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On the Dirichlet Problem of the Equation
— Au = Ku® on the Ball in R3

By

Shigeo Kawal
(Saga University, Japan)
Dedicated to Professor Noboru Tanaka on his 60th birthday

§1. Let us consider the following equation for a given C* function K > 0
—Au = Ku®*?/@=2 in D(R),
u=a on D), u>0 in D(R).

where D(R) and a denote the ball of radius R centered at the origin O in
R" (n = 3) and a small positive constant respectively.
If K = 1, then the equation for the unknown function v = u/a — 1 becomes

—Av = a¥D(1 4 )+ DO-D)

According to the result of 2.6 in [1], this equation for sufficiently small a >0
has at least two solutions with v =0 on éD(R) and v >0 in D(R). Hence
we get at least two solutions u, if K =1. Because there is only the trivial
solution for a =0 by the result of [5], these solutions may tend to 0 or
diverge as a —» 0.

Let us turn to the case for nonconstant K. We can prove by the varia-
tional method of [1], the existence of at least two solutions under appropriate
conditions on K, one of which converges to 0 as a—0. But the behavior
of the “large solution” is not clear. The purpose of this paper is to prove
the existence of a “large solution” in more exact form for rather restricted K.

If K = n(n — 2)/4, there exist one parameter family of solutions

u,(x) = (2e/(e + |x|?))n"212

with  ugpr) = (26/(e? + R*))*?? 50 as &—0. Incidentally, the value
n(n — 2)/4 of the constant is irrelevant, because we get solutions for any con-
stant K by “stretching” this function u,. In this paper, we show that a similar
phenomenon occurs if n =3 and the given function K is sufficiently close to
a constant.

Theorem. Suppose that a C® function K on R® depends only on the
distance from the origin. If K(O) = 3/4, and the second derivatives of K at O
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vanishes, then there exists a constant R > 0 with the following property: For
every sufficiently small ¢ > O, there exists a C* solution u(x) > 0 of the equation

—Adu=Ku® in D(R), u=u, on éD(R),
which satisfies

lu—ull;» < Ce'™,  lu—u,ll, < Ce™®,

where || ||,,, and | ||, denote the W' *-norm and the uniform norm respectively,
and the constant C does not depend on e,

To prove the above theorem, we recall the geometric meaning of the
problem. Let us consider Riemannian metrics g and ¢%® g (¢ > 0), and
denote their scalar curvatures by k and k' respectively. Then the following
equality holds:

—{4(n — 1)/(n — 2)} 49 + k¢ = k'g"* D=2

where 4 is the Laplacian in g. Hence our problem is equivalent to finding
a conformal metric u*®~2 ds® on D(R) of scalar curvature {4(n — 1)/(n — 2)} K.
Since (D(R), u, "~ ds®) is isometric to a domain D, in the standard unit
sphere S", we may solve the following equation on D,:

—{4(n — 1)/(n — D} 4, w, + n(n — Dw, = {4(n — 1)/(n — 2} K,w,"*?/*"? in D, ,
w,>0in D,, - w,=1 on 0D,

where 4, is the Laplacian on S$” and K, is related to K under the isometry
mentioned above. Considering the fact that w,=1 is a solution for K, =
n(n — 2)/4, we try to find a solution in the form w, = 1 + v, where v, is small
in | |;, and | ||,. This is done by an iterative method.

§2. In this section, we formulate the problem as a nonlinear equation on a
domain of the unit sphere, and investigate the associated linear operator.

Let P=(0,0,0,1) be the north pole of S* = R* and p: S° - R?® be the
stereographic projection. Denoting by g and ds? the standard metric on S3
and R3 respectively, we have

(p™)*g = 4/(1 + |x|*)*ds* = [{2/(1 + |x|*)}¥2]*ds? .
If 6,: R® - R® is the dilation by ¢, ie., §,(x) = x/e,
8. *(p7)*g = [{26/(e* + |x|*)} P ]4ds® = u,*ds® .

Let us define a domain D, of S* by p™'6,(D(R)). Then p~14, is an isometry
between (D(R), u,*ds*) and (D,,g). The radius of D, is
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JR {2¢/(e* + r*)}dr = 2 tan"! (R/g) .

Hence, if we set B, = S3\D,, then B, is a geodesic ball centered at the north
pole of radius t with 7 =0() as ¢>0. We want to solve the following
equation:

1)) —84,w, + 6w, = 8K,w,” in D,
w,>0in D,, w,=1 on 0D,

where 4, is the Laplacian on S* and K,= K4, 'p. If we set w,=1+ 0,
then v, has to satisfy the following equation:

(2) —84,v,+ (6 — 40K )v, = 8K, — 6) + 8K, {(1l +v,)° — 1 — 5v,} in D,,
14+v,>0in D,, v,=0 on 0D,,
Let us define the operator L, acting on functions which vanish on D, by
L(f)= —84,f+ (6 —40K,)f.

