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By

Y. G. SFICAS and V. A. STAIKOS

(University of Ioannina, Greece)

1. Preliminaries.

In this paper we consider differential equations with deviating arguments of the
forms

$x^{(n)}(t)+¥delta¥{¥sum_{i=1}^{r}p_{i}(t)f_{i}(x[¥tau_{i}(t)])$

$+F(t;x¥langle¥sigma_{0}(t)¥rangle, ¥cdots, x^{(n-1)}¥langle¥sigma_{n-1}(t)¥rangle)¥}=0$ $(E_{1}, ¥delta)$

and

$ x^{(n)}(t)+¥delta¥{p(t)¥prod_{i=1}^{r}¥varphi_{i}i(t)])¥prod_{i=1}^{2¥nu+1}¥mathrm{s}¥mathrm{g}¥mathrm{n}x[¥tau_{t}(t)](x[¥tau$

$+F(t;x¥langle¥sigma_{0}(t)¥rangle, ¥cdots, x^{(n-1)}¥langle¥sigma_{n-1}(t)¥rangle)¥}=0$ $(E_{2}, ¥delta)$

where $¥delta=¥pm 1$ , $¥nu$ is a nonnegative integer with 2$¥nu+1¥leqq r$ and

$x^{(i)}¥langle¥sigma_{i}(t)¥rangle=(x^{(i)}[¥sigma_{i1}(t)], ¥cdots, x^{(i)}[¥sigma_{i,m_{i}}(t)])$ .

For the real-valued functions $¥tau_{i}(j=1,2, ¥cdots, r)$ and $¥sigma_{ij}(i=1,2,$ $¥cdots$ , $m_{i}$ ; $i=0,1$ , $¥cdots$ ,
$n-1)$ we suppose that they are continuous on the half-line [$t_{0}$ , $¥infty)$ and satisfy the
following:

(i) $¥lim_{t¥rightarrow¥infty}¥sigma_{ij}(t)=¥infty$

(ii) $¥lim¥tau_{i}(t)=¥infty$
$ t¥rightarrow¥infty$

(iii) $¥tau_{i}(i=1,2, ¥cdots, r)$ are nondecreasing and such that
$¥tau_{i}(t)¥leqq t$ for every $t¥geqq t_{0}$ .

In what follows, we restrict our attention only to solutions $x$ of $(E_{1}, ¥delta)$ or $(E_{2}, ¥delta)$

which are defined on a half-line $t_{x}$ , $¥infty$ ). The osciUatory character is considered in
the usual sense, i.e., a continuous real-valued function $h$ defined on a half-line
[$t_{h}$ , $¥infty)$ is called oscillatory if it has no last zero, otherwise it is called nonoscillatory.

We introduce, now, the following conditions:
$(¥mathrm{C}_{1})$ The functions $p_{t}(i=1,2, ¥cdots, r)$ are nonnegative and locally integrable

on $[t_{0},$ $¥infty)$ .
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$(¥mathrm{C}_{2})$ The real-valued functions $f_{i}(i=1,2, ¥cdots, r)$ are continuous and such that

$y¥neq 0¥Rightarrow yf_{i}(y)>0$ .

$(¥mathrm{C}_{3})$ The real-valued function $F$ is continuous on $[t_{0},$ $¥infty)¥times R^{m_{0}}¥mathrm{X}¥cdots¥times R^{m_{n-1}}$

and such that

$(¥forall i=1,2, ¥cdots, m_{0})y_{1i}>0¥Rightarrow F(t, y_{1}¥cdots, y_{n})¥geqq 0$

and

$(¥forall i=1,2, ¥cdots, m_{0})y_{1i}<0¥Rightarrow F(t, y_{1^{ }},¥cdots, y_{n})¥leqq 0$ .

$(¥mathrm{C}_{4})$ The function $p$ is nonnegative and locally integrable on $[t_{0},$ $¥infty)$ .
$(¥mathrm{C}_{5})$ The real-valued functions $¥varphi_{i}(i=1,2, ¥cdots, r)$ are continuous or $R$ and

such that

$y¥neq 0¥Rightarrow-¥varphi_{i}(y)>0$ .

