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On the Holder Continuity of the Solutions
for Degenerate Elliptic Equations

By
Yasuhiro OHARA and Nobunori IKEBE

(Yatsushiro College of Technology and Kumamoto University, Japan)

In the theory of degenerate quasilinear elliptic equations and parabolic ones,
regularity properties of solutions are very important. Edmunds and Peletier [2] have

established inequalities of Harnack type for weak solutions of the equations of the
form

©.1) D A5, 1)+ B, 1) =0,

(2

which admit degeneracy of their ellipticity at fixed point set, that is, in brief, the
degeneracy occurs at p(x)=0 where

20| PRl pto < piA (%, 1, p)< (%) | PP

Moreover Kruzkov and Kolodii [4] have established an analogous result for de-
generate parabolic equations of somewhat different form.

On the other hand, we can also consider the equations which admit degeneracy
at a special value of the solution u, say u=0, for example, porous media equations
Au™ =ou/at, whose regularity theorem for non-negative weak solutions has been given

by Aronson [1]. For elliptic systems, Uralceva [6] has shown Hélder continuity of
the solutions of the systems

0

X3

{a;;(x, wu, } =0,
where

v(uhs'=a,(x, wEs; < w(u)g’,  »(0)=0.
Motivated by the above, we will show Holder continuity of non-negative weak
solutions for the form (0.1) that admits degeneracy of ellipticity at u=0.
§1. Assumption and theorems.

Let £ be a bounded domain in R™ with boundary 32. We consider degenerate
quasilinear elliptic equations
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(1.1) Lu= aa {a,,(x, Wu,} — B,(x, wwu,,— Byx, u)=0

in 2, where

(1.2) Cor|PZay(x, e &, S Cw|sf i (x, 1) € 2X[0, )
for some positive constants C,, = and for any real vector £=(&,, - - -, &,).

Throughout this note, a summation is carried out over the repeated subscripts
and the notations of function spaces and their norms are as usual (cf. [5]).

We assume that the coefficients a,,(x, u) and B,(x, u) belong to C(2 X [0, o)),
and satisfy the following conditions

A1° aij(xa u):aji(x’ u) (Za.]: 15 DY l’l)
A,. | By(x, u)| < Cyu*

for some positive constant C;. Here, ¢ and v satisfy one of (1) and (2)
(1) p=0and vy=3¢/4
(2) p>0and y>7/2.

Definition. A non-negative function u(x) is called a weak solution of (1.1), if
the following conditions are fulfilled;

(i) w’ e WYQ), ue L(2)

(ii) for any function ¢ ¢ W) the following equality is valid;

a3 [, [ et v,

+{ 2 ﬁBj(.x, u)uv—T/Z(ur/2+l)xj+ BO(X, u)}¢]dx:0-
42
The main result of this note is the following.

Theorem 1. Under the conditions of (1.2), A, and A, the bounded non-negative
weak solution of the equation (1.1) is Holder continuous with some positive exponent o
in any compact subdomain Q' of 2. And the Hélder norm and exponent depend only
on the bound u, the distance from 2’ to 982, n, C,, C,, p, v and z.

To state the boundary estimates we assume the following conditions.
A;. The boundary 0f2 satisfies
mes (K,— 2N K,) =6, mes K,

for any ball K, of radius p (Za,) with a center on 92, where a, and 6, are some
positive constants.
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A,. The boundary value of u belongs to C#(9£2) for some g (0<3<1).
Then we have the following.

Theorem 2. Under the conditions of (1.2), A,, A,, A, and A, the bounded non-
negative weak solution of the equation (1.1) is Hélder continuous with some positive
exponent e on 2. And, the Hélder norm and exponent depend only on the bound u, n,
Cy, Ciy 11, v, T, B, a4, 0, and the Holder norm of the boundary data of u.

The existence of weak solutions of such type has been given by the authors [3].
If we replace u*/?*! by V, the equations (1.1) and (1.3) become as follows;

1.1y V= ai{aij(x, VWV, —Byx, VIVV,,— By(x, V)=0
X, ‘

with

GV &< dij(x, V)st_]é Ci've l&lza o=t/(r+2).
(1.3 J 180 VIV bt (Bl VIVV.4 B, V)l =0

for any function ¢ WY Q).
Here the coefficients satisfy the following conditions;

A{ ﬁij(’x’ V)::dji(x’ V) (la.]:l’ Tt n)
Al [By(x, M|IZC,V?

for some positive constant C,. Moreover constants j and § satisfy one of (3) and
@.

