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Funkcialaj Ekvacioj, 25 (1982) 185-197

Series Expansions of Painlevé Transcendents in the
Neighbourhood of a Fixed Singular Point

By

Shun SHIMOMURA

(National Aerospace Laboratory and Kobe University, Japan)

§ 0. Introduction.

Consider Painlevé equations
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These equations have a fixed singular point at #=0.

R. Garnier [1] studied equation (VI) in the neighbourhood of =0, and obtained
a family of solutions {A(¢)} such that, for every real constant » satisfying 0<w<1,
t*/(t) is bounded along a curve C, tending to r=0. On the other hand, B. M.
MaCoy et al. [2] obtained formal solutions of (III) as +—0 along the positive real
axis.

The purpose of this paper is to construct a family of solutions of (J) (J=III, V,
VI) expanded into convergent series in the neighbourhood of #=0.

To do this, in Section 1, a majorant series for a certain kind of formal series is
defined, and some preparatory lemmas are proved.

In Section 2, we treat an equation of the form

(B) x(xv'Y =F\(x, e~ *, xe*)+ Fi(x, e~*, xe*)(xu')+ Fy(x, e~ %, xe*)(xu')?, (’ :?;—l—),
X
in the neighbourhood of x=0, and give a family of solutions expanded into con-
vergent series (See Theorem 2.1.). '
In Section 3, we show that, in the neighbourhood of r=0, Painlevé equations
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(J) J=I11, V, VI) are reduced to equation (E). Applying Theorem 2.1, we arrive at
the main result which is Theorem 3.1. ;

Our solutions for equation (VI) correspond to Garnier’s solutions A(t) along the
curves C, for 0<w<1 (See Remark 3.1.).

§1. Majorant series.

Let o, ¥ be complex parameters, and C(w)[[x, ¥, Z]] the formal power series
ring. We consider a set

1.n - A={f(x, e7x?, x| f(x, ¥, Z) € C)llx, Y, Z]]}

Proposition 1.1. Every element ¢ of R has a unique expression

1.2 o=2, ax'+ >, b;;x"(e”"x") + 3 ¢;;x*(ex* ),

where the coefficients a,’s etc. are elements of C(w).

Proof. Let ¢ be an element of R such that

p=f(x, e7"x°, ex' )= Z CieX’(e"x") (e x' )",

157,620
Note that
(1.3) xi(e"x®) (e xt )k = xi9(erxtmoyka, if j<k,
Xty Tk, if >k

Then we see that the formal series ¢ is equivalent to
=2, X'+ 3 Bxi(emx) + 3 Cyx'(ex'=2,

©=0 120 120

=1 7>1

where

A= Zlcijlw B;;= ZI Cigns Crp= ZI Cijk

i+j= i+k= i
k—j=0 ) J~k=J %

are finite sums of ¢, ;’s.

By virtue of Proposition 1.1, R is a ring.
Let p be a positive constant satisfying

(1.4) 0<p<1/2.

For ¢ e R expressed as (1.2), we set
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(19 ol =3 bael [+ 5 (sl +lewD xI+2,
20 3%2(1
and call the majorant series of ¢. The notation ||-||, is often simplified as ||-||. If the

majorant series ||¢||, converges for |x|<r, then the formal series ¢ also converges
absolutely and satisfies

(1.6) lel<lloll,
in the domain defined by |x|<r, [e=*x*|<|x]’, | =] <|x}r.
We put
(1.7) R(r)={p € R|||o], < oo for |x|<r, p<Re 0<1—p}.

Throughout this paper, we assume that r<1.

Prdposition 1.2. Let ¢ and y be elements of R with the properties |||, ||V ||
< oo for |x|<r, p<Re w<1—p. Then we have
D llepl=lelliol, ceC,
i) p-rvl<llel+v,
i) Jewi<lol v
Sor |x|<r.

