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On the Asymptotic Behavior of Oscillatory Solutions
of Functional Differential Equations

By

John R. Graer"*, Takasi Kusano?, Hiroshi ONosg* and Paul W. SPIkes!'*

(Mississippi State University, U.S.A., and Hiroshima University and
Ibaraki University, Japan)

§ 1. Introduction.

Since the publication of Hammett’s paper [4] the asymptotic behavior of non-
oscillatory solutions of ordinary and functional differential equations has been
widely discussed in the literature. However in only the last couple of years has the
problem of finding sufficient conditions for the convergence to zero of oscillatory
solutions of functional differential equations been studied. Some recent contribu-
tions in this direction include the papers [1-3 and 5-8] below.

In this paper we consider the second order nonlinear functional differential
equation

(1) (r()x"Y +p()x’ +q()x=f(t, x(t), x(g(?)))
of which
(2) (r(®x) +p()x' 4+ q()x+h(t)b(x(g (1)) =e(t, x)

is a well known special case. In the next section of the paper we give sufficient
conditions for all oscillatory solutions of (1) to approach zero as ft—oo. In so
doing we are able to unify and extend a number of recent results on this problem.
In the last section of the paper we apply our results on equation (1) to equation (2)
and relate them to the work of other authors.

§2. Convergence to zero of oscillatory solutions.

Throughout this paper we assume that the functions r, p, q, g, h: [f,, ©©0)—R,
S:lt, )X R2—>R, b: R—R and e: [t,, o) X R—R are continuous, p is continuously
differentiable, r(¢)>0, and g(¢)—oo as t—>oco. We note that our results pertain only
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to the continuable solutions of (1). A solution of (1) will be said to be oscillatory
if its set of zeros is unbounded, and it will be said to be nonoscillatory otherwise.
In what follows we assume that the function f satisfies an estimate of the form

|/ %, ISF@ |x], [y

where F:[t,, o) X R2—R, is continuous and F(¢t,u, v)<F(¢t, v/, V) for 0<u<<v/,
o<<v<v'.

Theorem 1. Assume that g(t)<t,

(3) P'()2>q(1),
(4) j " ()< oo,
(5) r F(s, K, K)ds < oo

Sfor any constant K>>0, and there exists a continuous function H:[t,, o0)— R such that

(6) F(t, v, v)[v<H() for all large v,
and
(7) Jm Hdu<oo.

Then every oscillatory solution of (1) converges to zero as t—co.

Proof. Let x(¢) be an oscillatory solution of (1) and choose T>>t, large enough
so that g(¢)>¢, for t > T,

r H(du<1 and r [1/r(s)lds<1.
T T

First we will show that x(¢) is bounded. Suppose that lim sup,_., |x(¢)|=cc.
Choose K large enough so that (6) holds for all v>>K. Then there exists an interval
(a;, b)) such that a,> T, x(a)=x(b)=0, [x(¢)|>0 on (a,, b)), and M=max {|x(?)|: a,
<t<b}=max {{x(¢)|: t<b,}>>K. Choose T;in (a,, b,) such that |x(7))|=M. Then

M:

[0/ v

and so

2Mgf“ 1X(s)| dSZJbl FE(s)r (s ) X (s)] ds.



Oscillatory Solutions
Squaring and applying Schwarz’s inequality we obtain
< o [ e e,
Since (¥ (F = (O (X)) —X(O)(r(O)x' (1)) we have
432 < [ {POX )+ g(6Ix(5) (5, 6), 3 ON(s))ds
= [ )~ 62166 =5 305). X8 (W)}
) <16, x05), x(g 6] x05) s
gf F(s, M, M)Mds.

Hence 1

44: [F(s, M, M)/ M] dsgﬁ: H(s)dsgfz H(s)ds<1.