(3) #£=0and $=0/2

4) /F>0and 5>0.

The new problem may be more natural than the original one in the definition
of weak solution.

§2. Auxiliary lemmas.

In this section we present some lemmas to obtain the Holder estimates of the
functions (cf. [2], [3], [5D-
For the function ¢(x), 4,,, and B, , denote the sets

(xe K,NQ; g(x)>k} and {xeK,N2; ¢(x)<k}

respectively, where K, is a ball of radius p in R”, and max ¢ and min ¢ denote es-
sential max ¢ and essential min ¢, respectively. Furthermore osc (¢, K,) denote max ¢
—min ¢ on K,.
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Lemma 1. We consider the function ¢(x) in Wi(Q2) and assume that

@.1) 0=g(N=M,

22) [ rgtear=c|  (G—krre+ T

hold for any ball K,C 2, for any function { in C7(K ) and for any k, h such that

(2.3) max ¢—d ocs (¢, K,) <k <h=i(k+max ¢),
Kp K,

where the constant § € (0, 1).
Moreover assume that

(2.4) mes {x € K,,; ¢(x)§1r§{ax $—docs (¢, K,)} =7 mes K, ,,
P

where a constant T e (0, 1).

Then for some positive constant s which depend only on M, & and T we have the
estimates

ocs (¢, K,) <2%
or
05¢ (¢ Ky < (1—219) osc (g, K,),
where K,, K,,, and K,,, are concentric balls.
Lemma 2. We consider the function ¢(x) in W3(2) and assume that

2.5) 0= ()< M,

(2.6) [, irercdrs< cf, Ak—grirer+cyds

hold for any ball K,C Q and for any function { in C7(K,) and for any number k, h such
that

2.7 ' 3 (k+min ¢) <h<<k<min ¢+d osc (¢, K,),
Kp K,

where the constant d € (0, 1). Moreover assume that

(2.8) mes {x € K,,,; ¢(x) =min ¢+ 6 osc (¢, K,)} =7 mes K, ,,
Kp

where the constant 7 e (0, 1).
Then the assertion of Lemma 1 holds



On the Holder Continuity of the Solutions 343

Remark. Let us assume that K, is a ball of radius p (Za,) with center on 79.
The above lemmas remain valid for this case if we assume

max {¢; 02N K,} <max {¢; 2N K,} —dosc (¢, K,N 2)
and
min {¢; 2 N K,} =min {¢; 2N K,} 46 osc (¢, K, N 2)
instead of conditions (2.4) and (2.8), respectively.
The above lemmas are essentially equivalent to Lemma 6.1, 6.2, 7.1 of Chapter

2 in [3] and those of [6].

§3. Proof of the theorems.

First we shall prove Theorem 1.
Proof in the case (1). Let u be a bounded non-negative weak solution of the
equation (1.1) and we put V(x)=u/?**!' and M =max, V.

For any positive constant K(< M), for any non-negative function { € C5(K,)
and for any ball K,C £, set

¢(x) =max {K— ¥V (x), 0}C*(x),

which belongs to Wi(Q).
Inserting this function into (1.3) we have

2
1 . -7/2 i 2 . ‘
(3 ) jK>V [‘L'-I—Z a;; (x, u)u V%{ Vx,C —|—2(K V)Cx]C}

+ {;%2— B (x, U)u,'_,/z Vet Bo(x,u)} (K—V) Cz] dx—0.

With the aid of the conditions (1.2), A,, A, and 0<u< M¥¢*? it follows from
(3.1) that

f WPV P Cdx

(3.2) K>V B

<c, j W (K= W) F V| PC|C+ @ PV |+ ur)(K — V) dx.
K>V

Using Young’s inequality we have

f W |PV PCdx
K>V T

(33) <G WA K—VFIPCE K=V P+ (K= V)
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< C K+ J A= VyITEE g,

Here and hereafter we denote by C, (i=2) the constant which depends only on z, v,
# M, C,, C, and the distance from £’ to 920.
For any k, & such that

(3.9 $(k+min V)<h<k<min V45 osc(V, K,),
K, K,
we obtain from (3.3)

f Sl R
(3.5) Besp=Pp B

<Chren [ e vPIPeE+Clas,

where B, ,={x ¢ K,; V(x)<k}.
In B, ,—B,,,, h<V(x)<k and h7/¢+d Jyr2<f/e+D,
Moreover k<2h from (3.4).
Considering this, from (3.5) we have

