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Euler-Cauchy Polygons and the Local
Existenice of Solutions to Abstract

Ord.inary Differential Equations

By J.M.Bownbps* and J. B.Diaz
(University of Arizona and Rensselaer Polytechnic Institute)

Abstract: A local ex1stéﬁ¢é theorem, of Peano type, is proved for the
initial-value problem for the ordmary differential equatlon y'=F(x,y), wheré
F is continiios as a fiinction of (x y), and ha§ values in a compact subset of
a réal Banach space B. The proof émploys Euler- Cauchy polygons in B. Theé

proof does not require any prev1ous khowlédge of dny theory of definite integra-
tion of Banach-valiied functions of 4 real variable.

I. Introduction
The local existence theory for solutions to the initial-value problem y'=
F(ax, y), y(%s) =Yy, where F has values in an arbltrary real Banach space B,
4hid i definéd in a nelghborhood of the iniitial point (axg yo), where z and Lo
are real, 'diﬁers funaérﬁéﬁt'éng}, according t6 wheétliet the space B in questlon is
finite dlmensmnal or not In the classxcal case that 1s when B is a finite
dimensional Eiclidean space, the theorem of Péhno [1] assures the ex1stence of
at least one SOlutlon, when F is assumed to bé continudus 1n i nelghborhood
of (g, yo) Howeéver, when B is inifinité dlmenswnal thé (strong) continuity. ‘
of F does not gliarantée the existence of a solition, as has been shown by
Dxeudonné [2 p. 287, ex. 5], see also Yorke [3] for an example when Bis a
§phics. Theréfore, in ordeér to obtdin a vahd local existence theorém for

an arbltrary Banach space, somethmg beyond contlnulty must be assumed for F
1t i8 known that i Strict enough condmons are 1mposed upon F, then it is
pos‘sible to prove the &xistende of 4 umque solutlon For resilts al ':ng these
lmes, see Browder [4], Kato [5], Hille and Phiit 1ps [6 p 671, and Lusternlk and
Sobblev [7 322] Ho wever, the mam con'.“r'n o*f the present paper 1s Wlth
thé determmatmn of Hons ¢ &
necessarlly umque solu R Tt 18 of mterest it the method of proof here
employs Eﬁler—Cauchy polygons in the given Banach space, whxch is analog' S

to the pro eclure orlgmally followed by Peano in Kis: dlassical paper In the

* ;I‘he Work of thls author was supported by the Albert Emstem Chalr of Scxence at
Rénsselaer Polytechmc Institute. - :
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present paper, when B is an arbitrary real Banach space, the proof of the
convergence of the Euler-Cauchy polygons presents the dlﬂiculty that the unit
sphere in B may contain a sequence of vectors without a converegent subse-
quence. This particular diﬂiculty' will be circumvented here by an application
of a theorem of Mazur [8].
The basic additional assumption made here on F is that its range be compact;
see the precise statement of the theorem below. Krasnoselskii and Krein [9]
state, but do not prove, a more general ex1stence theorem; they only mention,
in passing, that “the proof follows by usual methods” (presumably, the authors
have in mind ..ﬁxed—p.omt methods). Corduneanu [1_0] also proved an existence
theorem, using. fixed point methods on an equivalent integral operator. However,
in so doing, the additional assumption that F be uniformly continuous was
requ:red in the proof This. particular additional ,assumption also occurs. in
,_TDieudon‘né [2, p.287]. It.appears that the assumption of uniform continuity
is unavoidable when one employs the Schauder-Tychonoff fixed point theorem
for the corresponding integral operator T, defined by

