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Random Solutions of a System of Functional-Differential
Equations in a Banach Space

By

S. CZERWIK

(Silesian University, Poland)

§1. Introduction.

In the present paper we shall prove a random fixed point theorem for the system
of condensing transformations which generalizes the result of Shigeru Itoh ([5],
Theorem 2.1).

Moreover, we give an application of the obtained theorem to the existence of a
random solutions of a system of functional-differential equations in a Banach space.
Our result generalizes theorems of A. Ambrosetti [1], R. Nussbaum [8] (Theorem 2,
p. 102) and S. Itoh [5] (Theorem 4.3).

§2. Preliminaries.

Let (7, &7) be a measurable space. Let (X, d) be a metric space and 2% be the
family of all subsets of X. A mapping F: T—2* is called measurable (weakly meas-
urable) if for any closed (open) subset B of X, F~'(B)={t e T: F(t)N B0} is meas-
urable. If F(z) is compact for all 7e T then F is measurable if and only if F is
weakly measurable (cf. [4]). :

K. Kuratowski ([7], p. 413, G. Darbo [3]) defined the measure of noncompact-
ness, a(A), of a bounded subset 4 of a metric space X:

a(A)=inf {¢>0: A4 can be covered by a finite number of sets

of diameter less than or equal to &}.
We shall need the following results.

Lemma 1 ([8], p. 100). Let (X, d) be a compact metric space and (Y, d,) a metric
space. Let C(X, Y)="U denote the continuous functions from X to Y with the metric
p: o(f, g)=sup {d[f(x), g(x)]: xe X}. Let HCU be an equicontinuous family of
Sunctions and let H(x)={h(x):he H}, xe X. Then we have a(H)=sup {a,[H(x)]:
x e X}, where a, e, is the measure of noncompactness in U and Y respectively.

Lemma 2 ([8], p. 10). Let (X,, d,), i=1, 2, be metric spaces and f: X,— X, fulfils:
df(x), fR)I<kd (x,, x,), x,, X, € X,, k-constant,
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then f is a a-set-contraction, i.e.

o] f(AD] < ker,(A),
A-bounded set in X,.

§3. Random fixed point theorem.

We assume:

(1) (T, o) is a measurable space.

(2) (X, |+l), i=1, .-, n, are a Banach spaces.

(3) LetG,i=1, - --,n, bea separable closed convex bounded subset of X,
and F,: TXG, X --XG,—G,,i=1,---,n. Foreach (x,---,x,)e G X - XG,
and i=1,---,n, F(s,x, ---,Xx,) is measurable and for each te 7, i=1,..-,n,
F(t, «---+) is continuous.

(4) IfA,CG, i=1,---,n,te T, then

“z‘[Fi(t: Ay -, An)]<kZ_:1 ai,k(t)ak(Ak) for kZi ak(Ak)>Oa
where a, ,: T—{0, o), i, k=1, ---,n and «,, i=1, -+ -, n, denotes the measure of

noncompactness in Xj.
Let us denote

a, (1), [ +k,
(5) czp,lc(t):{ i’k() l# i,k=1,---,l’l, te T,
1—a, (?), i=k,
( 6 ) cs (I)—- {Cls,Il(t)cis-:ll,k+1(t)+ Cflll,l(t)cls,}ﬁ(t)a l#k,
SO () — it (Desi (0, i=k,

s=1,-«-,n—1, i, k=1,.---,n—s, telT.

Now we shall prove the following

Theorem 1. Let the hypotheses (1)-(4) be fulfilled, and a, (t)>0, c} (t)>0 for
teT,i,k=1,---,n. If the numbers c; (t),s=1,---,n—1,i,k=1,---,n—s,te T,
defined by (5) and (6), fulfil the inequalities

e ()y>0for s=1,---,n—2,i=1,.-.,n—s, te T and c}7'(t)=>0

7
(7) , forteT,
then there exists a measurable mapping &: T—G, X - - - XG,, E=(&, - - -, &,), such that
(8) ‘ Fz[ts S1(t)3 R} Sn(t)]ZSZ(t): te IYJ l=17 "',n‘-

Proof. Let G:Glx .- XG, and X=X,X---XX,. We define the map
F: T—2% by '
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(9) Ft)={x=(x;, - -+, x,)e G: F(t, x,, - - -, x,)=x,, i=1, - - -, n}.

Then, in view of Theorem 10.3 of [2], F(¢) is nonempty for any e 7. It is easily
seen that F(z) is closed for each e 7. Hence by Theorem 10.1 of [2], F(¢) is com-
pact for all te T.

