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Forced Nonoscillations in Fourth Order Funetional Equations
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1. Introduction.

A great deal of literature exists on the oscillation and nonoscillation of the equa-
tion

(1) $(r(t)y^{(n-1)}(t))^{¥prime}+a(t)y(t)=0$

both for even and odd integer $n¥geq 1$ , and $a(t)>0$ on some positive half line. For
this see [9] and the references cited in them. When $n=2$, the literature is filled
with all kinds of oscillation and nonoscillation criteria for equation (1), see [1, 2, 3,
6, 7, 10, 16]. However not much is known about equations of the type

(2) $y^{(¥mathrm{i}¥mathrm{v})}(t)+a(t)y_{¥tau}(t)=f(t)$ , $y_{¥tau}(t)¥equiv y(t-¥tau(t))$

where
$¥tau$ , $¥tau^{¥prime}$ are nonnegative, continuous, bounded on $R$ , $0¥leq¥tau^{¥prime}(t)<1$ ,
$a$ : $R¥rightarrow R$ , continuous, $R$ being the real line.

These assumptions will hold throughout this paper.
In what follows, the term “solution” will apply only to continuously extendable

solutions of equations under consideration over some positive half line. We shall
call a function $h(t)¥in C[t_{0},$ $¥infty$ ) as oscillatory if $h(t)$ has a sequence of zeros converg-
ing to infinity. Otherwise $h(t)$ will be called nonoscillatory.

Recently Hammett [6] studied the equation

(3) $(r(t)y^{¥prime}(t))^{¥prime}+a(t)h(y(t))=f(t)$

and proved that if $r(t)¥geq k_{1}>0$, $a(t)¥geq k_{2}>0$ and $f(t)$ was integrable on some positive
half line, then nonoscillatory solutions of (3) approach zero asymptotically. We
will prove similar results about the general equation (2). Our assumption about
$a(t)$ is milder than Hammett’s and the method is different.

In fact, Hammett’s method is based on a theorem of Bhatia [1] which does not
extend to delay equations as the following example due to Travis [16] indicates.
Consider the equation
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(4) $y^{¥prime¥prime}(t)+¥frac{¥sin t}{2-¥sin t}y(t-¥pi)=0$

which has $y(t)=2+¥sin t$ as a nonoscillatory solution, even though

(5) $¥int^{¥infty}(¥sin t)/(2-¥sin t)dt=¥infty$ .

But according to Bhatia’s theorem all solutions of the equation

(6) $y^{¥prime¥prime}(t)+¥frac{¥sin t}{2-¥sin t}y(t)=0$

are oscillatory.

2. Main results.

Theorem (2.1), Suppose

(7) $¥int^{¥infty}|f(t)|dt<¥infty$

and there exists a $K>0$ such that

(8) $a(t)¥geq K$ for $t¥geq T>0$ .

Let (t) be a nonoscillatory solution of equation (2). Then $y^{¥prime¥prime}(t)¥rightarrow 0$ and $y^{¥prime¥prime/}(t)¥rightarrow 0$ ,

as $ t¥rightarrow¥infty$ .

Proof. Since $y(t)$ is nonoscillatory, we can assume the existence of $t_{0}^{J}>T$ such
that both $y(t)$ , $y_{¥tau}(t)>0$ for $t¥geq t_{0}^{¥prime}$ . The case when $y(t)<0$ for $t¥geq t_{0}^{J}$ can be handled
similarly. Integrating equation (2) between $t_{0}^{¥prime}$ and $t$ we get

(9) $y^{¥prime¥prime¥prime}(t)-y^{¥prime¥prime¥prime}(t_{0}^{J})+¥int_{t_{¥acute{0}}}^{t}a(s)y_{¥tau}(s)ds¥leq¥int_{t_{¥acute{0}}}^{t}|f(s)|ds$ .

From this we must have

$(9¥mathrm{a})$ $¥int_{t_{¥acute{0}}}^{¥infty}a(s)y_{¥tau}(s)ds<¥infty$ ,

because otherwise $ y^{¥prime¥prime¥prime}(t)¥rightarrow-¥infty$ forcing $ y(t)¥rightarrow-¥infty$ , a contradiction since $y(t)>0$ .

Hence $(9¥mathrm{a})$ holds. From $9(¥mathrm{a})$ , $0¥leq¥tau^{¥prime}(t)<1$ and (8), we get

(10) $¥int_{T_{1}}^{¥infty}y(t)dt<¥infty$ , $T_{1}>t_{0}^{¥prime}$ .

