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Funkcialaj Ekvacioj, 30 (1987) 251-268

On the Semilinear Heat Equations and Wave
Equations with Unbounded Coefficient

By

Yukiyoshi EBIHARA
(Fukuoka University, Japan)

We consider first initial-boundary value problems to semilinear heat equation

M = e+ Ut = £, ),

and semilinear wave equation

(2) Uy — Uyy + ﬁuq = g(x’ t)

where —w<a<x<b<oo, t>0, g is a positive integer, f and ¢ are given smooth
functions in (x, ?) and p(x) is a smooth function in x € (a, b) and it has zero points
in [a, b], i.e., 1/p(x) is unbounded in [a, b].

Under suitable conditions on p(x), we first show the local existence of classical
solutions to (1), (2), and in the second, we find sufficient conditions for obtaining
global existence.

§0. Introduction

Recently, various kinds of nonlinear partial differential equations have
been investigated by many authors in pure and applied mathematical point of
view. Especially, as is known, in the course of study of nonlinear parabolic
and hyperbolic equations, there are so many results (existence, uniqueness,
regularity, blow-up, asymptotic behavior). However it seems few which treats
the cases that equations have nonlinearities with variable coefficients having sin-
gularities (cf. [1, 2, 4, 5]). In this paper, having interests in these equations, we
extend the existence theories on this field. For our purpose, we apply an
elementary inequality (Lemmas 1 ~2) and standard energy method with Galerkin
approximate scheme. From our results, one can see that equations of typical
form

[Example 1]

U — Uy + X1 =x)"u% = f(x, 1), O<x<1
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[Example 2]
Uy — Uy + XxF(L—x)"Purtl = g(x,1), O0<x<1

have global smooth solutions if a<5/3, f<1 and initial data are smooth. Our
plan of this paper is as follows:

§1. Preliminaries

§2. Local existence

§3. Global existence for the heat equation

§4. Global existence for the wave equation

§5. Remarks

§1. Preliminaries

Throughout this paper, all functions are considered on real field. Let V be
a totality of all finite linear combinations of {¢;} which are eigen functions of the
operator —d?/dx?= — 0% considered on H Y(a, b)n H¥a, b). We put V, (k=0,
1, 2,--+) as a closure of V by the norm |-|2=(-, ), where (-,--),=((—0%)*-,--)
((-,-)=(-,-+)o is a usual L?(a, b) inner-product). We put N as a set of all
positive integers. We use C¥0, T; X), LP(0, T; X) as known notations of function
spaces, where X denotes a norm space.

We first note:

Lemma 1. Let v(x) € V,, then we have

wp PG

a<x<bhb m = Const. |UIZ'

Proof. Since v(x)eV,, we know that v(x)e C![a, b], v(a)=v(b)=0, then
for a<x=(a+b)/2, we get by mean value theorem uv(x)=uv(a)+v'({}(x—a)
(a< &< x), this implies

[v(x)| < (x—a)|v'|, < Const. (x—a)|vl,,

since a<x<(a+b)/2, we get 2(b—x)/(b—a)=1, thus we obtain

lo(x)] él(%_—azConst. ol a<xs2Eth

Analogously, we also have

lo(x)] < _ZE:Z%”:_X)- Const. [v],, ‘“;b < x<b.

This shows our assertion. Q.E.D.
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Throughout this paper we put S(x) as a function which satisfies:
S(x)e C*(a, b), S(a) = S(b) =0,
S(x) = co(b—x)(x—a), a<x=Db

for some ¢, >0.
Then we can easily verify:

Lemma 2. Let v(x) € V,, then we have

[v(x)|
P TS(%)

= cqlvly

for some ¢, >0.

We frequently apply Lemma 2 and Sobolev inequalities, i.e., |[u|,Zyluli+ 1,

Iuloo é?lull
We next have:

Lemma 3. Let v(x)eV,, peCi(a, b) and qe N, then

S4 2 Sq"l 2)1/2
< {8 [ 25| || o,

v4

p

1
for some constants f§,>0, §,>0.

Proof. We obtain

2 b — —154.12
1 a p P

v4

P

ng’
)

< 2c34)of3 -

q |2 b
—p;’z’ i dx + 2¢* L
2 b

dx + 2q2f

2
Lo |+ 2230y ol

-1 2
u’ dx
p

2q

PS5
p?

2(q—-1) q—1 |2
|vx|2]Sp ‘ dx

v v
S F)

2

Sq—l ‘2

0

from Lemma 2. Then, putting B,;=2c39, B,=2¢%2?Dy2 we have the
assertion. Q.E.D.

