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Viscosity Solutions for a System of Elliptic
Inequalities with Bilateral Obstacles

By

Naoki YAMADA
(Kobe University, Japan)

§1. Introduction

This paper deals with the existence and uniqueness of viscosity solutions for
a system of second order elliptic inequalities with bilateral obstacles. Let

N
APu:-—- z—

i,

N
1 agjulﬁxj + Zl bf’uxi +ctu, p=1,-m
i=

~

be linear elliptic operators. We consider the following system of inequalities:

mPu S u? < MPu in Q, uf|,,=0,

(1.1) APyP = fp if mPu < u? < MPu,
Aryr < fP if wu? = M°ru,
Arur = fp if  u? = mPu,

for p=1,---, m. Here MPu and mPu are defined as follows:
Mru = min {u?+K(p, 9)|1=q=m, g #p},
mPu = max {u?—k(p, @) | 1 =q=m, q#p},

where K(p, q) and k(p, q) are given nonnegative constants.
S. M. Lenhart and S. A. Belbas [3] considered a system of equations with
unilateral constraint:

(1.2) max {APu? —fP, u» —MPu} =0 in £,
uplaﬂ'_:()) b= 19"'am

and proved the existence and uniqueness of the solution in W2-*(Q). In [5], the
author have treated the system (1.1) in W2:7(Q) in which the bilateral obstacles
are of the form

Mpry = ur*!t + K, mPu = up*l — k.

As was explained in [3], [5], these systems are closely related to some
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stochastic control problems (see [3], [S] or [2] for detail). The system (1.1)
is a generalization of systems which were considered in [3]and [5]. However, our
argument in this paper presents a new approach which stands on the notion of
viscosity solutions.

The notion of viscosity solution was first introduced by M. G. Crandall and
P. L. Lions [1] for first order Hamilton-Jacobi equations and by P. L. Lions [4]
for second order Hamilton-Jacobi-Bellman equations.

We slightly modify the definition of viscosity solution for our system by noting
that (1.1) is equivalent to the following system of mini-max equations:

min {max {4Pu? —f?, u? — MPu}, u>—mPu} =0 in £,

(1.3)

uplaQ = 0’ b= 1’“'9 m.

In section 2 we shall state our assumptions and main theorem. Section 3
is devoted to a study of a system of penalty equations and we shall prove some a
priori estimates. In section 4, we shall prove our main theorem. The proof of
existence stands on the stability of viscosity solutions. To prove the uniqueness,
we compare an arbitrary viscosity solution with a limit of approximate solutions.
The same idea is used in [6] for some Hamilton-Jacobi-Bellman equations to
prove the uniqueness of solutions.

§2. Assumptions and main theorem

Let Q be a bounded domain in RM with smooth boundary. We follow
normal usage to denote various function spaces such as W*r(Q) (1=r=<o0) or
C"(Q). We use the summation convention throughout this paper.

Let m>1 be a fixed integer and set P={1,---, m}. For pe P, we consider
the second order elliptic differential operator

2.1 APy = — al (X))o, ., + bI(xX)v,, + cP(x)v.
We make the following assumptions on AP:

(2.2) a?;&;&; = 0[¢)?

for some 0>0, all e RN and pe P,

(2.3) a?;, b¥, creCYQ)

for pe Pand 154, j<N.
There exists a sufficiently large constant ¢, such that

(2.4) cP g CO
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for all pe P. The size of ¢, is determined only by 0 and the sizes of af;, b} and
their derivatives (see Lemma 3.2).

On given functions f?, p e P, we assume
(2.5) freCy(Q).

Let k(p, q), K(p, q) be a family of nonnegative constants parametrized by
p, g€ P, p#q. For this family we assume

k(p, r) < k(p, 9) + k(q, 1),

(2.6)
| K(p, r) = K(p, 9) + K(q, )
for p, g, re Pand .
2.7) k(P15 p2) + 1(P2, P3) + -+ k(ps, py) # 0

for any choice of a chain of parameters {p,, p,,:, p,, P1} =P, where x(p;, p;)
stands for K(p,, p;) or —k(p;, p;).

As was explained in [3], starting with an arbitrary family, we can always
construct a family which satisfies (2.6) and works equivalently on the new system
of inequalities. On the other hand, (2.7) is a natural extension of the so-called
“no loop of zero cost’ condition in [3] which was essential in the proof of unique-
ness of solutions. We also note that we already introduced an essentially equi-
valent condition in [5] which was used to prove the W?27(Q) regularity for an
analogous system with bilateral constraints.

Now we can state our main result.

Theorem 2.1. Under the assumptions (2.2)(2.7) we have:
(i) there exists a wviscosity solution u={u', u?,---,u™} of the system of
inequalities
min {max {APu? —f?, u? — MPu}, u>P—mrPu} =0 in £,
(2.8)
uPl,p =0, peP,
each of which belongs to W1-*(Q2), where
MPu = min {u?+K(p, 9)|q € P, g #p},
mPu = max {u?—k(p, q)|q € P, q#p} .
(ii) the viscosity solution of (2.8) is unique in C(Q).

