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Existence and Nonexistence of Positive Entire Solutions of
Second Order Semilinear Elliptic Systems

By

Tomomitsu TERAMOTO

(Hiroshima University, Japan)

1. Introduction

In this paper we consider second order semilinear elliptic systems of the
form
Au = p(x)v*,
(1.1) in R”,

where o, >0, and p and g are nonnegative continuous functions in R",
n>1. We are interested in necessary and\or sufficient conditions for (1.1) to
have positive entire solutions. An entire solution of (1.1) is defined to be a
vector-valued function (u,v) € C2(R") x C*(R") which satisfies (1.1) at every
point x in R".

The problem of existence and nonexistence of positive entire solutions of
scalar elliptic equations has been investigated by many authors under various
situations. To illustrate some of known results let us consider the equation

(1.2) Au = p(x)u’ in R”,

where p is a nonnegative continuous function on R", and ¢ > 0. Roughly
speaking, if

near oo

for some constants C,e> 0, then (1.2) has positive entire solutions. The
precise formulation for existence theorems with such features are found in {3, 5,
7]. On the other hand, if

C

o> 1 and p(x) = —5

near oo

|x|

for some constant C > 0, then (1.2) does not admit any positive entire solu-
tions. This fact follows from the results in [1].

Next, we turn our attention to system (1.1). Of course we have already
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known several works treating existence theorems of positive entire solutions.
For example, if n > 3, and

C C
2+¢? q(X) = 2+¢

near oo
|x|
for some constants C,e > 0, then (1.1) can be shown to have positive entire
solutions (u,v) satisfying

lim (u(x),v(x)) = (Yoo, Voo )

|x|— o0
for some constants u,,v, > 0. See the papers [3, 4] for the detail. However,
as far as the author knows, there are no results which contain nonexistence
criteria of positive entire solutions to (1.1) except for the work by Deng [2].
Motivated by this fact, we will study mainly this problem here. When p and ¢
behave like positive constant multiples of |x|",ve R, and » > 3, we can com-
pletely characterize the existence property of positive entire solutions of (1.1).

The organization of the paper is as follows. In §2 we give nonexistence

criteria of positive entire solutions for (1.1) under the basic assumption
a,f>1. In §3, to reinforce our nonexistence criteria, we give existence
theorems of positive entire solutions for (1.1) under the basic assumption that
off > 1 and p and g have spherical symmetry.

2. Nonexistence results

In this section, we consider nonexistence of positive entire solutions of
(1.1). Through the section we always assume o, > 1. For a positive entire
solution (u,v) of (1.1) we denote its spherical mean (i(r),%(r)),r = 0, by

1
i) = ey szr u(x)dS,

@2.1) ‘ 1
o(r) = o J‘ﬂ:r v(x)dS,

where dS denotes the volume element in the surface integral, w, denotes the
surface area of the unit sphere in R”. Moreover we introduce the function p(r)

and ¢(r),r >0, by
60,,7”_1 lxi:rp(x)a’/oc ’

=] -5 ”
wnr”—l |x[:rq(x)ﬁl/ﬁ ’

(2.2)
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respectively, where 1/a+1/a’ =1,1/8+1/8" = 1. The functions p and § can
be regarded as spherical means of p and ¢, respectively, in some sense. We
note that p = p and ¢ =g when p and ¢ are spherically symmetry.

Theorem 2.1. Let n>3. Suppose that p and § satisfy

K

K
(2.3) ==, ="k forr=r>0,

where K\, K, are positive constants and

A<a2—w)+2  or
L<p2—2a)+2.
Then (1.1) does not possess any positive entire solutions.

Proof. 1Tt suffices to treat the case that 1 <2,u < f(2— 1) +2. The proof
is done by contradiction. Assume the contrary that (1.1) has a positive entire
solution (u,v). Then by taking the mean value of (1.1) and using Holder’s
inequality, we see that (ii(r),d(r)) satisfies the differential inequalities

(24) {“meyzw%mwm,v%mezw%m#m, r>0
' i#(0) =a > 0, (0) =0, 5(0) = b > 0,5(0) = 0.

