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0. Introduction

We study the large time behavior of positive solutions of the following
initial-boundary value problem:

u, = Ap(u) in Q x (0, c0),
M { ux,t)=0 on 09 x (0, 00),
u(x, 0) = ug(x) in Q.

Here, 2 = R" is a bounded domain with smooth boundary 0Q. We assume
that

(A1) ¢peCY(R), ¢'(r) >0 if r #0 and ¢'(0) > 0,

(A2) ugeL?(2) and u, >0 (#0) in Q.

If we set k = ¢, then we can rewrite the equation as

u, =V-(k(ulVu).

When k(0) = 0 (i.e. the diffusion is degenerate at u = (), the eqaution arises,
for example, in gas flow through porous media. When k(0) > 0 (i.e. the
diffusion is nondegenerate), the eqaution arises, for example, in heat flow
through solids.

At first we state our main result on the decay of solutions. Roughly
speaking, we obtain the following: If k(r) is monotone for r > 0 and ¢ satisfies
(A1-2) and some additional condition, then the L?*-norm of positive solution
of (I) decays at the same rate of the positive solution y(t) of the ordinary
equation: y' = — A;¢(y) (see Theorem 1), where A; >0 is the smallest
eigenvalue of — A4 with Dirichlet condition. This result holds whether the
equation is degenerate or nondegenerate and we can apply it to the following
strongly nonlinear cases:

0.1a) k(r) = L for small r >0,
(—logry
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0.1b) k(ry=1+ ——0—— for small r >0
(—logry

and k(r) = 0/[log (—logr)]?, where 6, pe(0, o0), and fe(— oo, 0) for (0.1b).
Related results were obtained by Bertsch and Peletier [2], the author [5]
and so on (see the references in [2] and [5]). Also see [1] and [6] for the
behavior of solutions which take values of arbitrary sign. But strongly
nonlinear cases including (0.1) have not been studied in detail.

We briefly recall the related results in [2] and [5]. First let’s recall the
case when the diffusion is degenerate at u = 0. Under the condition:

0.2) O<a<p®od’(n/[d' N> <1 for O0<r<r

for some constants «€(0, 1) and r; >0
and some additional condition, Bertsch and Peletier [2] obtained the following
result:

¢ (u(1))

S0 (0) —f, in L*(Q)as t—> o

where u = u(¢)e[0, 1) and the asymptotic profile f, is the unique positive
solution of the elliptic problem: — Af = f* in Q and f =0 on 02, and x(t)
is the positive solution of x'(t) = — ¢(x). The condition (0.2) is satisfied by
the ¢(r) = r"(m > 1), ¢(r) = r"log(1/r) for small r and ¢(r) = e /", but not
by the case (0.1a). Indeed the condition (0.2) implies that k(r) < Ar**~=® for
O0<r<ry, A>0. (For the case (0.1a) a rough estimate for the decay of
solutions was obtained in [5]) We shall show that for the case (0.1a) the
solution u(t) decays at the rate of exp{—((p + 1)1, 0)/®* V) and the
asymptotic profile of u(f) is an eigenfunction of — 4 with Dirichlet condition
(see Proposition 1). We remark that the solutions of equations considered in
[2] decay at most algebraically and the decay order does not depend on Q.

Next, let us recall the case when the diffusion is nondegenerate. In [5]
we showed that the condition

(0.3) lk(r) — 1] < 0/(— log ry for small r >0

for some 6e(0, o) and pe(l, o)

is a sufficient and an almost necessary condition for the following (0.4).
(0.4) eMy(t) — w, in H}(Q) as t— oo,

where w,(> 0 in Q) is an eigenfunction of — 4 corresponding to 4;. Even
when ¢ does not satisfy (0.3), our Theorem 1 gives the exact decay rate of
solution under the assumption of monotonicity of k. (In particular, for the
case (0.1b) see Example 2 in section 1.) Furthermore, under the same situation
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we shall show that the asymptotic profile for the solution is an eigenfunction
of — A4 with Dirichlet condition (see Theorem 2).