To investigate the eigenvalues of —4; on S* and on D,, we recall some facts
concerning the method of separation of variables from [2]. Let us introduce
geodesic polar coordinates about the north pole P on S* by

x(t, u) = exp (tu)

where 0 <t <, ueS? < T,S3. For a function f(x(t, u)) = T(t)@(u) on S> to
satisfy 4, f + Af = 0, there must exists a constant # such that

06 +ne =0,
3) {sin t)*T'} + {4 — n(sin )%} (sin t)*T = 0

where [J and the prime denote the Laplacian on S? = T,S* and differentiation
with respect to ¢ respectively. One then has n=/4(/+ 1), /=0, 1, 2, ....
Now write 4 as A=0d(c+3—-1)=0(0+2) and set v=0—1, T(t)=
S(t)(sin t)’. Then (3) becomes

@ {(sin )***2S'}Y + v(v + 2¢ + 2)(sin t)*>’*2§ = 0.

If we denote a solution by S, ,, then we get a solution of 4,f + Af =0 of
the form

&) f(x(t, u) = (sin £)’S, (1)© u)

where 0, is in the /-th eigenspace of [J. As is well known, one has nontrivial
solutions of (4) for the boundary data S'(0) = S'(r) = 0 only when
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v=v=j—1, j=1,2 3 ...,

and the collection of solutions thus obtained are complete in L2(S3). We
write these eigenvalues of —4; on §3 as

O=po<py Spp<py <+

Next we wish to solve (4) with the boundary data S(z) = §'(r) = 0. Again
we have a sequence of eigenvalues determined by v = v;(¢), j=1,2,3,"..., and

vl =j—1 (i=12...)

as 700, ie., ¢|0. The eigenfunctions of the forms (5) are complete in {fe
L*($?)| fis, = 0}. We denote the eigenvalues of — A, thus obtained by

0< (@) <p(@) < ps(m) <+,

and corresponding normalized eigenfunctions by ¢,(7), ¢,(z), .... Let V, denote
the subspace of L*(D,) spanned by ¢(7) 2 <i<5).

Proposition 1. There exists a constant R > 0 with the following property:
For sufficiently small ¢, there exists a constant C > 0 which does not depend
on &, such that

1Ll = Cligll,

for every ¢ € V' where | ||, denotes the L2-norm.

Proof. From the preceding argument, we have p;(t)] u;—, for every i as
710. On the other hand,

Bo=0, pmi=p=p=p=3, us=38 ...,
which implies for every ¢e V,*
-84, — 24¢], = Cl4l, -
If we take R sufficiently small so that |30 — 40K,} is small, then we have
L)l = (=84, — 24)¢ + (30 — 40K, )¢, = C| 4|,
for every ¢ € V', which is the desired result.

From now on we assume that R <1 is taken as the preceding proposition
holds. Moreover we may also assume that |[K| <1 on D(R). For i=2, 3,
4, 5, |IL(¢:(7))|, >0 as ¢ >0, so we must be more careful. One easily sees

that this is the case / =0 or £/ = 1. If / = 1, the corresponding eigenfunctions
are written as
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fix(t,w) = T(0OO, ), 22i=4

where ©,(u) are the eigenfunctions of [ for the eigenvalue 2. These are
restrictions to S? of linear functions on R®. If /=0, a solution of (4) with
S(z) = §'(x) = 0 is sin {27(n — t)/(n — 7)}/sin t, and the eigenspace of this Sturm-
Liouville problem is one-dimensional. Hence the eigenfunction for £ =0 is

fs(@)(x(t, u)) = C, sin {2n(z — t)/(x — 7)}/sin t,

where C, is the normalization constant for | f5(1)l|l, = L.
Since a simple calculation shows

vv+2)={2n/n —)}* -1,
the corresponding eigenvalue is
A=v(v+2)={2n/(n —1)}>* —1 =3+ 8t/ + 0(¢?).
We summarize the above argument as the following
Proposition 2. There exists an orthonormal basis {fi(7)|2<i< 5} of V,
with the following properties:
(i) fir)=F@®)O,u) (i =2, 3,4), where ©,(u) are orthonormal eigenfunctions

of [ for eigenvalue 2.
(i) —4,f5() = {3 + p()}f5(r) where p(c) = O(e) as ¢ 0.
§3. In this section, we prepare some lemmas which we use later. We assume

that K satisfies the assumption in Theorem throughout this section.

