}¥dot{¥mathrm{o}}¥mathrm{t}¥mathrm{r}¥dot{¥mathrm{e}}¥mathrm{q}¥mathrm{u}¥mathrm{i}¥dot{¥mathrm{r}}¥dot{¥mathrm{e}}$ any previous $¥mathrm{k}¥dot{¥mathrm{n}}¥mathrm{o}¥mathrm{w}1¥overline{¥dot{¥mathrm{e}}}¥mathrm{d}^{¥mathrm{a}}¥mathrm{g}¥dot{¥mathrm{e}}$ of any theory of $¥mathrm{d}¥mathrm{e}¥mathrm{f}¥mathrm{i}¥dot{¥mathrm{n}}¥mathrm{i}¥mathrm{t}¥mathrm{e}$

$¥mathrm{i}¥mathrm{n}¥mathrm{t}¥mathrm{e}¥mathrm{g}¥dot{¥mathrm{r}}¥mathrm{a}¥sim$

tioa of $¥mathrm{B}¥dot{¥mathrm{a}}¥mathrm{n}¥mathrm{a}¥dot{¥mathrm{c}}¥mathrm{h}-¥mathrm{v}¥mathrm{a}¥mathrm{l}¥mathrm{u}¥dot{¥mathrm{e}}¥mathrm{d}¥mathrm{f}¥mathrm{u}¥mathrm{n}¥mathrm{c}¥mathrm{t}¥mathrm{i}¥mathrm{o}¥mathrm{n}¥ddot{¥dot{¥mathrm{s}}}$of a $¥mathrm{r}¥mathrm{e}¥dot{¥overline{¥mathrm{a}}}1¥mathrm{v}¥mathrm{a}¥mathrm{r}¥mathrm{i}¥dot{¥mathrm{a}}$ble.

I. Introduction
The local existence theory $¥mathrm{f}¥mathrm{o}¥dot{¥mathrm{r}}$ solutiohs $¥mathrm{t}¥dot{¥mathrm{o}}$ the initial-value problem $y^{¥prime}=$

$F(x, y)$ , $y(x_{0})=y_{0}$, where $F$ has values in an arbitrary real Banach space $B$ ,
$¥dot{¥acute{¥mathrm{a}}}¥mathrm{h}¥dot{¥mathrm{d}}¥mathrm{i}¥dot{¥mathrm{s}}¥mathrm{d}^{-}¥overline{¥mathrm{e}}¥mathrm{f}¥mathrm{i}¥mathrm{n}¥dot{¥mathrm{e}}¥mathrm{d}$ in a $¥mathrm{n}¥mathrm{e}¥mathrm{i}¥mathrm{g}¥mathrm{h}¥mathrm{b}¥mathrm{o}¥dot{¥mathrm{r}}¥mathrm{h}¥mathrm{o}¥dot{¥mathrm{o}}¥mathrm{d}$ of $¥mathrm{t}¥dot{¥mathrm{h}}¥mathrm{e}¥mathrm{i}^{1}¥dot{¥mathrm{n}}¥mathrm{i}¥mathrm{t}¥mathrm{i}¥mathrm{a}1¥mathrm{p}¥dot{¥mathrm{o}}$int $(x_{0}, y_{¥dot{0}})$ , $¥mathrm{w}¥mathrm{h}¥dot{¥mathrm{e}}¥mathrm{r}¥mathrm{e}$

$x$ and $x_{0}$

are $¥mathrm{r}¥overline{¥mathrm{e}}¥mathrm{a}1$, differs $¥mathrm{f}¥mathrm{u}¥mathrm{n}¥mathrm{d}¥mathrm{a}¥mathrm{m}¥mathrm{e}¥mathrm{n}¥mathrm{t}¥overline{¥dot{¥mathrm{a}}}11¥mathrm{y},¥ddot{¥mathrm{a}}¥mathrm{c}¥mathrm{c}¥dot{¥mathrm{o}}¥mathrm{r}¥mathrm{d}¥mathrm{l}$

}

$¥mathrm{J}¥grave{t}¥{¥mathrm{n}¥mathrm{g}¥mathrm{t}¥mathrm{o}¥mathrm{w}¥mathrm{h}¥mathrm{e}¥mathrm{t}¥mathrm{h}¥mathrm{e}¥dot{¥mathrm{r}}$ the $¥mathrm{s}¥mathrm{p}¥mathrm{a}¥mathrm{c}¥dot{¥mathrm{e}}$ $B$ $¥mathrm{i}¥mathrm{r}¥mathrm{i}$

$¥mathrm{q}¥mathrm{u}¥dot{¥mathrm{e}}$ stion $¥mathrm{i}¥dot{¥mathrm{s}}$

$¥mathrm{f}¥mathrm{i}¥mathrm{n}^{1}¥mathrm{i}¥mathrm{t}¥mathrm{e}$

$¥mathrm{d}^{-}¥mathrm{i}¥mathrm{m}¥mathrm{e}¥grave{¥tilde{¥tilde{¥dot{¥mathrm{n}}}}}¥dot{¥mathrm{s}}^{¥mathrm{p}}¥mathrm{i}¥overline{¥mathrm{o}}¥mathrm{n}¥dot{¥mathrm{a}}1$ or $¥overline{¥ddot{¥mathrm{n}}}¥mathrm{o}¥mathrm{t}$ . In the $¥ddot{¥mathrm{c}}1¥overline{¥mathrm{a}}¥mathrm{s}¥mathrm{s}¥mathrm{i}^{¥mathrm{f}}¥mathrm{c}‘‘¥tilde{¥mathrm{a}}1,¥tilde{¥mathrm{c}}¥dot{¥tilde{¥mathrm{a}}}¥overline{¥mathrm{s}}¥dot{¥mathrm{e}}$ , $¥mathrm{t}¥dot{¥mathrm{h}}¥overline{¥mathrm{a}}¥mathrm{t}$ is, $¥overline{¥mathrm{w}}¥mathrm{h}¥dot{¥mathrm{e}}¥mathrm{n}B$ is a $¥mathrm{f}¥mathrm{i}¥mathrm{h}¥mathrm{i}¥tilde{¥mathrm{t}}¥dot{¥mathrm{e}}$

$¥mathrm{d}^{¥mathrm{s}}¥mathrm{i}¥mathrm{m}¥mathrm{t}¥mathrm{e}¥dot{¥grave{¥mathrm{n}}}¥mathrm{s}¥mathrm{i}¥circ ¥mathrm{n}¥mathrm{a}¥mathrm{l}¥overline{¥mathrm{E}}¥prime ¥mathrm{a}_{L}¥mathrm{u}¥tilde{¥mathrm{c}}¥mathrm{l}¥mathrm{i}¥mathrm{d}¥mathrm{e}¥mathrm{a}¥overline{¥mathrm{n}}¥mathrm{b}¥mathrm{s}¥mathrm{p}i¥ddot{¥mathrm{a}}¥tilde{¥mathrm{c}}¥grave{¥ddot{¥mathrm{e}}}$ , $¥mathrm{t}¥mathrm{h}^{-}¥mathrm{e}¥dot{¥mathrm{t}}¥mathrm{h}¥mathrm{e}¥dot{¥acute{¥mathrm{o}}}¥ddot{¥tau}¥tilde{¥mathrm{e}}¥mathrm{m}*$ of $¥mathrm{P}¥mathrm{e}¥overline{¥mathrm{a}}$no[1] $¥mathrm{a}¥mathrm{s}¥ddot{¥mathrm{s}}¥mathrm{u}¥mathrm{r}¥mathrm{e}¥acute{¥mathrm{s}}$ the $¥mathrm{e}¥mathrm{x}¥mathrm{i}¥dot{¥mathrm{s}}¥mathrm{t}¥dot{¥mathrm{e}}¥dot{¥mathrm{n}}$ ce of
at $¥mathrm{l}¥dot{¥overline}¥ddot{¥mathrm{a}}¥neg¥dot{¥mathrm{s}}¥mathrm{t}^{¥dot{¥mathrm{L}}}¥mathrm{o}¥hat{¥ddot{¥mathrm{n}}}¥check{¥mathrm{e}}¥grave{¥ddot{¥mathrm{g}}}¥mathrm{o}¥mathrm{l}¥ddot{¥mathrm{u}}¥mathrm{t}¥mathrm{i}¥dot{¥mathrm{o}}¥mathrm{r}¥mathrm{i}$ , $¥dot{¥mathrm{w}}¥mathrm{h}¥mathrm{e}¥dot{¥mathrm{n}}F¥neq$ is assume $¥mathrm{d}¥dot{¥mathrm{t}}¥mathrm{v}¥mathrm{o}¥overline{¥mathrm{b}}¥tilde{¥mathrm{e}}¥lrcorner¥tilde{¥mathrm{c}}¥mathrm{o}¥mathrm{n}¥mathrm{t}¥mathrm{i}¥dot{¥mathrm{n}}¥ddot{¥dot{¥mathrm{u}}}¥tilde{¥mathrm{o}}$us $1$