TR@=yot f F(s, f())ds,

in the case when B is mﬁmte dlmensxonal In passirrg, it is also noted here
that the existence of a solutlon to the 1mt1a1—value problem may be proved by
assummg that F is merely continuous and ‘bounded, prov1ded there exists a
certain posxtlve—deﬁnlte contmuously (Fréchet) dlfferentlable aux:llary functlon
which, in con]unctxon W1th F, satlsﬁes rather restrlctlve propertles, see Murakam1
[11] or Lakshmikantham and Leela [12 P. 237] Also Chow and Schuur [13]
have proved the exxstence of a Weakly differentiable solutlon When the space: B
is reflexive. ‘ _ ,
The proof in the present paper requires neither the uniform contmulty of
F, nor the existence of any auxnhary functxon Also, this proof does not requxre
prev1ous knowledge of any. theory of deﬁrute 1ntegratxon of Banach-valued
functxons of a real varxable, Whereas some such theory is 1nd1spensable for any
proof based on an mtegral operator
. (Added May 29, 1972 After thxs paper was completed Professor R S
Phllhps kindly drew our attentlon to hlS paper [14], Where, as an applxcatlon of
l’llS general theory of 1ntegrat10n, he obtamed a “Caratheodory, almost every-
Where, type" theorem [15, D. 672], for the mmal value problem y F(x y),
(xo) yo, m a sequentlally complete llnear convex topologlcal space satlsfymg
the first countablhty axiom. The ex1stence of a solution of the initial value
problem, considered in the present paper, could be deduced from the result of
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Phillips, but not (without an additional argument) the uniform convergence of
the Euler-Cauchy polygons, which is the main purpose in the present paper,
simply bacause neither Carathéodory (see [15, p.667]) nor Phillips (see [14, p.
139]) makes use of “strict” Euler-Cauchy polygons as their approximating func-
tions in the case of a general “non-autonomous” F. [However, it must be
admitted that the case of a non-autonomous F(x, y), which “actually depends on
both x and y”, can be “reduced” to that of an autonomous F(x, y), that is to say
to that of an F which does not depend at all upon x, but only on y, merely by
increasing the dimension of the Banach space by one, namely, by considering
the “new” Banach space of all pairs (x,y), where x is a real number.and y is
an element of the original, or “old”, -B_anach.space, B.] The direct proof in
the present paper, which does. not require any previous theory of integration,
is still of independent interest. It is remarkable that the authors, menfio,ned
earlier in this introduction, seem to have been entirely unaware of the genefal
“Carathéodory type” existence theorem of Phillips, of 1940, while these authosr,
never theless, were directly concerned with the abstract initial value problem

Y =F(x, ), y(Xod=Yo)

II. An Existence Theorem for the Initial Value Problem
The main purpose of this section is the proof of the following theorem.
" Theorem. Hypothesas
1. zyis a real number and ¥, is an element of a real Banach space B; R is an
open rectangle, centered at (=, yo), and contained in the cross product of
the real numbers with B; that is, there exist positive real numbers a, b such
that ' ‘ ' '
R={(x,): |x—xol<a and lly—wll <8},
where % is real, y is in B, and ||-|| denotes the norm for B;
2. F is a function defined on R with values in B, that is, F: R—>B. Therange
"F(R) is compact in the strong topology for B, that is to say, every sequence
- of vectors in F(R) contains a subsequence which converges strongly to some
" vector in B; consequently, there is an M>0 such that |F(x, y)||<M for all
(x,y) in R.
8. F is (strongly) continuous on-R; that ié;' given any (x4, y;) in R, and any
>0, there exists d= 6(8, %3, ¥)>0 such that,” whenever (x,%) is in R, and
lx x1l<3 and lly—yill <8, |
then
1F(x, y)—F(ay, yplI<es
4. r satisfies the inequality
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0<r<min<a, 1\5_4)

Conclusion: There exists a strongly differentiable function f: (xy—7, .-+
r)—B such that

FI@=F(x, f(x)), for |z—g,|<r,
and
J(xo)=o.

Moreover, this functiord f i§ constructed as the uniform limit of & sequence of

piecewise linear, continitous functions, defined on (%y—r,x;+7r) to B (these

functions are “Euler-Cauchy polygons”, which are described precisely in parts

A and B of thé proof below). )

The f)i:oof of thi$ theorem requires the folloWihg modification of the AScoh
lemiria, seé, for example, Royden [16, Theorem on P 155], notice that in the
statément of that théoi'em, the wotd “compact” means what was 'previously
referred to here as compact, plus closed. This convergence lemma will be stated
precisely in the form needed here.