Proof. The verification of i) and ii) is not difficult. We only show iii). Recal-
ling (1.3), we have

[x|e+E+d | x|p¢=D if I>j
Hxi(e—lcx(u)jxk(e;xl—o))lH___ ‘ 2 =Js

|x|frEet | x|ed=h, if <.
On the other hand, it is clear that

ey (et =]l <P,
Since 0<Cp<1/2, r<1, we obtain
| x*(e™x") x*(ex!~ ) | K[| x¥(e*x°) || || x*(e"x' =)' ||,

for |x|<r. From this inequality, iii) follows immediately.

Proposition 1.2 implies that $h(r) is a subring of R.
Assume that a power series f(x, Y;, - - -, Y,,) expressed as

f(xa Yioooe, Yn)= Z cij...kxiylj? <. Y,"’f
' ©37500,k20

converges in the domain |x|<r, |Y,|<r, =1, ---,n). The majorant series of
f(x, Y, - -+, Y,) is defined by
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2. 5 lcuchxlilYllj | Y[

Tyfseees

which we denote by

”f” (-x’ Yls I } Yn)-
Then we have the following proposition.

Proposition 1.3. Let ¢,’s (v=1, - - -, n) be elements of R(r) satisfying |o,||<r,
Sor |x|<r, p<Rew<1—p. Then we have '

(1°8) f(xs P15 * " "> Son) € ER;
1.9 1£Ces 01s - = =5 @) IZIAN (X ol -+ =5 l@alD-

Proof. If we denote by a{’ the constant term of ¢,, then |a§” |<||¢,||<r,. Hence
we have

fCG 01 - 0)=f0x, a8, - -, af)+F(x, Bis + -5 $a)s
where
¢ =0,—a”,
and
F(x, Yy oy Y) =05 a0+ Yy -, a4 V)15 af?, - - -, af?).
Let I be any positive integer. Consider a triplet («, 8, y) € (N U{0})® satisfying
() e (emx) P ety =,

for some infegers i, k, m (>>1), j, [ (>0). Then the number of such tripléts (a, B, 1)
is finite. Since F(0,0, - - -,0)=0, this fact implies that the coefficient of x’ in
F(x, 3, - -+, 3,) is finite. In a similar way, we can show that the coefficients of

x’(e~*x?)® and x%(ex'~°)¥ are also finite. Thus we obtain (1.8). Once (1.8) is
obtained, inequality (1.9) is verified without difficulty. In fact we have

Hf(xa PR ¢n)ll£z i |Cz]kl {xlz H901Hj ) H%Hk

s k20

=[A1AxL Nl - - -5 lpwlD-

Corollary 1.4. Assume that ¢,’s satisfy the same condition as in Lemma 1.3.

Then f(x, ¢, -+, 0,) (€ R(r)) converges uniformly and absolutely in the domain
defined by

Ix|<r, |e—xe|<|x]e, |erxtme|<|x].
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§2. Solutions of a reduced equation.

Consider an equation of the form
(E) x(xu'Y =Fy(x, e™*, xe*)+ Fy(x, e~ %, xe*)(xu')+ Fy(x, e~ *, xe*)(xu’)".
Here we assume that

(A1) Fyx, & 5)’s (j=0, 1, 2) are holomorphic and bounded in the polydisk
defined by

|x[<ro, &l [9l<r,
where r,, r, are positive constants with r,<1,
and that
(A2) F;0,0,0)=0.
Then we have the following theorem.

Theorem 2.1. Let D(r, A,, 4,) (0<r<r,; A,, A, € R) be a domain defined by

(2.1) Ix|<r, A4,<-2EX <4,
log | x|

and p a constant such that
2.2) 0<p<1/2, r/re>1.

