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Perron’s Method for Viscosity Solutions Associated with
Piecewise-Deterministic Processes
By
Suzanne M. LENHART! and Naoki YAMADA?
(University of Tennessee, U.S.A. and Kobe University, Japan)

0. Introduction

In this paper, we consider viscosity solutions [2, 4] of integro-differential
equations of the following form:

0.1 F(x, u(x), Vu(x), J u(v)Q(dy, x)) =0,
Q

where Vu is the gradient of u and Q(-, x) is a probability measure. The
applications for (0.1) considered here are dynamic programming equations
associated with the control of piecewise-deterministic (PD) processes.

A PD process follows deterministic dynamics between random jumps, and
is determined by its three “local characteristics™
(i) a continuous vector field g, which determines the flow

X =(91(x)s + . gulxy))
(ii) a jump rate A:R"—>R,, End
(iii) a transition measure Q: Q — P(2), where P(£2) is the set of probability
measures on Q.
The extended generator of x, is

0.2) g(x)-Vu + ilx) J . (@(y) — u(x))Q(dy, x) ;

thus such terms occur in (0.1). See Davis [5] for background and definition
of PD processes. For detailed information about applications and control of
PD processes see Davis [6], Soner [22], Vermes [23], Gugerli [9], Hordijk
and van Duyn Schouten [11], Pliska {18], Rosberg, Variaga and Walrand
[21], Pragarauskas [19, 20], Davis, Dempster, Sethi, and Vermes [7], Lenhart
[14], Lenhart and Liao [15, 16], and Gatarek [8].

! Supported in part by NSF grant DMS-8906226 and University of Tennessee Science Alliance
Research Award.

2 This work was completed while the second author was visiting the Mathematics Department
of the University of Tennessee, Knoxville.



174 Suzanne M. LENHART and Naoki YAMADA

In the case that the state space is 2, a bounded domain in R", the PD
process jumps back into Q upon hitting the boundary, which leads to the
boundary condition to be coupled with equation (0.1),

0.3) u(x) = J u(y)Q(dy, x) , x € 0Q.
Q

The main goal of this paper is to prove existence results for equation
(0.1) with boundary condition (0.2), using Perron’s method. Perron’s method
for viscosity solutions for Hamilton-Jacobi equations was introduced by Ishii
[12]. The key idea is that the supremum of a class of subsolutions is a
solution. The main advantage of this method is a weakening of assumptions,
especially eliminating the “largeness of the discount factor” (zero® order
coefficient) assumption. The assumption was used by Lenhart [14] and
Lenhart and Liao [15,16] in a priori estimates necessary for existence of
solutions to integro-differential equations for PD processes. With Perron’s
method, a priori W'® estimates are no longer necessary for existence.

After proving a general existence result in section 1, we apply this result
in section 2 to examples arising in the control of PD processes. We consider
the integro-differential equation with operator (0.2) and the dynamic program-
ming equation associated with optimal stopping control of PD processes. The
system associated with the switching control problem for PD processes is
treated by an iterative scheme using single equation results.

1. General existence result

In this section we consider the existence of viscosity solutions for equation
(0.1) with boundary conditions (0.3). We use Perron’s method, which is essen-
tially that “the supremum of a set of subsolution is a solution”.

Let 2 be a bounded open set in R" with smooth boundary. We make
the following assumptions:

(A1) F(x,u,p,r):2 X Rx R"x R— R is continuous.

(A2) Ifuy < uy, then F(x, ug, p,r) < F(x, uy, p, ¥) for any (x, p, ) e x R" x R.
(A.3) Ifry <ry, then F(x,u, p,ry) = F(x, u, p, ¥;) for any (x,u, p)e 2 x R x R".
(A.4) Q(-, x) is a probability measure on Q for x € Q, which satisfies

< Clvllig for all ve LY(Q).