The oscillatory and asymptotic behavior of bounded solutions of differential
equations $(E_{1}, ¥delta)$ and $(E_{2}, ¥delta)$ is $¥mathrm{w}¥mathrm{e}¥mathbb{I}$ described by the following two theorems. The
proofs of these theorems are omitted, since they follow as in [7] and [8] by using a
recent result [9, Th. 1] and applying the comparison principle introduced by the
authors in [7] and [8].

Theorem 1. Consider the differential equation $(E_{1}, ¥delta)$ subject to the conditions
(i), (ii) and $(¥mathrm{C}_{1})$ , $(¥mathrm{C}_{2})$ , $(¥mathrm{C}_{3})$ . If for some $i$ , $1¥leqq i¥leqq r$

$(¥mathrm{C}_{6})$ $¥int^{¥infty}t^{n-1}p_{i}(t)dt=¥infty$ ,

then for $n$ even {resp. odd} all bounded solutions of $(E_{1},1)$ {resp. $(E_{1},$ $-1)$} are oscil-
latory, while for $n$ odd {resp. even} all bounded solutions of $(E_{1},1)$ {resp. $(E_{1},$ $-1)$}
are either oscillatory or tending monotonically to zero as $ t¥rightarrow¥infty$ together with their
first $n-l$ derivatives.

Theorem 2. Consider the differential equation $(E_{2}, ¥delta)$ subject to the conditions
(i), (ii) and $(¥mathrm{C}_{3})$ , $(¥mathrm{C}_{4})$ , $(¥mathrm{C}_{5})$ . If

$(¥mathrm{C}_{¥mathit{7}})$ $¥int^{¥infty}t^{n-1}p(t)dt=¥infty$ ,

then for $n$ even {resp. odd} all bounded solutions of $(E_{2},1)$ {resp. $(E_{2},$ $-1)$} are os-
cillatory, while for $n$ odd {resp. even} all bounded solutions of $(E_{2},1)$ {resp. $(E_{2},$ $(-1)$}
are either oscillatory or tending monotonically to zero as $ t¥rightarrow¥infty$ together with their
first $n-l$ derivatives.
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In the particular case, where

$¥tau_{i}(t)¥equiv t$ $(i=1,2, ¥cdots, r)$

$¥sigma_{ij}(t)¥equiv t$ $(j=1,2, ¥cdots, m_{i} ; i=0,1, ¥cdots, -- 1)$

equations $(E_{1}, ¥delta)$ and $(E_{2}, ¥delta)$ become ordinary differential equations. That is, to
every differential equation with deviating arguments a corresponding ordinary differ-
ential equation is associated. Since conditions $(¥mathrm{C}_{6})$ and $(¥mathrm{C}_{7})$ do not involve the
functions $¥tau_{i}$ and $¥sigma_{tj}$ , it is obvious that the $¥mathrm{o}¥mathrm{s}¥mathrm{c}¥mathrm{i}¥mathbb{I}¥mathrm{a}¥mathrm{t}¥mathrm{o}¥mathrm{r}¥mathrm{y}$ and asymptotic behavior, as it
described by the above theorems 1 and 2, is the same for the equations $(E_{1}, ¥delta)$ , $(E_{2}, ¥delta)$

and their associated ordinary differential equations. However, this is not true for
the oscillatory behavior only. Indeed, the retarded differential equation

$x^{¥prime¥prime}(t)-x(t-¥pi)=0$

admits sint and cost as oscillatory solutions and moreover [2] it has all bounded
solutions oscillatory. On the other hand, the associated ordinary equation

$x^{¥prime¥prime}-x=0$

admits the bounded nonoscillatory solution $x(t)=e^{-t}$ for which, of course, $¥lim_{t¥rightarrow¥infty}x(t)$

$=0$ . This change in the oscillatory behavior of a differential equation is obviously
generated by the delay and its study is very interesting in applications. For ex-
ample, oscillations caused by delays should be seriously taken into account in study-
ing the motion of a $¥mathrm{c}¥mathrm{o}¥mathrm{n}¥mathrm{t}¥mathrm{r}¥mathrm{o}¥mathbb{I}¥mathrm{e}¥mathrm{d}$ craft moving with increasing velosities, where it is
possible to have a sudden release of oscillations leading to instability (Cf. Minorsky
[4, p. 518]$)$ .