}
$¥hat{¥mathrm{n}}$ a $¥mathrm{n}r¥mathrm{e}¥mathrm{i}¥dot{¥mathrm{g}}¥mathrm{h}¥mathrm{b}¥mathrm{o}¥dot{¥mathrm{r}}¥mathrm{h}¥dot{¥mathrm{o}}¥dot{¥mathrm{o}}$ a

of $(x_{0},¥dot{y}_{¥dot{0}})$ . $¥mathrm{H}¥sigma ¥mathrm{o}¥mathrm{w}¥dot{¥mathrm{e}}¥mathrm{v}¥mathrm{e}¥mathrm{r}$, $¥mathrm{w}¥dot{¥mathrm{h}}¥mathrm{e}¥ddot{¥mathrm{n}}B$ is $¥mathrm{i}¥mathrm{n}¥mathrm{f}¥mathrm{i}¥mathrm{n}¥mathrm{i}^{¥backslash }¥mathrm{t}^{¥frac{1}{¥mathrm{e}}}¥mathrm{d}¥mathrm{i}¥mathrm{m}¥mathrm{e}¥mathrm{h}¥mathrm{s}¥mathrm{i}^{1}¥dot{¥mathrm{o}}^{¥dot{¥downarrow}}¥mathrm{n}$ al, the $(¥ddot{¥mathrm{s}}¥mathrm{t}¥mathrm{r}¥dot{¥mathrm{o}}¥mathrm{n}¥mathrm{g})¥dot{¥mathrm{c}}¥dot{¥mathrm{o}}$ntinuity
$¥dot{¥mathrm{L}}¥mathrm{o}¥mathrm{f}F¥mathrm{i}.¥mathrm{d}$

$¥mathrm{o}¥lrcorner$ es not $¥mathrm{g}¥ddot{¥dot{¥mathrm{u}}}¥mathrm{a}¥mathrm{r}¥mathrm{a}¥mathrm{n}¥mathrm{t}¥dot{¥mathrm{e}}¥dot{¥mathrm{e}}$ the $¥mathrm{e}¥mathrm{x}¥mathrm{i}¥mathrm{s}¥mathrm{t}¥dot{¥mathrm{e}}¥dot{¥mathrm{n}}¥acute{¥mathrm{c}}¥ddot{¥mathrm{e}}$ of a $¥mathrm{s}¥mathrm{o}¥mathrm{l}¥dot{¥mathrm{u}}$tibn, as $¥overline{¥mathrm{h}}¥dot{¥mathrm{a}}¥mathrm{s}$ been $¥dot{¥mathrm{s}}¥dot{¥mathrm{h}}¥mathrm{o}¥dot{¥mathrm{w}}¥mathrm{r}¥mathrm{i}$ by

D-ieudonne[2, p. 287, ex. 5]; see also Yorke [3] for an example wheii $B$ is $¥dot{¥mathrm{a}}$

$¥mathrm{H}¥mathrm{i}1¥mathrm{b}¥dot{¥mathrm{e}}^{¥pi}¥mathrm{r}¥overline{¥mathrm{t}}¥ddot{¥mathrm{s}}¥overline{¥mathrm{p}}^{¥mathrm{h}}¥neg ¥mathrm{a}^{¥dot{¥grave{¥mathrm{t}}}}¥mathrm{c}¥ddot{¥mathrm{e}}$ . $¥mathrm{T}I1¥mathrm{h}^{-}¥mathrm{e}¥dot{¥mathrm{r}}¥acute{¥mathrm{e}}¥dot{¥mathrm{f}}¥mathrm{o}¥ddot{¥mathrm{r}}¥dot{¥mathrm{e}}$ , $¥mathrm{i}^{¥tau}¥ddot{¥mathrm{n}}$

’

?rder to ?btain a $¥mathrm{v}¥mathrm{a}¥mathrm{l}¥mathrm{I}¥iota ¥mathrm{d}$
$¥mathrm{l}¥mathrm{o}*¥mathrm{c}¥grave{¥dot{¥mathrm{a}}}1$ existence $¥mathrm{t}¥overline{¥mathrm{h}}¥dot{¥mathrm{e}}¥dot{¥mathrm{o}}¥ddot{¥mathrm{r}}¥dot{¥mathrm{e}}¥mathrm{m}$ fo-r

$¥mathrm{a}¥overline{¥ddot{¥mathrm{n}}}¥dot{¥mathrm{a}}q¥grave{¥mathrm{r}}¥dot{¥mathrm{b}}^{¥mathrm{a}^{u}}1¥mathrm{t}¥dot{¥mathrm{r}}¥mathrm{a}^{:}¥mathrm{r}¥mathrm{y}¥mathrm{B}^{J}¥dot{¥acute{¥mathrm{a}}}¥mathrm{n}¥mathrm{a}^{l}¥ddot{¥mathrm{c}}¥dot{¥mathrm{h}.}¥star¥dot{¥mathrm{s}}¥acute{¥mathfrak{H}}^{r}¥dot{¥mathrm{a}}¥mathrm{c}¥mathrm{e}$ , $¥overline{¥mathrm{s}}¥mathrm{o}¥mathrm{m}¥swarrow ¥mathrm{e}¥mathrm{t}¥mathrm{h}^{-}¥mathrm{i}¥dot{¥mathrm{n}}¥overline{¥mathrm{g}}¥mathrm{b}¥dot{¥mathrm{e}}¥mathrm{y}¥mathrm{o}^{¥frac{¥tau}{¥mathrm{n}}}|^{-¥dot{¥gamma}}¥mathrm{d}^{¥vee}¥grave{¥mathrm{c}}¥tilde{¥mathrm{o}}¥hat{¥mathrm{n}}¥mathrm{t}¥dot{¥mathrm{i}}¥ddot{¥mathrm{n}}¥check{¥mathrm{u}}¥mathrm{i}¥mathrm{t}¥mathrm{y}^{4}¥mathrm{m}¥ddot{¥mathrm{u}}¥tilde{¥mathrm{s}}¥mathrm{t}¥overline{¥mathrm{b}}^{A}¥mathrm{e}¥dot{¥overline{¥mathrm{a}}}¥grave{¥mathrm{s}}¥dot{¥mathrm{s}}¥mathrm{u}¥overline{¥mathrm{m}}¥mathrm{e}¥mathrm{d}$ for $F$.

It $1i^{k}¥overline{¥mathrm{S}}¥mathrm{k}^{-}¥mathrm{n}¥overline{¥mathrm{o}}¥mathrm{w}*¥mathrm{n}¥overline{¥mathrm{t}}¥mathrm{h}¥mathrm{a}¥grave{:}¥dot{¥mathrm{t}}¥mathrm{i}¥mathrm{v}4¥mathrm{f}¥acute{¥overline{¥mathrm{s}}}^{¥tau}¥mathrm{t}¥dot{¥mathrm{r}}¥mathrm{i}¥mathrm{c};¥mathrm{t}¥mathrm{e}¥overline{¥mathrm{n}}¥tilde{¥mathrm{o}}¥dot{¥mathrm{u}}¥overline{¥mathrm{g}}¥mathrm{h}¥mathrm{c}¥mathrm{o}¥dot{¥overline{¥mathrm{n}}}¥mathrm{d}¥mathrm{i}¥tilde{¥mathrm{t}}¥dot{¥mathrm{i}}0¥rightarrow¥overline{¥mathrm{n}}¥overline{¥mathrm{s}}$ a $¥mathrm{r}¥tilde{¥mathrm{e}}¥mathrm{i}¥mathrm{m}¥mathrm{p},¥dot{¥mathrm{o}}¥mathrm{s}¥mathrm{e}¥dot{¥mathrm{d}}¥dot{¥mathrm{u}}¥dot{¥overline{¥mathrm{p}}}¥grave{¥mathrm{o}}¥overline{¥dot{¥mathrm{n}}}¥dot{F}$, theh $¥Lambda 1¥mathrm{t}$ is
$¥dot{¥mathrm{p}}¥overline{¥dot{¥mathrm{o}}}¥grave{¥mathrm{s}}¥dot{¥mathrm{s}}¥mathrm{i}¥mathrm{b}¥mathrm{l}¥overline{¥mathrm{e}}$ to $¥overline{¥dot{¥tilde{¥mathrm{p}}}}¥dot{¥acute{¥dot{¥mathrm{r}}}}¥text{¥={o}}¥dot{¥mathrm{v}}^{¥dot{d}}¥dot{¥mathrm{e}}¥dot{¥mathrm{t}}¥mathrm{A}¥mathrm{h}^{¥wedge}’¥acute{e}¥check{¥mathrm{e}}^{¥mathrm{s}}¥mathrm{x}¥mathrm{i}¥overline{¥tilde{¥dot{¥mathrm{s}}}}¥tilde{¥mathrm{t}}¥ddot{¥dot{¥mathrm{e}}}¥dot{¥mathrm{n}}¥grave{¥dot{¥mathrm{c}}}^{¥dot{¥tau}}¥ddot{¥acute{¥mathrm{e}}}¥mathrm{o}^{¥dot{¥mathrm{s}}}¥mathrm{f}¥ddot{¥dot{¥mathrm{a}}}$ uniq?$¥mathrm{e}¥overline{¥overline{¥mathrm{s}}}¥grave{¥dot{¥mathrm{o}}}¥mathrm{l}¥overline{¥mathrm{u}}¥mathrm{t}^{¥mathrm{i}^{l}}1¥mathrm{o}¥dot{¥mathrm{n}}$ . $¥mathrm{F}¥dot{¥mathrm{o}}¥dot{¥mathrm{r}}¥mathrm{r}¥mathrm{e}¥dot{¥mathrm{s}}¥lrcorner ¥mathrm{u}¥mathrm{l}¥mathrm{t}¥dot{¥mathrm{s}}$ along $¥mathrm{t}¥mathrm{h}¥dot{¥mathrm{e}}^{¥prec}¥mathrm{s}¥dot{¥mathrm{e}}$

lines, see Browder [4], Kato [5], Hille and $¥mathrm{P}¥lrcorner¥dot{¥mathrm{h}}¥grave{¥mathrm{i}}¥mathrm{i}1¥grave{¥mathrm{i}}^{¥dot{|j}}¥mathrm{p}¥ddot{¥mathrm{s}}[6$, p. [4], a$¥ddot{¥mathrm{n}}¥mathrm{d}$
$¥mathrm{L}¥dot{¥mathrm{u}}¥mathrm{s}¥mathrm{t}¥grave{¥mathrm{e}}¥mathrm{r}¥dot{¥mathrm{n}}¥mathrm{i}¥mathrm{k}¥overline{¥mathrm{a}}¥overline{¥mathrm{n}}¥mathrm{d}$