Lemma 4. Let v, weV,, p(x)e C(a, b), qe N. Then
v lw o 1 _1., | ST71 } _
7 < 9 1 Px Qq a-1 e q-1

| p ’1 = {cl l pz S 0 + qcl y ‘ p ’0 [Ulz |w|2'

Proof. We have
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-1 -1 -2 -1
'v‘l wl §’vaqz wl +(q_1)|u‘1 vxwl +Iu‘1 w,
p 1 P 0 p 0 p

- B o) ()

s,

S
< pd|pla-1 PxS? — 1) pd—1n]p]d—1 S‘l‘li
< eflolgtiwly [0 + (= Def~Hylolg il |-
9-1 a-1 gt
+ ey |vld !lel 5 lo
This shows the assertion.
Lemma 5. LetveV;, p(x)eC*a, b),qe N. Then
i < {_ﬂi q Pxx gq Px gg-1
|p | Sc [p3s 0+]p2 s 0+|pzs ]0
Sa—2 Sa~1 -~
2| Holg + ¢ | E2=] 1olgt ol
p o 0

for some ¢>0.

Proof.

}L"‘ éle’z‘é’q| n
p l2 P 0

pxxvq ’ + 2 i vaq_lvx
p* 1o T p?

0

+q(g—1)| ”q—zlg”x)z ]O +q| ”q_;"’”‘

o]

DxS?

< 204 | ol

244
P_Zf_{o|u|g+cg

- Sa-t - Sa-2
+ 2qet7y [L | lolg + g(g = Det22 |0
g—1
+ ey [ 2| olg ol
P o

This shows the statement.

§2. Local existence

0

.

Q.E.D.

| lolg
0

Q.E.D.

In this section we prove the local existence of classical solutions to the

problems:
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’

1 -
u—uxx+muq—f(x,t) a<x<b, t>0
u(x, 0) = uy(x), a<x<b
u(a, ) =u(b,t)=0, t=0

”

1 -
u_uxx+p(x)uq—g(x,t), a<x<b, t>0

u(x, 0) = uy(x), u'(x,0) =ux), a<x<b,

w(a, ) =u(b,t) =0, t=0.

We assume the following conditions:

(A1)
(A2.1)
(A2.2)
(A3.1)
(A32)
(A4.1)

(A4.2.1)

(A4.2.2)

(A.4.3)

(A4.4)

(A4.5)

(A.4.6)

Then we have:

Theorem 2.1.

geN, 0<T< o0,
feC'0, T, V), f(x,0)€V,,
geC*0, T, V1), g(x, 0)eV;,
ugev,,

u vy,

p(x)€ C¥a, b),

im -S2)_ _ iy S

lim - or = lm - or =0

lim [px(x)1S9(x) = lim |0 (x)[S9(x) =0

xia  PA(X) <t pAX) ,
%)ﬂ_osal<w,
£ﬁl()_’;()_xs)q_(x_)oza4<oo.

255

For the problem (1), we obtain a unique solution in the
class C%0, 8,; V, n H3(a, b)) n CX(0, &,; V;) for some §, (0<6,<T).
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Theorem 2.2. For the problem (II), we have a unique solution in the class
C%0, 6,; V, n H3(a, b)) n CX0, J,; V;) for some 8, (0<6,=T).

For the purpose of the proofs of Theorems 2.1~2.2 we employ Galerkin
procedure.
Here we may assume that there exist sequences {a,}, {b,} such that

J

(H.1) Ug; = Y aypy — o strongly in V, (j—o0)
k=1

(H.2) Uy ;= i b, — u, stronglyin V3 (j—o0).
k=1

Proof of Theorem 2.1.
We first put uy(x, t)= Yh—1 2{(D@(x) as a solution of the problem:

! L q__ = = ool
0 {(u,-—um+ Lug=f, ¢4 ) =0 (k=1,2:,)

u;(0) = ug;.

