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Oscillation Results for Nonlinear Functional
Differential Equations

By

John R. GrRAEF*, Samuel M. RANKIN, III and Paul W. SPIKES*

(Mississippi State University, and West Virginia University, U.S.A.)

§1. Introduction.

In this paper we obtain three oscillation results for forced second order nonlinear
functional differential equations. One of these results is obtained by comparing the
functional equation to a second order unforced ordinary linear equation while the
other two are obtained by comparing the functional equation to a second order un-
forced nonlinear ordinary equation. What makes our theorems different from other
comparison type results is that the explicit knowledge of the distance between con-
secutive zeros of the forcing term is utilized. The types of forcing terms allowed do
not have to be small, or periodic, or strongly bounded as was needed in [3-6].
Neither do we impose any sign conditions on the functions » and F below, nor do
we use any type of integral conditions. In order to prove our theorems we use, in
addition to the well-known Picone identity for linear equations, a nonlinear version
of that identity. This approach was successfully used in [2] to obtain nonoscillation
results for nonlinear ordinary equations.

§2. Linear comparison.

We consider the equations

(1) (a()x") +b(1, x(1), x(g(1))=f(t)
and
(2) (@()y'Y +k(t)y=0

where a,, a,, f, g, k: [t,, ©)—R and b: [t,, o0) X R*— R are continuous, a,(z) >0,
a(t) >0, and g(t)->o0 as t—>oco0. A solution u(z) of (1) or (2) is said to be oscillatory
if its set of zeros is unbounded and it is called nonoscillatory otherwise. The points
t, and t,, 1,<t,, are called consecutive sign change points of a continuous function
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v(?) if there exists ¢>0 such that v(r)<<0 (v(¢#)>0) on (t,—¢, t,) and (7, t,+¢) and
u(t)=>0 (v(r)<0) on [z, 2,].
We will assume that

(3) a,(t)>ay(?)
and
(4) u[b(t, u, v)—k(t)u] >0 if uv>0.

Moreover, we assume throughout this section that either (3) or (4) does not become
an identity on any open interval where f(¢)=0.

Theorem 1. Suppose that (3)-(4) hold, equation (2) is oscillatory, and the distance
between any two consecutive sign change points of f is greater than the distance be-
tween consecutive zeros of any solution of (2). Then every solution of (1) is oscillatory.

Proof. Let x(¢) be a nonoscillatory solution of (1), say x(z) >0 for t >T>t,.
Then there exists 7,>>T such that x(g(¢)) >0 for t>T,. Let ¢,>¢,>T, be consecu-
tive sign change points of f(¢) such that f(#)<<0 for #,<<t<{t,, and let y(¢) be a
solution of (2) with y(¢,)=0 and y'(t,)>>0. There exists f, such that #,<{t,<t¢, and
y(t,)=0. We then have

YO la()y' ()x(1) — a()x" (OO x(®)Y
= () [b(t, x(2), x(g(1)) —k()x(1))/x(2)
+Ha(t) — a O (OF + a (Y (Dx(1) — X' ()y(®)]/x(2)}?
=y (Of(0)]x@).

Integrating from ¢, to ¢, yields the desired contradiction. The proof in case x(z)<<0
for t>T is similar and will be omitted.

Theorem 1 generalizes Theorem 1 and Corollary 2 of Rankin [7] and Theorem
10 of Svec [8]. It is easy to see that Theorem 1 can be extended to equations where
the function b has the form b(z, x(2), x(g,(2)), x'(t), x'(g(¢))). Condition (4) would
then become

ulb(t, u, v, w, 2) — k(t)u] >0 if uv>0.

With this in mind we would then have a generalization of Theorem 5 of Elijas$ [1].

A continuous function u(z) is said to be quickly oscillatory if it is oscillatory
and for every >0 there exists 7>, such that for every pair of consecutive zeros ¢,
and 7, of u(?) in [T, o) we have |t,—¢,]<le. The following corollary is then an im-
mediate consequence of Theorem 1.
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Corollary 2. If (3)-(4) hold, the distance between any two consecutive sign change
points of f is greater than M >0, and every solution of (2) is quickly oscillatory, then
equation (1) is oscillatory.

Corollary 2 generalizes Theorem 5 in [7].
We conclude this section with a simple example of Theorem 1. The equation

(5) x"4+4x=1/24sint
can be compared to the unforced linear equation
x"” +4x=0.

It is easy to see that the hypotheses of Theorem 1 are satisfied and so equation (5)
is oscillatory. Observe that the function R(¢#)=t%4—sin¢ has the property that
R”’(t)=1/2+sint. None of the results in [3-6] can be applied to equation (5).

§ 3. Nonlinear comparision.