Lemma. Hypotheses.

1. | fm}m 1 is a sequence of functlons, deﬁned on the ﬁmte closed interval
[@, B], with values in a real Banach space B; that 1s for each positive
mteger m and each x satisfying an<B the vector fm(a:) is an element
of B,

2. | fm}m =1 is an equally umformly continuous sequence of functlons on [ae, Bl
that is, given >0, there exists a §=4(e)>0, mdepeqdcnt of m, such that
whenever |z,—4| <4, with 2,2, in [@,B], then [|fm(xs)—fm(zDll<e for
every positive mteger m; : /

3 the sequence of functions {fm}m 1 is pomtw1se compact on [ae, B], that is,
for each xe[a', B], the sequence of vectors { fm(x)}m 1 contains a convergent
subsequence { fk(m)(x)}m =1, Where k is a strxctly increasing function, from
the posmve integers to the positive 1ntegers.

Conclusion: The sequence of functions {f,}m=1 contains a subseqitence
{fpms}m=1, whick converges uniformly t6 a continaous function f on Fa, B1;
that is, there is a continuous function S [, B]->B and a strictly increasing
function p, from' the positive mtegers to the positive integers, such that

,3‘330 1 5o () — f(2D]| =0,

uniformly for x in [e«, 5].
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Proof of the theorem:
The existence proof will be given for the interval [xy, x,+7], rather than

[xo—7, Xo+7], because the extension to [xo—7, %,] is obvious. For convenience,
the proof will be divided into several steps.

A. The Sequence of Partitions of [x0, Xo+11.

Let ¢ be a function from the positive integers to the positive integers, and,
for each positive integer m, let [x,, 2o+7] be partitioned into ¢(m) subintervals,

2= 20, m) <2(1, m) <x(2, m) <+ <x(<75(m) =1, m)<a(p(m), m)=ixs+r.
B. Definition of the Sequence of Euler-Cauchy Polygons {fu}=1.
In terms of the given sequence of partitions of [, Xo+71, the sequence of

“polygons { fm}m 1is defined 1nduct1vely, on the interval Lo, x0+r}], as follows.
Let m be a positive integer, and define

T2 =ys+F(x6, yo)(x—2x0) for m<xr=<a(d, m).
Clearly, (&, f,(2)) is in R for x3=x<x(1, m), because
1 £ (D= yol| = [|1F (o, o) (—x)|| S M(x— ) <b.

In particular, (x(1, m), fnCx(,m))) is in R. If x(1, m)<zx,+r, one may then
define f,,(x), on the next subinterval [x(1, m), x(2, m)], by

Jm(2) =yo+F(Zo, yo) (2, m) —x4) +F(x(1, m), frn(x(d, m)))(x —x(1, m)),
for x(1, m)<x<x(2, m). Notice that
[ fm(2) —yoll =M [(x(1, m)—20) +(@—2x(1, m))]=M[x—x, 1< Mr<b.

Hence, for x(1, m)Sx<x(2 n), it is trie that (x f,,,(x)) is in R.

Using mathematical indiction, suppose that (%) has béen defined, by this
stepwise procedure, for x,<x<x(j, m), where 1<j<¢(m), and that (x, £, (2))
isin R for allsuchz. In partxcular, (x( 7, m) Su(2(4,m))) isin R. Therefore,
one may then define fm(x), on the next subinterval [x(j, m), 2(j+1,m)], by

I =yt 3 FG@R=1,m), fu@ (=1, m)))(aCl, m) —2Ch—1, m))
® + F G, m, Fualiy m)Ca=aCj, m),
for x(j, m)<x<x(j+1,m). As before, notice that