L) v(y)Q(dy, x)

(A.5) The function

x - J v(y)Q(dy, x),
Q

is continuous with respect to x € Q, uniformly for v e L2(Q).
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Notice if we fix v e L*(Q), then the equation

F(x, u(x), Vu(x), J v(y)Q(dy, x)> =0 in Q
Q

is a first order Hamilton-Jacobi equation.
We give some notation necessary to state the definition of viscosity solution.
For bounded functions,

u*(x) = limsup {u(y)||x — y| <r} upper semicontinuous envelope of u
r—0
and
u,(x) = lim inf {u( Wix —yl <1} lower semicontinuous envelope of u.
r—0

Definition. Let u be a bounded function.
(1) wu is a viscosity subsolution of (0.1) if

F (x, u*(x), Vé(x), J u*(y)Q(dy, X)> =0

Q

wherever u* — ¢ attains its maximum for ¢ e C1(R).
(ii) wu is a viscosity supersolution of (0.1) if

F <x, Uy (x), Vé(x), J . u, (y)Q(dy, X)> 20

wherever u, — ¢ attains its minimum for ¢ € C*(2).
(iii) u is a viscosity solution if u is a viscosity sub- and supersolution.

In the following, “(sub/super) solution” means “viscosity (sub/super)
solution”.
Assume that there exists a supersolution W of (0.1) such that

(LY W(X)ZJ W, (»QWdy,x)  on 0Q.
Q
Define

S = {v|v is a subsolution of (0.1) such that v < W in Q and

v(x) éj v*(y)@(dy, x) on 39}-
Q

Define uy(x) = sup {v(x)|v e &}.
Perron’s method consists of the following two propositions:
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Proposition 1.1. Assume that & is not empty and F satisfies (A.1)—~(A.5),
then uy € &.

Proof. Suppose that ¢eC', u}f — ¢ attains its maximum at y,e Q.
Without loss of generality, we assume

u§—9)(y)=0, uf—9¢=0 in Q,
and
(uf — P(x) < —|x — y,I? on B(y,,r) for some r>0.

Then there exists x, € B(yy, r) such that x,— y, and (4, — ¢)(x,) #0. Let
a, = (up — @)(x,). For each n, there exists u,e & such that (u* — ¢)(x,) >
a,— 1/n and (uf — ¢)(x) £ —|x — yo|* in B(yy, 7). Let y, e B(y,,r) be such
that

(U — ) (y,) = max (uf —@)(x).

x € B(yg.r)

Since the chain of inequalities,

~1Yn = Yol? Z (u§ — $)(¥a) Z (¥ — D) (v,)
2 - NIz,
n

implies that y, — y,, we have

lim uf(y,) = lim @(y,) = ¢(yo) = uo(¥o) -

n—w n—o

Since u, is a viscosity subsolution, we have

F <ym Ur (V) V(Y0 L uy (y)Q(dy, y,,)> <0.

Since u, < uy, we can let n— o0 to get

F(.VO} ug(yo)a V¢(y0)’ J‘Q ug()’)Q(d% y0)> é 0.

Also, we have

uo(x) = J u§(»)Q(dy,x)  on 0Q.
Q

Thus u, € &. n

Proposition 1.2. Assume & # . If ve S is not a supersolution,. then
there exists we & such that v(y) < w(y) at some y e Q.
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Proof. Suppose ve & is not a supersolution. Then there exists y, € £,
¢ € C', and 5 > 0 such that v, — ¢ attains its minimum at y, and

(12) F()’o, U*(y0)9 V&(Yo)a J‘Q v*(y)Q(dy, y0)> < -—-n.

We may assume v,(y,) = (o).
We claim that v,(y) < W,(y,), the supersolution. If not, v,(y,) = W, (o)
and W, — ¢ attains its minimum at y,. Since W is a supersolution and v < W,

F <yo, v.(¥o), V(¥o), J i v,(1)Q(dy, yo)> 20

which is a contradiction.
There exists ¢, > 0 such that

U(¥o) + 01 < W (x) for x € B(yo, 9,) .
Using (1.2) and (A.1), there exists d, > 0 (6, < J,) such that if x, u, p, ¥ satisfies

|x =yol <02, (u—v,)(yo)l <9,

Ip— Vo)l <8, and L [5(y) — v4(»)|Q(@y, yo) < 55,

then

F <x, u, p, J #(y)Q(dy, X)> £0.