In the proofs of our results we often compute formally. But it is justified
by the nonlinear semigroup theory through appropriate approximate classical
solutions (see [5]).

Notation.
1. |-, denotes the norm of L?(Q2).
2. (-, -) denotes the inner product in L*(9).

3. {4 0< A, <4, <) are all distinct eigenvalues of — A with zero-
Dirichlet condition.

4. e, is the eigenvector of — 4 corresponding to A, which satisfies that e; > 0
in Q2 and |e, ||, =L

5. f(t) =o0(g(t)) means that limsup,. . |f(t)/g(t)l =0, f(t)= O(g(t)) that
lim sup,., , | f(t)/g(t)] < oo, and f(t) ~ g(t) that a < liminf,_, _ |f(t)/g(t)] <
lim sup,_ ., | f(¢t)/g(t)] < b for some a, b > 0.

6. |A| is the measure of A for Lebesgue measurable set 4 = R".

7. C,(ie N) denote some positive constants.

1. Results

Before we state our results, we shall recall a definition of weak solutions
of (I) by the nonlinear semigroup theory. We define operator A: L'(€2)—L"'(£2)
by

Au= — Ap(u) for ueD(A)

with D(A4) = {ue L"(Q); ¢p(u)e W, (), Ap(u)e L'(2)}. The operator A is
m-accretive in L!'(£2) under the condition (Al). Therefore A generates the
contraction semigroup S,(t). Hence we can define a unique weak solution

of (I) by S,(t)u, for any uye D(4) = L}(2). For the details, see [1], [5] and
the references therein.

Theorem 1. Let (A1-2) be satisfied. We assume that k(r) is non-decreasing
(resp. non-increasing) on (0, ry) for some ry >0 and that

(1.1) 1 jr Jk(syds = /k(ar) <resp. @ < k(ocr)) for O<r<r,
rJo r

for some (0, 1). Also assume that uy, > ae, (resp. uy < ae,) in Q for some
a>0. Then, the weak solution u of (1) satisfies

(1.2) lu(®) 2 ~ (u(r), e;) ~ y(©),
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where y(t) is any fixed positive solution of the ordinary equation: y'(t)= — A, ¢ (y).

Remark. 1If we also assume that ¢eC3((0, o0)), then in Theorem 1 we
can drop the assumption on the initial value: wu, > ae; when k() is
non-decreasing on (0, ;). We shall mention the reason. Indeed, ue L*(Q2 x
[ty, o0)) for any t, > O ([5, Proposition 4.17). And u(t) # 0 in Q for t€[0, )
since (u(t), e;) = Ce™™ for some C,n >0 by the same argument in the proof
of [5, Theorem 2.3]. Moreover, the weak solution satisfies (I) also in the
sense of distribution ([5, section 1]) and can be approximated by a sequence
of positive classical solutions of (I) {u,}; -, ([5, Proposition 1.3] with ¢, = ¢
and ¢, > 0). Therefore, ue C(Q x (t,, o)) by [4, Theorem 1] when k(0)=0
and by the proof of [5, Proposition 1.17 and [7, Theorem 16] when
k(0) > 0. Hence the set {xeQ2; u(x, t) > v} contains an open nonempty subset
of 2 for t>1t, and some v > 0. Therefore, in view of [3, Theorem 5],
u(x, t;) = Ce; for some t; >t, and C > 0. Since we consider only the large
time behavior of solutions, we may assume without loss of generality that
t, =0.

We state the applications of Theorem 1 to the strongly nonlinear cases.