) —ll S M| 33 ) =2Ch=1; m))+ =2y ) |
= Mz~ 5,1<Mr<b. -
Hence, by this last inequaiity, together with the induction hypothesis, it follows,

for xo<ax<x(j+1;, m), that (x,fu(x)) is in R. This means that f,(x) is well
defined by this stepwise procedure, and is given by (P) for j=1; actually, (P)
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0
also holds for j=0, with the understanding that the sum 21 ---is taken to be
b=

equal to zero. '

Since,

| frm(®) — ol <&

for every positive. integer m, the sequence {f,,(x)}m=1 is equally bounded on
[xo, xo+T]. : '

C. Equal Uniform Continuity of the Sequence of Functions {fm}m=1.

Let £ and £&; be numbers in [x,, xo—l—r], where, without loss, it is assumed
that xOS§1<§2<xo+r There are two cases to cons1der, for each posmve integer
m: () §1 and £, are in the same subinterval of the mth partltlon, (u) & and
£, are in different subintervals.

(i) Suppose x2(j,m)<ESE<2(j+1,m), for some j with 0<ji<p(m).
Then, using the definition, (P), of the “polygonal” function f,,, one has

N fm(E2) — fm(EDN=IF(x( 4, m), fin(2(F, m))) (E2—ED|| S M(E—E1).

(ii) Suppose

2(Fm)SE S+, m)Sx(+2, m)< - Z2(f+I, m)<E=Sx(G+I+1,m),
for some j with 0<j<¢p(m), where the pdsitivé integer [ satisfies [=1 and
0<j+I+1=<¢p(m). The proof, in this case (ii), consists of a repeated application
of the inequality already obtained in case (i). First, from case (i), it follows
that

llfm(fz)—fm(x(JH m)||SM(&;—x(j+1,m));.
Hfm(x(k m))—fm(x(k —1, m)|| S M(x(k, m)—x(k—1,m)),

fork ]+2 j+3,--,j+1; and
Hfm(x(1+l m))—fm(&'l)lISM(x(J-l-l m)—&y).

Next, since
Fn ) = Fon (B0 = Fon(Es) —Fn(2Ci+1, m))
" |
+ 3 T (8l m)) = Fon(Ch—1, m))]
k=]-f-2 )
+FnECiH L, M) —Fn (€D,
it follows, from the triangle-inequality, that-
REY)
e —FnCEDNSM]| GG+l m)+ 31 (aCh ) —aC—1, m))

G+, m)—s.1>]=M<52-—51>.
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Thus, it has been shown that if £ and &, are numbers in [x¢, €o+7], then, for

any positive integer m, one has
1 fim(E2) —Fn(EDI S MIEs—E,

which proves the equal uniform continuity of the sequence of functions {f}m=1
on [, %o+7]. , . .
- D. Pointwise Compactness of the Sequence of Functions {fm}m=1.
Let x be in [xg 2o+7]. It will be shown that.the sequence of vectors
{ fm(x)} m=1 is compact; that is, it contains a convergent subsequence. If x=ux,,
then f.(x,) =y, for every m, and there is nothing to prove. Therefore, it will

be supposed that x,<x<x+7.
- For each positive integer m, there is a unique, nonnegatlve integer j(m)=

j(m, x), with 0<j(m)<¢(m), such that
2(j(m), m) Sz <2(j(m)+1,m).
Consider the sequence of vectors

{fm(x)—yo }°° )
m=1

L—=Xo

at

In view of the definition (P) of the polygohal function. Jfom» one ha‘s’ that

Sn(2) — yo-—(ZF(x(k 1 ), forEChL, ))) (@Ck, m)—x(k—1, m))

x—2X o (=)

+F(x(j(m), m), fm(x(](m),m))) (x— 9256](?:)),771)) .