See, for example, [1, 7, 8]. Integrating (2.4) twice over [0,r], we have

s\ n—2

a(r) > a+ ijo sp(s) [1 - (;) ] 5%(s)ds,
(2.5)

B(r) > b+ ;1—2 L si(s) [1 - (j)'z} i (s)ds.

(I) The case A <2 and u < fp(2—2)+2: First we show that
(2.6) a(r) = Cr*=* for r=r >0,

where C; > 0 is some constant. Let r > rp. Then from (2.3) and (2.5) we have

a(r) = a+ n—i—z ;sf)(s) {1 -(%) "2} 5(s)ds

>a+ —1—2 sp(s) [1 - (5>n_z] 5%(s)ds

ro r

zas g [ - (3"

o
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b K N2
2a+n_2{1—(§) }J s *ds

ro
2-4
> Ciret, r=>r > 2r.

Thus we obtain (2.6).
Let us fix R > ry arbitrarily. Integrating (2.4) twice over [R,r], we have

2.7) a(r)za(RH—LJrsp(s)[l—(;)"‘15%)@, r> R

n—2 R

Using the inequality

Ky n—2 n—2
s[l—(;) }Zzn_—z(r“s) for R<s<r<2R,

in (2.7), we obtain

i(r) > a(R) + Ky J sTH(r — 8)5%(s)ds

r
> %J (r — 5)5*(s)ds for R<r<2R,
R

where C, > 0 is a constant independent of R. Similarly

o(r) > QJ (r — 8)aP (s)ds for R<r <2R,
R# ) p

where C; > 0 is a constant independent of R. Let

(2.8) flry= %J;(r — 8)5%(s)ds, R<r<2R,
(2.9) g(r)y = %J};(r — 5)iP (s)ds, R<r<2R

Then

(2.10) f"r) = R0 (r) = &9 (r), R <r<2R,
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and
(2.11) g"(r) = /’(r) ifﬂ(r), R<r<?2R.

Now, we discuss only on the interval [R,2R] for a moment. Multiplying
(2.10) by ¢’ and integrating over [R,r], we obtain

! " 7 G a+1
| 1 (99 = e (), R<rs2R

Integrating by parts, we have

g0 = [ PO 0b > e, R<r<2r

Hence

where C4 = Cy/(a+1). Multiplying this relation by g’ and integrating by
parts, we obtain

SO OP 2 S0, R<r<ag,

where Cs = C4/(a+2). From (2.11), we have

Cs
9O MY > o g ), R<r<2R

where Cs = C; C5ﬂ . Multiplying this inequality by g’ and integrating, we obtain
g'(r) > C R M/ @25+2) £ 5y (= DB+D/2B12), R<r<?2R,

where  C; = {Cs(2B+2)((x+2)B+ 1)}/ Since  {(a+2)8+1}/
(28+2) > 1, we may set {(x+2)f+1}/(28+2)=6+1,6 >0. Thus

g'(N{g(N} " = GRWWICED R <y <R,

Integrating this relation over [3R/2,2R], we have

1 3 - C7 —(Ap+p)/ (28+2)+1
o) HGa) = S |

Since —(4f +u)/(2f +2) + 1 > 0, the right hand side of (2.12) tends to oo
as R — o0. On the other hand, from (2.6) and (2.9), we have
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Cs J3R/2

3 2-i\ B
= ﬁ (ER - S) (C1S ) ds

3R/2 /3
—~R—s}ds
Jo Gr-s)

— CRPCD2n,

R

C3CfRE-DP
R#u

where Cg = C3C1/3 /8. Hence the left hand side of (2.12) tends to 0 as R —

oo. This is a contradiction.
(I) The case A <2 and p=pF2-~21)+2. Letr>r.
and (2.6) we have

I (" 5\ n—2
5 i _ {2 P
(2.13) o) =bt — 2J0 54(s) [1 (2) ]u (s)ds
> by — J 5q(s) 1_(:‘)“ P (s)ds
- n—2), 4 r “
KzCﬂ r s\ =2
> b+ IJ s1#hEA) [1— (—) }ds
n—2}, ¥
KCf N2 2
=b+- 1 (5) J s~ \ds
> Cylogr, r>r > 2

for some constant Cy > 0. Let R > r, be an arbitrarily fixed number.