Example 1. Let k(r) = 0/(— logr)” for 0 <r <r,, where 6, pe(0, c0) and
r1€(0, 1) are constants. This example satisfies (1.1) for any fixed constant
oae(0, 1). For the initial value u, we assume (A2). Then the weak solution
u of (I) satisfies that

(1.3) lu(@)ll, ~exp {—((p + 1)0A, )"/ D},

We shall prove (1.3) in the next section.
For the above example, we can see the asymptotic profile of solutions:

Proposition 1. Let k(r) be defined as in Example 1. And let u, satisfy
(A2). Then the weak solution u of (1) satisfies that

(1.4) At)——»el in L*(Q) as t—> oo.

(u(t)v el)

Example 2. Let k(r)=1+ 6/(— logr)’ for 0 <r <r,, where fe(— oo, o0),
p€e(0, o) and r;€(0, 1) are constants. This example satisfies (1.1) for any
fixed constant a«e€(0, 1). For the initial value u, we assume (A2). When
0 <0, we also assume that u, < ae; in 2 for some a > 0. Then the weak
solution u of (I) satisfies that

0(A,0)"°

log [u(®)]l, = — At — +o('™?) if pe(0, 1),
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lu@ll, ~ (¢ + 1) % 2 if p=1,
lu@ll, ~e *" if pe(l, o).

We shall derive the above estimates in the next section.
For the nondegenerate case we can obtain the following result.

Theorem 2. Let all the assumptions in Theorem 1 be satisfied. Assume
also that k(0)= 1. And if k(r) is non-increasing for r >0, we assume that
lim,_  k(r) > 0. Then the weak solution u of (I) satisfies that

u(t)

1.5 S —
(1) (u(?), e,)

e, in L*(Q) as t—> .

Remark. If we also assume that ¢ e C3*((0, c0)), then in Theorem 2 we
can drop the assumption on the initial value: u, > ae; when k(r) is
non-decreasing on (0, ).

2. Proofs
The following proposition is very fundamental in this paper.

Proposition 2. Let ¢ satisfy (Al). We denote by y(t; a) the solution of
y = — A,9(y) with y(0) =a. Then we have

y(t; a)~ y(t; b) for any a, be(0, o).

Proof of Proposition 2. We may assume that a > b. Let t, >0 be the
time such that y(t5; a) = b. Set K = max,4o , k() > 0. We can easily verify
that eX*''y(t; a) is increasing for t > 0. Therefore we obtain that

y(t; b) = y(t + to; a) > e K0 p(t; q) for t>0.
This completes the proof. []

Proof of Theorem 1. First we shall consider the case when k(r) is non-
decreasing on (0, r;). We denote by y(t; y,) the solution of the ordinary
differential equation: y'(t) = — A, ¢(y) with the initial value y(0) = y, > 0. We
divide the proof into two steps.

Step 1. (Upper estimate) With the aid of integration by parts and
Poincaré’s inequality,

d
dt Jo

where we set h(r) = [} \/jc(‘s)ds and g(r) = h(\/;)z.

u? = — 2jlc(u)|l7u|2 = — 2J\|l7h(u)|2 < -2 Jvh(u)2 = — 2/11Jg(u2),
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vr
g (1) = Vk(Jr) (\f) Vk(/7) lrf Jk(s)ds.

Hence g¢g(r) is convex for r >0 since g'(r) is nondecreasing. By Jensen’s
inequality,

d 1
&Juz < —24 IQ‘g(mJ >=—2illQ|h(IQ|'”2Hullz)z-

If we set z=0a|R| *?|u|,, then we can obtain that
(2.1) dz/dt < — o«? A h(z/a)?/z.
With the aid of (1.1),

(2.2) h(r) = r/k(ar).

By (2.1) and (2.2),

dz/dt < — ), zk(z) < — 1, f k(s)ds = — A, (2).

0

Hence, we have
z(t) < y(¢; z(0)).

Step 2. (Lower estimate) The proof is complete if we prove that

(2.3) w(t), e;) = Cy(t)  for >0

for some Ce(0, 0). We set w; =ce;. We choose ¢>0 so small that
0<|lwll, <a(<1). We shall show that z(x, t) = w,(x)y(t; b) (b>0) is a
subsolution of (I). By the convexity of ¢,

24) 2, — A¢(2) = — 40, ¢() — K (@1)y* W, [* + 4o, yk(w, y)

By (1.1) and Schwarz’s inequality,

2.5) (r) < j JkG) ds) > k(o).