From (10) we have
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(11) $¥lim_{t-}¥inf_{¥infty}y(t)=0$ .

If $y^{¥prime¥prime¥prime}(t)$ is nonoscillatory, then

(12) $¥lim_{t¥rightarrow}¥inf_{¥infty}|y^{¥prime¥prime¥prime}(t)|=0$ .

In fact if

$¥lim_{t-}¥inf_{¥infty}|y^{¥prime¥prime¥prime}(t)|>_{¥alpha}>0$

then $ y(t)¥rightarrow¥pm¥infty$ contradicting (11).
In view of (9), $(9¥mathrm{a})$ and (12), (by a proper choice of large $t_{0}^{J}$) we see that

(13) $¥lim y^{¥prime¥prime¥prime}(t)=0$ .
$ t¥sim¥infty$

If $y^{¥prime¥prime¥prime}(t)$ is oscillatory, then again (9) and (12) imply (13). We shall now show that
$y^{¥prime/}(t)¥rightarrow 0$ as $ t¥rightarrow¥infty$ . Suppose to the contrary that $y^{¥prime¥prime}(t)¥neq 0$ as $ t¥rightarrow¥infty$ . In view of
(11), we can assume, without any loss of generality,

(14) $¥lim_{t¥sim}¥inf_{¥infty}|y^{¥prime¥prime}(t)|=0$

and

(15) $¥lim_{t¥rightarrow}¥sup_{¥infty}|y^{¥prime¥prime}(t)|>3¥beta>0$ .

As in Hammett [6], (14) and (15) imply that there exists a sequence $¥{t_{n}¥}$ such that
$n¥geq 0$ and
(i) $ t_{n}¥rightarrow¥infty$ as $ n¥rightarrow¥infty$ , $t_{0}¥geq T_{1}$ , $t_{n+1}>t_{n}$ ,

(ii) for each $n$ , $|y^{¥prime¥prime}(t_{n})|>2¥beta$ ,

(iii) for each $n$ , there exists a number $t_{n}^{¥prime}$ such that

$t_{n-l}<t_{n}^{¥prime}<t_{n}$ and $|y^{¥prime¥prime}(t_{n}^{¥prime})|<¥beta$ .

Let $a_{n}$ be the largest number less than $t_{n}$ such that $|y^{¥prime¥prime}(a_{n})|=¥beta$ and $b_{n}$ be the small-
est number larger than $t_{n}$ such that $|y^{¥prime¥prime}(b_{n})|=¥beta$ . Thus

(16) $|y^{¥prime¥prime}(t)|¥geq¥beta$ , $t¥in[a_{n}, b_{n}]$

for each $n$ . We will show that

(17) $¥lim_{n¥rightarrow¥infty}(b_{n}-a_{n})=¥infty$ .

To see this consider the interval $[a_{n}, t_{n}]$ . There exists $a_{n}<¥xi<t_{n}$ such thatThere exists $a_{n}<¥xi<t_{n}$ such that
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$y^{¥prime¥prime¥prime}(¥xi)=¥frac{y^{¥prime¥prime}(t_{n})-y^{¥prime¥prime}(a_{n})}{t_{n}-a_{n}}$

from which

$|y^{¥prime¥prime¥prime}(¥xi)|=¥frac{|y^{¥prime¥prime}(t_{n})-y^{¥prime¥prime}(a_{n})|}{t_{n}-a_{n}}$

$¥geq¥frac{|y^{¥prime¥prime}(t_{n})|-|y^{¥prime¥prime}(a_{n})|}{b_{n}-a_{n}}$

(18)
$¥geq¥frac{2¥beta-¥beta}{b_{n}-a_{n}}$

$=¥frac{¥beta}{b_{n}-a_{n}}$ .

Since $¥beta>0$ and $|y^{¥prime¥prime¥prime}(¥xi)|¥rightarrow 0$ as $¥xi¥rightarrow¥infty$ , we have proved (17). Let $N$ be a large positive
integer so that

(19) $b_{n}-a_{n}¥geq 8$ , $n¥geq N$

and

$a_{n}>T_{1}$ .

In view of (10) and (19) we can choose $N$ sufficiently large so that

(20) $¥int_{a_{n}}^{b_{n}}y(t)dt¥leq¥beta/2$ ; $n¥geq N$ .

Now by mean value theorem

(21) $y(c)=y(a)+(c-a)y^{¥prime}(a)+¥frac{(c-a)^{2}}{2}y^{¥prime¥prime}(¥delta)$ , $a<¥delta<c$ .