Then from (2.5)

As in

case (I), we introduce the functions f and g by (2.8) and (2.9), respective-

ly. Then using a similar argument as in (I), we see that

(2.14)

0 2

—0

where d = (off — 1)/(20. 4 2), Cip > 0 is some constant independent of R. From

(2.8) and (2.13) we have

/6

G 3R/2 3
wl G

G Cs(logR)” R?
R’ 8’

R- s) (Cologs)“ds
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Thus by (2.14) we obtain
1 R-Gued/as241 [ o 3 R ?
o0Cio 2

J
> Rfé(Zfl) (C28Cg> (IOg R) dﬁRé(ZA}L)

o~
= (C28C9) (log R)*, R>r.

This is a contradiction.
(III) The case A=2 and 1 <2. Let r>ry. Then a similar calculation
o (2.6) shows that

(2.15) a(r) = Cpylogr, r>r3 > 2r

for some constant Cy; > 0. We fix R > r; arbitrarily. Then, as in case (1) we
see that

-0
(2.16) é { g G R> } > CpR™CHtw/B 241

where g is the function given by (2.9), and 6 > 0 and Cj; > 0 are constants
independent of R. From (2.9) and (2.15) we have

g(%R) = C13R2_#(10gR)ﬂ.

Since —(28+u)/(28+2)+1 >0, the right hand side of (2.16) is positive
constant or tends to oo as R — oo. On the other hand, the left hand side of
(2.16) tends to 0 as R — oo. This is a contradiction. This completes the proof
of Theorem 2.1.

Very recently, Deng [2] proved the following nonexistence result:

Theorem A. Let n>3. Suppose that there exist an ry >0, a constant
m > 1 and nonnegative nonincreasing continuous functions ¢(r),y(r) such that

p(r)=¢(r),  4r)zy(),  forrzro
and
lim sup r*¢(mr)y (mr) @ () P>} (r) = o0,

r—ao0

where
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and

Y(ry= J:O s[l - G)n‘z] y(s)ds  for r=r,.

Then (1.1) does not possess any positive entire solutions.

When ¢(r) = Cr* and y(r) = Cr#,C >0, we can easily verify that the
hypotheses in Theorem A hold if and only if (4,u) satisfy

A<ou2—pu)+2  or
u<pl2-1i+2 or
A=pu=2.
On the other hand, if (4,4) satisfy
A<2, u=p2-4)+2 or
{,u<2, A=a(2—pu)+2,
then we can see that

lim sup 7*¢(mr)yy (mr) &1 (P>~ (r) < 0.

r—0

In this case, Theorem A cannot be applied. Therefore, Theorem 2.1 improves
Theorem A.

Next we present the result for the case n = 2.
Theorem 2.2. Let n=2. Suppose that p and § satisfy

Kl N K2

(2.17) p(r) = (ogr)" 4(r) 2 r2(logr)*

for r >ry >0,

where Ky, K, are positive constants and

{lﬁa(ﬂ+2—,u)+1 or
p<Bla+2—i)+1.

Then (1.1) does not possess any positive entire solutions.

Proof. 1t suffices to consider the case that A<o+1 and pu < f(a+2—
A)+ 1. Assume the contrary that (1.1) has a positive entire solution (u,v).
Then we have
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{ (ril’ (r))' = rp(r)o*(r), (ro'(r)) = rg(r)af(r), r>0,
(2.18)

#(0)=a>0, u'(0)=0, 90)=b>0, '(0)=0,

where #,9,p and ¢ are defined by (2.1) and (2.2), respectively. From (2.18),
u(r) and o(r) satisfy the integral inequalities

a(r) = a+ Jrslog(g)ﬁ(r)ﬁ“(s)ds, r>0,
(2.19) 0

o(r) = b+ J;slog(£>Q(r)ﬁﬂ(s)ds, r=0.