It follows from (2.4) and (2.5) that
26) 2, — A(2) < — Ay, y (ko) — k(@,)} <O0.



Quasilinear Diffusion Equations 453

Hence z(x, t) is a subsolution of (I). Moreover, we can choose be(0, o0)
so small that

2.7) z(x, 0) = b, (x) < uy(x) in Q.
It follows from (2.6), (2.7) and the comparison principle that
u(x, t) = z(x, t) = w,(x)y(t)-

This leads us to (2.3). Thus, the proof is complete for the case when k(r) is
non-decreasing for r > 0.

Next we consider the case when k(r) is non-increasing on (0, r;). By the
same argument as in the above Step 2 we can construct a separable
supersolution of (I). Hence we obtain that

lu@®)ll, < Cy@)  for >0

for some Ce(0, c0). This is a desired upper estimate. We shall obtain a
lower estimate. It follows from the concavity of ¢ and Jensen’s inequality that

d 1
%(u(t), W)= — 4 j¢(u)w1 > — A J¢(uw1) > — A [.Q|¢<@(u, CU1))
Therefore we have
1 1
. ) 2 t: . D .
|Q|(u ;) Y< |Q|(uo C01)>
The proof is complete. []

Proof of Example 1. We will give the outline of the proof of (1.3). We
set z(t) =exp {—((p + 1)04, 1)}/ *P} which is the explit solution of z'(t) =
— Ayzk(z) with z(0) = 1. It suffices to show that y(t) ~z(t). In view of
Proposition 2, we may assume that 0 < y(0) < 1. z(t) satisfies that

Z(t) < — 4,9(2).
Therefore we have y(t) > z(t + t,) for t > 0, where t, >0 is a time such that

z(to) < y(0).
On the other hand,

r ds pOr _ _ P
o0 =1k =90 [ s = = e = (1 )

Hence, we have

o)
—logy

(2.8) y) < — ilyk(y)<1 — ) < - %/llyk(y) for t >1t,,
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where t; > 0 is a time such that y(t,) < e~ 2. It follows that
(2.9) y(t) < z(t/2) for t > 0.
By (2.8) and (2.9),

YO < — 4k {1 — Cy(t + 1)"Ya for >0,

Hence we obtain that for ¢ > 0,
y(t) < sz< f (s+1)” 1/(1+”)d5> <Cz(t). O

To prove Proposition 1 we prepare a lemma.

Lemma 1. Let k(r) = 0/(—logr)’ for 0 <r <r,, where 0, pe(0, ) and
r1€(0, 1) are constants. Then the weak solution u of (1) satisfies that

(2.10) [u(@)ll, < Ct + 1)7exp {—((p + 1)0A, )Y/ @+ 1)} Jor t >0,
where 0 = Np/4(p + 1) and C = C(uy) > 0.
Proof of Lemma 1. By [5, Proposition 4.1],

C
[u@) o <&+ — Jugll, for any ¢ >0 and t > 0,

(k(e)t)™'*
where C, = C,(N) > 0. Therefore, we have

lu(@®ll, <&+

|u(t — to)ll» for any ¢>0 and t > ¢,

C,
(k(e)to)™'*
where t,€(0, c0). We substitute ¢ = |u(t — t4)||,/t}’* to obtain that

C

@11 u@)] <L{1+_4<510gt _1og||u(t_t)H‘)N"“}Hu(t_,).
. =N o\ 0 o}ll2 AP

for t > t,. Here t, > 0 is a constant satisfying |u,l|,/t}/* <r,. (We remark
that |u(t)|, is non-increasing for t > 0. See the proof of Theorem 1.) We
obtain (2.10) from (2.11) and (1.3) in Example 1. []

