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On Well-Posedness of Boundary Value Problems

Involving Deviating Arguments

By

S. K. Ntouvas and P. Ch. TsaAMATOS

(University of Ioannina, Greece)

1. Introduction

Boundary value problems (B.V.P. for short) constitute a very interesting
class of problems in the qualitative theory of ordinary differential equations.
The books of Bernfeld and Lakshmikantham [2], Gaines and Mawhin [5]
and Mawhin [14] gave a reasonably complete view of this field.

Especially, boundary value problems for differential equations with deviat-
ing arguments were the subject in several mathematical articles (cf. El'sgol’ts
[4], Myshkis and El'sgol'ts [15], Kamenskii [11], Grimm and Schmitt [7, 8],
Heikkila, Mooney and Seikkala [9], Heikkila [10]).

Usually, in boundary value problems for differential equations with deviat-
ing arguments, we search for functions (solutions) which satisfy the differential
equation in a closed interval I and identify with an a priori given function
outside of I. In such a problem, the point boundary conditions (as they are
known from the boundary value problems for ordinary equations) are replaced
by boundary conditions given via a function. This fact creates some difficulties
in the posedness of the boundary value problems and in the proofs of the
existence theorems.

In this paper we deal with the well possedness of a boundary value
problem involving equation with deviating arguments. The results obtained
here extend some results in [10].

2. The boundary value problem

Consider the differential equation

(E) X0 = f(t, x(0:(D)), ..., X(64(1), X' (0441 (D)), ..., X' (G4+m(D))),  tEI

where tel =[a,b], (a<b), f:I x (R")*™ > R" is a continuous function and
o;, i=1,...,k + m are continuous real valued functions defined on I, so that
the set {tel:oft)=a or aft)=b, i=k+1,...,k +m} is finite. Also we
suppose that
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—0 <r,= min minogt) <a
1<igk+m tel
and
b<r,= max maxog;t) < +o0
1<isk+m tel
and set

E(@=[r,al, E®)=1[bnrl, J=Irn].

The prescribed boundary conditions for equation (E) are of the general
form

—oox(t) + oy x'(t) = qlA(t) s te E(a)
Box(t) + B1x'(t) = q,(¢), t € E(b)

where «;, f;, i =0, 1 are nonnegative real constants such that

(B.C))

a0+a1>0 and ﬁ0+ﬁ1>0,

and ¢q,, g, are continuous R"-valued functions defined on E(a) and E(b) respec-
tively, which are differentiable if «; = 0 = f,.

If A is an interval of the real line and for notational purposes we introduce
the following symbol

Ci(A,R"), i=0, 1, 2, for the set of all R"-valued defined and
continuous on A functions which are i-times continuously
differentiable on A .

Recently, in [20] we gave some results concerning the existence of solutions
of the B.V.P. (E)-(B.C.). The derivative of solutions in [20] have in general
discontinuities at the ends a, b of the interval I. This fact occurs because
the equation (E) is an equation with deviating arguments. Usually, for bound-
ary value problems involving this kind of equations smoothness of solutions
at the points a, b is not required (see El'sgol’'ts [4]). However, it is interest
to find conditions under which the B.V.P. (E)-(B.C.) has solutions which are
smooth at a, b.

The following definition illustrates the concept “smooth solution”.

Definition 2.1. A function x is called smooth solution of the B.V.P. (E)-
(B.C) if x e C*(J, R")N C?(I, R"), x satisfies the equation (E) for t eI and the
boundary condition (B.C.) for t € E(a)U E(b).

Clearly, if x is a smooth solution of the B.V.P. (E)-(B.C.), then we have
x_(a) = x4 (a) and x_(b) = x’.(b) (in addition to the obvious relations x_(a) =
xi(a), x_(b) = x,(b)). B.V.P’s which have smooth solutions have been posed
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by El'sgol’ts [4] and Kamenskii [11]. In [17] Schmitt has obtained some
results of this type of solutions, for differential equations with retarted argu-
ments, and particular boundary conditions.

When the function f depends on the arguments o;, i=k+ 1, ..., k+m,
in x’, then, because of the nonsmoothness of the solutions x at a, b, we must
accept that the second derivative of the solutions will be in general piecewise
continuous on I.

With this in mind we give the following.

Definition 2.2. A function x is called a solution of the B.V.P. (E)-(B.C)
if xeC(J, R)nC'(I, R")nC'(E(a)UE(b),R"), x is piecewise twice differentiable
on I and satisfies the equation (E) for t € I and the boundary conditions (B.C.)
for t € E(a)U E(b).

In general, if the derivative x’ of the solution x has discontinuities at
t=a or t=>b then x is called non-smooth solution of the B.V.P. (E)-(B.C.).