This contradiction shows that x(¢) is bounded, say, |x(¢)|< 4 for r>T.
If x(1)-40 as t—oo then there exists 4>0 such that

(9) 2d<li1¥1ﬂiup1x(t)]§A.
Choose 7,>T such that
J: F(s, 4, A)ds<d and j: [1/r(s)]ds < 1.
Due to (9) there exists #,>¢,> T, such that x(¢))=x(z,)=0 and
(10) B=max {|x(1)|: ,<t<t,} >d.
Proceeding as before we obtain
43242” F(s, A, A)Bds<dB

so B<d/4 which contradicts (10). Therefore x(¢)—0 as t—>o.
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From the second half of the proof of Theorem 1 we have the following result.

Corollary 2. If conditions (3)~(5) hold, then every bounded oscillatory solution

of (1) converges to zero as t—oo.

In the following theorem we replace the “pointwise” condition (3) by the

integral condition (11) below.
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Theorem 3. Suppose that g(t)<t, conditions (4)—~(7) hold, and
(1) [T la©-renids<c.

Then all oscillatory solutions of (1) converge to zero as t—co.

Proof. Proceeding exactly as in the proof of Theorem 1 with 7" chosen so that
[T1a©-rezias<t
also holds, we again obtain inequality (8). Since [x(z)|<<M on [a,, b,], we then have
4M23M2+Jil F(s, M, M)Mds

from which we immediately obtain a contradiction. This shows that x(¢) is bounded
and the remainder of the proof follows as before.

Once again we can obtain a result for the bounded solutions of (1).

Corollary 4. If conditions (4), (5) and (11) hold, then all bounded oscillatory
solutions of (1) converge to zero as t—co.

§3. Applications and discussion.

In this section we apply the results obtained above for equation (1) to equation

2):
(r@)x’Y +p()x" +q()x +h()b(x(g (1)) =e(?, x).

The covering assumptions on the function f in the previous section of the paper now
take the form:

(12) |B(w)|<|b(v)] and |e(z, w)|<|e(t, V)] if [u] <] v

In addition, condition (5) becomes
(13) r h(s)|ds<oco and j‘” le(s, K)] ds< oo

for any constant K>>0. Finally, the sublinearily condition (6) would hold if there
exist a constant L and a continuous function e;: [#,, co)—R such that

(14) |b(v)|Jv<L and |[e(t, v)|/v<e(?) for all large v,

and
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(15) j " ey(s)ds < oo.
We then have the following theorem.

Theorem 5. If conditions (3)-(4) and (12)-(13) hold, then all bounded oscillatory
solutions of (2) converge to zero as t—oo. If in addition g(t)<t and (14)~(15) hold,
then all oscillatory solutions of (2) converge to zero as t—co.

Claerly, a similar result can be obtained by replacing condition (3) by (11).

Theorem 1 and Corollary 2 above extend several recent results by other authors.
For example, we extend Theorems 3.1 and 3.5 of Chiou [2], Theorem 3 of Graef,
Kitamura, Kusano, Onose and Spikes [3], Theorems 4 and 5 of Kusano and Onose
[5], Theorems 1, 2 and 3 of Singh [6], Lemma 4.1 of Singh [9], Theorems 1 and 3 of
Singh [12], Corollary 3.1 of Singh [13], Theorems 4.1 and 4.2 of Singh [14], and
Theorem 9 of Singh [15]. While the papers [1, 7, 8, 10, 16-18] deal with n-th order
equations, n>2, when specialized to the case n=2 our results cover a larger class
of equations. In particular we extend the second order forms of Theorem 1 in [1],
Theorem 2.1 in [8], Theorem 3.1 in [10], Theorem 1 in [17] and Theorem 1 in [18].
Related results can also be found in the papers of Singh [11, Theorem 9] and [15,
Theorems 2 and 3]; due to the type of hypotheses imposed there it is difficult to
compare those results fo the ones in our paper.

In conclusion we wish to point out that while the question of convergence to
zero of bounded oscillatory solutions of nonlinear delay equations has begun to
receive some attention, the only results to date which guarantee that all oscillatory
solutions converge to zero are for sublinear equations. The problem of convergence
to zero of all oscillatory solutions of superlinear delay equations is an important
one about which little is known.
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