We can find 6 >0 (6 < min {5,/2,1}) and ¢ € C! such that
(o) = (o), Vd(yo) = Vd(yo),

d
19(x) — v, (¥o)l < 72 for x e B(yo, 29),

Vo(yo) = Vé(x)| <o,  for x e B(yo, 28),

1)
f 19(y) — v, (NIQEy, yo) < 52 :
2
We can also choose ¢ and § to satisfy
U, (x) — ¢(x) > |x — yo|*  for x € B(y,, 26).

These inequalities imply

(%) + 0% — v, (¥o)| < 3,
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and
JQ [p(y) + 6% — v, (NIQ(dy, yo) < 6,

which give

F<x, $(x) + 6% V(x), f (¢(y) + 6%)Q(dy, X)> =0  for xe B(yo, 29).
Q

This means ¢(x) + 6% is a subsolution of (0.1) in B(y,, 26).
Define

{max {¢(x) + 6%, v(x)}  for x € B(y,, 9)
w(x) =
v(x) otherwise .

Note that if |x — yo| =, then v, (x) = ¢(x) + 62. By the similar argument in
the preceding proposition, we can see that w is a subsolution (note that our
equation has a non-local term), and we &. But v(y,) < w(y,). |

By Perron’s method, we can find a solution u,, ie., u¥ is a subsolution
(ws.c) and u,, is a supersolution (I.s.c). If the comparison principle holds
in (0.1), then uf <uy,. On the other hand, u,, <u} in general. Hence
Ug, = Uy = u$ and u, is continuous. The following theorem gives a sufficient
condition to assure that u, satisfies the boundary condition (0.3).

Theorem 1.1. Assume (A.1)—(A.5). Suppose that there exists a super-
solution W of (0.1) satisfying (1.1), and a continuous solution u, of

(13) F<X, ul’ Vula f ug(J’)Q(dy, X)) = 0 in ‘Q
Q
with

ul(x)=f uf(y)QWy,x)  on 0Q.

Assume that the comparison principle holds for (0.1), ie.,
UgZu, on 02=uy < u, in Q.

If u, £ W, then u, is a continuous solution of (0.1) satisfying the boundary
condition (0.3).

Proof. We claim u; € . Let ¢ € C* such that u* — ¢ attains its maximum
at yo, then

F <yo, uy(¥o) Vo(yo) L ug(y)Q(dy, yo)> <0.
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Using u, < u,; and (A.3) we have

F<y0> ul(y0)9 V¢(y0)’ JQ u1(J’)Q(d}’a yO)) é 0.

Also,

Uy (x) = Lz u§(y)Q(dy, x) = L u1(y)Qy,x)  on 0Q.

Hence, we have the claim. By definition of u, and u, < u,, we have u, = u,
in 2. Therefore u, is a desired continuous solution. ]

2. Applications

In this section we apply Theorem 1.1 to prove existence results for various
equations and systems associated with piecewise-deterministic processes.
Let

Q1) Lu(x) = —g(x) Vu(x) + a(x)u(x) — i(x) L (u(y) — u(x))Q(dy, x) ,

where - is the usual inner product in R" Vu is the gradient vector of u and
Q(, x) is a probability measure.
We assume the following conditions:

(H.1) € is a bounded domain with smooth boundary 0%.

(H2) g(x): Q- R" is Lipschitz continuous, and, a(x), A(x): 2 —> R are
continuous.

(H.3) There exists a, > 0 such that a(x) = «, for x € Q.

(H4) A(x)>0 for x e Q.

(H.5) Q(-, x) satisfies (A.4) and (A.5).

(H.6) g(x)-n(x) >0 for xedQ, where n(x) is the outward unit normal at
x € 0Q.

Note that hypothesis (H.2) can be weakened by using a more complicated
hypothesis (see [3]), but that hypothesis is not the main point here.
Consider

(2.2) Lu(x) = f(x) in Q

(2.3) u(x) =J u(y)Q(dy, x) on 002 .
Q

Theorem 2.1. Assume (H.1)—(H.6) and that f € C(Q). Then there exists a
unique continuous solution of equation (2.2} satisfying boundary condition (2.3).
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Proof. We apply Theorem 1.1 to
F(x,u,p,r) = —g(x)-p + (a(x) + Alxp)u — A(x)r .
Note that (A.1)—(A.3) are satisfied,
1/ 1o
o

0

w(x) = —

is a subsolution, and

W(x) =

is a supersolution .