Lemma 1. For a function  on D(R), let us define the function ¥, on D,

by ¥, =5, 'p.
(i) If W) £ Clx|? then |y, £ Ce™2.
(i) If [Y(x)| £ Clx|% then [f5(1), Y02 < Ce3.

Here { ), denotes the L*-inner product.

Proof. (1) By a straightforward calculation, we get

I ll* = J Y2 {2e/(e? + |x|})} dx
D(R)

<c .[R r*{2e/(e* + r?)}*ridr

0
< Ced.

(i) Note first that the constant C, is bounded above as T — 0, i.e, e»0. To
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pfove the inequality, we show that |f5(r)(¢f)| is bounded uniformly in t for
small 7. This is shown, for example, as follows: Let us denote the geodesic
distance from the south pole by r, ie, r=n—t. Then 0<r<n—1 and

fs()(r) = C, sin {2ar/(mr — 7)}/sinr .
Since |sin{2nr/(m — 1)}| < |sin 2r| for r sufficiently close to © — 7, we have
| fs()(#)| < C,|sin 2r|/|sin r| = 2C|cos r| .

On the other hand, sin {2nr/(x — 1)}/sin r < {2nr/(n — 1)}/sin r for small r > 0,
and the right hand side is bounded uniformly in 7 for small . This implies
as in (i),

[<fs (@) 02| = Cf |x1*{26/(e? + |x1%)} *dx < Ce? .

D(R)

Lemma 2. For a solution f of L,f =g, we have

Il = CASN: + lglz) s 1fll,2 = CUALYZAS N2 + gl

where C does not depend on .

Proof. Integrating both sides of the identity
—8(4, f)f +(6 —40K,)f* = fy

and making use of the integration by parts, we get

12 1/2
Jumstze () ([)
< CIfl> + 1f1a Nl

which implies the second inequality. The first inequality is a consequence of
Theorem 8.15 in [3]. Its proof is based on the Moser iteration technique
which needs Sobolev inequality for the domain D,. Because these domains
are all conformally equivalent, we may use the same constants in Sobolev
inequalities for these domains. Hence the constant which appears in the first
inequality does not depend on e.

Lemma 3. If ¢ is sufficiently small, then for any C* function g on D,,
the equation ‘

La(f)=ginDa’ f:()on@De

has a unique C* solution f. Moreover if g depends only on r and |g||, < CeP,
then f also depends only on r and||fll; , < C,Ce? ™!, lIfllo = CoCeP™" where
C, does not depend on e.
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Proof. Using the fact p(t) > p;_, = 3 for 2 i £5, we see Ker(L,) = {0}
for small ¢ in a similar way as the proof of Proposition 1. Hence the first
assertion is clear. Assume that the function g depends only on the radial
variable r. Then we get a solution f solving an ordinary differential equation
because the homogeneous equation of this ordinary differential equation has
only the trivial solution. Since the eigenfunctions f,(), f3(1), f4(r) are ortho-
gonal in L?-norm to the radial functions. we can write

f=ofst0)+F, aecR, FeV?
to obtain the following inequality:
ILF), < Ce? + |al IL(f5()]» -
On the other hand, calculations using Proposition 2, Lemma 1 and
3/4 — K(x)| = C|x|* < C|x|?
give the foilowing relations:
() IKL(f), 521 = K9, f5(h2l = Cillgll2 = €1 Ce?,
[KLo(F), f5(t)>2] = C,K(3/4 — KL)F, f5(1)),]
= Gl13/4 — K., Fi
< G| Fl,
< CoeP||IL(F);
I<Ly(of5), f522] = 1a<{8(3 + p(2)) + (6 — 40K,)} [, f5),]
= |a{8p(r) + 40{(3/4 — K))} f5, fs > >}
2 8la|{p(z) — Cs&¥*},
IL(fs()ll> < 8{p(2) + Cse™*} .

Combining these relations with the inequality

IKLo(efs), f592) S IKLS), f5Dal + IKLAF), f51

we have
8la|{p(t) — Cse¥?} < C,Ce? + Coe¥?[Ce? + 8ol {p(z) + Cse**}].

Since p(t) = Ofe), this shows |a| < C,Ce?™* for sufficiently small ¢. Finally we
get the following inequalities:

IFllz = CollL(F)ll2 £ CgCeP +[a|0(e) = Co Ce?,
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112 S lalllfsll2 + |IFll; £ C,CeP™ + CoCe? < CoCe?™ .
Thus the proof is completed by Lemma 2.

§4. In this section, we prove the theorem. For this purpose, we solve the
following equations successively:

(7, L,(v,)=8K,—6,
(N, L.(v,) = 8K, {(1 + v,)® — 1 — 5v,},
(7); L)=8KA{(1+v, + " +0v4)° =1 =50y + - + 1)}
— 8K {(1+ v, + 4+ v5)° =1 = 5(v; + -+ v;-,)}

for j = 3. If these equations have solutions, and the sequence {v; + - + v;};
converges in a suitable norm, then the function 2;v; will be the desired
solution of (2).