In view of the above theorems 1 and 2, the problem of establishing conditions
under which the bounded and nonoscillatory solutions vanish, makes sense only for
the differential equations $(E_{1}, -1)$ and $(E_{2}, -1)$ for $n$ even as $¥mathrm{w}¥mathrm{e}¥mathbb{I}$ as $(E_{1},1)$ and
$(E_{2},1)$ for $n$ odd. These equations can be unified in the $¥mathrm{f}¥mathrm{o}¥mathbb{I}¥mathrm{o}¥mathrm{w}¥mathrm{i}¥mathrm{n}¥mathrm{g}$ two forms:

$x^{(n)}(t)+(-1)^{n+1}¥{¥sum_{i=1}^{r}p_{i}(t)f_{i}(x[¥tau_{i}(t)])$

$+F(t;x¥langle¥sigma_{0}(t)¥rangle, ¥cdots, x^{(n-1)}¥langle¥sigma_{n-1}(t)¥rangle)¥}=0$ $(*)$

and

$x^{(n)}(t)+(-1)^{n+1}¥{p(t)¥prod_{i=1}^{r}¥varphi_{i}(x[¥tau_{i}(t)])¥prod_{i=1}^{2¥nu+1}¥mathrm{s}¥mathrm{g}¥mathrm{n}x[¥tau_{i}(t)]$

$+F(t;x¥langle¥sigma_{0}(t)¥rangle, ¥cdots, ¥chi^{(n-1)}¥langle¥sigma_{n-1}(t)¥rangle)¥}=0$. $(**)$
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2. Oscillations generated by the delays.

In this section we deal with differential equations $(*)$ and $(**)$ and give con-
ditions involving the functions $¥tau_{i}(i=1,2, ¥cdots, r)$ under which $¥mathrm{a}¥mathbb{I}$ bounded solutions
are oscillatory. These conditions are not valid for the associated ordinary differential
equations. Related results have been obtained in [1], [2], [3] and [5] concerning
particular cases of the equations $(*)$ and $(**)$ . Also our results extend and im-
prove, in several directions, a previous one due to Shreve [6, Theorem 1], concern-
ing a first order retarded differential equation.

Lemma. Let $¥psi$ be a bounded $n$-times continuously differentiable function on
an interval [ $t_{¥psi}$ , $¥infty)$ with

$¥psi(t)>0$ and $(-1)^{n}¥psi^{(n)}(t)¥geqq 0$ for every $t¥geqq t_{¥psi}$ .

Then there exists a $T_{¥psi}¥geqq t_{¥psi}$ such that for every $t¥geqq T_{¥psi}$ and $k=1,2$, $¥cdots$ , $n$

$(-1)^{k}¥phi^{(k)}(t)¥geqq 0$ (1)

and for every $u$ , $v$ with $T_{¥psi}¥leqq u¥leqq v$

$¥psi(u)¥geqq¥frac{(-1)^{n-1}¥psi^{(n-1)}(v)}{(n-1)¥dagger}(v-u)^{n-1}$ . (2)

Proof. If for some $k$ , $0<k<n$,

$¥psi^{(k)}(t)¥psi^{(k+1)}(t)¥geqq 0$ for $¥mathrm{a}¥mathbb{I}$ large $t$

then a simple application of Taylor’s formula leads to the contradiction $¥lim_{t¥rightarrow¥infty}¥psi(t)$

$=¥pm¥infty$ . This proves (1).
Next, by using again the Taylor’s formula, we obtain

$¥psi(u)=¥psi(v)+¥frac{¥psi^{J}(v)}{1^{1}}(u-v)+¥frac{¥psi^{¥prime¥prime}(v)}{2¥dagger}(u-v)^{2}+¥cdots$

$+¥frac{¥psi^{(n-1)}(u^{*})}{(n-1)^{1}}(u-v)^{n-1}$

$=¥psi(v)+¥frac{(-1)^{1}¥psi^{¥prime}(v)}{1¥dagger}(v-u)+¥frac{(-1)^{2}¥psi^{¥prime¥prime}(v)}{2^{1}}(v-u)^{2}+¥cdots$