Let r > e. Then from (2.19), we have

1

(2.20) u(r) = a+ J

. slog(g)ﬁ(s)ﬁ“(s)ds + Jle slog(g)ﬁ(s)f)“(s)ds

+ J;slog(g )f)(s)ﬁ“(s)ds

>a+ Ll $h(s)5* (s)dslogr + j’slog(g)ﬂs)ws)ds

1

2a—|—b“J

sp(s)dslogr + J slog(f)ﬁ(s)ﬁ“(s)ds
0 e §

> C logr—l—J slog<£>ﬁ(s)z7“(s)ds, r>e
where C; is a positive constant. Similarly,
r 7 R _
(2.21) o(r) = Cylogr +J slog(;)q(s)uﬂ(s)ds, r>e,

where C, is a positive constant. Let w(r) =i(r)/logr and z(r) = i(r)/logr.
Then from (2.20) and (2.21), we have

(2.22) w(r) = Gy —+—J s(l - i—g—i—;)ﬁ(s)(logs)“z“(s)ds, r>e,
and

(2.23) z2(r) = G + Jrs(l - }g%) 4(s)(log s)Pwh (5)ds, r>e.

e

Let t=1logs, n=Ilogr, w(r) =w(e") =w(n) and z(r) =z(e”) =Z(y). Then
(2.22) and (2.23) become, respectively
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and

where p and g are given by p(¢) = e¥p(e)t* !, G(£) = e¥g(e")tP, respectively.
From (2.17), we then have

N K K
plt) = eZ’—llt“_l = Toc1+1_’ t>e",
e?(loge?) t
and
K
2 t>=e’.

(1) =~y >

Since A—a+1<2, u—f+1<p2—-(A—a+1))+2, using a similar argu-
ment as in the proof of Theorem 2.1, we obtain a contradiction. Thus the
proof is completed.

Finally, for the case n =1 we define the mean (&,7) of positive entire
solution (u,v) of (1.1) by

a(r) =3 (u() +u(=r)),  8(r) =3(@@) +v(-r), r=0,

and put

a(r) = L@ PPy + g PP, e,

where 1/o0+ 1/a’ =1 and 1/8+ 1/’ = 1. Then using a similar argument as in
[1], we find that

{ a'(r) = p(re*(r),  o'(r) = q)at(r),  r>0,
(2.24)

We have the following result.
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Theorem 2.3. Let n=1. Suppose that p and § satisfy

K K
(2.25) p(r) = r—;, q(ry = -’% Jor r = rg >0,

where Ki,K, are positive constants and

A<o(f+2—pw)+1 or
p<Pla+2—2)+1.

Then (1.1) does not possess any positive entire solutions.

Proof. It suffices to consider the case that A <a+ 1, u<Bla+2— 1)+
1. Assume the contrary that (1.1) has a positive entire solution (u,v). From
(2.24) we have

1 r

(r — 5)p(s)5%(s)ds + Jl (r — s)p(s)o*(s)ds

a(r) 2a+J

0
r

>a+ (b“ J: (1 - ;)ﬁ(s)ds>r + Jl (r — 5)p(s)0%(s)ds

> Cir+ Jr(r — 8)p(s)5*(s)ds, F>2,
1

and

o(r) = Gor + J:(r — 5)§(s)@ (s)ds, r=2,

where Cj, C; are positive constants.  Setting w(r) = @(r)/r and z(r) = o(r)/r, we
obtain '

r

w(r) = C; + Jl s(l - —)ﬁ(s)z“(s)ds, r>2,

and

P

z2(r) = Gy + Jl s(l - ;)Q(s)wﬂ(s)ds, r>2,

(s)s*71, g(s) = g(s)s*~1. From (2.25), we have

g
=
(€]
o]
o
ST
Il
=

- K . K,
P(s) = Wa Q(S) > W for s > ro-

Since A —a+1<2,u<p(2—(A—a+1))+2, from the proof of Theorem 2.1,
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we see that (w(r), z(r)) cannot exist on [2, 00). This contradiction completes the
proof.