The notion of viscosity solution of (2.8) is defined as follows which is a
modification of the original definition in M. G. Crandall and P. L. Lions [1]
and P. L. Lions [4].

Definition. A set of functions u={u!,---, u"}, u? € C(Q), p e P, is a viscosity
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solution of (2.8) if and only if both (2.9) and (2.10) hold:
2.9 mPu(x) < uP(x) < MPu(x) in Q and wu?|,,=0, peP.
(2.10) Let peC*Q),

1) if u? — @ attains its local maximum at x, and mPu(x,) <u”(x,), then
0 0 0
— af;@;; + blo; + cPu? < fP at x,,
ii) if u? — ¢ attains its local minimum at x, and u?(x,) < MPu(x,), then
0 0 0.

— af;p;; + bfp; + cPu? = fr at x,.

§3. Approximate systems and a priori estimates

To prove the result we use the penalty method. Let e C®(R) be a function
such that

p()=0 if t=0, pH)=t—-1 if +=2

(3.1)
B =0, p()=0 on R.

For each ¢>0, we put f.(t)=p(t/e).
We consider the following approximate systems:
Aruf + 3 B(uf—ul—K(p, q)) — X p(ul—k(p, 9)—uf) =f* in Q
de P

4ge P
q+p qFp

(3.2)
usp |6!? = 09 PEP-

To prove the solvability of (3.2) we apply the Schauder fixed point theorem.
For this purpose, we choose the Banach space E=(C?(Q2))" (0<d<1) and the
convex set

K = {v=@" v?..., v")[t'llcsa) S C, v'| 0o=0, 1Si=m}.

Here C is a suitable constant to be selected later. For ve E define u=Tv as a
solution of the system of equations

Arup + 3. Bur—vi—K(p, @) — X B(v'—k(p, 9—ur) =fr in Q

(3.3) “*p r
up lag = 0, pEP.

By the same argument as in [5, Lemma 3.1] and Lemma 3.1 below we can
choose the constant C in such a way that Tmaps K into K. Tt follows from well-
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known linear elliptic theory that the other conditions in the fixed point theorem
are satisfied.

In the following of this section we shall state some a priori estimates on u?.
Since the proofs of these estimates are almost same as in [5], we only mention the
outline of their proofs.

First by the same argument as in [5, Lemmas 3.1 and 4.2], wc have the
following lemma.

Lemma 3.1. We have
H”é’“cm) + “Uf”WI,M(aQ) = Const.

The next lemma states an interior derivative estimate.

Lemma 3.2. We have
(3.4 , lugllws, =@y = Const.

Proof. As in the proof of [5, Lemma 4.3], consider an auxiliary function

z{(x) = |grad u?|?.
Choose p, € P, x, € Q such that
zPo(x,) = max zP(x).
p.x

It is sufficient to consider the case x,€ Q. In the following of the proof we

omit sub and super scripts p,, & and denote u,, by u; and etc. By the maximum
principle, we get

AZ é — ZBuUu” + 2_fiui + a“’iukﬂui —_ 2bk,iukui
(3.5) — 2cuu — 2 3 B'(u—ut—K(po, q)) (u;—uu;
44p0
+2 > Bui—k(po, @) —u)(uf —uu; — couu;.
gep
apo

Noting that
—=2p"(u —u?—K(po, q)) (u; —ui)u;
= B(u—ut—K(po, @) (ufui—uu;)
< Bu—u'—K(po, 9))(z{—z{) £ 0
and
28" —k(po, q)—u) (uf—u;)u;
< B(ui—k(po, @) —uw)(z{ —z{°) = 0,
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for each g € P, q+# p,, we get

Az £ — Ou;u;; — €0 yu, + Musu, + Const.,
ij i%i i%i

2

ij

where M is a constant appearing from the third and fourth terms in (3.5) which
depends only on 0 and af;, b? and their derivatives.
Hence if ¢, is large enough, say ¢, >4M, we get

Az £ —%uiui+M.

On the other hand, since zP° attains its maximum at x,, we have by the maximum
principle

0 < Arozfo(xo) £ — 2 zPo(xo) + M

which completes the proof.

Lemma 3.3. There exists u? e Wt-*(Q)n C(2), pe P, such that mPu(x)=
uP(x) < MPu(x) in Q.

Proof. By a priori estimates obtained in Lemmas 3.1 and 3.2 we can find
subsequences (denoted again by u?) of u? and u? € W'-2(Q), pe P, such that for
every p € P, u? converges to u? uniformly in Q.