Proof of Proposition 1. We set v=u(t) — (u, e;)e; and y(t) =exp {—
((p + 1)OA 1)/ ®* DL Tt is sufficient to derive that ||v(t)]l, = o(y(¢)). In view
of Lemma 1, we see that Ju(t)||, >0 as t > co. Therefore we may assume
that sup,., || u(t)||, is sufficiently small. Let h(r) and g(r) be the functions as
defined in the proof of Theorem 1. Then, by the eigenfunction expansion of
— A and Jensen’s inequality,



Quasilinear Diffusion Equations 455

% o 2 f PR + 24, (u, e1) (), e,)

= 2% i), € + 22, (u, e) (B, €)

J

<2(2; — A1) (h(w), €4)* — 24, Jh(u)2 + 241, €1)(P(u), ey)

< —24 |9i9<ﬁ Jlﬂ) +2(4, — A) (h(W), €4)* + 24, (u, €1) ($(u), ey).

By Schwarz’ inequality,

(2.12)  (h(w), &) < (Vud(w), e;)* = (Juer, \/dWe,)* < (u, e)($(w), e,).

From the integration by parts,

_ r P r ds
h(’")”\/@{(—logrw 2L(—1ogs)ﬂ/2“}

r pr
> ./0 — )
- f{(— logr)’’?  2(—log r)ﬂ/“l}

Therefore we obtain that

gO)zldV@ﬂzzzZWk@){l—- 2p } for re(0, r,).

—logr

It follows that

i 2 _ 204, 2 2}
@13 dtJ” = (2—llog|9|—1og||u(t)||2)"”0 e

2000, ,
¥ 2 DO ) g 1] — tog (0]l J"' |

We shall estimate

204,

(2.14) I=— —
(27" log |2] — log [lull,)

(ua el)z + 2&2(1’!9 el)(d)(u)a el)'

Since k(r) is nondecreasing, we have

¢(r) = jr k(s)ds < rk(r) for r > 0.

0

Therefore, we obtain that
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1 1
215)  1<20M,, 2{*> - }
@13) O Clog luly T @ Tlog 21— log [w@IF S

It follows from (2.15), (1.3), (2.10) and the mean value theorem that

IgCSIOg(t+2)
t+1

In view of (2.13), (2.14) and (2.16), we have

(2.16) y(E)2.

d
o Jvzdx < — A(t)jvzdx + C¢B(1),
t

where
204,
(0 + DA+ + C;°

B(t) = Wexp {_ 2((p + 1)04, t)l/(p+ 1)}_

A(t) =

It follows that

(2.17)

J‘v(t)2 dx < exp {—— f A(s) ds} [ JU(O)2 dx + Cq f exp {Js A(T) dr} B(s) ds:l.

We shall estimate the right-hand side.

t t
j A(s)ds — 2012f ((p + 1)0Ays)#/P*+ D (g
1

0

1 t
:waﬁ_J 2C,04,ds |
0 1 ((p + DOLPICTD((p + 1A sy/@T D 4+ Co}

which implies that

t
2
(2.18) f A(s)ds = %((p F )04, )Y Lo e+ D),

0 1

Since 2/(1 + 4;/4,) > 1, we obtain that for sufficiently large t > 0,

d{ log (t + 2)

(2.19) i les )i

log(t+2) d
B (*ITIW % {eXP (— atl/(p+1))}

exp (— at”("“))}
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> _ a 2 -IOg(t+2)exp(—at1/(”“)),
p+1 1+ 4,/4, t+1

where a > 0 is any fixed constant. By (2.19) and the integration by parts,

Jt exp {js A7) dr}B(s)ds
0 0

(L+ 2/ A)(p+ 1) D [ ‘ d { log(s+2) s
> —Cg— 2(0,) D oexp OA(r)dr % my(s) ds

=——C8+C9[—10g2+exp{ftA(*c)dr}- log (¢ + 2) (t)2:|

o (t + 1)1/(P+1)y

1 y) t 1 1))P/ e+ 1) s
b (1 n _2> (o + DOA (s + 1)) exp ” A(r)dr}B(s)ds.
2 A/ Jo(lp + 1)OAs)P/@* D 4 C, 0

It follows that for t >0

(2.20)

t S t 1 2
L exp {L A(r)dr} B(s)ds < C,, |:1 + exp {L A(s)ds} . %ﬂ)ﬁ y(t)z:l.