$+¥frac{(-1)^{n-1}¥psi^{(n-1)}(u^{*})}{(n-1)^{1}}(v-u)^{n-1}$

for every $u$ , $v$ with $T_{¥psi}¥leqq u¥leqq v$ and some $u^{*}$ with $u¥leqq u^{*}¥leqq v$ . Hence, by (1),

$¥psi(u)¥geqq¥frac{(-1)^{n-1}¥psi^{(n-1)}(v)}{(n-1)¥dagger}(v-u)^{n-1}$
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for every $u$ , $v$ with $T_{¥psi}¥leqq u¥leqq v$ .

Theorem 3. Consider the differential equation $(*)$ subject to the conditions
(i), (ii), (iii) and $(¥mathrm{C}_{1})$ , $(¥mathrm{C}_{2})$ , $(¥mathrm{C}_{3})$ . If

$(¥mathrm{C}_{8})$
$¥lim_{t¥rightarrow}¥sup_{¥infty}$

$¥sum_{i=1}^{r}¥int_{¥tau(t)}^{t}[¥tau(t)-¥tau_{i}(s)]^{n-1}p_{i}(s)ds>(n-1)$ I
$¥mathrm{l}¥mathrm{i}¥mathrm{m}y¥rightarrow 0¥mathrm{s}$

up $¥frac{y}{f(y)}$

where

$¥tau(t)=¥max_{1¥leqq i¥leqq r}¥tau_{i}(t)$ and $f(¥mathrm{y})=¥mathrm{s}¥mathrm{g}¥mathrm{n}$
$y1¥leqq i¥leqq r¥mathrm{m}¥dot{¥mathrm{m}}|f_{i}(y)|$

then for $n¥geqq 2$ all bounded solutions of $(*)$ are oscillatory, while for $n=1$ all solutions
of $(*)$ are oscillatory.

Proof. Let $x$ be a bounded nonoscillatory solution of $(*)$ . Since the substi-
tution $x=-z$ transforms $(*)$ into an equation of the same form satisfying the
assumptions of the theorem, we can assume that $x(t)>0$ for every $t¥geqq t_{0}$ . Moreover,
since for every $t$ , $s$ with $¥tau(t)¥leqq s¥leqq t$ ,

$0¥leqq¥tau(t)-¥tau(s)¥leqq s$

from condition $(¥mathrm{C}_{8})$ we derive that

$¥mathrm{l}¥mathrm{i}¥mathrm{m}t¥rightarrow¥infty ¥mathrm{s}$up $¥sum_{i=1}^{r}¥int_{¥tau(b)}^{t}s^{n-1}p_{i}(s)ds>0$

which implies $(¥mathrm{C}_{6})$ . Thus, by Theorem 1, we must have $¥lim_{t¥rightarrow¥infty}x(t)=0$ .

By (i) and (ii), we choose a $t_{1}¥geqq t_{0}$ such that for every $t¥geqq t_{1}$ ,

$¥sigma_{ij}(t)¥geqq t_{0}$ $(i=1,2, ¥cdots, m_{i} ; i=0,1, ¥cdots, n-1)$

and

$¥tau_{i}(t)¥geqq t_{0}$ $(i=1,2, ¥cdots, r)$ .

Thus, from the equation $(*)$ for every $t¥geqq t_{1}$ we obtain

$(-1)^{n}x^{(n)}(t)¥geqq 0$

where $x^{(n)}(t)$ is not identically zero for all large $t$ , since, by $(¥mathrm{C}_{8})$ , this holds for some
of the functions $p_{i}(i=1,2, ¥cdots, r)$ . So, for some $t_{2}¥geqq t_{1}$ and every $t¥geqq t_{2}$

$¥chi^{(n-1)}(t)¥neq 0$ . (3)

By choosing, now, a $t_{3}¥geqq t_{2}$ so that for all $i=1,2$ , $¥cdots$ , $r$ ,