We remark that, we can have only one side smooth solution. Especially,
if xeC(J, RY)nC*(E(a)ul, R")nC*(E(b), R" then we say that x is a left-side
smooth solution of the B.V.P. (E)—-(B.C.) and if xe C(J, R")Nc'(E(a), R")N
CY(IUE(b), R") then we say that x is a right-side smooth solution of the
B.V.P. (E)(B.C.).

A discussion concerning the formulation of B.V.P.’s of this type may be
found in [7], [8], [17].

3. Existence results

In the next we consider the normed space C!(J, R") endowed with the
norm

x| = max {max |x(¢)], max IX’(t)I} ,
ted tedJ

Our existence theorem is based on the next lemma, which is a version
of the well known topological transversality theorem of Granas [3].

Lemma 3.1. (Lloyd [13]). Suppose that X is a normed space (possibly
incomplete). Let S be a bounded, closed, convex subset of X, containing the
origin O in its interior D. Let H:[0,1] x S > X be a homotopy of compact
transformations such that HO, 0S) = S and H(t,x) # x (0Lt £ 1,x€0S). Then
@ = H(1, ) has a fixed point in S.

Theorem 3.2. Let f:I x (R"**™ — R" be a continuous function. Assume
that there exists a constant M such that |x|| £ M for every solution x of the

B.V.P. (E),—(B.C.), where (E), stands for the equation
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(E) x"(t) = Af(t, x(0,(1), - - -, x(0(2)s X" (6541(8)) - - ., X' (Gram(D)) tel.
Then if oy # 0 # B, the B.V.P. (E)-(B.C.) has at least one smooth solution.
Proof. Consider the subspace X of C!(J, R")
X ={ueC'(J,R":u is continuously twice differentiable on I} .
Now, for x € X we define

T,x =ALx +w, Ae[0, 1]

where
J‘ G(t’ S)f(S, X(O'l(S)), tec X(O'k(t)), xl(o-k+1(t))a et x,(o-k+m(t)))ds ’ tel
LExtt) = o e/ =9 x(a), t<a, o, #0
e PlPre=aL x(b), t>b, B, #0,
r{w(a)—i jt q,(s) exp(—ao(s——a))ds}exp@(t— a, t<a, oa;#0
%1 Ja %*q oq
w() = { 10Ao(b — 04,(@) + 1ay(@ — 2 02(8) — aolt — 2], rel

{w(b)+ijt q,(s) exp(EQ(s—b))ds}exp(—ég(t—b)), t>b, p; #0,
Bi Js By B

= —apfo(b—a) — ooy — Booty

and G(t, s) is the Green’s function for the homogeneous B.V.P. [1],

~

x"(t) =0
—agx(a) + a;x'(a) =0
Box(b) + By x'(b) = 0.
Now, it is obvious that for every 1€ [0, 1] we have
Tx_(@=Tx.(a and  Tx_(b) = T;x.(b).

Also, since a; # 0 and B, # 0, by differentiating T,x followed by some manipu-
lation we can easily verify that:

(Tyx)-(a) = (T,x),(a) ,

(T, x)_(b) = (T;x),.(b)
and
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(Tlx)”(t) = f(ta X(O’l (t))v AR ] X(O’k(t)), xl(ak+1(t))9 ] xl(o-k+m(t))) H tel.

From these we conclude that for every Ae[0, 1] the formula T, defines a
mapping T,: X - X. Moreover if

={ueX:|ul <M+ |w|+ 1}

and
H(,u) = Tu,

the formula H defines a mapping H:[0,1] x U — X.

Following the same arguments as in Theorem 2.4 in [20] we can prove
that H is a compact hopotopy such that H(0, 0U) = X and H(/l x) # x for
any x € 0U and A€e[0,1].

Therefore, there exists at least one x € U such that

x=H(l,x)=Tix=Lx+w.

But the equality x = Lx + w ensures that x is a solution of the B.V.P. (E)-
(B.C.) which proves the Theorem.

Below we give some corollaries of the above Theorem 3.2, The proofs
are omitted since they are derived immediately by a combination of the Theo-
rem 3.2, and the Theorem 2.4. in [20].

Corollary 3.3. Suppose that the assumptions of Theorem 3.2 are satisfied
and, moreover, for every i=1,...,k +m we have either o;,(I) <=1 or o)<
E(a)UE(b)\{a, b}. Then the B.V.P. (E)-(B.C.) has at least one solution which
is continuously twice differentiable on 1.

In the theory of differential equations the case where it happens o(I) = I
for one or more arguments o, expect that includes the ordinary case, is very
usual. Especially an interest case of such arguments is when the arguments
are involutions [16], [21].