Notice that, letting

Ak——_ x<k’m)_x(k_l,m) ’ for,.v k=192’ "‘,j(?ﬂ);

x— X
1.7'(m)+1= x—x(j(m), m) >
X=X
and
Ye=F(x(k—1,m), fru(x(k—1,m))), for k=1,2,---,j(m)-+1,
one has

Fu()—yy Sl
ST I ST Ay,
P kgl %Yk

o iom 41 . A .
where 0<4,<1 and. kEI Ax=1. That is, for each positive integer =, the vector,
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fm(x) In(®) =0

Tx—2x,

b

is a convex combination of vectors lying in the range of F. Thus, the sequence

{ fm(x)_'yo }w
R Py S
lies in the smallest convex set which contains F(R). Since F(R) is compact,
it follows, by a theorem of Mazur 8}, that the smallest convex set which contains
F(R) is also compact. Consequently, the sequence of vectors

{fm(x) Yo }
m=1

=2y
contains a convergent subsequence and this means that the sequence of vectors
{fm(®)}m=1 also contains a convergent subsequence. ThlS cornplet;es the proof
that the sequence of functions {fm} m=1 is pomtw1se compact on [, Zo+7].
E. Application of the Convergence Lemma.
In view of what has already been shown, the convergence lemma may now
be applied to the sequence of functiqp§ {fm} 7}31 on [xy, o+7]. Therefore, there

is a subsequence of functions { fp(m)}':—l which converges uniformly to a con-
tinuous functlon f on [xo, xo+r], that 1s '

§€D) =»3L12 fp(m) (x),

the convergence being uniform on [, x,+7].

F. Existence of a Solution to the Initial Value Problem.

F.0. In this section, it will be shown that if the sequence of partitions of
[%q, o+7] is sufficiently “fine” (in the precise sense specified in F.4 below),
then the function f, which was obtained as the limit of the subsequence

{fptm}m=1 of polygonal functions, is indeed a solution to the initial value
problem.

To avoid complicating the notation further, the subsequence {fpim}m=1 will

be written simply {f,}m=1, as if it were the original sequence. Thus, one has

F=lim fu,

the convergence being uniform on [, 2,+71.

The function f, being the umform limit of a sequence of continuous func-
tions, is also continuous. It is now to be shown that the (strong) derivative
f'(x) exists for each x in [%y, Xo+7), and, in fact, equals F(x, f()). (Clearly,
the initial condition f(x,)=y, is satisfied.) This will fo_llow, from' the estimate



Euler-Cauchy Polygons and tl;e Local Exisfence of Solutions 201

for

§—x
with £+x, which is obtained in F.4 belows. In sections F.1, F.2, and F.3,
which are preliminary to F.4, g“iven >0, three positive numbers (4,h,N) are
chosen. The argument is divided into two cases, first 2,<x<%o+7, and then

F.1. Con51der x such that x0<x<x0+r (the case x= %, will be considered
in F.7). Let e>0 The function F is continuous at (x f(x)) Therefore
there exists §=24(e, 2)>0 so small that both

< —0<x<Lx+0<xp+7

—F(, f@)||,

and
0<b—||f(®)—yoll
hold. Further, J§ is such that, whenever
| x—8<E<x+6,
and
| ly—FCI<,
hold, then "

ECE, y)—F(ax, feDI <=
Notice that, if (£,7) satisfies
l6—1]<8 and [ly— A<, |
then (£, %) is in R, the dornai_rr of gleﬁnitiqq qf~ the f_rmction F, because
2o<E<L< Lo+,
and, b¥ the t_rian%le inequ‘ality,.
lly—gol| < ly =A@ = yoll <T+IF(2D — 3ol <&

F.2. The function f is contmuous at . Therefore, given §/2>0 (this
positive number § was determined in F. 1), there exists A= h(e, x)>0 such that
h<d, and, whenever

|E—x| <h<3,
then

ORI
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F.3. The sequence of functions {f,,}m=1 converges uniformly to f on the
interval [xy, 23+7]. Therefore, by the uniform convergence, given §/2>0, there
exists a positive integer N=N(¢) such that

1 Fm(® —f(é)ll<%

for every ¢ satisfying x,<£<xy,+r, and every integer m>N.
Hence, in particular, for |§—x|<h, where h is the positive number deter-
mmed in F.2, it will be true, using the triangle 1nequa11ty, that

1£m(&) = AN fm(E) =AM +IFE —f(x)||< 0 +£=3

for m>N. Therefore, from Section F.1, it follows that, whenever

|§—x|<h<d and m>N,

one has that

1FCE, fm(ED)—F(a, f(2D))]<e.