$@¥text{¥={o}} ¥mathrm{b}^{¥grave{J}}¥mathrm{o}J1¥mathrm{e}^{¥gamma}¥overline{¥mathrm{v}}[¥acute{7}, ^{¥dot{¥lrcorner}}¥mathrm{p}.322f.]$ . $¥mathrm{H}^{¥mathrm{J}^{P}¥}}¥ddot{¥mathrm{o}}¥mathrm{w}¥mathrm{e}¥acute{¥mathrm{v}}$ er, $¥mathrm{t}¥mathrm{h}¥overline{¥mathrm{e}}¥dot{¥acute{¥overline{¥mathrm{m}}}}¥mathrm{a}¥dot{¥acute}^{t}¥dot{¥mathrm{n}}¥hat{¥mathrm{c}}¥mathrm{o}¥overline{¥dot{¥overline}}¥overline{¥mathrm{c}}*¥ddot{¥mathrm{e}}¥ddot{¥mathrm{r}}¥dot{¥mathrm{n}}¥dot{¥mathrm{o}}¥acute{¥mathrm{f}}$ the $¥dot{¥mathrm{p}}¥ddot{¥grave{¥grave{¥dot{¥mathrm{r}}}}}¥overline{¥mathrm{e}}‘¥dot{¥mathrm{s}}¥mathrm{e}¥dot{¥mathrm{n}}¥mathrm{t}¥mathrm{p}¥mathrm{a}¥ddot{¥dot{¥mathrm{p}}}^{¥mathrm{h}}¥mathrm{e}¥hat{¥mathrm{r}}¥mathrm{i}¥dot{¥mathrm{s}}$ with
$¥mathrm{t}*¥mathrm{h}^{¥mathrm{j}}¥mathrm{e}’ ¥mathrm{d}^{¥neg}¥dot{¥mathrm{e}}:rr_{1_{¥mathrm{i}}^{¥mathrm{r}1}}¥mathrm{t}¥grave{¥mathrm{e}}¥ddot{¥mathrm{r}}¥mathrm{m}1¥dot{¥mathrm{n}}^{P}¥mathrm{a}¥mathrm{i}¥mathrm{i}¥dot{¥mathrm{o}}¥mathrm{n}$ of $¥tilde{¥mathrm{c}}¥mathrm{o}¥ddot{¥mathrm{n}}¥mathrm{d}^{¥acute{1}}$ifioris $¥dot{¥mathrm{o}}¥dot{¥mathrm{n}}$ $¥grave{F}¥overline{¥mathrm{w}}tc¥mathrm{h}¥mathrm{i}¥mathrm{c}¥mathrm{h}¥mathrm{g}-¥overline{¥mathrm{u}}$

)

$¥mathrm{a}¥dot{¥mathrm{r}}¥overline{¥dot{¥mathrm{a}}}¥dot{¥overline{¥mathrm{n}}}¥mathrm{t}¥mathrm{e}¥mathrm{e}$ th. $¥mathrm{e}¥mathrm{e}¥tilde{¥dot{¥mathrm{x}}}¥mathrm{i}¥mathrm{s}¥mathrm{t}¥mathrm{e}¥mathrm{h}¥dot{¥mathrm{c}}¥mathrm{e}¥dot{¥mathrm{o}}¥dot{¥mathrm{f}}$ a $¥mathrm{n}¥dot{¥mathrm{o}}¥mathrm{t}$

$¥check{¥mathrm{n}}¥mathrm{e}^{4}¥dot{¥mathrm{c}}¥mathrm{e}¥dot{¥mathrm{s}}^{¥mathrm{w}1}¥mathrm{s}¥mathrm{i}¥mathrm{a}¥mathrm{r}¥grave{1}.1^{¥mathrm{p}}¥mathrm{y}¥tilde{¥mathrm{u}}¥mathrm{c}¥tau ¥mathrm{n}¥mathrm{i}¥mathrm{q}¥dot{¥mathrm{u}}¥grave{¥dot{¥grave{¥grave{¥dot{¥mathrm{e}}}}}}¥ddot{¥mathrm{s}}9¥grave{¥mathrm{o}}1^{A}.‘‘ ¥mathrm{i}¥mathrm{i}¥mathrm{o}¥overline{¥mathrm{r}}¥mathrm{s}¥dot{¥mathrm{n}}¥}$ . It is $¥dot{¥acute{¥mathrm{o}}}¥dot{¥mathrm{f}}¥mathrm{i}¥overline{:}_{4}¥mathrm{n}¥mathrm{t}¥dot{¥mathrm{e}}*¥grave{¥mathrm{r}}¥ddot{¥overline{¥mathrm{e}}}¥mathrm{s}¥mathrm{t}¥mathrm{t}r^{¥{}¥mathrm{h}^{h}¥mathrm{a}¥mathrm{t}¥dotplus ¥mathrm{h}¥text{¥"{e}}$

$¥tilde{¥mathrm{m}}¥dot{¥mathrm{e}}¥mathrm{t}¥mathrm{h}¥mathrm{o}¥mathrm{d}$
$6¥mathrm{f}¥tilde{¥mathrm{p}}¥dot{¥mathrm{r}}¥mathrm{o}¥mathrm{o}¥mathrm{f}$

$¥mathrm{h}¥overline{¥dot{¥mathrm{e}}}¥dot{¥mathrm{r}}¥check{¥dot{¥mathrm{e}}}$

$¥ddot{¥mathrm{e}}¥dot{¥grave{¥dot{¥mathrm{m}}}}¥}¥tilde{¥dot{¥mathrm{p}}}¥mathrm{l}¥mathrm{o}¥mathrm{y}¥dot{¥mathrm{s}}¥dot{¥mathrm{A}}¥mathrm{E}¥mathrm{P}1¥mathrm{e}^{1}¥mathrm{r}-¥mathrm{C}x¥mathrm{a}¥ddot{¥mathrm{u}}¥dot{¥mathrm{c}}¥ddot{¥mathrm{h}}¥mathrm{y}¥mathrm{p}¥mathrm{s}_{1_{4^{l¥overline{¥xi}}}}¥mathrm{o}1^{¥mathrm{A}I}¥mathrm{y}¥mathrm{g}¥dot{¥mathrm{o}}¥mathrm{n}¥dot{¥mathrm{s}}$in the $¥overline{¥mathrm{g}}*¥mathrm{i}¥ddot{¥mathrm{v}}¥mathrm{e}¥dot{¥mathrm{n}}¥mathrm{B}¥mathrm{a}>¥ddot{¥mathrm{n}}¥overline{¥dot{¥mathrm{a}}}¥mathrm{c}¥mathrm{h}^{¥mathrm{s}}$ space, $¥mathrm{w}¥mathrm{h}¥mathrm{i}¥dot{¥mathrm{c}}¥mathrm{h}¥mathrm{i}¥mathrm{s}¥llcorner¥dot{¥mathrm{a}}¥mathrm{n}¥dot{¥mathrm{a}}¥log¥ddot{¥mathrm{o}}¥mathrm{u}¥dot{¥mathrm{s}}$

$¥mathrm{t}¥}^{¥mathrm{J}}¥text{¥‘{o}}--¥sim’-¥underline{¥mathrm{t}¥mathrm{h}}¥ddot{¥mathrm{e}}¥ddot{¥overline{¥dot{¥mathrm{p}}}}¥acute{¥mathrm{r}}¥mathrm{o}¥acute{¥ddot{¥ddot{¥mathrm{c}}}}¥acute{¥dot{¥mathrm{e}}}¥mathrm{d}^{¥mathrm{t}}¥mathrm{u}<^{g}¥underline{¥mathrm{r}}¥dot{¥mathrm{e}}$ o’$¥mathrm{r}^{i}^{¥mathrm{r}^{7}}¥underline{1}¥mathrm{n}¥mathrm{a}11^{¥mathrm{K}}¥mathrm{y}¥mathrm{f}¥dot{¥mathrm{o}}$ llowed $¥mathrm{b}^{¥mathit{4}}¥mathrm{y}¥mathrm{P}¥overline{¥ddot{¥mathrm{e}}}¥ddot{¥mathrm{a}}‘ ¥mathrm{n}$

}
$¥dot{¥mathrm{o}}¥mathrm{i}¥dot{¥mathrm{n}}¥dot{¥mathrm{h}}.¥mathrm{i}¥dot{¥mathrm{s}}¥mathrm{c}1¥mathrm{a}¥dot{¥mathrm{s}}¥overline{¥dot{¥mathrm{s}}}¥mathrm{i}^{¥Delta}1¥mathrm{c}‘ ¥mathrm{a}1$ paper. In $¥dot{¥mathrm{t}}¥mathrm{h}^{i}¥check{¥mathrm{e}}$$-$$*$ the work of this author was supported by the Albert Einstein Chair of Science at

$¥mathrm{R}1l^{¥mathrm{J}}¥dot{¥mathrm{e}}¥overline{¥check{¥mathrm{n}}}¥mathrm{s}¥dot{¥mathrm{s}}¥mathrm{e}1¥dot{¥mathrm{a}}^{¥Delta}¥dot{¥mathrm{e}}¥dot{¥mathrm{r}}¥mathrm{P}¥mathrm{o}¥dot{¥mathrm{l}}¥mathrm{y}¥mathrm{t}¥dot{¥mathrm{e}}¥mathrm{c}¥mathrm{h}¥dot{¥mathrm{n}}¥mathrm{i}¥mathrm{c}¥mathrm{i}¥mathrm{n}¥tilde{¥overline{¥mathrm{s}}}$titute.
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present paper, when $B$ is an arbitrary real Banach space, the proof of the
convergence of the Euler-Cauchy polygons presents the difficulty that the unit
sphere in $B$ may contain a sequence of vectors without a converegent subse-
quence. This particular difficulty $¥mathrm{W}¥check{1}11$ be circumvented here by an application
of a theorem of Mazur [8].