Proposition 3. Assume that K depends only on the radial variables, and
the second derivatives of K vanishes at O. Then for sufficiently small ¢, the
equation (7); (j= 1) has a C* solution v; which depends only on the radial
variable and satisfies the following properties:

loflly,, £ e@72% oyl < 72,
v; =0 on 8D, .

Proof. From Lemma 3, we have a radial solution »; of (7);. Since
I(8K — 6)(x)| £ C|x|* £ C|x|?® by the assumption on K, the following inequalities
hold from Lemma 1:

@) I8K, — 6, < Ce**,  [Kfs(2), 8K, — 6),] < C&? .
Taking p = 3/2 and using (8) instead of (6) in the proof of Lemma 3, we obtain
o, £ Ce?, oy, £ Ce¥2,
If we take & so small that C'e*® < 1, we get
ol e, oglle, < 6M1%,
Next we get a solution v, of (7),. Because we have assumed |K,| <1,
8K, {(1 + v1)° — 1 — 50, }Hlw < 8)10v,% + 100, + 50,* + v,
< 8(10 + 100yl + Slvglle® + llo1llo*) 04l
< 8-26e!14

for e < 1. Hence we have from Lemma 3,
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[02]l1,2 < Co vol ($%)2(8-26)e™*,
02010 < Co Vol (S%)'72(8-26)™* .
If we take & so small that C, vol (S*)2(8-26)¢? < 1, we obtain

“1’2”1,2 §3m/8, V21l < el

Assume that we have already gotten v; (j = 2) with the desired property. Let
us denote v; + v, + -+ v; by Z;. Then

I8K {(1 + vy + -+ v,)° — 1 =5y + - + 1))}
— 8K {(1 +v; ++v_)° — 1 =50 + v}
< 8(15{42;; + 6(Z;-1)* + 4(2;-1)° + (Z-)*}y
+ {101 + Z;_)° + 10(1 + 2,120, + 5(1+ Z5_)02 + 07}
< B{5(8¢'MF + 245114 4 326398 4 1661 12) g0+
+ (20 + 206©+ 2B 4 10O+ | 2T +EN)O+204
< 8{(5-80)e@0% 28 4 5150424}
< 8(5-80 + 51)e20+28

We used the properties that | Z;_,ll,, < 2¢*¥® and |1 + ;.  £2 (k=1,2,3)
for small &. Consequently from Lemma 3, we obtain a solution v;,; of (7);4
with

[9j41111,2 < 8Co(5-80 + 51) vol (§3)H2g(4+208
103011l < 8Co(5-80 + 51) vol ($3)42a(14+2018
We take & so small that
8Cy(5-80 + 51) vol (S3)M2e® < 1,
Then v;,, satisfies the inequalities
< glo+20+1i8 104110 < (0207118

||Uj+1”1,2 =

Thus we complete the proof by induction.

Proof of Theorem. By the preceding proposition, v, = 2jv;€ W, ,(D)N
C°(clos D,) is well defined and satisfies

Hvsnl,Z é C811/89 Hva“oo é C811/8 s 1 + Us > O .

Then w, =1 + v, is a weak solution of the equation (1). Hence w, is C* by



330 Shigeo Kawal

the elliptic regularity. Now let us define a function u on D(R) by u(x) =
w(x)u,(x) where w(x)=w,(p~'5,(x)). This function u(x)>0 satisfies the
equation

—Adu = Ku® in D(R), u=u, on 0D(R).

From the conformally invariant Sobolev inequality,

lu — u,ll6® = J {v(p™6.(x))} °u,dx
D(R)

= J 1'786
D,

= C||Us“1,26
é C833/4 ,
which implies by Holder’s inequality,
lu —u.ll, < Cllu — u.]e < Ce' ™.

On the other hand, we get writing v = v,p~!3,,

17— uli3 = 17 (@u)l3

C<j |Vu,|*v?dx + f IVUIZuezdx>
D(R) D(R)

C<J Vu,|2et Y dx + J |Vv|£2u£6dx)
D(R) D(R)

é C(811/4 + 811/4)

17AN

A

< Cglii

where | |, denotes the norm with respect to the metric u,*ds?. We used the
facts that J‘| Vu,|2dx = C Jufdx < Cand ||(p7'8,), X || = u,| X| for any tangent
vector X on D(R). We thus have

lu—uglly,, < Cet™8.
Because |v]l, < Ce''® and |u,l, £ Ce™'?, we obtain

Hu - ua”oo = “UueHao é C87/8

which completes the proof of the theorem.
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