In this section we consider the equations

(6) (a(®)x") + H () f(x()F(x(g(1)) =r(2)
and
(7) (a)y'Y +G(Oh(y()=0

where a,, a, and g are as before, H, G, r: [t,, c0)—R, and f, F, h: R—R are continu-
ous, and H(¢)>0.
We will also assume that

(8) fiwy>0  if u=0,
(9) uh()>0 and uf(u)>0 if w0,

and there exist constants k, and k, such that

(10) 0K fW<k,  if u#0,
(11) Fu)>k, if u#0,
(12) al(t) >k,a\(1),
(13) k,H(1)>G(1),

and either (12) or (13) does not become an identity on any open interval where
r(t)=0.
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Theorem 3. If (8)—(13) hold, equation (7) is oscillatory, and the distance between
any two consecutive sign change points of r is greater than the distance between con-
secutive zeros of any solution of (7), then every solution of (6) is oscillatory.

Proof. Suppose that (6) has a nonoscillatory solution x(¢). If x(¢) is eventually
positive, say x(t)>0 and x(g(¢))>0 for T>1, let t,>f,>T be consecutive sign
change points of r such that r(¢)<<0 on [¢,, t,]. Let y(¢) be a solution of (7) satisfying
¥(t)=0and y’(t,)>>0. Then there exists ¢, such that ¢,<t,<#,, ¥(¢,)=0, and y(z) >0
on (t,, ,).

It is easy to see that

{h(y(@) LI x(@))a()y' (1) — Ry )a()x' () f ()Y
=[H@®)F(x(g(t))) — GO (¥(1))
+H GO (OFat) — a (O (V@) (x(1))]
+a () G (VD) Y O (1)) — h(H(E)X" @) [f ()]
— @) @O (x(2)).
Integrating the last equation over [¢,, ¢,] yields a contradiction and the proof is com-

plete for this case.
A similar argument handles the case when x(z) is eventually negative.

Since (6) may be nonlinear, it may have both oscillatory and nonoscillatory
solutions. If #(¢)=0, we can show. that (7) having an oscillatory solution is sufficient
to ensure that (6) is oscillatory. We state this result as:

Corollary 4. If (8)—(13) hold, equation (7) has an oscillatory solution, and r(t)=0,
then every solution of (6) is oscillatory.

The proof, with some obvious modifications, is the same as that of Theorem 3.

Remark. Notice that if (6) is an ordinary equation, i.e., F(u#)=1, we can replace
(13) by

13" H()>G(1)
and drop the requirement that H(z)>0.
In the next result we remove the constant &, from (12) by altering condition (13).

Theorem 5. Suppose that (8)-(11) hold, equation (7) is oscillatory, and that the
distance between any two consecutive sign change points of r is greater than the distance
between consecutive zeros of any solution of (7). In addition suppose that

(14) k,H(t) >k,G(1),
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(15) a(t)>ay(1),

and either (14) or (15) does not become an identity on any open interval where r(t)=0.
Then every solution of (6) is oscillatory.

Proof. Assume that x(#) is a nonoscillatory solution of (6) such that x(¢) is
eventually positive. Then there exists T>>7, so that x(#) >0 and x(g(¢)) >0 for t>T.
Now let 7, ¢, and ¢, and a solution y(¢) of (7) be chosen as in the proof of Theorem
3; then

(R (@O)TKL f(x())a()y'(£) — k(1) ()" () f (<)Y

=k [H(t)F(x(g (1)) — kGO (¥(1)) — k@R (V@) (x(1))
+k (YO)kaft) — K (VE)Da@/f @I OF
+kia(t) @) (@)Y (DL (x(@)) — h((E)x" @) f ()]

>kl H(t) — kGO ((1)) + ki (W )lax(t) — a (DI (D)F
+kia, () OM)H (@) O] Ce(2)) — A (@)%’ (O[f (x(2)]
—kir @YD (e(2)).

Integrating the last inequality from ¢, to f, leads to a contradiction.

A similar argument also leads to a contradiction if it is assumed that (6) has a
solution which is eventually negative.

The same reasoning indicated after the proof of Theorem 3 leads to following
corollary to Theorem 5.

Corollary 6. If (8)~(11) and (14)-(15) hold, equation (T) has an oscillatory
solution, and r(t) =0, then every solution of (6) is oscillatory.

Remark. 1f F(u)=1 so that (6) is an ordinary equation, then (14) becomes
(14) H(t)>k,G()
and once again the requirement that H(¢)>>0 is not needed.

It is interesting to notice that if k£,<C1 in Corollary 4, then it may be that a,(¢)
< ay(t) which is contrary to the condition needed in the Sturm-Picone theorem for
linear equations. A similar statement applies to Corollary 6 in case F(v)=1.

As an example illustrating our results, consider the equations

(16) [27+sin 1)x') + H(£)x(¢)(2+sech (x(g(1))) =0, 1>2,
and

17 [(1+0)y'Y + H(r) tanh (¥(1)/2)=0,  1>2,
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where H(t)>0 and g(t)—>oco as t—oo. If (17) has an oscillatory solution, then
Corollary 4 implies that every solution of (16) is oscillatory. Here f(x)=x and
h(y)=tanh (y/2) so that #'(y)[f’(x)=sech?(y/2)/2<1/2=k,. Also F(u)>1=k,, so
we have

1+t=a,(t)>a,t)2=t+sin?/2
and
k. H()=H()=G(t).
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