Assume that the constant r is sufficiently small and that complex parameters w, k satisfy
the following conditions:

(2.3) p<<min (Re w, 1 —Re w),
2.4 le==xe|<|x]e, lesx' | <|x]e,

Jor every x e D(r, A,, A,).
Then equation (E) has a family of solutions {u(w, k; x)} expanded into the con-
vergent series

ww, £; X)=—wlogx+x
- ; @ ‘:L‘—O‘ b; (w)x(e~*x") + -ZZO: c(w)xi(erx'~ ),

in D(r, A,, A,).

Remark 2.1. Relation (2.4) means that
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o—14+Re <

1 (Im w-arg x+1log |e*)<Re w—p,
log | x| .

in D(r, 4;, A,).
Before going into our proof, we give the following lemmas.

Lemma 2.2. If o, ¥ and x satisfy
|x|<r, |ex*|, |ex*|<re,
then the transformation
2.5) u= —wlogx+rt+v
takes equation (E) into
3] x(xVY =F (x, e *x*, e’x' 7, v, xV')+ D(x, e~ *x°, e"x'~°),

with the properties: o
(1) O(x, &, ) is holomorphic and bounded for

|x|<r, 11, [pl<re,
and F (x, &, 7, v, w) is holomorphic and bounded for
|x|<r, &), Ipl<re, |u|<log(r/r®), |w|<R,

() &(0,0, 0)=0,
B) F(x, & 7,0,0=0 and F(0, 0, 0, v, w)=0.

Proof. By (2.5), equation (E) is transformed into

x(xV'Y =Gy(x, e *x°e™?, e*x'~?e”) + G,(x, e *x"e", e*x'~“e”)(xv")

2.6)
+ Gy(x, e "xe?, e*x' ~“e”)(xV')’,

where G,=F,— oF,+ &*F,, G,=F,—20F,, G,=F,. Clearly, G,’s are defined in the
domain given by

[x|<r, |e~xe|, |erxt~|<re, |e°|,|e ?|<r/re.
Then we set

Q(x’ 'Sa v):GO(x: S: 77):
&T’(x, ‘S: 779 v, W)ZGO(x3 Se‘ v’ 776”)— GO(x, E: 77)
+Gi(x, Ee7, ne”)w+ Gy, §e™°, ne)w™.

Taking (A.2) into consideration, we arrive at the conclusion.
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Lemma 2.3. Assume that & (x, &, 3, v, w) satisfies (1) and (3) in Lemma 2.2.
Then we have

'gz'(x3 Sa 77) vZ:VWZ)—!-%(x) E’ v, vla wl) »
2(02—01)%1(3(?, E’ 7, Uy, Ug, Wy, w2)+(w2—w1)¢9r2(x7 E: /3 Uy, Ugy Wy, Wz)s

if |x|<r, |&], |p|<re, vy, [wi|<27'log (r,/r?), (i=1,2). Here &, %, are holomorphic
and bounded in the domain given above, and satisfy

Z (0,0,0, v, vy, wy, w,) =0, @i=12).
Proof.
%(X, S; 779 Uz; wz)—.?:(x, E: 773 v19 Wl)

-—-f ge—mx, &, 7, 0O+ v,(1—0), w9+ wi(1—6))do
0
1
— (v, —v) j F (%, & 9, 00+ 0,(1—0), W+ wi(1—6))do

1
+(w,—w) L F (%, & 1, V04 v,(1—6), w,0+w,(1—0))d6.
Thus we obtain the lemma.

As an immediate consequence of this lemma, we have

Lemma 2.4. Let ¢, v, (i=1,2) be elements of N(r) satisfying ||, ||| <
2 tlog (r/r?), for |x|<r, p<Rew<l—p, where ||-|=|-|l,- Then, under the same
condition as in Lemma 2.3, for some positive constant ¢, we have

| F (x, e7"x, €X17%, @5, Yry) — F (X, €7°X°, €X', @y, ) |
éc]xlpl(HSDz—S‘Dl”'*“”‘\l’z‘“‘l’l“),
if |x|<r, e x| <|x|r, |esx' | <|x]?, p<Re w<1—p.
Proof. By virtue of Lemma 1.3, we have

“'g'i(xa e *x®, e“x'~°, ®P15 P35 ‘P’n ‘kz)”

<IF N Qs 11 102, sl gl 1l l1ra ) = O x|+ [x]P 4| x]e)
£C|X|P, (l:l, 2)3

for |x|<r, since & (x, ---) converges absolutely in the domain given by |x|<r,
(€], [p|<re, (v, |ws|<27'log (r,/r?). Thus we obtain the lemma.