Then we may have u; € C%(0, ;; {¢y, -, ¢;>) for some 7;>0, where {¢,"-, ;>
is a linear hull by {¢4, ¢,, -, ¢;}.
Next, substituting (—8*u}) for ¢,, we get

/ 1 p b1 p ,
il + 5 uy + [ L ug-aundx = (7w,
Here we know from Lemma 2 that

o= sy [ = et |55

for ve V. Then from (A.4.2.1) we get

(uj(x))?

lim (%)

xla

] ()8
= tim [ 25

Thus, we have

b

q
juglt + 2ty < [ o(H0)] 1owjlax + 11 lwl,

a

1 , 1| uj|?
< Lifpn+ L5

then from Lemma 3 and (A.4.3), (A.4.4),

Uu DB = 1O + {B1SC)%a3+ 2| SO Zat} |uyl3e.
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Putting ;= {f,|S|%e} + f,|S|2a?}, K=max {B,, max, o, |f(#)|3}, we obtain
(lu;(013) = K1+ |ugn)3)s,
hence we get
lu D13 = (L+[u0)D)/(1—K(g — 1) (1 + [u 0)3)e 1)1/ a=D,
Therefore, applying (H.1), we find j, € N such that for j=j,

-1 \1/(g—1)
(13 = (5 + 1wold) (1= KGa=1) (3 +1wol3) 1) .

Thus, we get

2.1 sup  sup Jugt)l, < o,

Jjzjo te[0,61]
where 0<d; <min {T, [K(q—1)(3/2+|uel3)971]71}. We next have by differ-
entiating both sides of (I)),

414",
(wj=ups LML —p, g ) =0 (=1, 2,0,

then

” ’ ' uq'_lu,' " ’ ”
gl + 3 gy + (L, —eu) = (1w

Applying (A.4.2.1), Lemma 4, and (A.4.3), (A.4.4), (2.1) we have

’( u;‘!_lu’j _a2u,{>
p J

< lujlalu 47 et

ul-1y’.
< Jujl, [

p

T qc‘l"lvi S;—l lo}

1

e

< Const. [ul|u}],, te]0, 6,].

Therefore for te [0, 6,], we get

Wil + 1 (s < 171wl + Const. [uflfus
and then
(1313 = |f'I} + clujl3, tel0,6,].
So, if we show the boundedness of {|u/(0)[,}, we get

(2.2) sup sup [u}(?)], < oo.

JZjo te[0,01]
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Now, letting t—0 in (I;) and substituting 0*u ;(0) for ¢,, we obtain

U0V + @z, 04u}(0) + (- ud, 04u3(0)) = (1, D*us(0)).

Here applying (A.4.2.1), (A.4.2.2), (A.4.3)~(A.4.6) and Lemma 5 we know
3 r ’ uq i
|< u;),J , a4uj(0)>‘ < [ (0)]; I 2,

< Const. [u{0)|,uq;l5 ugjls.

Therefore
[ (0], = fuogjla + 1f(0)], + Const. lug;|§  ug,l; -

This shows
up [u}(0)], < .

JjzJo

Next, we get for 0=t<s=<9d,,

w56~ O = | @@, uj() —uj(0) e
= |43, i)~ W@, wyo),

where, for & = s-or t,
(i, wyOnl = |(@uyt) - L iy ) |

< i@l fluj(@l + [(LEHE | oy}

< Const.

from our results.
Therefore, we can conclude

(2.3) lu'(s)—uj(H|} £ Const. |t—s|

for 0=t, s<0,.
From the standard compactness argument we have a subsequence {u; (1)}
of {uy(t)} and u(t) such that
u;, (1) — u(t) weakly in C(0, 6y, V3) (ji—>0),
u;, () — u(?) strongly in C(0, 6,, V;) (j—o0),
u () — u'(t) weakly * in L=(0, 4, V,) (ji— o),
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u (1) — u'(¢) weakly in C(0, 64, V1) (ji—>00),
and then u(f) satisfies
{ (W@ -+ L w0 =0, §) =0 (e=1,2-), 016,
u(0) = u,
ie.,
{ w(t) — u (i) + %u‘l(t) =f@t), ae xe[0,8,], 0<t<0,,

u(0) = u,.
Here, since

w()) + - ut = feC(0, 5, V),

then u(t) belongs to C(0, 6,; H3(a, b)) and satisfies (I). Uniqueness of the
solution for the Problem (I) is apparent in the class to which u(#) belongs.
This completes the proof. Q.E.D.

Proof of Theorem 2.2.
As in the previous manner we put ux, = >J_, u; ()¢, (x) as a solution of
the problem:

(wy—0ru+ L ut=g, ¢) =0 (k=1,2:+,))
1))
UJ(O) = qu’ u;(O) = ulj.