3. [Existence results

In this section, we consider existence of spherically symmetric positive
entire solutions of the semilinear elliptic system

Au = p(|x|)v*,
(3.1) in R".
4v = g(|x))’,

Through the section we always assume that p(r),q(r),r = |x|, are nonnegative
continuous functions and « > 0, > 0,a8 > 1.

Theorem 3.1. Let n>3. Suppose that p and q satisfy

K;

K,
plr) < r—;, q(r) < P Jor r=ry >0,

where Ki,K, are positive constants and

A>a—pw+2
u>p2—1+2.

Then (3.1) has infinitely many spherically symmetric positive entire solutions.

Proof. Without loss of generality, we may assume that v = 1. We note
that (u,v) is spherically symmetric entire solution of (3.1) if and only if the
functions y(r) = u(x),z(r) = v(x),r = |x|, satisfy the system of second order
ordinary differential equations

P () = p(n2*(r), >0, y'(0)=0,
(3.2) 1 oo
P () = gy, r>0,  Z'(0)=0,

where ' = d/dr. Furthermore, integrating (3.2) twice, we obtain the following
integral equations equivalent to (3.2):




Positive Entire Solutions 253

where a = y(0), b =z(0). So it suffices to solve (3.3). Choose constants a > 0
and b > 0 so that

o pl

%L sp(s)ds < a/2,
K1 (2b)*

D0 i) =Y

(3.4) .
QL)Z—J sq(s)ds < b/2,

n—2zjo
K>(2a)? <o,

(n—2)(2 = u+ pk)

where k={1—-2—-a2—pw}/(afp—-1)>0, I={u—-2-p2—-A)}/(ap—1) >
0. It is possible to choose such @ and b by our assumptions. Put

2a for 0<r<i,
Ary =

2ark for r>1,

2b for0<r<i,
B(r):{

2br' for r> 1.

Let C[0, c0) x CJ[0, 00) denote the locally convex space of all continuous vector
functions (y,z) on [0,00) with the usual topology and consider the set

Y = {(3,2) € C[0, ) x C[0,00) : a < y(r) < A(r), b < 2(r) < B(r),r = 0}

Clearly, Y is a closed convex subset of C[0, o0) x C[0, ). Define the mapping
F Y — C[0,00) x C[0,0) by F(y,2z) = (#,Z), where

yr)=a+ n—i—zjrs{l - (f)n-z] p(s)z*(s)ds, r=0,

0 ¥

n 1 2Jrs[1 - (;)wz] q4(s)y"(s)ds,  r=0.

0

We show that &% is a continuous mapping from Y into Y such that FY is
relatively compact.

(i) & maps Yinto Y. Let (y,z)e Y. Clearly, y(r) >a. For0<r<l,
we have
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s[l ~( f)"_z] p(s)2%(s)ds

7

r

n—2u0

r

1 o
<a+ 1 B sp(s)z*(s)ds

sp(s)ds

(2b)ocJ 1

0

For » > 1, we have

r

1
50) < at [ spods+ jlsp<s>z°‘(s)ds

n—2 0

(26)* J : K, (2b)* J " ditad
sa—}—n_z 0sp(s)ds+ P 1s ds
< a+a+ K (Zb)oC p2i+ad

27 (n-2)2—A+al)
3 ;
< -2—ark +grk = 2ark.
Thus we obtain
a < y(r) < A(r), r=0.
A similar computation shows that

b < z(r) < B(r), r=0.

Therefore, #(y,z)e Y.

(i) & is continuous. Let (y,z) and (y,,zm),m=1,2,..., be vector
functions in Y such that (y,,,zm) — (»,z) in Y as m — oo uniformly on each
compact subinterval of [0, c0). Let #(y,,,2m) = (J, Zm) and F (y,z) = (7, Z).
Then we have

) = 3001 < 25 | 5|1 = (2)"7 | i) - o

0

IA

i 2 JO sp(s)|z(s) — z%(s)|ds.