1S W
o

0

By Propositions 1.1 and 1.2, there exists a solution u, of (2.2) satisfying

uo(x) = L u(y)Q(dy, x) .

Since j ug(y)Q(dy, x) is continuous with respect to x,
Q

F (x, u, p, L) us(y)Q(dy, x))

satisfies the conditions (A.1)—(A.5).
Consider the equation

—g-Vuy + (@ + Auy — iJ us(»QUy, x)=f in Q

Q

with Dirichlet boundary condition

uy(x) = L u§(y)Q(dy,x)  on 0Q.

Comparison principle for this equation is known [2, 3,4]. By (H.6) and
the method of [13], we have the existence of super- and subsolutions. Then
there exists a continuous solution u, of this equation.

Now applying Theorem 1.1, u, is a continuous solution satisfying

Uy =j up(y)Q(dy,x)  on 0Q.

The uniqueness is proved in Lenhart [14]. ]
Now we proceed to apply Theorem 1.1 to the obstacle problem:

(2.4) min {Lu — f,u—y} =0 in Q,

2.5 u(x) =J u(y)Q(dy, x) on 012 .
o
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Equation (2.4) with boundary condition (2.5) is the dynamic programming
equation associated with the optimal stopping problem for PD processes. See
[14] for more background.

Theorem 2.2. Assume (H.1)-(H.6). Suppose that f, y € C(Q). Then there
exists a unique continuous solution of equation (2.4) with boundary condition (2.5).

Proof. Let W =max {||f|./0, l¥l,}- Then W is a supersolution and
—W is a subsolution of the equation (2.4). Hence by Propositions 1.1 and
1.2, there exists a solution u, of (2.4) satisfying

(2.6) uo(X)éJ uf(y)Q(dy,x)  on 0Q.

To check the hypothesis of Theorem 1.1, consider the following obstacle
problem,

2.7) min{—g- Vu, + (o + Hu, — /IJ us(»)QWdy, x) — f,u, — 1//} =0 in Q
Q

2.8) Uy (x) = JQ ug(y)Q(dy,x)  on 0Q.

Note that the comparison principle holds.
Using (2.6) and u, = ¢ in Q, the compatibility condition,

Y(x) < J; u¥(»)Qdy,x)  on 0Q

is satisfied.
First assume

(29) h(x) = L ug(y)Q(dy, x) € CH(Q)N C(Q)

and

(2.10) h(x) = f . ud(»)Q(dy, x) > ¥(x)  on Q.

In this case, problem (2.7)—(2.8) is equivalent to

(2.11) min {—g-Fw, + («+ HYw, — fiw, — ¥} =0 in Q
(2.12) wi(x)=0  on Q,

where f, satigfy the same properties as f,  and y <0 on Q. For simplicity,
we write f'=f,  =y. We show the existence of a solution to (2.11)—(2.12)
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by Perron’s method. Indeed, the solution of the linear equation
—gVw+ @+ )w=f in Q,
w=0 on 0Q
is a subsolution of (2.11)—(2.12).
To construct a supersolution, we follow a barrier construction argument
from Oleinik-Radkevic [17] as in Ishii and Koike [13]. Since ¥ < 0 on 0€2,

there exists a local barrior, ¥, in C(QNV,)NC*(QNV,) where z€ dQ, V, is a
sufficiently small neighborhood of z,

l//z(Z)=0, l//zgo on QﬂVz,
Il

%o

Y, 2 on 2NV,

—gVy, +oa+ My, =f in QNV,, and
.2y  in QNV,.

Define
max{t//z(x), max{”i”w, ||x//||w}} in QNV,
Ji,(x) = °
max {”J;”m ; ||l//||oo} otherwise ,
and

Y (x) = inf {§,(x)|z € 02} .

Then 1/; is a supersolution. This implies that there exists a continuous solution
of (2.7)—(2.8).

For general continuous boundary values A, not necessarily satisfying (2.9)—
(2.10), we choose an approximating sequence {h,} such that h, e C(2)N C*(),
h, >y on 0Q and h,— h uniformly on Q. Let u, be a solution of (2.7)-(2.8)
associated with boundary value h,. By standard comparison argument, we
have

sup |u,(x) — u,(x)| < sup |h,(x) — hy,(x)] .