For x=|x| exp (¢v — 1) € D(r, 4,, 4,), denote by y(x) the path defined by

e w={r=lilep Gy =D| h ==t l<ixi)
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which starts from x and tends to zero.

Lemma 2.5. If a>0, then
@3) [ttt iat =14 oGV =T 41a
and, if |t°|—0 as t—0 along y(x), then
2.9) I to-1dt = x°/ .
(@)

Proof. Note that x € D(r, A,, A,) implies y(x)C D(r, A;, A,). Hence by putting
t=exp (14+0(W—T)),  c=log|t],

for t € y(x), we have

[ reieran = [ e 1oy =T e
RS Wes (TN

and

J . tw-xdt=fi'“ exp (@— D)(1+ oG =T)z)
X (14+o(x)v —1) exp (14 a(x)v/ — 17)dr

=x*w.

Lemma 2.6. Letf(x, Y, ---,Y,) be a convergent power series in the domain | x|
<r|Y,|<r, and ¢,’s (v=1, - - -, n) elements of R(r) satisfying ||o,||<r,, for |x|<r,
p<Rew<l—p. Assume that w satisfies (2.3) and that

(2.10) f(,0, ---,0)=0,
(2.11) @ulo—o=0.

Then the function

L@ (1, ox(0), - - -, (1))t

belongs to N(r), and-is estimated as

[ o, o< [ 101710k 10Ol - e @ Dlar

in D(r, A,, A,), if (2.4) is satisfied.
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Proof. Since p<<Re o, we have, for i>0,j>1,

G+ jo) ' x (e x) || =[(+ jo) | | x["**!
(2.12) <@+p)7 1+v —1o(x)| |x["**!

=[ iereeeian=| jer eyl
7 (@) 7(®)

In a similar way, using p<1—Re w, we have

(2.13) H(i—}—j(l—w))‘lx"(e‘x‘"'")ﬂ[gj - [t]7t | £%(emt =) || | dt|.
7 (&
By (2.10), (2.11) and Lemma 1.3, the series f(x, ¢y, - - -, ¢,) (€ R(r)) is expressed
as
.19 V{CATREEEN son)=§ aixi+220 bupxi(ex?y + 25 cixi(ex™7Y,

=1 j=1
which converges uniformly and absolutely, if [x|<r, |e7*x*| <|x[|*, [e*x'~*|<|x]*>. On
the other hand, consider a series defined by

F(x, 1+ -5 @) =2 i7'a,x* + 3 (i+jo) b x" (e *x°)

1>0

(2.15) A | |
+§) (l+](1—w))'lcisz(e;xl—‘,,)].
=1

From inequalities (2.12) and (2.13), we derive

1F G @1 - - o5 @alll=25 |l 17571+ 2, 1] 1G+jo) ' x (e "xY ||

i>1
jz1

+ 2 [eul [E+7(1 —e) X (ex' Y|

j=1

(2.16) gfm 1]~ 1S @:(2), - - -5 0 ()] ||

éLm L1 1Az L D - - -5 llpa(®) D ]2
=0(x]),

for x € D(r, A,, A,), which implies that F(x, ¢,, - - -, ¢,) belongs to R(r) and converges
uniformly and absolutely in D(r, 4,, 4,), if (2.4) is satisfied. Hence, by virtue of
Weierstrass’ theorem, we have

d .
——F(X, D5 ** °» Soﬂ):x'lf(x, D1y = s 90n),
dx

and
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FG g ag)=| (0 pi0), - a0

in D(r, A,, A4,), if (2.4) is satisfied. 4
Combining this with (2.16), we arrive at the conclusion.