Corollary 3.4. Suppose that the assumptions of Theorem 3.2 are satisfied
and o; # 0 (resp. B, #0). Then the B.V.P. (E)—(B.C.) has at least one left (resp.
right) side smooth solution. Moreover, if o,(I) < E(a)UI (resp. o;(I) < I1U E(b)),
i=k+ 1,...,k + m, this solution is continuously twice differentiable on I.

We remark that if the arguments o;, i=k + 1, ..., k + m are of retarded
type we have o;(I) < E(@)UI while if the arguments g, i=k+1, ..., k+m
are of advanced type we have o;(I) = I UE(b).

Remark 3.5. 1If the function f is not depending on X', i.e. f = f{(¢t, x(0,(t)),
.., X(g,(1))), then, obviously, the results of Corollary 3.4. remain valid. More-
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over, in this case, if a; # 0 (resp. f; # 0) the B.V.P. (E)-(B.C.) has at least
one left (resp. right) side smooth solution, which is also continuously twice
differentiable on I.

The applicability of Theorem 3.2. depends upon the existence of an a priori
bound for solutions and its derivative of the B.V.P. (E)—(B.C.), which are
independent of 4. This can be done by various methods. See for example

[61, [12].

Now, we give the following two examples which illustrate the above

Example 3.6. Consider the B.V.P.
xX't)=xt—1)+x'(t+ 1), te[0,1]
(%) x@t)—x't)=0, te[—1,0]
xXO+x@®)=¢t, te[l,2].
Also, we consider the function

a t—2

te[—1,0]

t2
x(t) =< kjet™ — ke + 5t kit + k, , te[0, 1]

1
sp@e —e T +e—1,  te[1,2],

where D = —3e73 + 4e72 + 2¢7! and the relations
1—eHky+etky,—ky,=0 (@)
kl - (6-2 + e_l)kz + k3 + k4_ = —% (il)
1—eVHk; —eky,—k; =0 (iii)
ki+(Ee?>+e Nk, +ky;=0 (iv).
Then it is easy to verify the following
a) If k;, k, are arbitrary real constants and k,, k, satisfy the relations
(i) and (ii), then the function x is a solution (in general nonsmooth) of the
B.V.P. (). ,
b) If k, (resp. k;) is arbitrary real constant and k,, k,, k; (resp. kq, k5,

k,) satisfy the relations (i), (i1) and (iii) (resp. (i), (ii) and (iv)), then the function
x is a left side (resp. right side) smooth solution of the B.V.P. (x).
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c) If k., k,, ks, k, satisfy the relations (i), (i), (iii) and (iv) (ie. k, =
1, — L - 1 -1 -3 _ 1 -3
—Ee , k= "2—5(9 2), k3= 2—D(2€ —e”), ky= _E(—e +

2e"2 — 2¢71)), then the function x is a smooth solution of the B.V.P. ().

The above example ensures that a B.V.P. of the form (E)—(B.C.) may be
have more than one solution, since Theorem 3.2 and Theorem 2.4 in [20]
not assure the uniqueness. Moreover, we observe that it possible to have
smooth and nonsmooth solutions for such a problem.

Example 3.7. The function
1, te[—2,1]

x(t)= 2 3 L2
5—t+§, te[l, 2]

is a smooth solution of the B.V.P.

X' =x(t—2)—x(t—1), te[l,2]
x()=1, te[-21]
16x(2) — 9x'(2) = 15 .

This shows that the assumption «, # 0 is not necessary for the existence
of left side smooth solutions of a B.V.P. of the form (E)—-(B.C.). By analogous

example we can show that the assumption f; # 0 is not necessary for the
existence of right side smooth solutions of a B.V.P. of the form (E)-(B.C.).

4. Some remarks on the domain of the boundary conditions

In the case where the arguments o;,, i=1, ..., kK + m, and the interval [
satisfy the condition

(*) ANE=D] for every i=1, ..., k+m,

the consideration of the B.V.P. (E)—(B.C.) is essentially similar to that of
ordinary case. This happen, since in this case we have E(a) = {a}, E(b) = {b}
and so, the boundary conditions (B.C.) are reduced to the following point
boundary conditions

—apx(a) + a;x'(a) = q,(a)

Pox(b) + B1x'(b) = q»(b) .

(be)



144 S. K. Ntouyvas and P. Ch. TSAMATOS

For the sake of brevity such a problem, i.e. a B.V.P. of the form (E)—(bc),
where the arguments in the equation (E) satisfy the condition (%), will be
mentioned in the next as (x)-B.V.P.

Obviously, in a (x)—B.V.P. the term smooth solution becomes meaningless.

Condition () is in general a very usual condition in the theory of differen-
tial equations with deviating arguments. Among numerous studies on this
type equations we refer to the papers by Shah and Wiener [16], Wiener and
Aftabizadeh [21], Staikos and Tsamatos [18], Tsamatos [19] and the references
in these papers.