Now we shall prove that F is the measurable mapping. Let 4,={x¥};_,, i=
1, .. -, n, be a countable dense subset of G,. Then A=4A4,X --- X A4, is countable
dense subset of G. Let B be a closed subset of G. We denote

B’":{x e G: D(x, B)<L},
n

r@e) =0 U {teT:IFi(r,xl,---,xn)—xilK

m=1 (z1,+++,Zn) EBPNA

2 , i=1,---,n}.
m

At first we show that F-'(B)C V(B). Let te F'(B). Then there exists x=
(x, - -+, x,) € B such that F,(¢t, x,, ---, x,)=x, for i=1,---,n  Let x{®—x, i=
1, ..., n, k—oo. There exists K such that for k> K we have

KO —x <L and F@A®, - x®)—x] <
m m

So we obtain for A >K

|Fi(t, xi® . xZ<k>)—x;‘3(k>]i<%, i=1,...,n

Since x € B and x!®—x,, for some k>K we obtain (xI®, ..., x"®)e B™. There-
fore t e V(B).

Now we shall prove that V(B)C F-Y(B). Lette V(B) Then for each m there
exists x=(xi™, - . ., x»™) such that D(x, B)<1/m and

2
m >

(10) | Fi(t, x)—xi™|,< i=1,.--,n

Let U={(x}™, ..., x*™): m=1,2,-..}. Then it follows from Theorem 10.1 of [2]
that o(U)=0, where « is the measure of noncompactness in the Banach space X.
Therefore U is precompact and there exists a subsequence of U converging to u=
(u, ---,u,)e G. Since Bis closed, ue B. From (10) we obtain that F(t, u)=u,,
i=1,-..,n. This means that ye F(t)N\ B and therefore ¢ F~}(B). In view of
measurability of Fy(-, x,, - - -, x,) for i=1, - - ., n, we obtain that V(B) is measurable
and hence F too. '

From the theorem of Kuratowski-Nardzewski [6], there exists a measurable
selector &: T—G of F, ie. &{)=(&,(t), --,&,(t) e F(z) for all teT. By (9
(&, - - -, &, fulfils the system of equations (8), which completes the proof.
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Remark 1. The condition (7) is equivalent with the condition that the charac-
teristic roots 4, i=1, - - -, n of the matrix [a, ()]} .1, ¢ € T, fulfil the inequalities |2,]
<l,i=1, ---,n(see [2]).

Now we note

an c; ()>0 fors=0,1,.--,n—1,i=1,..--,n—s,teT.

Remark 2. The condition (11) is equivalent with the condition |4,|<1, i=
1, - - -, n (2,-as in Remark 1; see [2]).

Remark 3. Theorem 1 is also true if the condition (7) is replaced by the con-
dition (11) and (4) by

alF(t A, - -, An)]<§1 ai,k(t)“zc(Ak)>
(see Theorem 9.2 and the proof of the Theorem 10.1 of [2]).

§4. Existence theorem.

Let (X, || - |)) be a separable real Banach space, § the zero in X and B=B(r,0) a
closed ball of radius r about 4, r>0. Let a>0 and »>0 be real numbers. Let T
be a measurable space. Let C(U, Y) denote the continuous functions from U to Y
with the metric sup.

We assume:

(i) The maps 4,: Tx<0,ay x C({—b,0>, B)"—X,i=1, - - -, n, are continuous,
for every fixed te T. There exist functions a,,(#)>0, i, k=1,---,n,te T, such
that for every x e {0, @) and ¢ ¢ T and every equicontinuous family K,C C({—b, 0),
B),i=1, --.,n we have

alh(t, 4, - - -, An)]<kz_:1 a; (D (4,), i=1,.--,n,

where 4,CK;, i=1, - - -, n (&, a;-measure of noncompactness in X and C({—b, 0>,
B) respectively).

(ii) For each xe {0,a), y, -+, Y, € C({(—=b,0>, B), hy(e, X, yp, -+, V) 18
measurable, i=1, - - -, n.

(iii)) IfK, i=1,.-.,n,is any equicontinuous family contained in C({—b, 0,
B), then for each te T, h(t, », - - -, «), i=1, - - -, n is uniformly continuous on <0, a)
XK X - XK,

(iv) There exists a constant M >0 such that

Hhi(t’x,y17""yn)”<M fOI' i:l,-..,n5

& %, y1, - - -, ¥,) € TXK0, ay X C({—b, 0y, B)".
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(v) The functions f;: {(—b, 0>—{—b,0), g,: {0, a)—0,ay,i=1,-.-,n are
continuous.
Let ¢, e C({(—b, a), B), i=1, ---,n. We denote

Pi(o)®)=0g)+f(), xe(0,ad, se{(—b0> i=1,---,n.