Now, using the lemmas obtained above, we can prove Theorem 2.1.
Proof of Theorem 2.1. Assume that x belongs to D(r, A, A,) and that the para-

meters o, £ satisfy (2.3) and (2.4). In view of Lemma 2.2, it is sufficient to show that
equation (&) has a solution v(w, £; x) expanded into the convergent series

.17 U, £; X)=2, a;x*+ > b x (e "x*) + > ¢, x(esx' ),
=1 =0 =0
j=1 Jj=1

in D(r, A, A,), if r is sufficiently small.
We shall construct such a solution by the method of successive approximation.
To do this, we write equation (&) in the form

xV'(x)=@,(x)+ L), t'(t); x),

)
v(x) =(x)+I,(v(2), tv'(t); x),
where
o= oG, eto, er-oan,
Jr@
p(x)= - tlo,(t)dt,
v 7T,

L(v(t), w(t); x)= tIF (L, erte, et e, u(t), w(t))dt,
Jr (@)

r

L@, w(t); x)=| 7' L(u(-), w(-); 2)dt,

7(x)

and define {v,(xX)},20, {Us(X)}.20, Tecursively by

vo(x) =vy(x) =0,
O {xv;(x) =@i(x)+ 1,(V, (1), tU,_4(2); X),
k (%) =p(x) + IV, 1(2), V], _,(£); X).
Furthermore, we put
Vi) =0,(x)—v,_(x), xV(x)=xv,(x)—xv,_,(x), (n=1,2,---).
Then these sequences have the following properties: For sufficiently small r,

(2.18) Ua(x),  xUn(x) € R(r),
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2.19) vl (%0, <27 log (r/re),
(2.20) 1V < @)~ |1+ oW/ — T |x[e(n) %,
221) IXV®) | < eo2e)*1072 |1+ a(eW = T | x|*o(al) ",

where ¢, and ¢ are some positive constants.

We verify these relations by induction.

By virtue of Lemma 2.6, the functions ¢,(x) and ¢(x) belong to R(r). Hence
vi(x)(=¢(x)) and xv|(x)(=¢,(x)) belong to R(r), which implies that (2.18) is true for
n=1. If the constant ¢, is chosen so that

12(x, & DIl <cl|x[+|&]+[7D/3,
for |x|<ry, |&], |p|<r, (cf. (2) in Lemma 2.2), then we have
IxVIG) (| =l xvix) [|=[ e x) [|< oo™ |14 a (W — T] | x]7,
and
V@)= llv®) =) | < cop™® |14+ a()V — TP | x]e.

This implies that (2.20) and (2.21) are true for n=1.
Take the constant  so small that

(2.22) co(2¢)71 (exp 2cp* (14 Ap)re)—1)<27* log (r,/r?),

with 4,=max (4,, 4;). Then (2.19) is true for n=1.

Suppose that (2.18), (2.19), (2.20) and (2.21) are true for n<N—1.

By virtue of Lemma 2.6, the functions v,(x) and xv/y(x) belong to R(r). Using
Lemmas 2.4 and 2.6, we derive from (I), the following:

(2.23) leVz’v(x)HSL(x) cltP (| V-1 + 12V |de ],

(2:24) | VN(x)HSLm |s|~ L(s) cltl = ([ Va- Ol +NVi-.(@]) |t | |ds].

From these relations and (2.20), (2.21) for n=N—1; the inequalities (2.20),
(2.21) for n=N are obtained. Moreover, using (2.22) and (2.20), (2.21) for n<N,
we have ‘ : '

los@I, [vp()]<2-" log (rfr?).