The basic additional assumption made here on $F$ is that its range be compact;

see the precise statement of the theorem below. Krasnoselskii and Krein [9]
state, but do not prove, a more general existence theorem; they only mention,
in passing, that “the proof follows by usual methods” (presumably, the authors
have in mind fixed-point methods). Corduneanu [10] also proved an existence
theorem, using fixed point methods on an equivalent integral operator. However,
in so doing, the additional assumption that $F$ be uniformly continuous was
requir $.¥mathrm{e}¥mathrm{d}$ in the proof. This particular additional assumption also occurs in
Dieudonne [2, p. 287]. It appears that the assumption of uniform continuity
is unavoidable when one employs the Schauder-Tychonofi fixed point theorem
for the corresponding integral operator $T$, defined by

$Tf(x)=y_{0}+¥int_{x_{0}}^{x}F(¥mathrm{s},f(¥mathrm{s}))ds$ ,

in the case when $B$ is infinite dimensional. In passing, it is also noted here
that the existence of a solution to the initial-value problem may be proved by
assuming that $F$ is merely continuous and bounded, provided there exists a
certain positive-definite, continuously (Frechet) differentiable, auxiliary function,
which, in $¥mathrm{c}¥mathrm{o}¥mathrm{n}¥mathrm{j}¥mathrm{u}¥mathrm{n}¥mathrm{c}¥backslash ¥mathrm{t}¥mathrm{i}¥mathrm{o}¥mathrm{n}$ with $F$, satisfies rather restrictive properties; see Murakami
[11] or Lakshmikantham and Leela [12, p. 237]. Also, Chow and Schuur [13]
have proved the existence of a weakly differentiable solution when the space $B$

is reflexive.
The proof in the present paper requires neither the uniform continuity of

$F$, nor the existence of any auxiliary function. Also, this proof does not require
previous knowledge of any theory of definite integration of Banach-valued
functions of a real variable, whereas some such theory is indispensable for any
proof based on an integral operator.

(Added May 29, 1972: $¥mathrm{A}¥mathrm{f}¥mathrm{t}¥mathrm{e}_{3}¥mathrm{r}$ this paper was completed, Professor R. S.
Phillips kindly drew our attention to his paper [14], where, as an $¥mathrm{a}¥mathrm{p}¥mathrm{p}_{¥vee}1¥mathrm{i}¥mathrm{c}¥mathrm{a}¥mathrm{t}¥mathrm{i}¥mathrm{o}¥mathrm{n}$ of
his general theory of integration, he obtained a “Caratheodory, almost every-

I

where, type” theorem $[15, ¥mathrm{p}. 672]_{¥mathit{1}}$ for the initial value problem $y^{¥prime}=F(x,,y),¥}$

$y¥mathrm{C}x_{0}^{1})=y_{0}$, in a sequentially-comple-te, linear, convex topological space satisfying
$¥mathrm{t}¥dot{¥mathrm{h}}¥mathrm{e}$ first countabiiity axiom. The existence of a solution $¥mathrm{o}¥mathrm{f}_{¥wedge}$ the iniliaLsalue
problem, considered in the present paper, could be deduced from $¥mathrm{t}¥mathrm{h}¥mathrm{e}¥sim ¥mathrm{r}¥mathrm{e}¥mathrm{s}¥dot{¥mathrm{u}}1¥mathrm{t}$ of
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Phillips, but not (without an additional argument) the uniform convergence of
the Euler-Cauchy polygons, which is the main purpose in the present paper,
simply bacause neither Caratheodory (see [15, p. 667]) nor Phillips (see [14, $¥mathrm{p}$ .
139]) makes use of $u$strict” Euler-Cauchy polygons a$¥dot{¥mathrm{s}}$ their appro.ximating func-
tions in the case of a general “non-autonomous’’ F. [However, it must be
admitted that the case of a non-autonomous $F(x, y)$ , which “actually depends on
both $x$ and $y’’$ , can be “reduced” to that of an autonomous $F(x, y)$ , that is to say
to that of an $F$ which does not depend at all upon $x$, but only on $y$ , merely by
increasing the dimension of the Banach space by one, namely, by considering
the “new” Banach space of all pairs $(x, y)$ , where $x$ is a real number.and $y$ is
an element of the original, or “old”, Banach space $B.$ ] The direct proof in
the present paper, which does not require any previous theory of integration,
is still of independent interest. It is remarkable that the authors, mentioned
earlier in this introduction, seem to have been entirely unaware of the general
“Caratheodory type” existence theorem of Phillips, of 1940, while these authosr,
never theless, were directly concerned with the abstract initial value problem
$y^{¥prime}=F(x, y)$ , $y(x_{0})=y_{0}.)$

II. An Existence Theorem for the Initial Value Problem
The main purpose of this section is the proof of the following theorem.
Theorem. Hypotheses:

1. $x_{0}$ is a real number and $y_{0}$ is an element of a real Banach space $B;R$ is an
open rectangle, centered at $(x_{0}, y_{0})$ , and contained in the cross product of
the real numbers with $B$ ; that is, there exist positive real numbers $a$, $b$ such
that

$R=$ { $(x$, $y$) $:|x-x_{0}|<a$ and $||y-y_{0}||<b$},

where $x$ is real, $y$ is in $B$, and $||¥cdot||$ denotes the norm for $B$ ;

2. $F$ is a function defined on $R$ with values in $B$, that is, $F:R¥rightarrow B$ . The range
$F(R)$ is compact in the strong topology for $B$, that is to say, every sequence
of vectors in $F(R)$ contains a subsequence which converges strongly to some
vector in $B$ ; consequently, there is an $M>0$ such that $||F(x, y)||¥leqq M$ for all
$(x, y)$ in $R$ .

$¥vee 3$ . $F$ is (strongly) continuous on $R$ ; that is, given any $(x_{1}, y_{1})$ in $R$ , and any
$¥mathrm{e}>0$, there exists $¥delta=¥delta(¥mathrm{e}, x_{1}, y_{1})¥cdot>0$ such that, whenever $(¥mathrm{a}, y)$ is in $R$ , and

$|x-x_{1}|<¥delta$ and $||y-y_{1}||<¥delta$,

then
$||F(x, y)-F(x_{1}, y_{1})||<¥epsilon$ ;

4. $r$ satisfies the inequality
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$0<r<¥min(a,¥frac{b}{M})$ .

Conclusion: There exists a strongly differentiate function $f:(x_{0}-¥mathrm{r},$ $x_{0}+$

$r)¥rightarrow B$ such that

$f^{¥prime}(x)=F(x,f(x))$ , for $|x-x_{0}|<r$,

and
$f(x_{0})=y_{0}$ .

$¥mathrm{M}¥mathrm{o}¥mathrm{r}¥mathrm{e}¥mathrm{o}¥dot{¥mathrm{v}}$ er, this function $f$ is $¥dot{¥mathrm{c}}¥dot{¥mathrm{o}}¥mathrm{n}¥dot{¥mathrm{s}}$ tructed as the uniform limit of a $¥overline{¥mathrm{s}}-¥mathrm{e}¥mathrm{q}’ ¥mathrm{u}’$erice of
$¥mathrm{p}¥mathrm{i}¥mathrm{e}¥mathrm{c}¥mathrm{e}¥mathrm{w}^{¥dot{¥mathrm{P}}}¥mathrm{i}$ se linear, $¥mathrm{c}¥mathrm{o}¥mathrm{n}¥mathrm{t}¥mathrm{i}¥mathrm{n}¥mathrm{u}¥mathrm{o}¥mathrm{u}¥dot{¥mathrm{s}}$ functions, defined on $(x_{0}-r, x_{0}+r)$ to $B$ $(¥mathrm{t}¥mathrm{h}¥mathrm{e}¥mathrm{s}¥overline{¥mathrm{e}}$

functions are $‘‘ ¥mathrm{E}¥mathrm{u}¥mathrm{l}¥dot{¥mathrm{e}}¥mathrm{r}-¥mathrm{C}¥mathrm{a}¥mathrm{u}¥mathrm{c}¥mathrm{h}¥dot{¥mathrm{y}}¥mathrm{p}¥dot{¥mathrm{o}}¥mathrm{l}¥mathrm{y}¥mathrm{g}¥mathrm{o}¥mathrm{n}¥dot{¥mathrm{s}}’’$, which are $¥mathrm{d}¥dot{¥mathrm{e}}¥mathrm{s}¥dot{¥mathrm{c}}¥dot{¥mathrm{r}}¥mathrm{i}¥mathrm{b}¥dot{¥mathrm{e}}¥mathrm{d}$ precisely $¥mathrm{i}¥dot{¥mathrm{n}}¥mathrm{p}¥mathrm{a}¥mathrm{r}¥mathrm{t}¥dot{¥mathrm{s}}$