[ wvrearsa|  e-vrirer+clas

This implies that V" satisfies the conditions of Lemma 2 except (2.8).
Next for non-negative constant K(< M) set

¢(x) =max {V(x) — K, 0}{*(x),

which belongs to Wi(Q).
Inserting this function into (1.3), we obtain

2 - 27/ 2 J—
.[K<V [_z'—T—? a6, W=V, (V. 8+ 20V — K)C, )

+ {—24 Bi(x, )=V, + By(x, u)}(V- K)Cz] dx=0.
42
By the use of the conditions (1.2), 4, and 4,, we have
(3.6) j WPV PCdx < C, (max V)/c+> f (V=K \PCP+Cdx
K<V K, K<V

Now, we set 4, ,={x € K,; V(x)>k}. For any k, & such that
3.7 max V—adosc(V, K,)<k<h<}(k+max V),
Ky Kp

we obtain
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(3.8) L‘ PvReav=C, Lk (V=K |PCE+Cdx.

This is derived as follows.
It follows from (3.7) and V=0 that

- (3.9) k=>(1~—4) max V >0.
‘ Kp
Applying (3.9) to (3.6), we have
(1= oy/eso(max Vyrers [Py eeds
KP k<V
(3.10) < J W\ PV P dx
E<V

< C,(max V)/c+> j (V= kY| PLP+ D) d.
Kp k<V

From (3.10) we get (3.8).

Consequently, from (3.8) we see that V satisfies the conditions of Lemma 1
except (2.4). Since one of the conditions (2.4), (2.8) always holds, we can apply
Theorem 6.1 of Chapter 2 in [S5] and Lemmas 1, 2 to obtain desired interior Holder
estimate of V. This completes the proof in the case (1).

Proof in the case (2). Let V, M and {(x) be as above.

Set ¢(x)=max {min (K—u, K—e¢), 0}{*(x), which belongs to WQ), where 0<e
<K§M2/(T+2).

Insterting this function into (1.3) we have

2 -7/2 2 -
Y P2y (K— 1
J‘K>u>s T+2 a;;u xt{ uxJC U( U)C(:wj} X

+f 2 BV, BY(K—wzds
(3.11) JE>u>e Lz 42 ’

N 2 ..
T 12 agu "V, - 2AK—e)LC,,dx
* 2 q
+u use { T+2 Bjuv—r/Zsz+ Bo}(K—g)C“dx:;O.

Applying the conditions (1.2), A, and A, to (3.11), we obtain
J' PV ECdx <G, [ f |V |(K— )| PE )+ u (P V |+ DK — )} dx
K>u>e K>u>¢

+J‘u32 {ur/Z{VI/l(K— 5)C|V§[+u;¢'(“7V|+ 1)(K—e)C2}dx],

where ¢/ =min (v—1z/2, p).
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By the use of Hélder inequality we see easily
J PV P dx
K>u>e
<Gl P PEr e K)o (K=Y
+ {I PV FCdx f w(K — ey |Pe |2dx}”2

+ Ué APV P+ 1)Cdx L 12 (K — &) dx}m].

(3.12)

On the other hand, for «>0 and for K >u>0 the following inequalities are
valid;

Koty :f KA1 — 1y} dt
o dt

=@+ DE—) j o (tK+(1— 1)) dr

(3.13) e
, g(a+1)(1<—u)L/2{ + }dt

2

0;:11 (K—uw)(K+u)* = %(K—u)u“.

Applying (3.13) to (3.12), we have
618 Joo TVIEBSCf, | (KR PP K s

+o() + o)
for any k, & such that, k= K>+,

(3.15) Lk+min V)<h<<k<min V+dosc (¥, K,).
Ky Kp

Furthermore 4 >0 from (3.15). Hence for any positive number e/**(<h), we
obtain from (3.14)

.[k>V>n IVVIZCZ dx= Gy >V {(k —Vy e IZ+ Cz} dx+o(e*)+o(e*).

Let'¢ tend to zero, then we have

[ wvrearsca|  e-vrircr+rias
K>V >h >V

This implies that ¥ satisfies the conditions of Lemma 2.
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The rest of the proof can be obtained similarly to the proof in the case (1).
Hence we shall omit the proof.

Proof of Theorem 2. By the use of Theorem 7.1 of Chapter 2 in [5] and Remark
in § 3, the boundary estimate of V follows in the same way.

Acknowledgement. The authors wish to thank the referee for his very helpfu1
comments and suggestions.
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