We may assume u;e€ C* (0, 77; {¢y, -, ¢;>) for some 7;>0. Then substituting
(—0%u’) for ¢, we get

! ’ uq. 14 !
Ll + gy + (5 (~#up) = (g, 1),
Applying (A.4.2.1), Lemma 3, (A.4.3), (A.4.4) again, we obtain

(5B +u DB = 1g@O1F + 2lui O + Bluy)i3e

for some f>0.
Thus, putting K=max {max,.o, 1 19(H13, 2, B}, we get for 1€ [0, 7)),

(w5 +lu O3 < RO+ |uj01 +u (1))

From the analogue of previous arguments in the proof of Theorem 2.1, we can say
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(2.4) sup  sup  (Ju ()], +|u0)],) < oo,
JzJjo te[0,02]

for some j, and 6, (0<3,<T). We next have by differentiating both sides of

(IT;) and substituting (—0%u’) for ¢,,

q—1,,/

1 ” ! ! ” ! 14
5 sy + g (U1 (= up)) < 1g Ll

in te(0, 6,]. Then, we know from Lemma 4 and our assumptions,

o ) (o). 00)

s

_l_ Sq—ly
P 0

< qluly feslu 37 w3l L+ @=Det g g,

- — 14 1 -—
ety | 1se|
< Const. |uf|{|ujl,,
which implies
o (OB luiOBY < Const. (YOI + DI + 1g' D3, e (O, 5,].
Thus,
sup  sup (ui O + [ui(13)

Jj2zJjo te[0,42

< Const. {1+ sup ([uj(0)IF+|uy,13)}.
JjZJjo

We now prove the boundedness of {|u}(0)]7}. Let t—0 in (II;) and substitute
(—2u’)(0)) for ¢,, then we get
WO + @uoy, 2u3(0) + (L1020, (—oruop)
= (9(0), (—*u(0))),
then
» -)4

sup [u}(0), < sup {lug s+ | £20% | +1g0)1,} < co.

jzjo izjo P 1
Therefore we have

2.3) sup sup (juj(Dli+uj(0)l2) < oo.

JjzJjo te[0,02

Next, differentiating both sides of (II;) once more and substituting (—02u?)
for ¢, we obtain
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o ul '+ —Dud2(u%)?
L+ gy + (2D ()

= (g”’ u§'3))1’
then applying (A.4.2.1) and Lemma 4, (2.4), (2.5), we get

quituj+q(g—Duj~2(uj)?
P

< Const. (1+]u’l,)
1

for te[0, 6,]. Thus, we have for t€[0, J,]
(W f-+1usf3) < 19717 + Const. (L+[uPR+1ujl3).

Here we show the boundedness of {|uj(0)|,}{|u{*(0)l;}. In (II;), let t—»0 and
substitute 6*u’}(0), then we obtain

|uj(O)13 + (D%uo;> 0*uj(0)) + (‘(lp—)* a4u’,’-(0)>

= (9(0), 0*u(0)),
then from (A.4.2.1) ~(A.4.2.2), we have

5O < ol + [ L0 |+ 16(0)L

The right-hand side is bounded by (H.1) and Lemma 5.
Differentiate (II,), let #—0 and substitute (—02u{(0)). We have

WO + @, PuPO) + (g LoD (—5ru(0))

= (g'(0), (= *uP(0)),
then from (A.4.2.1),

PO < fuyfs + g L2204 g0,

The right-hand side is bounded by (H.1), (H.2) and Lemma 4. Consequently,
we have

(2.6) sup . sup (PO +uy(B)]2) < .

JjzJjo te[0,9;

Therefore, we can assert that there exist a subsequence {u; ()} of {u;(#)} and
u(t) such that '

u;, (1) — u(t) weakly in C(0, 6,; V,) (jy—00),
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u’;, (1) — w'(H) weakly in C(0, 8,5 V,) (jp— 0),
w (f) — u'(t) weakly in C(0, 6,; V;) (jy—0),
and u(t) satisfies
W(t) — 0%u(t) + EISQ —g() ae xe(a,b), t20
u(0) = uy, v'(0) =u,
Again, since u"(t)+ui(t)/p—g(t) e C(0, 8,; V), we get u(t)e C(0, 6,; H(a, b)).

Uniqueness is also trivial in the class to which u(¢) belongs.
This completes the proof. Q.E.D.

§3. Global existence for the heat equation

In this section we further assume that

(A1) g is an odd integer with g = 3,
(A5) p(x) 20, xela, b],
(A.6) there exists ¢ > 0 (0<&=1) such that

f” p-3(x)S*(x)dx = «, < .

Note 1. We can easily check that a function p(x)=(x—a)*(b—x)*(a<x<b)
with 0 <a < 5/3 satisfies all conditions when g =5.

