<RNE,

;f Kobe University Repository : Kernel

R
S
4oge

PDF issue: 2026-11-02

Oscillation Properties of the Solutions of a
Class of Hyperbolic Equations of Neutral Type

Mishev, D. P.
Bainov, D. D.

(Citation)
Funkcialaj Ekvacioj,29(2):213-218

(Issue Date)
1986-08

(Resource Type)
journal article

(Version)
Version of Record

(JaLCDOI)
https://doi.org/10.24546/0100499509

(URL)
https://hdl. handle. net/20.500. 14094/0100499509

KOBE

\j].\]\'l:lihl'[ Y
J

%)



Funkcialaj Ekvacioj, 29 (1986) 213-218

Oscillation Properties of the Solutions of a Class of
Hyperbolic Equations of Neutral Type

By
D.P. MisHEV and D.D. BAINOV

(Institute of Foreign Students and University of Plovdiv, Bulgaria)

§ 1. Introduction

In recent years several results have been published concerning oscillation
properties and the asymptotic behaviour of the solutions of certain classes of hyper-
bolic equations. We mention here the works [1]-[6] and their references. In the
paper of K. Kreith, T. Kusano and N. Yoshida [6] sufficient conditions were found
for oscillation of the solutions of nonlinear hyperbolic equations of the form

U, —du+c(x, t,u)=f(x, t)

considered in a cylindrical domain, where 9i1/du is prescribed on the surface.
In the present work sufficient conditions are obtained for oscillation of the solu-
tions of the hyperbolic equation of neutral type

( 1 ) utz(xa t)_l_zutt(x’ t—f)_du(x9 t)+c(x, t; u) =f(x, t):

where A=const >0 and z=const>0.

§ 2. Saufficient conditions for oscillation of the solutions

Let G be a cylinder in the space (x, 1), x={x, x,, - - -, X,,), defined by the con-
ditions x € 2, t >0, where & is a bounded domain in R* with smooth boundary ¢42. '
Let ¢ be the surface of G, i.e. 6=02X (0, c0) and n be the vector of the exterior
normal to ¢. We denote by G,, « € R, the infinite cylinder & X («, o).

Consider the following problem

U+, (x, t—1)— Jutclx, t, 1)=f(x, t), (x,t)e G
(2) ou

—= =g(x, 1), (x,t)eo
on

where 1 and r are positive constants. Suppose that the following conditions (A)
hold:

Al. c(x,t,u)e C(GXR; R),
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Sf(x, 1) e C(G; R),

g(x, 1) € C(o; R),
A2, c(x, t, &)= p(t)p(&) for (x, t, &) € G X (0, oo) where p(¢) is a continuous and
positive function in the segment (0, co) and %(¢) is a continuous, positive and convex

function in the same segment (0, oo).
A3, c(x,t, —&)=—c(x, t, &) for (x,1,&) e GX(0, o0).
Corresponding to each solution u(x, ¢) of the problem (1), we also consider the

function
U(t)= LI u(x, t)dx,  te(—r, o)
|2|) =
where | 2|= J dx. The following lemma holds:

Lemma 1. Let the conditions Al and A2 be satisfied. If u(x, t) is a solution of
the problem (2) for which u(x, t)>0 in G,, «=0, then the function U(t) satisfies the
differential inequality of neutral type

144 77 1 1
(3) VO =D+ O)= [ s t)da+@fgf(x, )dx,

where t > «.

Proof. Lett>a. Using the formula for differentiating under the integral, we

get
U"(t)+w"<t——z)=|f_jz|j [t1,/(%, 1)+ A, (x, 1—2)]dx
(4)
=éj [du—c(x, £, u)+1(x, ldx.
Green’s formula yields
(5) I Audxzj 04 Gy — j g(x, 1)do.
) 2 a9 ON PP

From A2 and Jensen’s inequality we obtain

1 1
) @ L} c(x, t, wydx= @ L) p(t)p(u)dx
=900 (151 [, s ) =p .

Then from (4), (5) and (6) it follows that for t >«
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U +a0" == gt do—pOp(U)+ L f(x, )dx.
|2]J 22 |2]J)
This proves the lemma.

Definition 1. The solution u(x, t) of the problem (2) is called oscillatory in G if
u(x, t) has zero in G, for each o =>0.

Definition 2. (cf. 7). The inequality (3) is called oscillatory at = co if it does
not possess a solution which is positive in the interval [«, co) for every a=>0.

Using Lemma 1 we prove the following theorem:

Theorem 1. Suppose that the conditions (A) hold and the differential inequalities
of neutral type

(7) U"(t)+2U0"(t—7)+p(0)E(U) < G(1)+ F(1)
(8) U"(t)+2U"(t—2)+p()E(U) < —G()—F(2)
are oscillatory at t = oo, where

_ 1 1
(9) G(t)_@'[mg(x, Ddo and FO= Lf(x, £)dx.