$¥tau_{i}(t)¥geqq t_{2}$ for every $t¥geqq t_{3}$
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and applying the lemma, we derive that for some $t_{4}¥geqq t_{3}$ and every $k=1,2$, $¥cdots$ , $n$

$(-1)^{k}x^{(k)}(t)¥geqq 0$ (4)

for every $t¥geqq t_{4}$ , as well as

$x[¥tau_{i}(s)]¥geqq¥frac{(-1)^{n-1}x^{(n-1)}[¥tau(t)]}{(n-1)¥dagger}[¥tau(t)-¥tau_{i}(s)]^{n-1}$ (5)

for every $i=1,2$ , $¥cdots$ , $r$ and $t$ , $s$ with $¥tau(t)¥leqq s¥leqq t$ and $t¥geqq t_{4}$ .
Next, by $(*)$ , integrating from $¥tau(t)$ to $t$ we obtain

$(-1)^{n}¥{x^{(n-1)}(t)-x^{(n-1)}[¥tau(t)]¥}=¥int_{¥tau(t)}^{t}[i-1¥sum_{-}^{r}p_{i}(s)f_{i}(x[¥tau_{i}(s)])+F(s;¥cdots)]ds$

for every $t¥geqq t_{4}$ . Hence, by $(¥mathrm{C}_{3})$ and (4),

$0¥geqq(-1)^{n}x^{(n-1)}(t)¥geqq¥sum_{i=1}^{r}¥int_{¥tau(t)}^{t}p_{i}(s)f_{i}(x[¥tau_{i}(s)])ds+(-1)^{n}x^{(n-1)}[¥tau(t)]$

$=¥sum_{i=1}^{r}¥int_{¥tau(t)}^{t}p_{i}¥frac{f_{i}(x[¥tau_{i}(s)])}{x[¥tau_{i}(s)]}x[¥tau_{i}(s)]ds+(-1)^{n}¥chi^{(n-1)}[¥tau(t)]$

$¥geqq¥sum_{i=1}^{r}¥inf_{s¥geqq¥tau(t)}¥frac{f(x[¥tau_{i}(s)])}{x[¥tau_{i}(s)]}¥int_{¥tau(t)}^{t}p_{i}(s)x[¥tau_{i}(s)]ds+(-1)^{n}x^{(n-1)}[¥tau(t)]$

$0<y¥leqq x(¥sigma[¥tau(¥iota)])¥frac{f(y)}{y}¥sum_{i=1}^{r}¥int_{¥tau(t)}^{t}p_{i}(s)x[¥tau_{i}(s)]ds+(-1)^{n}x^{(n-1)}[¥tau(t)]$$¥geqq$ $¥inf$

where $¥sigma(u)=¥min_{1¥leqq i¥leqq r}¥tau_{i}(u)$ . Then using (5), we obtain

$0¥geqq(-1)^{n-1}x^{(n-1)}[¥tau(t)][¥frac{1}{(n-1)¥dagger}¥inf_{0<y¥leqq x(¥sigma[¥tau(t)])}¥frac{f(y)}{y}i-¥sum_{-1}^{¥gamma}¥int_{¥tau(t)}^{t}p_{i}(s)[¥tau(t)-¥tau_{i}(s)]^{n-1}ds]$

and consequently, by (3) and (4), after some manipulations,

$¥sum_{i=1}^{r}¥int_{¥tau(t)}^{t}p_{i}(s)[¥tau(t)-¥tau_{i}(s)]^{n-1}ds-(n-1)$ †
$¥sup_{0<y¥leqq x(¥sigma[¥tau(t)])}¥frac{y}{f(y)}¥leqq 0$

for every $t¥geqq t_{4}$ . But, since $¥lim_{t¥rightarrow¥infty}x(t)=0$ , this inequality contradicts condition $(¥mathrm{C}_{8})$ .

By now we have proved that every solution $x$ of $(*)$ is oscinatory or nonoscil-
latory and unbounded. In the second case we obviously have

$(-1)^{n}x(t)x^{(n)}(t)¥geqq 0$ for all large $t$

and consequently, since $x$ is unbounded, $n¥geqq 2$ . Hence for $n=1$ all solutions of $(*)$

are oscinatory.