A a$¥dot{¥mathrm{n}}¥mathrm{d}$ $B$ of the proof $¥mathrm{b}¥mathrm{e}1^{¥zeta}¥dot{¥mathrm{o}}¥mathrm{w}$ ).
$¥mathrm{T}¥mathrm{h}¥mathrm{r}¥mathrm{e}$ prootf of $¥mathrm{t}¥dot{¥mathrm{h}}$is theorem requires the $¥mathrm{f}¥mathrm{o}¥mathrm{l}¥mathrm{l}¥mathrm{o}¥mathrm{w}¥mathrm{i}¥dot{¥mathrm{n}}¥mathrm{g}$ modificati.on of the $¥mathrm{A}¥tilde{¥mathrm{s}}¥dot{¥mathrm{c}}¥mathrm{o}¥mathrm{l}¥mathrm{i}$

lemma, see, for $¥mathrm{e}¥dot{¥mathrm{x}}¥dot{¥mathrm{a}}¥mathrm{m}¥dot{¥mathrm{p}}¥mathrm{l}¥mathrm{e}$ , Royden [16, Theorem on p. 155]; notice tiiat $¥mathrm{i}¥ddot{¥mathrm{n}}$ the
$¥dot{¥mathrm{s}}¥mathrm{t}¥mathrm{a}¥dot{¥mathrm{t}}$ement of $¥mathrm{t}¥mathrm{h}¥mathrm{a}¥dot{¥mathrm{t}}$ $¥mathrm{t}¥mathrm{h}¥mathrm{e}¥mathrm{o}¥mathrm{r}¥overline{¥mathrm{e}}¥mathrm{m}$, the $¥mathrm{w}¥mathrm{o}¥ddot{¥mathrm{r}}¥mathrm{d}‘‘ ¥mathrm{c}¥mathrm{o}¥mathrm{m}¥mathrm{p}¥mathrm{a}¥dot{¥mathrm{c}}¥mathrm{t}$

”
$¥mathrm{m}¥dot{¥mathrm{e}}¥overline{¥mathrm{a}}¥mathrm{n}¥mathrm{s}$

$¥mathrm{w}¥mathrm{h}¥dot{¥mathrm{a}}¥mathrm{t}$ was $¥mathrm{p}¥mathrm{r}¥ddot{¥mathrm{e}}¥mathrm{v}¥mathrm{i}^{:¥mathrm{s}*}¥grave{¥mathrm{o}}¥mathrm{u}¥mathrm{s}¥mathrm{l}¥dot{¥mathrm{y}}$

referred to here as compact, plus closed. This $¥mathrm{c}¥mathrm{o}¥mathrm{n}¥mathrm{v}¥mathrm{e}¥mathrm{r}¥mathrm{g}¥mathrm{e}¥mathrm{n}¥mathrm{c}¥dot{¥mathrm{e}}$ lemma will $¥mathrm{b}¥dot{¥mathrm{e}}$ stated
precisely in the form needed here.

Lemma. Hypotheses:

1. $¥{f_{m}¥}_{m=1}^{¥infty}$ is a sequence of functions, defined on the finite $¥mathrm{c}¥mathrm{l}¥mathrm{o}¥overline{¥mathrm{s}}¥overline{¥mathrm{e}}¥overline{¥mathrm{d}}$ in $¥mathrm{t}$er $¥mathrm{v}¥mathrm{a}¥mathrm{l}$

$[¥alpha, ¥beta]$ , with values in a real Banach space $B;¥mathrm{t}¥dot{¥mathrm{h}}$at is, for each $¥mathrm{p}¥mathrm{o}¥overline{¥mathrm{s}}$itive
integer $m$ and $¥mathrm{e}¥mathrm{a}¥mathrm{c}¥overline{¥mathrm{h}}x$ satisfying a $¥leqq x¥leqq¥beta$, the vector $f_{m}(x)$ is an element
of $B$ ;

2. $¥{f_{m}¥}_{m=1}^{¥infty}$ is an equally uniformly continuous sequence of functions on $[¥alpha, ¥beta]$ ;
that is, given $¥mathrm{e}>0$, there exists a $¥delta=¥delta(¥epsilon)>0$ , independent of $m$, such that
whenever $|x_{2}-x_{1}|<¥delta$ , $¥mathrm{w}¥mathrm{i}¥mathrm{t}¥dot{¥mathrm{h}}x_{1}$ , $x_{2}$ in $[¥alpha, ¥beta]$ , $¥mathrm{t}¥mathrm{h}¥overline{¥mathrm{e}}¥mathrm{n}$

$||f_{m}(x_{2})-f_{m}(x_{1})||<¥mathrm{e}$ for
every positive $¥mathrm{i}¥dot{¥mathrm{n}}¥mathrm{t}¥mathrm{e}¥mathrm{g}¥mathrm{e}¥mathrm{r}$ $m$ ;

3. the sequence of functions $¥{f_{m}¥}_{m=1}^{¥infty}$ is pointwise compact on $[¥alpha, ¥beta]$ ; that is;
for each $x¥in[¥alpha, ¥beta]$ , the sequence of $¥mathrm{v}¥mathrm{e}¥mathrm{c}¥mathrm{t}¥mathrm{o}¥mathrm{r}¥dot{¥mathrm{s}}$ $¥{f_{m}(x)¥}_{J}^{¥infty}n=¥iota$ contains a convergent
$¥mathrm{s}¥mathrm{u}¥mathrm{b}¥dot{¥mathrm{s}}¥mathrm{e}¥mathrm{q}¥mathrm{u}¥mathrm{e}¥mathrm{n}¥mathrm{c}¥mathrm{e}$ $¥{f_{k(m)}(x)¥}_{m=1}^{¥infty}$ , where $k$ is a strictly increasing function, from
the positive integers to the positive integers.
$¥mathrm{C}^{-}¥mathrm{o}¥mathrm{n}¥mathrm{c}1¥mathrm{u}¥mathrm{s}¥mathrm{i}¥mathrm{o}¥mathrm{n}$ : The sequence of functions $¥{f_{¥mathrm{m}}¥}_{¥mathrm{m}=}^{¥infty}¥iota ¥mathrm{c}¥mathrm{o}¥mathrm{n}¥mathrm{t}¥mathrm{a}¥mathrm{i}¥mathrm{n}¥dot{¥mathrm{s}}$ a $¥mathrm{s}¥mathrm{u}¥mathrm{b}¥mathrm{s}¥mathrm{e}¥mathrm{q}^{¥mathrm{A}}¥dot{¥mathrm{u}}¥mathrm{e}¥mathrm{n}¥mathrm{c}¥overline{¥dot{¥mathrm{e}}}$

$¥mathrm{I}f_{p}(m)¥}_{m=1}^{¥infty}$ , which converges $¥mathrm{u}¥mathrm{h}¥mathrm{i}¥mathrm{f}^{¥mathrm{L}}¥mathrm{o}$ rmly to a- contin?ous $¥mathrm{f}¥mathrm{u}¥mathrm{n}¥grave{¥dot{¥mathrm{c}}}¥mathrm{t}¥mathrm{i}¥mathrm{o}¥dot{¥mathrm{n}}¥mathrm{f}¥mathrm{f}$ on $[a, ¥beta]$ ;
that is, there is a continuous function $f:[¥alpha, ¥beta]¥rightarrow B$, and a strictly increasing
function $p$ , from the $¥mathrm{p}¥mathrm{o}¥mathrm{s}¥mathrm{i}¥mathrm{t}¥mathrm{i}¥mathrm{v}¥overline{¥mathrm{e}}$ integers to the $¥mathrm{p}¥leftarrow$ositive integers, such that

$¥lim_{m¥rightarrow¥infty}||f_{p}(m)(x)-f(x)||=0$,

uniformly for $x$ in $[¥alpha, ¥beta]$ .
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Proof of the theorem:
The existence proof will be given for the interval $[x_{0}, x_{0}+r]$ , rather than

$[x_{0}-r, x_{0}+r]$ , because the extension to $[x_{0}-r, x_{0}]$ is obvious. For convenience,
the proof will be divided into several steps.

A. The Sequence of Partitions of $[x_{0}, ¥mathrm{x}_{0}+r]$ .
Let $¥phi$ be a function from the positive integers to the positive integers, and;

for each positive integer $m$ , let $[x_{0}, x_{0}+r]$ be partitioned into $¥phi(m)$ subintervals,
$x_{¥dot{0}}=x(0, m)<x(1, m)<x(2, m)<¥cdots<x(¥phi(m)-1, m)<x(¥phi(m), m)=¥dot{x}_{0}+r$ .

B. Definition of the Sequence of Euler-Cauchy Polygons $¥{f_{m}¥}_{m=1}^{¥infty}$ .
In terms of the given sequence of partitions of $[x_{0}, x_{0}+r]$ , the sequence of

“polygons $¥{f_{m}¥}_{m=1}^{¥infty}$ is defined inductively, on the interval [$x_{0}$ , $x_{0}+r3$ , as follows.
Let $m$ be a positive integer, and define

$f_{m}(x)=y_{0}+F(x_{0}, y_{0})(x-x_{0})$ for $x_{0}¥leqq x¥leqq x(1, m)$ .

Clearly, $(x,f_{m}(x))$ is in $R$ for $¥dot{x}_{¥dot{0}}¥leqq x¥leqq x(1, m);¥mathrm{b}¥mathrm{e}¥mathrm{c}¥dot{¥mathrm{a}}¥mathrm{u}¥mathrm{s}2¥mathrm{e}$

$||f_{m}(x)-y_{0}||=||F(x_{0}, y_{0})(x-x_{0})||¥leqq M(x-x_{0})<b$ .

In particular, $(x(1, m),f_{m}’(x(1, m)))$ is in $R$ . If $x(1, m)<x_{0}+r$, one may then
define $f_{m}(x)$ , on the next subinterval $[x(1, m), x(2, m)]$ , by

$f_{m}(x)=y_{0}+F(x_{0}, y_{¥dot{0}})(x(1, m)-x_{¥dot{0}})+F(x(1, m),f_{m}(x(1, rn)))(x-x(1, m))$ ,

for $x(1, m)¥leqq x¥leqq x(2, m)$ . Notice that

$||f_{m}(x)-y_{0}||¥leqq M[(x(1, m)-x_{0})+(x-x(1,m))]=M[x-x_{0}]¥leqq Mr<b$ .