Let ¢} e C({—b, 0), B), p¥(0)=0, i=1, - - -, n.
We have the following

Theorem 2. Let the hypotheses (1))—(v) be fulfilled. Let the functions c{(t), s=
0,1,.--,n—1,i,k=1, ---,n, te T, defined by

aai,k(t): i+k,

. iakzl,"°9n5 teTs
l_aai,k(t)a l=k,

()= {
and (6) fulfil the inequalities (11) and Ma<r. Then there exist functions ¢,: TX
{—=b,ay—B, i=1, - - -, n such that

1) §Di|Tx<—b,o>=SDg; i=1,..-,m;

2) foreachte T, i=1,---,n, ot ) is continuous;

3) for each x e {0, ay, ¢(+, x) is measurable, where o= (p,, - - -, ©,);
4) foranyteT

ﬁ""g;x)—zhi(t,x,m (6 ), - Plou(t, ), xed0,ay, i=1,---,n.
X

Proof. We define the maps:

F,: TX C({—b, a5, By'—>C({0, a5, X), i=1,---,n by
Fi(ta 5015 R} SDn)(x)—_—hz(ta X, P;SDD ] Pa? n)s X € <0= a>-

Let (3, - -+, ¥,) € C({(—b, ay, B)". Then for any te T, F(t, y,, - - -, ¥,)(+) is con-
tinuous function from (0, @) into X and for any x e (0, a), F(+, y;, - - -, ¥, )(X) is
measurable by (ii). Therefore, applying Theorem 4.2 of [5] we see that Fy(«, y,, - - -, ¥,)

is measurable for i=1, - - -, n.
Now we define S;, i=1, - - -, n as the space of all functions ¢, e C({—b, a), B)

which fulfil the conditions

Soi!<—b,0):§025 == 15 P (5
le)—p2)I<KM|x—z|, x,z¢<0,a).

It is easy to see that S,, i=1, - . -, n, is separable closed bounded and convex subset
of a Banach space C({—b, a), X). Moreover, S,, i=1, - - -, n, is an equicontinuous

family of functions.
Forany te T, F(t, «---+),i=1, - - -, n, is continuous on S, X - - - X S, by (iii).
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Next, we define G: C({0, a), X)—C (K0, a), X) by

G(@)(x)=J:¢(s)ds, x40, ad.
Then we have ‘
(12) olG(p), G(P]< ap(e, V), @, ¥ € C(K0, ap, X).
Let 7,,i=1, - - -, n, be defined by

(GoF)t, @1, - - -5 9 )(X), xe 0, a),
@), x e {—b,0),
0, e8S,;, i=1l,---,n teT.

Ti(t’ DPrs * SDn)(x):{

Then, for e T, ¢, € S;, i=1, - - -, n, we have
“ Ti(ta P15 s @n)(x)|[<fo th(t: S, P;SDI’ : "'a Psnson)ll ds<Ma<r,

and o
HTi(taSDI’ "'5$Dn)(x)_Ti(t9SDls ,SOn)(Z)”<M[X—Z|, X, Z € <0; a>9 t_e Ta

which means that T, maps TX S, X - - - X S, into S;, i=1, - - -, n.

Moreover, for each (y;, ---,y,) € S;X -+ - XS, T, Vi -+ 5 Vy), i=1, -+ -, 1,
is measurable as a substitution of a continuous and measurable functions and for
eachte T, T, (t,«---+), i=1, -- ., n, is continuous as a substitution of a continuous
functions. , ‘

Let K;CC({—b, a), B), i=1, - - -, n, be an equicontinuous family of functions.
For each i=1, -. -, n,

U PIK,=R,
o<z<a
is an equicontinuous family in C({—b, 0>, B). Therefore, since 4, is uniformly con-
tinuous on <0,a) X R, X - - - X R,, we see that F(¢, K,, -- -, K,), i=1,---,n, teT,
is an equicontinuous family. Consequently, by Lemma 1 and (i) for 4,CK,, i=
1,.---,n,te T, we get
al[Fi(t, Ala ) An)]= Sup>a({hz’(t’ S, Psl(/)la R P;LSDn) SDIc € Ak’ k= 1> R} n})

$€40,aqa,

< sup Z ai,k(t)al({PskSDk: Oy € Ak})

s€<0,a) k=1

Since Pf: C({—b, ay, B)—>C({—b,0), B), k=1, ---,n,5¢ {0, a) is nonexpansive,
in view of definition of the function «,, we obtain
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al({PskSDk: Sch € Ak})<0£1(Ak), k: 1’ s ey, n,

hence

(13)  a[F.(t A, - -, 4)]< g a, (D4, A,CK, teT, i=1,---,n

In view of Lemma 2, (12) and (13) we obtain for 4,CS,, i=1, ---,n, te T
[GF(t, Ay, - - -, AN<aalFt, Ay, - - -, A,)]< kzl aa, (Oe(Ay).

Hence, in view of (11) and Remark 3, we can apply the Theorem 1 and we obtain
the measurable function &: T—S, X - - - X S,, E=(&, - - -, &,), such that

14 Tt &@), - - -, &(EN=EL), teT, i=1,-.-,n.
Let
ot, )=&()(x) ie. oft, )=£@)(x), i=1,---,n, teT, xe{—b,ad.

Then by Theorem 4.2 of [5] the conditions 2) and 3) are fulfilled. Moreover, by the
definition of S, i=1, - - -, n, we see that also 1) is true. From (14) and the defini-
tion of T}, i=1, - - -, n, we can easily verify that the system of equations 4) is satisfied.
This completes the proof.
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