In this way, we have proved that (2.18), - - -, (2.21) hold for every n>1.
Inequalities (2.20) implies that V,(x) (e R(r)) converges uniformly and abso-
lutely in D(r, A,, A,), and that



196 . .7 S. SHIMOMURA

2, Vn(X) S’Z | Vn(X)H=0(|xI”),
in D(r, 4,, 4,). Consequently, v(a), K; x) Sie, V L(x) 1s expre531b1e in the form ’ |
U(w, £; x) Z a(w)xU;—Z bw(w)xi(e "x“’)H—Z ”(a))x (e‘ (- o),
J>1 j>1 .
Wthh converges to a holomorphlc SOlllthl’l of equatlon (5) in D(r Al, AZ)
Thus the proof is completed o
Theorem 2.1 leads to the followmg

Corollary 2.7. u(w, k; x exp Qrv —1))=u(o, t—2zv — 1w; X).

§ 3. Painlevé equations.

In the neighbourhood of =0, simple calculation shows that the J-th Painlevé
equation (J) (J=III, V, VI) is reduced to (E) by the change of variables given by the
following table:

For J=TII, i=e”, w=—u—logt, '=x.
For J=V, 2:1 e ", t=x.
For J=VI, i=e" t=

Then, the constants r,, ¥, appearing in assumption (A.1) are taken so that

0<r, <1, 0<r, if =111,
0<r,<1, 0<r<l, ifJ=V,
0<r,<1, 0<r,<l1, ifJ=VL

Applying Theorem 2.1 to each reduced equation and going back to the original
variables, we have the following theorem concerning Painlevé equations.

Theorem 3.1. Let p be a constant with 0<p<1/2, and r a sufficiently small posi-
tive constant. Assume that parameters w, r satisfy (2.3) and (2.4). Then, Painlevé
equations (J) J=111, V, VI) have the families of solutions represented by convergent
series given as follows:

For J=111I,
ZIH((D K t)__e—thw 1 (Z a(S)(a))IZ‘L_l_Z b(3)(a))t2i(e—xt2(u)j
_1>1
-I-Z: c(@)t* (et =),  if t* e D(r, A,, 4,).

j>1

For J=V,
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2@, 53 )=1—e"1* (3 aP(@)1*+ 3 b (@)r'(e~1Y

j=z1
+§) cH(w)t(et'=2)),  ifte D(r, 4, Ay).
i=1
For J=VI,
Ao, 15 D=e"1° (X a®()r' + 3 b (w)t(e "1y
i=0 ‘ 120

j=1

+ 2 e @t )),  if te D@, 4, 4,).
1>0
=1

Here ai(w)=1 (k=3, 5, 6).
Moreover, these solutions satisfy

Audo, k5 texp Rav — 1)) =20, e —4nV — 1o 1),
Iv(w, k; texp Qry —1))=2y(w, k—27v — 1lw; 1),
Avi{w, £; texp Qv —1))=2Ay(w, £k —274/ — lw; t).

Remark 3.1. Since w, £ satisfy (2.4), we have

&1 ltll_".<_]2v1(0)a K; t)lgcz ltlp (¢, ¢,>0, 0<P<1/2)

in the domain of convergence.

References

il

[1] Garnier, R., Etude de lintégrale générale de I’équation VI de M. Painlevé dans le
voisinage de ses singularités transcendantes, Ann. Sci. Ecole. Norm. Sup., 34 (1917),
239-353.

[2]1 McCoy, B. M,, Tracy, C. A. and Wu, T. T., Painlevé functions of the third kind, J.
Mathematical Phys., 18 (1977), 1058-1092.

nuna adreso:

Department of Mathematics
Faculty of Science

Kobe University

Rokko, Kobe

Japan

(Ricevita la 24-an de octobro, 1981)
(Reviziita la 23-an de marto, 1982)



	§0. Introduction.
	§1. Majorant series.
	§2. Solutions of a reduced equation.
	§3. Painleve equations.
	References