Hence, for $x(1, m)¥leqq x¥leqq x(2, m)$ , it is true that $(x,f_{m}(¥overline{x}))$ is in $R$ .
Using $¥mathrm{m}¥mathrm{a}¥dot{¥mathrm{t}}¥mathrm{h}¥mathrm{e}¥mathrm{m}¥mathrm{a}¥dot{¥mathrm{t}}¥mathrm{i}¥mathrm{c}¥mathrm{a}¥mathrm{l}$ induction, suppose $¥mathrm{t}¥dot{¥mathrm{h}}$at $f_{m}(x)$ has been $¥mathrm{d}¥dot{¥mathrm{e}}$fined, by this

stepwise procedure, for $x_{0}¥leqq x¥leqq x(j, m)$ , where $1¥leqq j<¥phi(m)$ , and that $(x,f_{m}(x))$

is in $R$ for all such $x$ . In particular, $(x(j, m),f_{m}(x(j, m)))$ is in $R$ . Therefore,
one may then define $f_{nt}(x)$ , on the next subinterval $[x(j, m), x(j+1, m)]$ , by

$f_{m}(x)=y_{0}+¥sum_{k=1}^{¥dot{f}}F(x(k-1, m),f_{m}(x(k-1, m)))(x(k, m)-x(k-1, m))$

(P) $+F(x(j, m),f_{m}(x(j, m)))(.x-x(j, m))$ ,

for $x(j, m)¥leqq x¥leqq x(j+1, m)$ . As before, notice that

$||f_{m}(x)-y_{0}||¥leqq M[¥sum_{k=1}^{j}(x(k, m)-x(k-1, m))+x-x(j, m)]$

$=M[x--x_{0}]¥leqq Mr<b$ .

Hence, by this last inequality, together with the induction hypothesis, it follows,
for $x_{0}¥leqq x¥leqq x(j+1;m)$ , that $(x,f_{m}(x))$ is in $R$ . This means that $f_{m}(x)$ is well
defined by this stepwise procedure, and is given by (F) for $j¥geqq 1$ ; actually, (P)
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also holds for $¥mathrm{j}=0$ , with the understanding that the sum $¥sum_{k=1}^{0}¥cdots ¥mathrm{i}¥mathrm{s}$ taken to be

equal to zero.
Since,

$||f_{m}(x)-y_{0}||<b$

for every positive integer $m$ , the sequence $¥{f_{nt}(x)¥}_{m=1}^{¥infty}$ is equally bounded on
$[x_{0}, x_{0}+r]$ .

C. Equal Uniform Continuity of the Sequence of Functions $¥{f_{m}¥}_{m=1}^{¥infty}$ .
Let $¥xi_{1}$ and $¥xi_{2}$ De numbers in $[x_{0}, x_{0}+r]$ , where, without loss, it is assumed

that $x_{0}¥leqq¥xi_{1}¥leqq¥xi_{2}¥leqq x_{0}+r$ . There are two cases to consider, for each positive integer
$m:(¥mathrm{i})¥xi_{1}$ and $¥xi_{2}$ are in the same subinterval of the $m^{¥mathrm{t}¥mathrm{h}}$ partition; (ii) $¥xi_{1}$ and
$¥xi_{2}$ are in different subintervals.

(i) Suppose $x(j,m)¥leqq¥xi_{1}¥leqq¥xi_{2}¥leqq x(j+1, m)$ , for some $j$ with $0¥leqq j<¥phi(m)$ .
Then, using the definition, (P), of $¥mathrm{t}¥mathrm{h}¥mathrm{e}.‘ ¥mathrm{p}¥mathrm{o}¥mathrm{l}¥mathrm{y}¥mathrm{g}¥mathrm{o}¥mathrm{n}¥mathrm{a}¥mathrm{l}$

” function $f_{m}$ , one has

$||f_{m}(¥xi_{2})-f_{m}(¥xi_{1})||=||F(x(j, m),f_{m}(x(j, m)))(¥xi_{2}-¥xi_{1})||¥leqq M(¥xi_{2}-¥xi_{1})$ .

(ii) Suppose

$x(j,m)¥leqq¥xi_{1}¥leqq x(j+1, m)¥leqq x(j+2, m)¥leqq¥cdots¥leqq x(j+l, m)¥leqq¥xi_{2}¥leqq x(j+l+1,m)$,

for some $j$ with $0¥leqq j<¥phi(m)$ , where the positive integer I satisfies $l¥geqq 1$ and
$0<j+l+1¥leqq¥phi(m)$ . The proof, $¥mathrm{i}¥mathrm{r}¥mathrm{i}$ this case (ii), $¥mathrm{c}¥dot{¥mathrm{o}}$nsists of a repeated application
of the inequality already obtained in case (i). First, from case (i), it follows
that

$||f_{m}(¥xi_{2})-f_{m}(x(j+i, m))||¥leqq M(¥xi_{2}-x(j+i, m))$ ;
$||f_{m}(x(k, m))-f_{m}(x(k-1, m))||¥leqq M(x(k, m)-x(k-1, m))$,

for $k=j+2$, $j+3$, $¥cdots,j+l$ ; and

$||f_{nt}(x(j+l, m))-f_{m}(¥xi_{1})||¥leqq M(x(j+1, m)-¥xi_{1})$.

Next, since

$f_{m}(¥xi_{2})-f_{m}(¥xi_{1})=f_{m}(¥xi_{2})-f_{m}(x(j+f, m))$

$+k=+2¥sum_{J}^{j+l}[f_{m}(x(k, m))-f_{m}(x(k-1,m))]$

$+f_{m}(x(j+1,m))-f_{m}(¥xi_{1})$ ,

it follows, from the triangle inequality, that

$||f_{m}(¥xi_{2})-f_{m}(¥xi_{1})||¥leqq M[(¥xi_{2}-x(j+i, m))+¥sum_{¥hslash=j+2}^{j+l}(x(k, m)-x(k-1, m))$

$+(x(j+1,m)-¥xi_{1})]=M(¥xi_{2}-¥xi_{1})$ .
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Thus, it has been shown that if $¥xi_{1}$ and $¥xi_{2}$ are numbers in $[x_{0}, x_{0}+r]$ , then, for
any positive integer $m$, one has

$||f_{m}(¥xi_{2})-f_{m}(¥xi_{1})||¥leqq M|¥xi_{2}-¥xi_{1}|$ ,

which proves the equal uniform continuity of the sequence of functions $¥{f_{m}¥}_{m=1}^{¥infty}$

on $[x_{0}, x_{0}+r]$ .

D. Pointwise Compactness of the Sequence of Functions $¥{f_{m}¥}_{m=1}^{¥infty}$ .
Let $x$ be in $[x_{0}, x_{0}+r]$ . It will be shown that the sequence of vectors

$¥{f_{m}(x)¥}_{m=1}^{¥infty}$ is compact; that is, it contains a convergent subsequence. If $x=x_{0}$,
then $f_{m}(x_{0})=y_{0}$ for every $m$ , and there is nothing to prove. Therefore, it will
be supposed that $x_{0}<x<x_{0}+r$.

For each positive integer $m$ , there is a unique, nonnegative integer $j(m)=$

$j(m, x)$ , with $0¥leqq j(m)<¥phi(m)$ , such that

$x(j(m), m)¥leqq x¥leqq x(j(m)+1,m)$.

Consider the sequence of vectors

$¥{¥frac{f_{m}(x)-y_{0}}{x-x_{0}}¥}_{m=1}^{¥infty}$.

In view of the definition (P) of the polygonal function $f_{m}$ , one has that

$¥frac{f_{m}(x)-y_{0}}{x-x_{0}}=¥sum_{=1}^{¥ddot{f}(m)}F(x(k-1, m),f_{m}(x(k-1,m)))¥cdot¥frac{(x(k,m)-x(k-¥mathrm{L}m))}{(x-x_{0})}$

$+F(x(j(m),m),f_{n}(x(j(m),m)))¥cdot¥frac{(x-x(j(m),m))}{(x-x_{0})}$ .

Notice that, letting

$¥lambda_{k}=¥frac{x(k,m)-x(k-1,m)}{x-x_{0}}$ , for $k=1,2$, $¥cdots,j(m)$ ;

$¥lambda_{j(m)}+1=¥frac{x-x(j(m),m)}{x-x_{0}}$ ;

and

$yk=F(x(k-1, m),f_{m}(x(k-1, m)))$ , for $k=1,2$, $¥cdots,j(m)+1$ ,

one has

$¥frac{f_{pn}(x)-y_{0}}{x-x_{0}}=¥sum_{k=1}^{j(m)+1}¥lambda_{k}y_{k}$ ,

where $¥mathrm{o}¥leqq¥lambda k¥leqq 1$ $¥mathrm{a}¥mathrm{n}¥mathrm{d}¥sum_{h=1}^{j(m)+1}¥lambda k=1$ . That is, for each positive integer $m$ , the vector,
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$¥underline{f_{m}(x)-y_{¥mathrm{Q}}}$

,
$x-x_{0}$

is a convex combination of vectors lying in the range of $F$. Thus, the sequence

$¥{¥frac{f_{m}(x)-y_{0}}{x-x_{0}}-¥}_{m=1}^{¥infty}$

lies in the smallest convex set which contains $F(R)$ . Since $F(R)$ is compact,
it follows, by a theorem of Mazur $¥mathrm{E}83$ , that the smallest convex set which contains
$F(R)$ is also compact. Consequently, the sequence of vectors