Then, every solution u(x, t) of the problem (2) is oscillatory in G.

Proof. Assume to the contrary that there exists a solution u(x, t) of the problem
(2) which has no zero in G,. If u(x, t)>0 in G,, then from Lemma 1 it follows that
U(?) is a positive solution of the inequality (7) for ¢ >«, which contradicts the condi-
tion of the theorem. If u(x, 1)<<0in G,, then v(x, )= —u(x, t) is a positive solution
of the problem

vtt+2vtiz(x7 t—z’)—-—AU—*—C(X‘, f, U)= '—f(xs t)s (-xa t) eG

3

= _g(x: t): (xa t) €o.
on

From Lemma 1 it follows that
V(t)y= LJ‘ u(x, t)dx
|2|J 2

is a positive solution of the inequality (8) for 1>« which contradicts the conditions
of the theorem as well. This completes the proof of Theorem 1.

The above arguments imply that the oscillation properties of the solutions of the
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problem (2) can be transformed to investigation of the oscillation properties of the
solution of differential inequalities of neutral type

(10) YO+ 2"t —7)+f(t, y)=q()

where A=const >0 and z=const>0.
Suppose the following conditions (B) hold:
Bl. f(t,y) € C(Ja, )X (0, c0); R), q(t) € C([a,); R), where a € R.
B2. f(t, y)>0 for (¢, y) € [a, o0) X (0, o).
Then, the following lemma can be proved:

Lemma 2. Let the conditions (B) be satisfied and

(11 lim inf L

t—oo t—1t,

f (t—5)q(s)ds = — oo

for every t,>a. Then, the inequality (10) is oscillatory at t = oco.

Proof. Assume to the contrary that y(¢) is a positive solution of the inequality
(10) defined in the interval [#,, o0). Then, using the condition B2, we obtain

V() +2Y(t—o)<q@)—f(t, )=q(t)

ie.

4 DO+ =q().

Integerating the above inequality twice in the segment [#,, ], we get

3O+ —=C+ Cle—1)+ [ ([ a(ds )aw,

where C, and C, are constants. Since

J‘;<£ﬂo q(s)ds)dw = J;(t —s)q(s)ds

dividing both sides of the last inequality by #—¢,, t >, we obtain

t—t, t—1t, t—1t, Jeo

Then, for t— oo, from (11) and (12) it follows that

lim inf () +2Ay(t—7) _

t—oo t—1,

(o]

which contradicts the assumption that y(t) is positive for #>¢,. This proves Lemma 2.
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Using this result, we obtain the following theorem:

Theorem 2. Suppose that the conditions (A) hold and

(13) lim inf [ (1—%)(G(s)-|—F(s))ds= ~ o

t— oo t

(14) fim sup| (1 — %)(G(sH—F(s))ds: +oo

t—oo Lo
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Jor every sufficiently large number t,. Then, every solution u(x, t) of the problem (2) is

oscillatory in G.

Proof. One can easily check that from the conditions (13) and (14) it follows

respectively that

1 [ .
lim inf_——— Lo(z‘ —5)(G(s)+ F(s))ds =

lim inf_1 J't (t—5)(— G(s) — F(s))ds = — oo.
t—oo t—1,J to

Then, according to Lemma 2 we obtain that the inequalities (7) and (8) are
oscillatory at t=o00. Hence, from Theorem 1 every solution u(x, ) of the problem

(2) is oscillatory in G.
Example. Consider the problem
Uy, +u, (X, t—r)—u,,,+u=2¢" cos x(sin t+cost—e " cost),

(x, 1) e G:(O, g)\x(o, o),

(15)
u,(0,1)=0,  te(0, o),

u, (%, t> — _etsing,  te(0, o).

One can easily and immediately check that the functions

c(x, t, )=u, (x,t,u) e GXR,
S(x, t)y=2e" cos x (sin t-+cos t—e~" coOs 1), (x,t) e G,
g(0, 1)=0, t e (0, c0),

g(%’ t): ——et Sin t> te (Oa 00)9

satisfy the conditions (A). Moreover, taking into account (9), we obtain
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G(t): —_— zet Sin t, t € (09 OO),
T

F(t):ie‘ (sin t4cos t—e " cos 1), t e (0, c0),
'
which implies that
t t
I(t):j <1 —%)(G(S)—i—F(s))dS:ti(Z sin 1—2 e~ sin 1—cos 1)+ C,
Lo T

where C does not depend on . Hence

lim inf /()= — oo, lim sup I(¢) =+ oo,
t— o0

t— oo

i.e. the conditions (13) and (14) of Theorem 2 hold. Then, from Theorem 2 it follows
that every solution of the problem (15) is oscillatory in the cylinder G=(0, z/2) X
(0, o0). For example,

u(x, t)=e" sin t cos x

i8 one such solution.
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