Taking

$c=¥frac{a_{n}+b_{n}+2}{2}$ , $a=¥frac{a_{n}+b_{n}}{2}$ , $n¥geq N.$ ,

in (21) we get

$y(¥frac{a_{n}+b_{n}+2}{2})>(_{¥frac{a_{n}+b_{n}+2}{2}}-¥frac{a_{n}+b_{n}}{2})y^{¥prime}(¥frac{a_{n}+b_{n}}{2})$

(22)
$+(¥frac{a_{n}+b_{n}+2}{2}-¥frac{a_{n}+b_{n}}{2})^{2}¥frac{y^{¥prime¥prime}(¥delta)}{2}$
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since $y(¥frac{a_{n}+b_{n}}{2})>0$ . Choose a particular $n_{0}>N$ . To simplify notations $a_{n_{0}}$ , $b_{n¥mathrm{o}}$

are thereafter replaced by $a$ , $b$ .

Case1. $ y^{¥prime¥prime}(t)¥geq¥beta$ in $[a, b]$ .
Then from (22) we have

(23) $y(¥frac{a+b+2}{2})¥geq y^{¥prime}(¥frac{a+b}{2})+¥beta/2$ .

Now if $y^{¥prime}(¥frac{a+b}{2})¥geq 0$ , then $y^{¥prime¥prime}(t)¥geq¥beta>0$ implies that $y^{¥prime}(t)¥geq 0$ in $(¥frac{a+b}{2},$ $b)$ and then

(23) reveals that

$y(t)¥geq¥beta/2$, $t¥in[¥frac{a+b+2}{2},$ $b]$ .

Therefore

(24) $¥int_{[(a+b+2)/2]}^{b}y(t)dt¥geq¥frac{¥beta}{2}(¥frac{b-a-2}{2})¥geq¥frac{3}{2}¥beta$

since $b-a¥geq 8$ for $n¥geq N$ . Since (24) contradicts (20), we must have

(25) $y^{¥prime}(¥frac{a+b}{2})<0$ .

From (25) and $ y^{¥prime¥prime}(t)¥geq¥beta$ for $t¥in[a, b]$ , we get

(26) $y^{¥prime}(t)<0$ , $t¥in[a,$ $¥frac{a+b}{2}]$ .

By mean value theorem and the fact that $y(t)>0$ for $t¥geq a$ , we have

$¥int_{[(a+b)/2]}^{b}y(t)dt¥geq¥int_{[(a+b)/2]}^{b}(t-¥frac{a+b}{2})y^{¥prime}(¥frac{a+b}{2})dt+¥frac{¥beta}{2}¥int_{[(¥alpha+b)/2]}^{b}(t-¥frac{a+b}{2})^{2}dt$

(27) $=¥frac{1}{2}y^{¥prime}(¥frac{a+b}{2})(¥frac{b-a}{2})^{2}+¥frac{¥beta}{¥mathit{6}}(¥frac{b-a}{2})^{3}$

$¥geq 8y^{¥prime}(¥frac{a+b}{2})+¥frac{32¥beta}{3}$ .

Using (20) in (27) we get

$¥beta¥geq 1¥mathit{6}y^{¥prime}(¥frac{a+b}{2})+¥frac{¥mathit{6}4¥beta}{3}$
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which gives

(28) $ y^{¥prime}(¥frac{a+b}{2})¥leq-¥frac{¥mathit{6}1¥beta}{48}<-¥beta$ .

From (26), (28) and $y^{¥prime¥prime}(t)>¥beta>0$ we have

(29) $ y^{¥prime}(t)<-¥beta$ , $t¥in[a,¥frac{a+b}{2}]$ .

From (29), taking $t¥in[¥frac{a+b-2}{2},$ $¥frac{a+b}{2}]$ we have

$y(t)<y(¥frac{a+b-2}{2})-¥beta(t-¥frac{a+b-2}{2})$

and taking $t=¥frac{a+b}{2}$ we get

$ 0<y(¥frac{a+b}{2})<y(¥frac{a+b-2}{2})-¥beta$ .

Thus

$ y(¥frac{a+b-2}{2})>¥beta$

and since $y(t)$ is decreasing in $[a,¥frac{a+b}{2}]$ we get

(30) $ y(t)>¥beta$ , $t¥in[a,$ $¥frac{a+b-2}{2}]$ .