$¥{¥frac{f_{m}(x)-y_{0}}{x-x_{0}}¥}_{m=1}^{¥infty}$

conta,in. $¥mathrm{s}$ a convergent $¥mathrm{s}¥mathrm{u}¥mathrm{b}¥mathrm{s}¥mathrm{e}¥mathrm{q}¥mathrm{u}¥mathrm{e}¥mathrm{n}¥mathrm{c}¥mathrm{e}_{¥mathfrak{j}},$’ and this peans that the sequence of $¥mathrm{v}_{u}¥mathrm{e}$ctors
$¥{f_{m}(x)¥}_{m=1}^{¥infty}$ also contains a convergent $¥mathrm{s}¥mathrm{u}_{1}.¥mathrm{b}_{i}¥mathrm{s}¥mathrm{e}¥mathrm{q}¥mathrm{u}¥mathrm{e}¥mathrm{n}¥mathrm{c}¥mathrm{e}$ . This complefes the $¥mathrm{p}¥sim ¥mathrm{r}¥mathrm{o}¥mathrm{o}¥mathrm{f}$

that the sequence of functions $¥{f_{m}¥}_{m=1}^{¥infty}$ is $pt$ointwise compact on $[x_{0}, x_{0}+r]$ .
E. Application of the Convergence Lemma.
In view of what has already been shown, the convergence kmma may now

be applied to the sequence of functions $¥{f_{J}n¥}_{m=1}^{¥infty}$ on $[x_{0}, x_{0}+r]$ . Therefore, there

is a subsequence of functions $¥{f_{pm}()¥}_{m=1}^{¥infty}$ which converges uniformly to a con-
$¥mathrm{t}¥mathrm{i}¥mathrm{n}¥mathrm{u}¥mathrm{o}¥mathrm{u}¥dot{¥mathrm{s}}$ fu-.nction $f$ on $[x_{0}, x_{0}+r]$ ; that $¥mathrm{i}¥backslash ¥mathrm{s}$ ,

$f(x)=m¥varliminf f_{p}(m)(x)$,

the convergence being uniform on $[x_{0}, x_{0}+r]$ .
F. Existence of a Solution to the Initial Value Problem.
F.0. In this section, it will be shown that if the sequence of partitions of

$[x_{0}, x_{0}+r]$ is sufficiently “fine” (in the precise sense specified in F. 4 below),
then the function /, which was obtained as the limit of the subsequence
$¥{f_{p}(m)¥}_{m=1}^{¥infty}$ of polygonal functions, is indeed a solution to the initial value
problem.

To avoid complicating the notation further, the subsequence $¥{f_{p}(m)¥}_{m=1}^{¥infty}$ will

be written simply $¥{f_{m}¥}_{m=1}^{¥infty}$ , as if it were the original sequence. Thus, one has

$f(x)=¥lim_{m¥rightarrow ¥mathrm{a}¥mathrm{e}}f_{m}(x)$ ,

the convergence being uniform on $[x_{0}, x_{0}+r]$ .
The function /, being the uniform limit of a sequence of continuous func-

tions, is also continuous. It $¥mathrm{i}¥mathrm{q}$

$¥mathrm{n}¥mathrm{o}¥mathrm{w}¥sim$ to be shown that the (strong) derivative
$f^{¥prime}(x)$ exists for each $x$ in [$x_{0}$ , $x_{0}+r)$ , and, in fact, $¥mathrm{e}¥mathrm{q}¥mathrm{u}*¥mathrm{a}¥mathrm{l}¥mathrm{s}$ $F(x,f(x))$ . (Clearly,

the initial condition $f(x_{0})=y_{0}$ is satisfied.) This will follow from the estimate
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for

$||¥frac{f_{m}(¥xi)-f_{m}(x)}{¥xi-x}-F(x,f(x))||$ ,

with $¥xi¥neq x$ , which is obtained in F. 4 belows. In sections F. 1, F. 2, and F. 3,
which are preliminary to F. 4, given $¥mathrm{e}>0$, three positive numbers $(¥dot{0}, ¥mathrm{h}, ¥mathrm{N})$ are
chosen. The argu-ment is divided into two cases, first $x_{0}<x<x_{0}+r$, and then
$x=x_{0}$.

F.I. Consider $x$ such that $x_{0}<x<x_{0}+r$ (the case $x=x_{0}$ will be considered
in F. 7). Let $¥mathrm{e}>0$ . The function $F$ is continuous at $(x,f(x))$ . Therefore,
there exists $¥delta=¥delta$ ( $¥mathrm{e}$, x-)>0 so small that $¥mathrm{b}¥mathrm{o}$.th

$x_{0}<x-¥delta<x<x+¥delta<x_{0}+r$

and

$¥delta<b-||f(x)-y_{0}||$

hold. Further, $¥delta$ is such that, whenever

$ x-¥delta<¥xi<x+¥delta$ ,

and

$||y-f(x)||<¥delta$,

hold, then

$||F(¥xi, y)-F(x,f(x))_{1}^{¥mathrm{I}}‘<¥vee¥backslash $ .

Notice $¥mathrm{t}¥sim ¥mathrm{h}.¥mathrm{a}¥mathrm{t}_{¥mathrm{s}}$ if- $(¥xi, y)$ satisfies
$|¥xi-x|<¥delta$ and $||y-f(x)||<¥delta$ ,

then $(¥xi, y)$ is in $R$ , the domain- of definition- of $¥mathrm{t}¥mathrm{h}¥mathrm{e}_{¥sim}$ function $F$, because

$x_{0}<¥xi<x_{0}+r$ ,

and, by the triangle inequality,

$||y-y_{0}||¥leqq||y-f(x)||+||f(x)-y_{0}||<¥delta+||f(x)-y_{0}||<b$.

F.2. The function $f$ is $¥mathrm{c}¥mathrm{q}¥mathrm{n}¥mathrm{t}¥mathrm{i}¥mathrm{n}¥mathrm{u}¥circ 1_{¥mathrm{t}}1¥mathrm{S}$ at $x$ . Therefore, given $¥delta/2>0$ (this
positive number $¥delta$ was determined in F. 1), there exists $h=h(¥mathrm{e}, x)>0$ such that
$ h<¥delta$ , and, whenever

$|¥xi-x|<h<¥delta$,

then

$||f(¥xi)-f(x)||<¥frac{¥delta}{2}$ .
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F.3. The sequence of functions $¥{f_{m}¥}_{m=1}^{¥infty}$ converges uniformly to $f$ on the
interval $[x_{0}, x_{0}+r]$ . Therefore, by the uniform convergence, given $¥delta/2>0$ , there
exists a positive integer $N=N(¥mathrm{e})$ such that

$||f_{m}(¥xi)-f(¥xi)||<¥frac{¥delta}{2}$

for every $¥xi$ satisfying $x_{0}¥leqq¥xi¥leqq x_{0}+r$, and every integer $m>N$.
Hence, in particular, for $|¥xi-x|<h$ , where $h$ is the positive number deter-

mined in F. 2, it will be true, using the triangle inequality, that

$||f_{m}(¥xi)-f(x)||¥leqq||f_{m}(¥xi)-f(¥xi)||+||f(¥xi)-f(x)||<¥frac{¥delta}{2}+¥frac{¥delta}{2}=¥delta$ ,

for $m>N$. Therefore, from Section F. 1, it follows that, whenever

$|¥xi-x|<h<¥delta$ and $m>N$,

one has that

$||F(¥xi,f_{m}(¥xi))-F(x,f(x)))||<¥mathrm{e}$ .

$¥mathrm{F}_{¥sim}4$. So far in the argument, no particular restriction has been placed on
the sequence of partitions of $[x_{0}, x_{0}+r]$ . However, it will now be further
assumed that as $ m¥rightarrow¥infty$ , the length of the largest subinterval of the $m^{¥mathrm{t}¥mathrm{h}}$ partition
tends to zero; that is,

$¥lim_{m¥rightarrow¥infty}$ $¥{¥max_{1¥leqq k¥leqq¥phi(m)}[x(k,m)-x(k-1, m)]¥}=0$.

F.5. The purpose of the present section is to $¥dot{¥mathrm{s}}¥mathrm{h}¥mathrm{o}¥mathrm{w}$ that when $0<|x-¥xi|$

is sufficiently small, then

$||¥frac{f_{m}(¥xi)-f_{m}(x)}{¥xi-x}-F(x,f(x))||$

will be small for all sufficiently large $m$ .
Suppose, for definiteness, that $ x<¥xi$ ; the argument is similar if $¥xi<x$ . For

each positive integer $m$, there are nonnegative integers $j(m)$ and $J(m)$ such that

$x(J(m), m)¥leqq x<x(J(m)+1, m)$,

and

$x(j(m), m)¥leqq¥xi<x(j(m)+1, m)$ .

Further, by the additional assumption just made concerning the sequence of
partitions, it follows that

$¥lim_{m¥rightarrow¥infty}x(J(m), m)=x$ ,
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and

$¥lim_{m¥rightarrow¥infty}x(j(m), m)=¥xi$ .

It is, therefore, possible to choose a positive integer $¥overline{N}$ , greater than the $N$ in
F. 3, such that

$J(m)<j(m)$

for all $m>¥overline{N}$ . Since this last inequality implies that

$J(m)+1¥leqq j(m)$ ,

it follows that

$ x<x(J(m)+1, m)¥leqq x(j(m), m)¥leqq¥xi$ .

It is important, in the following argument, that there should be at least
one partition number between $x$ and $¥xi$ . As a matter of fact, it is precisely
this circumstance which motivated the additional restriction just made on the
sequence of partitions.

Since $ x<¥xi$, it follows that, for all sufficiently large positive integers $m$,

$J(m)<j(m)$,

so that

$J(m)+1¥leqq j(m)$ ;

consequently, the following inequality will hold

$ x<x(J(m)+1, m)¥leqq x(j(m), m)¥leqq¥xi$.

Notice that, for all $m$,

$ x(j(m), m)¥leqq¥xi$ .