F.4. So far in the argument, no particular restriction has been placed on
the sequence of partitions of [xy xo+7]. However, it will now be further
assumed that as m—co, the length of the largest subinterval of the mt® partition
tends to zero; that is,

lim { max [x(k m)—x(k—1,m)]} =0.

m—oco  1<k<o(m

F.5. The purpose of the present section is to show that when 0<|zx—£]
is sufficiently small, then ’

li".tﬁ%z.%n_(ﬂ—F(x,f(x))

will be small for all sufficiently large m. _ .
Suppose, for definiteness, that x<£; the argument is similar if £<x. For
each positive integer m, there are nonnegative integers j(m) and J () such that

x(J(m), m)Zx<x(J(m)+1, m),
and
x(j(m), m)<E<Lx(j(m)+1, m).

Further, by the additional assumption just made concerning the sequence of
partitions, it follows that

lim x(J(m), m) =z,

m—>co
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and
lim x(j(m), m)=§.

It is, therefore, possible to choose a positive integer N, greater than the N in
F.3, such that '

J(m)<j(m)
for all m>N. Since this last inequality implies that
J(m)+1=j(m),

it follows that

x<x(J(m)+1,m)<x(j(m), m)<E.

It is important, in the following argument, that there should be at least
one partition number between x and £ As a matter of fact, it is precisely
this circumstance which motivated the additional restriction just made on the
sequence of partitions. '

Since x<§, it follows that, for all sufficiently large positive integers m,

J(m)<j(m),

so that |
J(m)+1=j(m);
consequently, the following inequality will hold

2<a(T (m)+1, m) <a(j(m), m=E.
Notice that, for all m, .

2(j(m), m)<E.

It will first be assﬁmed, in the argument, that the strict inequality x(j(m), m)<§
holds; the special case when x(j(m), m)=¢& will be considered in passing.
Consider the interval [x,£]. The starting point of the argument is the
following identity, which expresses a difference quotient over [z, £] as a convex
combination of difference quotients over smaller subintervals. This identity is

FonCE) = Fom () =< Fn (BT M) +1, m)) —fru(2) )( 2(J (m)+1, m)—x )
E—2x x(J(m)+1,m)—=x E—x
i <fm<x<z', m)) = fru(@(i—1,m)\
i=JGm+2 x(, m)—x(i—1,m)
fxCi,m)—x(i—1,m)
'X< E—x >
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+

Sm(E) —fm(2(j(m), m)) >< §—x(j(m), m) >
§—a(j(m), m) E—x
That this identity, indeed, expresses the “large” difference quotient as a
convex combination of “smaller” difference quotients, is clear from the fact that

1:<Z(J(m)+1,m)—x>+ i%) <x(z ,m)— x(z—-l m))

E—x i=J(m) +2

L& x<1<m>,m>)

The integer j(m)=J(m)++1; it is understood that, if j(m)=J(m)+1, then Z--,
in the last two equations, is taken to be zero. It is to be noticed that, if x(j(m),
m)=E¢, then the above expression for the difference quotient remains valid,
provided that the last term on the right hand side, following the summation, is
replaced by zero.

In view of the recursive definition (P) for the polygonal functions, the
difference quotients for the smaller subintervals may be replaced by suitable:
values of the function F. Thus,

Tn(&) —fm(2)

=PI (m), m), fa(J () 41, iy (T =)

§—x §—x
: x(i, m)—x(i—1,m)
B FGG—Lmd, fulaGy my) (KR ZEEL )

x(J(m) )\

FFGCICm), m), Fa( i, m)))(é

‘This equation holds for x(j(m),m)<E. Also, by multiplying the next to the
last equation above by F(x, f(x)), it follows that

F(x»f(x)):F(x,f(g;))( x(J(m)+1, m)-—-x> v

E—x
i(m)