We obtain from (2.17), (2.18) and (2.20) that

lo(0) |, < Sr/log L+ 2

)
(t + 1)/p+2) y(1) for t > 0.

Thus we have ||v(t)], = o(y(t)). [

Proof of Example 2. We shall derive the decay estimates. We shall
state only the case: pe(0, 1) and 6 > 0 because the argument for the other
cases is similar. In view of Proposition 2, we may assume that 0 < y(0) < 1.

221 )= —4 xejy ar
@2 S N

— A ).
It follows that
(2.22) y(t) < y(0)e 4.

By (2.21) and (2.22),

0
"> Ay =41 1+ ,
V=AY Clogyy ”{ (—zlt—logy(onp}

which implies that
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O(A t)r P }

(2.23) y(t) = y(0) exp {— At —
1—p

On the other hand, by (2.22) and (2.23)

e i@y f A, Bpdr
yE A (_k,gy)p (—logry™?
<—1 1+ —
”’{ (—1ogy)P (—1ogy>f'“}

6 0
— Ay {1 + ' 1- - ? +1 } .
{—1log y(0)+ 2t +0(218)' */(1=p)}* (—logy(0)+4,)
Therefore, we have

0(A,0)' °

log y(t) < — At —
l—0p

+o('™"). O

Finally we shall prove Theorem 2.

Proof of Theorem 2. In view of Theorem 1, it suffices to prove that
(2.24) lu(t) — (u, eg)eq |, = o(y(t)). |
We set v = u(t) — (u(t), e;)e;. We remark that (v, e;) = (Vv, Ve;) = 0. By the

integration by parts,

(2.25) ij v? = 2JVU k()W u
it ),

= - ZJ‘k(u)ll7v|2 — 2(u, el)j{k(u) — 1} Vv -Vey.

Since ||u(t)]l,, >0 as t—> oo (see [5, Theorem 2.2]), we may assume
without loss of generality that sup,., [|u(¢)||, is sufficiently small. Thus, we
may assume that k(u(x, t)) >1—¢ for any (x, t)e x [0, c0), where we set
e€(0, 1) so small that

(2.26) Ay +e—(1—2¢i, <.
It follows that
d
5 < =200 —ellVoll5 + 2w, e) | kw) — 1], Vol Ve, ll,

IA

—2(1 = 2&) | Poll3 + Cyp k(W) — 1%, (u, €,)
< —2(1 =28, 1013 + Cra k() — 1%, (u, 1),
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which implies that

lo@) |3 < e 207292 [u(0) 3

. t
+ Clze'z“_h’“’j 21729523 | ke (u(s)) — 1112 (u(s), ey)* ds.

0

— (A1 + &)t

On the other hand, we can easily verify that y(t) > C,;e for

t > 0. It follows from (2.26) that
(2.27) lim e 200ty ()2 — oo,

If [ e*729%5 | k(u(s)) — 1|12 y(s)*ds < oo, then the claim (2.24) obviously
holds. If otherwise, with the aid of ’'Hospital’s theorem, we have

lim su M < C., lim IB e2(1—28)das “ k(u(s)) -1 ”30 y(s)2 ds
t— o0 p y(t)z - 14 t— 00 e2(1—23)),2ty(t)2
_ e i €O k@) = L5 y()
= 14 t— oo {62(1—25)12ty(t)2}/
e g k@) = 112
= L4

im
120 (1 — 2e)A, — 244 d»/y
= 0.

Hence, we have (2.24). [
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