Theorem 4. Consider the differential equation $(**)$ subject to the conditions
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(i), (ii), (iii), and $(¥mathrm{C}_{3})$ , $(¥mathrm{C}_{4})$ , $(¥mathrm{C}_{5})$ . If there exist nonnegative numbers $¥alpha_{i}$ , $i=1,2$ ,
$¥ldots$ , $r$ with $¥alpha_{1}+¥alpha_{2}+¥cdots+¥alpha_{r}=1$ and

$(¥mathrm{C}_{9})$
$¥mathrm{l}¥mathrm{i}¥mathrm{m}t¥rightarrow¥infty ¥mathrm{s}$up $¥int_{¥tau(t)}^{t}¥prod_{i=1}^{r}[¥tau(t)-¥tau_{i}(s)]^{a}i(n-1)p(s)ds>(n-1)^{1}¥lim_{y}1¥leqq.i¥sup_{¥rightarrow 0}¥leqq r¥frac{|y_{1}|^{a_{1}}|y_{r}|^{a_{r}}}{¥varphi_{1}(y_{1})¥varphi_{r}(y_{r})}¥cdots¥cdots$

where $¥tau(t)=¥max¥tau_{i}(t)$ then for $n¥geqq 2$ all bounded solutions of $(**)$ are oscillatory,
$1¥leqq i¥leqq r$

while for $n=1$ all solutions of $(**)$ are oscillatory.

Proof. Let $x$ be a bounded nonoscillatory solution of $(**)$ , which as in the
proof of Theorem 3, can be supposed positive on [ $t_{0}$ , $¥infty)$ . Also, by the same argu-
ments used in the proof of Theorem 3, it follows that condition $(¥mathrm{C}_{9})$ implies $(¥mathrm{C}_{¥mathit{7}})$ .

Thus, by Theorem 2, we must have $¥lim_{t¥rightarrow¥infty}x(t)=0$ . Moreover, as in the proof of

Theorem 3, we can choose a $t_{5}¥geqq t_{0}$ so that (3), (4) and (5) be satisfied for every
$t¥geqq t_{5}$ .

Now, by $(**)$ , integrating from $¥tau(t)$ to $t$ and taking into account $(¥mathrm{C}_{3})$ and (4),

for every $t¥geqq t_{5}$ we obtain

$(-1)^{n}¥{¥chi^{(n-1)}(t)-x^{(n-1)}[¥tau(t)]¥}$

$=¥int_{¥tau(t)}^{t}[p(s)¥prod_{i=1}^{r}¥varphi_{i}(x[¥tau_{i}(s)])+F(s;¥cdots)]ds$

$¥geqq¥int_{¥tau(t)}^{t}p(s)¥prod_{i=1}^{r}¥varphi_{i}(x[¥tau_{i}(s)])ds$

$=¥int_{¥tau(t)}^{t}p(s)¥prod_{i=1}^{r}¥frac{¥varphi_{i}(x[¥tau_{i}(s)])}{x^{at}[¥tau_{i}(s)]}¥prod_{i=1}^{r}x^{a}i[¥tau_{i}(s)]ds$

$¥geqq¥inf_{s¥geqq¥tau(t)}¥prod_{i=1}^{r}¥frac{¥varphi_{i}(x[¥tau_{i}(s)])}{x^{a}i[¥tau_{i}(s)]}¥int_{¥tau(t)}^{t}p(s)¥prod_{i=1}^{r}x^{¥alpha i}[¥tau_{i}(s)]ds$ .

Then, using (4), (5) and (3), after some manipulations we derive that for every $t¥geqq t_{5}$

$¥int_{r(t)}^{t}p(s)¥prod_{i=1}^{r}[¥tau(t)-¥tau_{i}(s)]^{a(n-1)}tds-(n-1)$ I
$¥prod_{i=1}^{r}yi¥sup_{0<¥leqq x(¥tau i[¥sigma(t)])}¥frac{y_{i^{i}}^{a}}{¥varphi(y_{i})}¥leqq 0$

where $¥sigma(u)=¥min_{1¥leqq i¥leqq n}¥tau_{i}(u)$ . But, since $¥lim_{t¥rightarrow¥infty}x(t)=0$, this inequality contradicts condition

$(¥mathrm{C}_{9})$ . Thus every solution $x$ of $(**)$ is oscillatory or nonoscillatory and unbounded.
As in the proof of Theorem 3, it is easy to verify that in the particular case $n=1$ all
solutions of $(**)$ are oscillatory.