5 F(x(x,f(x))<
i=J(m)+2
E— x(J(m),m))

x(i,m)—x(i—1,m) )
-

+F(ax, f(2))

Again, this equation holds for x( j(m),m)SE :
Subtracting the last two equations, takmg the norm of the left hand side,
and using the tnangle inequality, gives the key inequality:

E—x

<IF QI (m), md, fn (T Gm)+1, mID—FCa, Sl

—F(z, (=)

x(J(m)+1,m)-x)
E—ux
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j(m
+i=;(§; |F(x(i—1, m), fm(x(z m)))—F(z, f(x>)||<x(z, m) x(z 1, m))

This inequality, which was derived under the assumption that x<§¢, is readily
seen to hold also when £<, essentially by interchanging the roles of £ and .

Now, let €0, and choose d, 2, and N asin F.1, F.2, and F. 3 respectively.
Suppose, again for definiteness, that x<£, the argument being similar for £§<zx.
Then, for sufficiently large m, it is true that both m=N and J(m) <j(m). For
any such m, it will be true, by F.3, that, whenever 0<£é—x<h, each of the
norms on the right hand side of the key inequality may be replaced by ¢, and
still have, a fortiori, a valid inequality. But, if this replacement is made, then
the coefficient of &, on the right hand side of the new inequality, is simply one.
Therefore, for any such sufficiently large m,

Hfm(f) —fm(x)

—F(x, f(x))||<e,

provided 0<é—x<h. However, the same argument shows that the same inequ-
ality continues to hold for 0<z—£<hk. In summary, this inequality holds, for
sufficiently large m, whenever 0<|é—zx|<A.

F.6. Now, it only remains to let m—oo in the last inequality, for fixed &
and x. This means that, given x satisfying x,<x<%o+7, and >0, there is an
h>0 such that, whenever 2,<£<x,+7r and 0<|é—x|<h<r, then
‘f & —f(=®)

§—x

—F(x, f(x))||=e;

that is,

F1(@)= hmf@—f@-n ).

F.7. In the previous argument it was assumed that 2o<x<xy+7, and it
was proved that, for such x,

f'@)=F(z, f(x)).
Only slight changes are necessary, in the argument from F.1 to F.6, when
x=xo. In particular, as in F.1, using the continuity of the function F at

(@0, f(2)) = (%o, Yp), given £>0, the number d=0(¢, x,) >0 has to be chosen such
that both

xo<x0+8<xo+f

kand
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‘ o<b
hold. Further, § is such that, whenever
Xo=E< X0+,

and

. lly—woll <3,
hold, then

”F(E’ y)—F(xO’ yO)”<$.

As in F.1, the above inequalities-imply that (§,¥) is in R, ‘the domain of F.
Next, as m F.2, since f is continuous at x, given §/2>0 (the same ¢ as
determined above), there exists A=h(e, ;) >0 such that A<, and, whenever

Xo=E<L<x0+h<%y+0,
then

G —f(xo)ll=l~!f(€)—yoll<%.

" Also, by the uniform convergence of {fi,}m=1 on [%,, %,-+7], the choice of
N, as in F.3, implies that, for m >N, it is true that

£n(® Ol <5

Thus, in particular, for x,<&<x,+h (where b was chosen immediately above),
and m>N, it follows that - '

(8 —yoll =l frn(E) — DN S| fr(E) — N+ F(E) — fmo)l|
1 1s
<__§6+—56 =J.
Therefore, as in F.3, whenever

» xo§5<xo+h<x0+3 and m>N,
one has that

FCE, fin(€)) — F (o, SN =FCE, fu(€)) — F (o, yo)l| <e.

The argument proceeds, now, as in F.5. It only has to be noticed that
J(m) is now zero for every m. Therefore, it follows that, for any sufficiently
large m,

F(xO’ yO)

[fx2ztntn e

£—x, —F(xy, f(xo))

l ” fm(S) Yo
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provided x,<&<x+h. Letting m—oo, as in F.6, it finally follows that

I (xo) =F (a0, (%)),

where f'(x,) is understood to be the right hand derivative at zx,.
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