Hence {u,} converges to some u € C(2) and by stability of viscosity solutions,
we have that u is a solution of (2.7)—(2.8).

By the comparison result for obstacle problems, we have u; < W. Hence
by Theorem 1.1, u, satisfies the boundary condition (0.3). The uniqueness
follows from Lenhart [14]. [ |
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As a third example of using Theorem 1.1 to get existence results, we
consider a system associated with a switching control of PD processes. We
will approximate the system by decoupled equations which we solve by using
Theorem 1.1.

A finite collection of PD processes, indexed by ae {1, ..., m}, are controlled
in order to minimize the expected value of a cost functional with continuous
and switching costs. The associated dynamic programming equation is the
following system:

u=@t,...,u"™

(2.13) max {Lu® — f% u® — M°u} =0 in Q,

(2.14) uf(x) = J u(y)Q'@y,x), xedf,
o

where

Lu® = —g* Vu® + a'u® — A° j (@(y) — u*(x))Q*(dy, x)
Q

and
M®u(x) = min {u’(x) + k(a, b)(x)} .
b#a

See Lenhart [14] and Lenhart and Liao [15] for more background on this
control problem and for W' solutions to this system under stronger assump-
tions (in particular, a, is sufficiently large and the switching costs are constants).
There u® is the minimum cost functions with initial control setting a, meaning
that the state process is initially a PD process with dynamics g°, jump rate
A% and transition measure Q°

We make the following assumptions for all ae {1,2,...,m}.

(H.2) g¢“ Q- R"is Lipschitz continuous and f“, 1, a“: 2 — R are continuous.
(H.3) There exists a > 0 such that a“(x) = o, >0 on Q.

(H4 A*>0on 2, f*=0 on Q.

(H.5Y Q°-, x) is a probability measure on £, satisfying (A.4), (A.5), and

0%(dy, x) = Q*(dy,x)  for all xedQ.

(H.6) g°'n>0 on 6Q where 5 = 5(x) is the outward normal at x € 0Q.
(H.7Y The switching costs are continuous, strictly positive on Q and strictly
subadditive, i.e.,

k(a, ¢) < k(a,b) + k(b,c)  foralla, b,ce{l,...,m} and for all xe Q.

The agreement of the measures on 92 in assumption (H.5) is necessary
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for the compatibility of the boundary condition and the implicit obstacles, Mu.
Hereafter, we denote Q(-, x) = Q'(-, x), x € 0Q for simplicity.

Theorem 2.3. Under assumptions (H.1), (H.2Y—(H.7Y, there exists a unique
solution to system (2.13) satisfying boundary condition (2.14).

Proof. The comparison and uniqueness results in Lenhart [14] can be
applied to the case here.
Define two maps,

o, M: (C(Q)" - (C(Q)"
by

M(v) = <min {v* + k(1, b)}, ..., min {v® + k(m, b)})
b#1 b#m

and o(v) = w where w is the viscosity solution of

max {Lw* — fw*—v°}=0 in Q,
wilx) = j wi(»)QWy,x), xedR
Q

(using Theorem 2.1 to get existence of w). The map S = oo M is increasing
and concave. Define a supersolution, u,, to (2.13) as the solution of

Lu§ = f* in Q
with ug =j u§(y)0(dy, x) on 0.
o

There exists y > 0 such that

yug < infk(a, b)(x)  for all be{l,...,m}.

Each component of S(0) and u, satisfies
(2.15) S(0) = a(yuo) 2 yaluo) = yu, -
Thus we have the following property:
if v —w < Bv (componentwise) for some fe[0, 1],
219 then Sv — Sw < (1 — y)BSv (componentwise) .
Property (2.16) is proved by starting with
I=Ppw+p0=w,

applying S to both sides, and using concavity and (2.15). See [1,10] for
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similar arguments. Define u, = S"u,. Using (2.16), first on
Uy — Uy < Uy to obtain u; — Uy (1 —puy
and then inductively to obtain
@17 Upg — Uy = (1 =) ttg .
By (2.17), we conclude the sequence converges uniformly,
ubNu* asn-o .

The uniform convergence insures the convergence of the integral terms and
the implicit obstacles, and that u is the desired solution to (2.13)-(2.14). H
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