Then assuming (A.1), (A.2.1), (A.3.1), (A.4), (A.5) and (A.6), we have the
following assertion.

Theorem 3.1.
(3.1) If 0<e<]1, we have a unique solution for (1) in [0, T].
(3.2) If e =1, with the smallness conditions to

2 ug™ LT
= 2 — 2o 2
Eo=lult + o2y | H—ax + L [T 704

we obtain the same conclusion as in (3.1).
Proof. One can see that if the formal solution u(f) of the problem (1) satisfies

3.5 supT] lu(®)], < oo,

te[0,



Semilinear Heat Equations and Wave Equations 263

then the assertion will follow from the arguments in the proof of Theorem 2.1.
Multiplying both sides of the equation in (I) by u'(t), we get

W@+ (e or) + (G [ O™ ) = (70, waey

< 1 Ololw'(Dlo < L 1FO + 1w (D13,

2 (P (u(@)*! . .
then |u(?)|?2+ 7+ 1 o dx<E,, te[0, T]. In the next, differentiating
the equation by ¢ and multiplying by u'(¢), we get

(S 1w @) +lw@h+q [ LT gy (), wioy)

S Ololu'®lo £ [W' @I + clf (D3,
then

W' @I = [w'(0)3 + CJ: Lf'(0)|3dt

HIOL) + e 1w

< Const., te[0, T].

1
=(|u +l—uq
< (1ol + |-} ug

Next, we have

u(Dlz < WOl + 1/ Ol + | 5 ui®)] .

Here,

‘%u"(f)lo _ l:J‘b ﬁ;g_,)de/z _ U‘i (u(bfz)e)u . (u(t));qZ‘ZESZa dx]l/z

a

< et lu()ls b (u(r))atnr2 ' (u(r)) 29-2:-(a+1)/2§2¢ dx 1/2
i . p

1/2 p3/2

cﬁiu(l)kz[fi (u(l‘/)))'frl dx:|l/4[fz (u(t))3;'345‘1s48 dx]”“

c«“iIu(t)|§'y(34'4€-1)/4|u([),1(34_45_1)/4 |:fb M dx:!l/4 o g/“'
a p

IIA

liA

IIA

1/4
s ,»y(3q-4£—1)/4E(§3q—48—1)/8 <‘q_j'2_1“ E0> a£1/4,u(t)|£2

1/8
=c‘1y(3'1'48—1)/4<£'*2'_1> alAEPa4+ DBy (1)

= KES+ 0B u(0)ls
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Therefore, if 0<e<1, we get
lu@®l; < [W®lo + [fOlo + elu(®)l, + (1—e) (K ERa 4=+ D/E)L/A=0)
ie.,
[u@®I, = Ti?{l“’(t)|o+|f(t)|o} + (K EPa-tetiB)t/(1=e)
< Const., tel0, T].
This shows (3.5). And if ¢=1, we choose E, as
KE@e318 < 1,
then

lu(D)], £ A —=KEG8)71{u' (0o +1£(B)lo}
< Const., tel[0, T].

This shows (3.5). Q.E.D.

§4. Global existence for the wave equation

In this section we further put the following assumptions. There exist u>0
and v>0 such that

(A7.1) f” (p(x))-20+1m(S(x))2udx = a, < o0,
(A72) [ (Y1 (P2 = o, < co.

Note 2. One can verify that a function p(x)=(x—a)*(b—x)* (a<x=b)
with 0 <a <1 satisfies all conditions stated above.
Now we have the final assertion:

Theorem 4.1. Suppose the assumptions (A.1), (A.2.2) (A.3.2), (A4) (AS5)
and (A.7). Then we have a unique solution for (1I) in [0, T].

Proof. Put u(f) as a formal solution of the problem (II). It may suffice
to show

CR) sup (W@ (D]} < o

As in the previous manner, we first get
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L w @i+ uny + (G [T O i

= (g(0), w'(1) < L (gIB+ 1w O,

then, we have

4.2) W' (1)13 + [u(D)]? + q-2',-1 J‘j (u(tz))qﬂ i

2 b ()4t T
< o unlp + uolt + 21 [T g [Tigogar}
=E <o, tel[0,T].