It will first be assumed, in the argument, that the strict inequality $ x(j(m), m)<¥xi$

holds; the special case when $ x(j(m), m)=¥xi$ will be considered in passing.
Consider the interval $[x, ¥xi]$ . The starting point of the argument is the

following identity, which expresses a difference quotient over $[x, ¥xi]$ as a convex
combination of difference quotients over smaller subintervals. This identity is

$¥frac{f_{m}(¥xi)-f_{m}(x)}{¥xi-x}=(¥frac{f_{m}(x(J(m)+1,m))-f_{m}(x)}{x(J(m)+1,m)-x})(¥frac{x(J(m)+1,m)-x}{¥xi-x})$

$+¥sum_{i=j(m)+2}^{j(m)}(¥frac{f_{m}(x(i,m))-f_{m}(x(i-1,m))}{x(i,m)-x(i-1,m)})$

$¥times(¥frac{x(i,m)-x(i-1,m)}{¥xi-x})$



204 J. M. BOWNDS and J. B. DIAZ

$+¥frac{f_{m}(¥xi)-f_{m}(x(j(m),m))}{¥xi-x(j(m),m)})¥cdot(¥frac{¥xi-x(j(m),m)}{¥xi-x})$.

That this identity, indeed, expresses the “large” difference quotient as a
convex combination of “smaller” difference quotients, is clear from the fact that

$1=(¥frac{x(J(m)+1,m)-x}{¥xi-x})+¥sum_{i=j(m)+2}^{j(m)}(¥frac{x(i,m)-x(i-1,m)}{¥xi-x})^{2}$

$+(¥frac{¥xi-x(j(m),m)}{¥xi-x})$ .

The integer $j(m)¥geqq J(m)+1$ ; it is understood that, if $j(m)=J(m)+1$, then $¥Sigma¥cdots$ ,
in the last two equations, is taken to be zero. It is to be noticed that, if $x(j(m)$ ,
$ m)=¥xi$, then the above expression for the difference quotient remains valid,
provided that the last term on the right hand side, following the summation, is
replaced by zero.

In view of the recursive $¥mathrm{d}¥mathrm{e}¥mathrm{f}¥mathrm{i}¥dot{¥mathrm{n}}$ition (P) for the polygonal functions, the
difference quotients for the smaller subintervals may be replaced by suitable
values of the function $F$. Thus,

$¥frac{f_{m}(¥xi)-f_{m}(x)}{¥xi-x}=F(x(J(m), m),f_{m}(x(J(m)+1, m)))(¥frac{x(J(m)+1,m)-x}{¥xi-x})$

$+¥sum_{i=f(m)+2}^{j(m)}F(x(i-1, m),f_{m}(x(i, m)))¥cdot(¥frac{x(i,m)-x(i-1,m)}{¥xi-x})$

$+F(x(j(m), m),f_{m}(x(j(m), m)))(¥frac{¥xi-x(j(m),m)}{¥xi-x})$.

This equation holds for $ x(j(m), m)¥leqq¥xi$. Also, by multiplying the next to the
last equation above by $F(x,f(x))$ , it follows that

$F(x,f(x))=F(x,f(x))(¥frac{x(J(m)+1,m)-x}{¥xi-x})$

$+¥sum_{i=f(m)+2}^{j(m)}F(x(x,f(x))(¥frac{x(i,m)-x(i-1,m)}{¥xi-x})$

$+F(x,f(x))(¥frac{¥xi-x(j(m),m)}{¥xi-x})$ .

Again, this equation holds for $ x(j(m), m)¥leqq¥xi$ .
Subtracting the last two equations, taking the norm of the left hand side,

and using the triangk $¥mathrm{i}¥mathrm{n}¥mathrm{e}¥dot{¥mathrm{q}}¥mathrm{u}¥mathrm{a}¥mathrm{l}¥mathrm{i}¥mathrm{t}¥mathrm{y}$ , gives the $¥mathrm{k}¥dot{¥mathrm{e}}¥mathrm{y}$ inequality:

$||¥frac{f_{m}(¥xi)-f_{m}(x)}{¥xi-x}-F(x,f(x))||$

$¥leq||F(x(J(m), m), f_{m}(x(J(m)+1, m)))-F(x,f(x))||¥cdot(¥frac{x(J(m)+1,m)-x}{¥xi-x})$
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$+¥sum_{i=f(m)+2}^{j(m)}||F(x(i-1, m),f_{m}(x(i, m)))-F(x,f(x))||(¥frac{x(i,m)-x(i-1,m)}{¥xi-x})$

$+||F(x(j(m), m))-F(x,f(x))||(¥frac{¥xi-x(j(m),m)}{¥xi-x})$ .

This inequality, which was derived under the assumption that $ x<¥xi$, is readily
seen to hold also when $¥xi<x$, essentially by interchanging the roles of $¥xi$ and $x$ .

Now, let $¥mathrm{e}>0$, and choose $¥delta$ , $h$ , and $N$ as in F. 1, F. 2, and F. 3 respectively.
Suppose, again for definiteness, that $ x<¥xi$ , the argument being similar for $¥xi<x$ .
Then, for sufficiently large $m$ , it is true that both $m¥geqq N$ and $J(m)<j(m)$ . For
any such $m$, it will be true, by F. 3, that, whenever $0<¥xi-x<h$, each of the
norms on the right hand side of the key inequality may be replaced by $¥mathrm{e}$, and
still have, a fortiori, a valid inequality. But, if this replacement is made, then
the coefficient of $¥mathrm{e}$ , on the right hand side of the new inequality, is simply one.
Therefore, for any such sufficiently large $m$,

$||¥frac{f_{m}(¥xi)-f_{m}(x)}{¥xi-x}-F(x,f(x))||<¥mathrm{e}$,

provided $0<¥xi-x<h$ . However, the same argument shows that the same inequ-
ality continues to hold for $0<x-¥xi<h$. In summary, this inequality holds, for
sufficiently large $m$, whenever $0<|¥xi-x|<h_{¥vee}$

F.6. Now, it only remains to let $ m¥rightarrow¥infty$ in the last inequality, for fixed $¥xi$

and $x$ . This means that, given $x$ satisfying $x_{0}<x<x_{0}+r$, and $¥mathrm{e}>0$, there is an
$h>0$ such that, whenever $x_{0}<¥xi<x_{0}+r$ and $0<|¥xi-x|<h<r$, then

$||¥frac{f(¥xi)-f(x)}{¥xi-x}-F(x,f(x))||¥leqq ¥mathrm{e}$ ;

that is,

$f^{¥prime}(x)=¥lim_{¥xi¥rightarrow x}¥frac{f(¥xi)-f(x)}{¥xi-x}=F(x,f(x))$ .

F. 7. In the previous argument it was assumed that $x_{0}<x<x_{0}+r$, and it
was proved that, for such $x$,

$f^{¥prime}(x)=F(x,f(x))$.

Only slight changes are necessary, in the argument from F. 1 to F. 6, when
$x=x_{0}$. In particular, as in F. 1, using the continuity of the function $F$ at
$¥zeta x_{¥mathrm{Q}},f(x_{0}))=(x_{¥mathit{0}}, y_{0})$ , given $¥epsilon>0$, the number $¥delta=¥delta(¥mathrm{e}, x_{0})>0$ has to be chosen suck
that both

$x_{0}<x_{0}+¥delta<x_{0}+r$

and
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$¥delta<b$

hold. Further, $¥delta$ is such that, whenever

$ x_{0}¥leqq¥xi<x_{0}+¥delta$ ,

and
$||y-y_{0}||<¥delta$,

hold, then

$||F(¥xi, y)-F(x_{0}, y_{0})||<¥mathrm{e}$.

As in F. 1, the above inequalities-imply that $(¥xi, y)$ is in $¥mathrm{i}$ , the domain of $F$.
Next, as in F. 2, since $f$ is continuous at $x_{0}$ , given $¥delta/2>0$ (the same $¥delta$ as

determined above), there exists $h=h(¥mathrm{e}, x_{0})>0$ such that $ h<¥delta$, and, whenever

$ x_{0}¥leqq¥xi<x_{0}+h<x_{0}+¥delta$ ,

then

$||f(¥xi)-f(x_{0})||=¥downarrow|f(¥xi)-y_{0}||<¥frac{¥delta}{2}$ .

Also, by the uniform convergence of $¥{f_{m}¥}_{m=1}^{¥infty}$ on $[x_{0}, x_{0}+r]$ , the choice of
$N$, as in F. 3, implies that, for $m>N$, it is true that

$||f_{m}(¥xi)-f(¥xi)||<¥frac{¥delta}{2}$ .

Thus, in particular, for $x_{0}¥leqq¥xi<x_{0}+h$ (where $h$ was chosen immediately above),
and $m>N$, it follows that

$||f_{m}(¥xi)-y_{0}||=||f_{m}(¥xi)-f(x_{0})||¥leqq||f_{m}(¥xi)-f(¥xi)||+||f(¥xi)-f(x_{0})||$

$<¥frac{1}{2}¥delta+¥frac{1}{2}¥delta=¥delta$ .

Therefore, as in F. 3,-whenever

$ x_{0}¥leqq¥xi<x_{0}+h<x_{0}+¥delta$ and $m>N$,

one has that

$||F(¥xi,f_{m}(¥xi))-F(x_{0},f(x_{0}))||=||F(¥xi,f_{m}(¥xi))-F(x_{0}, y_{0})||<¥mathrm{e}$ .

The argument proceeds, now, as in F. 5. It only has to be noticed that
$J(m)$ is now zero for every $m$ . Therefore, it follows that, for any sufficiently
large $m$ ,

$||¥frac{f_{m}(¥xi)-f_{m}(x_{0})}{¥xi-x_{0}}-F(x_{0},f(x_{0}))||=||¥frac{f_{m}(¥xi)-y_{0}}{¥xi-x_{0}}-F(x_{0}, y_{0})||<¥epsilon$ ,
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provided $x_{0}<¥xi<x+h$. Letting $ m¥rightarrow¥infty$ , as in F. 6, it finally follows that
$.f^{¥prime}(x_{0})=F(x_{0},f(x_{0}))$ ,

where $f^{¥prime}(x_{0})$ is understood to be the right hand derivative at $x_{0}$ .
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