In the following we will examine some cases, where the solvability of a
B.V.P. of the form (E)-(B.C.) it depends immediately on the solvability of a
(x)-B.V.P.

Proposition 4.1. Suppose that the arguments o;, i=1, ..., k + m, and the
interval I in the B.V.P. (E)—(B.C.) are such that

(H) for every i€ {1, ..., k + m} we have either

o<l or o;(I) € E(a)UE(b) .
Then there exists a (*)-B.V.P. (E)—(bc) such that if x is a solution of the
B.V.P. (E)-(B.C.) the function x|I is a solution of the B.V.P. (E)—(bc) and,

conversely, for every solution x: I — R" of (E)—(bc) there exists a solution y of
(E)-(B.C.) such that y|I = x.

Proof. Because of (H) and the continuity of ;, i =1, ..., k + m the sets
T={ie{l,...,k+m}:o(D)<c1}, T,={ie{l,....k+m}:0(I) = E(a)}, T,=
{ie{l,...,k + m}:0,(I) = E(b)} constitutes a partition of the set {1, ..., k + m}.

Now, we consider the function w,: E(a) > R" and w,: E(b) > R" by

w,(t, cq) = [cl + i Jt q,(s) exp (ﬁ(s — a)) ds:I exp(—@(t — a)) ,
%1 Ja 31 %4

W,(t) = . if o, #0
——q(), ifa, =0
%o

and

Wy(t, ¢z) = [cz + ﬁi j 42(5) exp (ﬁ— (s— b)) ds] exp(—g‘f@ - b)) ,
wy(t) = if by # 0

1 ]
_ﬂ—ofh(t)a ifg,=0.
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Also, we set
TN{1,...,k} ={iy, ..., 0}, TN{k+1,....;k+m} = {igi1s ) istr}

(=0, r=0) and for every xe C'(I, R") and tel

[, x(o;, @), ..., x(0;,)), X' (03, (D) ..., X'(03,,, (), €1, C3)
= f(ta ul(t)a e uk+m(t)9 Cys cz) >

where

(x(o,(t)), ifieTN{1,...,k}

x'(a,(1) , ifieTN{k+1,...,k +m}
w,(a;(1)) , ifieT,N{1,...,k}
W;(O'i(t))9 lflenm{k'f'l,,k"f‘m}
wy(0:(2)) , ifieT,N{1,...,k}

W (0:(D)) 5 ifieT,N{k+1,....,k+m}.

Then it is clear that, if x is a solution of the B.V.P. (E)—(B.C.), the function
x|I is solution of the B.V.P.

(E) X”(t) = f(t’ X(O'il(t)), LS X(O'is(t)), x,(ais+1(t))= MRS x,(ais+r(t))9 x(a), X(b)) , L€ I )
—aox(a) + a;x'(a) = q,(a)

Box(b) + B1x'(b) = q,(b)

(bc)

Also, if-x is a solution of (E)—(bc) then it is obvious that the function
(w,(t, x(a)), ifte E(@)and oy # 0

1
_qul(t) , if te E(@)and a; =0
0

o) = 4 x(0), ifrel
wy(t, x(b)) , ifte E(b)and B; # 0

i‘lz(t), if te E(b) and B, =0
_Bo

is a solution of (E)—(B.C.)
The following example is an immediate application of the above
proposition.
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Example 4.2. Let us consider the B.V.P.
xX"() = x(t —2) + x(t/2) + x'(t + 2), te[0, 1]
(A) xt)—x'(t)=0, te[—2,0]
2x(t) + x')=1t, te[l, 3].

For every solution x of the above boundary problem the function x|[0, 1] is
a solution of the following B.V.P.

x"(t) = x(0)e' 2 + x(%) — <2x(1) - %) e 20 4 %, te[0,1]

x(0) —x'(0)=0

2x(1)+x'1)=1.
Conversely if x is a solution of the last B.V.P. then the function
(x(0)e', ifte[—2,0]

() = 4 x(t), ifte[0, 1]

1 1 1
(x(l) — Z) e 207 4 30— te[l,3]

is a solution of the B.V.P. (A).
On the other hand for the B.V.P.
x"(t) = x(t) + x'(2t), te[—1,1]
x(t)—x'(t)=0, te[—2, —1]
2x()+x't)=t, te[l,3]

the condition (H) is not valid. Hence in this example we cannot apply Propo-
sition 4.1.

Remark 4.3. 1If the equation (E) in the above Proposition 4.1. is a reduc-
ible equation (see [16]) then it is obvious that the problem (E)-(B.C.) can be
reduced to a B.V.P. in which the involving differential equations is an ordinary
one.
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