Next, we also have
@R+ @By + (EDT —2wm) = @0, @),
then
WO+ +2((HO) L) < 290w
hence, integrating over [0, 7], we get

W OF+u) +2 | (D) | har

’ ¢ ¢
< g3 + fuolz + j jglzde + [ s,
0 0

and then,

o+l +2((194) L u,)

—1.,
<E, + Zf ((——q”q “ ) , ux> dr + f |u’|}dx,
0 14 x 0

where
q T
By = lf2 + luol} +2 [ L9 juol, + | lgoitar

Here, we know that

(), )= (25 )= (55 0)

265
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Since the first term on the right-hand side of the above is non-negative, we can
obtain

O + ()13 + 2 (-

p
+ zqf ((”“””") , ux> dt + ft ' |3de
V] p x 0

Now since (3/v+2)/(2/v+2)<2, where v is the number in (A.7.2), we choose §>0
such that

u,%) <2 l p;’;q l0|u|1 + E,

3/v+2
4.3) v +2 <0 <2,

then we obtain

l pxuq

f Px (ul2edx = J (S(X))Z‘9 < 5!(“)1) >20 [u|29-20dx

< Pzl ) |85 (seyea.
a
Here

I Px (S(x))20dx _f <gx S(4/v+2)/(1/v+1)>S29 @/v+2)/(1/v+1) 5

b 1+1/v v/(1+v) b 1/(1+v)
é [J‘ < 2: > S4/v+2 d)CJ |:I S(ZB—(4+2v)/(1+v))(1+v) dx] s
a a

b 1/(1+v)
é OC:,/(HW) [f S(20(1+v)—-(4+2v))dxj|

a
=f2<

from (4.3).
Next, since we have

ui ty’ ) ) < pui ) 1 ( wi t ,>
s Uy | = — = s Uy + 5 ux
(< o )" p* 2\ p ()

t uq_lul) >dT - 1 ( uq_l u2> B 1 < u(q).—l u2 >
.fo(( g S 2\ Tp )T 2Ty e
+ -1 f’(”“”' u£>d1 _f< puttu ,ux>d‘c.

2 0 p 0 P

Therefore, we can obtain for small p
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WO + A= plu@l+ g (L)

t -1
< cilp, B v E) + Es+ | witdr+ g [(“B1 3,

=24, —1,,7
(uq u uz) deqJ' Ku;g@ dr.
P 0 p

+aq-D |

Here, we get

l( ud 2y’ u2>
p b X

b 1/2(1+p) b 2(g—2) \(1+1/p) n/2(1+p)
< |u| [, |4+ m dx w dx
0 x p2
a a

< 1/ ]o(plul;) @402y 200

y [J‘b <M>2/ﬂ<u2q-4 >(1+ﬂ)/ﬂ<_S_)2/u dx]u/2(1+u)
a\ S p? . [u]

< ]u’Io(ylulz)(“z")/(““)luli/z(“")(cl|u|2)1/(1+">(y|u!l)((‘i'z)(“/‘)‘l)/(””)

b 2(g—2) 1/2
< |u| M utdx
(1] pz x

a

X |:fb SZ//tp—Z(Hu)/udx

a

:IV/Z(1+V)

é Cz(% Hs a;u El)('“'%):

=14, b n24,29-2(4,')2 1/2
‘(M"Z_u,ux) éwllu &’f_“j_(ﬂdﬂ
p a P

b 1/2(1+v) b/ 124,,29-2\1+1]v v/2(1+v)
= oo (Y
a a P

< July 1211 260
b (A+2v)/v / p2,2q4—2 \1+1/v @+2v)/v v/2(1+v)
SO () () ]
a\ S p ]
< fuly (Pl 1 |20 el ) 2rorce
b 2 \1+1/v v/2(1+v)
X ()] )(a=DE+D=@ ) (1 +v) [f <£L> S@+2v)/v dx]
P P4

¢3(y, v, oy, Eg) Ju'[3/ 020

é 64()” v, “va El)(,u,l%-*-lul%)

IIA

Consequently, we have
W' @1 + (1= p)lu(®)3

< Const. {1+ [ (W@t +u(@ide}



268 Y. EBIHARA

ie.,
W@l + u@i3 = Const. {1+ [ (w@P-+u(ipas}

This Gronwall inequality implies (4.1). Q.E.D.

§5. Remarks

Remark 1. One obtains analogous results to the equations
ultu
Uy — Usy + Lil;”' =f

[ulfu _

utt~uxx+ P =g

where /¢ is a number with ¢>2.

Remark 2. Concerning the global existence we could not have the assertion
in the cases @ = 5/3 in Example 1 and $=1 in Example 2 respectively.

Remark 3 (cf. [3]). Applying Lemma 2, we can construct a local classical
solution to a quasilinear wave equation

Up=Wm),, a<x<b (m=5).
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