Since, by the same argument as in [5, Lemma 5.1], we can prove that

Pu(ul —ul—K(p, q)), uf —ul—K(p, 9)>
+ {Pi(ui—k(p, 9)—u?), ul — k(p, q)—ul>

is bounded for all ge P, q# p, where { , > denotes the inner product in L2(Q),
it follows that

mPu(x) < uP(x) £ MPu(x) in Q.

§4. Proof of the main theorem

In this section we shall prove that the set of limit functions u={u!,---, u™}
which was obtained in Lemma 3.3 is the unique viscosity solution of the problem
(2.3).

Lemma 4.1. The set of functions u={u',---,u™} which was obtained in
Lemma 3.3 is a viscosity solution of (2.8).

Proof. From Lemma 3.3 it is obvious that u satisfies (2.9). We shall prove
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(2.10). Let ¢ € C%(Q) and assume that u? — ¢ takes its local maximum at x, € Q
and mPu(x,)<uP(x,). Without loss of generality we may assume that x, is a
strict maximum point of u? —¢ in Q.

Since u? converges to u? uniformly, there exists a sequence {x?} =Q such that

(i) limx? = xq,

0

(4.1) (ii) u? — ¢ attains its local maximum at xZ,
(i) uf(xp) = ui(x)) — k(p, @), qe€P.

Note that (4.1)-(iii) implies that

(4.2) B(ul—k(p, 9)—u?) =0 at x?
and |
(4.3) B(u?—ul—K(p,q)) =0 in Q

for each g € P, q# p. Substituting (4.2) and (4.3) into (3.2), we get
4.4 —afu?;; + btul ; + chul < fr at xj.
On the other hand, since (4.1-ii) implies
afiul—¢); =0, (Wl—¢);=0 at x,
we have
(4.5) — afj@fi; + bigg + cPup = f7 at x7.

Passing to the limit as ¢e—0, we can conclude (2.10-i). The opposite inequality
(2.10-ii) is obtained by the same argument.

To prove the uniqueness of viscosity solutions, we choose a viscosity solution
u={u',---, u™} which was obtained in Lemma 4.1 and fix it.

Lemma 4.2. Let v={v!,---, v"} be any viscosity solution of (2.8). Then
we have u=v.

Proof. We shall prove v?» Zu” for all pe P. 1If not, we can find a convergent
sequence {x,} from the family of points of v» —u? in Q, which satisfies the following
conditions:

There exist py € P, x, € Q such that

(i) li_r)xgx,s:xo,
&

(46) (i) (oro—u™)(xg) = max (v —ur)(x) >0,
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(iii) (vro—ug*)(x,) = max (v?°—uf)(x).
xe2

First we shall claim that
4.7 uPo(xy) = MPou(x,) or vPY(xy) = mPov(x,).
Assume the contrary. Then the convergence and continuity of uZe, we have
(4.8) ufo(x,) = ui(x,) + K(po, 9), qeP.
Substituting this into (3.2) we get
4.9) —afoulo; + bfouo, + croule = fro at x,.

On the other hand, since v is a viscosity solution, (4.6-iii) implies
(4.10) —aPulo, ; + bfoulo + cropre < fro at  x,.

Combining (4.9) and (4.10) and letting &—0, we have cPo(ure—vPo)(xy)=0,
which contradicts (4.6-ii). Hence we have (4.7).
Therefore there exists p, € P such that

uPo(xo) = ur(xo) + K(po, p1)
4.7y or

vPo(xo) = vP!(xo) — k(po, P1)-
On the other hand, from (4.6-ii), we get

vPo(xo) — uP(xy) = vPU(xg) — UPH(xg).
Since this implies
0 = v7o(xo) — vP1(xo) — K(po, P1)
= uPo(xo) — uP'(xo) — K(pos p1),

we have vPo=vPi+K(p,, p;) at xo if uPo=uPt+K(py, p;). Therefore we
can conclude that

vPo(xo) = MPou(xo) = vP(xo) + K(po> P1)
(4.11) or

vPo(x) = mPov(xg) = vP(xo) — k(po, P1)-
Moreover, we have

(4.12) (vPo —uPo) (x,) = (vPr —uPt)(x,) = max (v —uf)(x).
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We can repeat this argument starting from the parameter p; and can find

p, € P such that (4.11) and (4.12) hold. Continuing this procedure, we can
find a repeated parameter, say p,, and a chain {py, p1,:**, Pn» Po} =P which
satisfies (4.11) and (4.12) for each p; and p;, ;. Summing up (4.11) corresponding
to this chain, we have

El K(Pi» Piv1) =0

where k(p;, pi+1)=K(pi, pir1) or —k(p;, Piv1)-

[1]
(2]

[3]

[4]

[5]

[6]

Since this contradicts the assumption (2.7), we have v? <u” for all pe P.
The opposite inequality u? <v?, p € P, is obtained by the same argument.

These two lemmas complete the proof of Theorem 2.1.
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