From (20) and (30), we get

$¥frac{¥beta}{2}¥geq¥int_{a}^{[(a+b-2)/2]}y(t)dt¥geq¥beta(¥frac{b-a-2}{2})¥geq¥beta$.

This contradiction concludes Case 1.

Case 2. $ y^{¥prime¥prime}(t)<-¥beta$ , $t¥in[a, b]$ .

Taking $c=b$ and $a=¥frac{a+b}{2}$ in (21) we get

$0<y(b)<y(¥frac{a+b}{2})+(¥frac{b-a}{2})y^{¥prime}(¥frac{a+b}{2})-¥frac{¥beta}{2}(¥frac{b-a}{2})^{2}$

$(31)$
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$<y(¥frac{a+b}{2})+(¥frac{b-a}{2})y^{¥prime}(¥frac{a+b-2}{2})-¥frac{¥beta}{2}(¥frac{b-a}{2})^{2}$.

Now if $y^{¥prime}(¥frac{a+b-2}{2})¥leqq 0$ , then $y^{¥prime}(t)¥leqq 0$ for $t¥in(¥frac{a+b-2}{2},$ $b)$ .

From (31) and this fact we get

$ y(t)¥geqq y(¥frac{a+b-2}{2})¥geqq¥frac{¥beta}{2}(¥frac{b-a}{2})^{2}¥geqq 8¥beta$ ,

(32)
$t¥in(¥frac{1}{2}(a+b)-1,$ $¥frac{1}{2}(a+b))$

which contradicts (20). Hence $y^{¥prime}(¥frac{a+b-2}{2})>0$ and since $y^{¥prime}(t)$ is decreasing in

$(a, b)$ , we get

(33) $y^{¥prime}(t)>0$ , $t¥in(a,¥frac{a+b-2}{2})$ .

Again taking $c=¥frac{a+b-2}{2}$ , $a=¥frac{a+b-4}{2}$ in (21), we get

(34) $0<y(¥frac{b+a-2}{2})¥leqq y(¥frac{b+a-4}{2})+y^{¥prime}(¥frac{b+a-4}{2})-¥frac{¥beta}{2}$ .

Now (33) implies

(35) $y(¥frac{b+a-4}{2})¥leqq y(¥frac{b+a-2}{2})$ .

(34) and (35) give

(36) $y^{¥prime}(¥frac{b+a-4}{2})¥geqq¥frac{¥beta}{2}$ .

From (36) and $ y^{¥prime¥prime}(t)¥leq-¥beta$ in $[a, b]$ we have

(37) $y^{¥prime}(t)>¥beta/2$ , $t¥in[a,$ $¥frac{b+a-4}{2}]$ .

From (37), we have

$y(t)>y(a)+¥frac{¥beta}{2}(t-a)$ ,
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which gives

(38) $ y(¥frac{b+a-4}{2})>_{¥frac{¥beta}{2}}(¥frac{b+a-4}{2}-a)¥geq¥frac{¥beta}{2}(¥frac{b-a-4}{2})>¥beta$ ,

since $b-a¥geq 8$ . From (33) and (38)

(39) $ y(t)¥geq¥beta$ , $t¥in(¥frac{1}{2}(a+b)-2,$ $¥frac{1}{2}(a+b)-1)$

which contradicts (20).
This shows that $¥beta=0$ and the proof is complete.

Theorem (2.2). Suppose the conditions of Theorem (2. 1) hold. Let $y(t)$ be
a nonoscillatory solution of equation (2). Then $y^{¥prime}(t)¥rightarrow 0$ as $ t¥rightarrow¥infty$ .

Proof. Suppose not. We proceed as in the proof of Theorem (2.1) and
arrive at conclusions (10) and (11). Suppose first that $y^{¥prime}(t)$ is nonoscillatory. Then
$¥lim¥inf|y^{¥prime}(t)|=0$ , because otherwise (11) will be contradicted. If $y^{¥prime}(t)$ is oscillatory

$ t¥rightarrow¥infty$

then we automatically have $¥lim_{t¥rightarrow}¥inf_{¥infty}|y^{¥prime}(t)|=0$ . Thus if $¥lim_{t¥rightarrow¥infty}y^{¥prime}(t)¥neq 0$ , we must have

(40) $¥lim_{t¥rightarrow}¥inf_{¥infty}|y^{¥prime}(t)|=0$

and

(41) $¥lim_{t¥rightarrow}¥sup_{¥infty}|y^{¥prime}(t)|>3m>0$ .