Example. By the above Theorems 3 or 4, the retarded differential equation

$x^{¥prime¥prime¥prime}+¥frac{6}{t^{3}}x(¥sqrt{t})=0$ , $t>1$

has no bounded $¥mathrm{n}¥mathrm{o}¥mathrm{n}¥mathrm{o}¥mathrm{s}¥mathrm{c}¥mathrm{i}¥mathbb{I}¥mathrm{a}¥mathrm{t}¥mathrm{o}¥mathrm{r}¥mathrm{y}$ solutions, since
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$¥mathrm{l}¥mathrm{i}¥mathrm{m}t¥rightarrow¥infty ¥mathrm{s}$up $¥int_{¥mathit{1}_{¥overline{t}}}^{t}¥frac{6}{s^{3}}[¥sqrt{t}-¥sqrt{s}]^{2}ds=3>2^{1}$ .

However, the associated ordinary differential equation

$¥chi^{¥prime¥prime¥prime}+¥frac{6}{t^{3}}x=0$ , $t>1$

admits the bounded and nonoscinatory solution $x(t)=1/t$.

Remark. For a retarded differential equation

$x^{(n)}(t)+(-1)^{n+1}p(t)¥varphi(x[¥tau(t)])=0$

which is included in both forms $(*)$ and $(**)$ , condition $(C_{8})$ or $(¥mathrm{C}_{9})$ is impossible in
case where

$¥mathrm{l}¥mathrm{i}¥mathrm{m}y¥rightarrow 0¥mathrm{s}$
up $¥frac{y}{¥varphi(y)}=¥infty$ .

This case includes the class of strongly superlinear equations and, in particular, the
equation

$x^{(n)}(t)+(-1)^{n+1}p(t)|x[¥tau(t)]|^{a}$ $¥mathrm{s}¥mathrm{g}¥mathrm{n}$
$¥mathrm{x}[¥tau(¥mathrm{t})]=0$ $(¥alpha>1)$ .

By the following examples it is shown that, even for such differential equations, the
condition

$¥lim_{t¥rightarrow}¥sup_{¥infty}¥int_{¥tau(t)}^{t}p(s)[¥tau(t)-¥tau(s)]^{n-1}ds=¥infty$

is not enough to maintain the validity of Theorem 3 or 4.

Example. The differential equation

$x^{¥prime¥prime}(t)-¥frac{2}{t}[x(¥sqrt{t})]^{4}¥mathrm{s}¥mathrm{g}¥mathrm{n}x(¥sqrt{t})=0$, $t>1$

admits the bounded and $¥mathrm{n}¥mathrm{o}¥mathrm{n}¥mathrm{o}¥mathrm{s}¥mathrm{c}¥mathrm{i}¥mathbb{I}¥mathrm{a}¥mathrm{t}¥mathrm{o}¥mathrm{r}¥mathrm{y}$ solution $x(t)=1/t$, although

$¥lim_{t-}¥sup_{¥infty}¥int_{¥rho_{¥overline{t}}}^{t}¥frac{2}{s}(¥vee¥overline{t}-¥sqrt{s})ds=¥infty$.

Example 2. The differential equation

$x^{¥prime¥prime¥prime}(t)+¥frac{6}{t}[x(¥sqrt{t})]^{6}¥mathrm{s}¥mathrm{g}¥mathrm{n}x(¥parallel¥overline{t})=0$, $t>1$
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admits also the bounded and nonoscillatory solution $x(t)=1/t$, although

$¥mathrm{l}¥mathrm{i}¥mathrm{m}t¥rightarrow¥infty ¥mathrm{s}$up $¥int_{J_{¥overline{t}}}^{t}¥frac{6}{s}[¥sqrt{t}-¥sqrt{s}]^{2}ds=¥infty$ .

Note. The authors wish to thank the referee for his helphul suggestions.
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