Since by Theorem (2. 1), $y^{¥prime¥prime}(t)¥rightarrow 0$, as $ t¥rightarrow¥infty$ , in a manner of Hammett again, we
can find sequences $¥{p_{n}¥}$ and $¥{q_{n}¥}$ such that $q_{n}>p_{n}$ for each $n¥geq 1$ , $ p_{n}¥rightarrow¥infty$ , $(q_{n}-p_{n})$

$¥rightarrow¥infty$ as $ n¥rightarrow¥infty$ and

(42) $|y^{¥prime}(t)|¥geq m$ , $t¥in[p_{n}, q_{n}]$ .

Again let $N>0$ be large integer so that

(43) $q_{n}-p_{n}¥geq 4$

and

(44) $¥int_{p_{n}}^{q_{n}}y(t)dt¥leq m/2$

for $n¥geq N$ . In what follows we shall choose an $n_{0}>N$ and consider the interval
$[p_{n_{0}}, q_{n_{0}}]$ which we write simply as $[p, q]$ .

If $y^{¥prime}(t)¥geq m$ for $t¥in[p, q]$ then from (44) and mean value theorem
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(45) $¥frac{m}{2}¥geq¥int_{p}^{q}y(t)dt=(q-p)y(p)+¥int_{p}^{q}(t-p)y^{¥prime}(¥xi)dt$ , $p¥leq¥xi¥leq q$ .

(45) yields a contradiction to (44) since $y(p)>0$ .
Thus

(46) $y^{¥prime}(t)¥leq-m$ , $t¥in[p, q]$ .

Again by mean value theorem

(47) $0<¥int_{[(p+q)/2]}^{q}y(t)dt=y(¥frac{p+q}{2})(¥frac{q-p}{2})+¥int_{[(p+q)/2]}^{q}(t-¥frac{p+q}{2})y^{¥prime}(x)dt$ ,

$p¥leq x¥leq q$

which gives

(48) $0¥leq y(¥frac{p+q}{2})(¥frac{q-p}{2})-¥frac{1}{8}(q-p)^{2}m$ .

From (48) and (43), we have

(49) $y(¥frac{p+q}{2})¥geq m$ .

Since

$y^{¥prime}(t)¥leq-m$ ,

we have

(50) $y(t)>m$ , $t¥in[p,¥frac{p+q}{2}]$ .

(50) now leads to a contradiction on (44), and the proof is complete.

Theorem (2.3). Under the conditions of theorem (2.1), all nonoscillatory
solutions of equation (2) approach zero.

Proof. Let $y(t)$ be a nonoscillatory solution of equation (2). Then (10) and
(11) follow as in theorem (2. 1). If $¥lim$ $y(t)¥neq 0$ , then an argument similar to that

$ t¥rightarrow¥infty$

used above will once again lead to a contradiction. This $¥mathrm{c}¥mathrm{o}$ mpletes the proof.

3. Remarks and examples.
$E_{¥_}$xample (1). The equation
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(52) $y^{(¥mathrm{i}¥mathrm{v})}(t)+e^{-¥pi}y(t-¥pi)=2e^{-t}$

has $y=e^{-t}$ as a solution. All conditions of theorem (2. 1) are satisfied.

Remark 1. An the results of this paper remain true for the equation

(53) $(r(t)y^{¥prime¥prime¥prime}(t))^{¥prime}+a(t)y_{¥tau}(t)=f(t)$

if it is assumed that $r(t)¥geq m_{0}¥geq 0$ . By this remark results of Hammett [6] are gen-
eralized.

Remark 2. Equation (2) may have nonoscillatory approaching zero even if
(8) is violated. The following example $¥mathrm{i}¥mathbb{I}¥mathrm{u}¥mathrm{s}¥mathrm{t}¥mathrm{r}¥mathrm{a}¥mathrm{t}¥mathrm{e}¥mathrm{s}$ this.

Example (2). Consider the equation

(53) $y^{(¥mathrm{i}¥mathrm{v})}(t)+e^{-t+¥pi}y(t-¥pi)=e^{-t}+e^{-2t}$ .

Condition (7) holds but not (8). Equation (53) has $y=e^{-t}$ as a nonoscillatory solu-
tion approaching zero.

Thus conditions found are only sufficient.

Acknowledgement. The author is greatful to Prof. H. Onose for correcting a
mistake in the original proof (Case 2). The proof for Case 2 is that communicated
$¥dot{¥mathrm{o}}¥mathrm{y}$ the referee Prof. H. Onose. The credit is therefore due him.
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