=

Since the functions A, (s) = sp(s)|zi(s) — z*(s)|,m € N, satisfy h,(s) < 2sp(s) -
B*(s), s =0, and h,(s) — 0 as m — oo at every point s> 0, the Lebesgue
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dominated convergence theorem implies that y,,(r) — p(r) as m — oo uniformly
on each compact subinterval of [0,c0). Similarly, Z,(r) — Z(r) as m — oo
uniformly on each compact subinterval of [0, o). These imply the continuity
of 7.

(iii) ZFY is relatively compact. It suffices to prove that # Y is uniformly
bounded and equicontinuous on each subinterval of [0,c0). This is an im-
mediate consequence of the following inequalities holding for all y,z € ¥ and all
r=0:a<y(r) < A(r),b < Z(r) < B(r),

0<7(r) = Jo(i)“l P(s)7*(s)ds < L p(s)B*(s)ds,
and
- ,
0<7(r) = JO (;) () yP(s)ds < L q(s) AP (s)ds.

Thus, we are able to apply the Schauder-Tychonoff fixed point theorem,
concluding that # has a fixed point (y,z) € Y. This fixed point (y,z) =
(¥(r),z(r)) is a solution of (3.3), and hence of (3.2). The function (u(x),v(x))
= (y(|x]),z(|x])) gives a solution of (3.1) in R". Since infinitely many (a,b)
satisfy (3.4), we can construct an infinitude of positive entire solutions of
(3.1). This completes the proof.

Theorem 3.2. Let n=2. Suppose that p and q satisfy

_K
r2(logr)*’

K

q(r) < Wa

p(r) < r>ry >0,

where Ki,K, are positive constants and

A>a(f+2—pu) +1
u>plo+2—-4)+1.
Then (3.1) has infinitely many spherically symmetric positive entire solutions.

Proof. Without loss of generality, we may assume that ro = e. As before,
it suffices to solve the following system of integral equations:

y(r)=a+ J;slogG)p(s)z“(s)ds, r=0,
(3.5)

z(ry=b+ J;slog<£)q(s)yﬂ(s)ds, r>0,

where a = y(0),b = z(0). Choose constants a > 0, > 0 so that
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e

(2b)% L pls)ds <

N

(2b)°K;
1 — A+ ol

(2a)’e K q(s)ds

IA

IA
(STRS S S YEN

(20)’K; b

l—u+pk= 2’
where k= {i—2-a(2—w}/(@B—1), I={(u=2-p2—D}/(@h—1). We
note that £ >1 and /> 1. It is possible to choose such a and b by our
assumptions. Let

IA

2a for 0<r<e,
A(r) = x

2a(logr)® for r > e,

2b for 0<r<e,
B(r) = I

2b(logr)” for r>e.

Consider the set
¥ = {(1,2) € C[0, 00) x C[0, ) : a < y(r) < A(r),b < z(r) < B(r),r > 0},
which is a closed convex subset of C[0, ) x C[0, ). Define the mapping & :

Y — C[0,00) x C[0,0) by F(y,z) = (3,£), where

() =a+ J;slog(g) p(9)z%(s)ds,  r=0,

() =b+ L:slog(g)q(s) yi(s)ds, r>0.

We will verify that & is a continuous mapping from Y into itself such that #Y
is relatively compact.

(i) & maps Y into itself. It suffices to show that (y,z) e Y implies
y(r) < A(r) and zZ(r) < B(r) for r>0. Let 0 <r<e. Then, using the in-
equality 0 < slog(r/s) <r/e for 0 <s <r, we have

() <a+ gjo p(s)2%(s)ds

e

<a+(2b)" Jo p(s)ds
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Let r > e. We then write

yry=a+ (JOI + Jle + J)slog(?)p(s)z“(s)ds

e
=a+ L+ 5L+ L.

The inequality 0 < slog(r/s) <logr for 0 < s <1 implies that

(3.6) I < Jl p(s)z%(s)dslog
0
1
< (2b)“J p(s)dslogr
0

1
< (2b)°‘eJ p(s)dslogr.
0
The integrals I, and I3 are estimated as follows:

(3.7 L < r sp(s)z*(s)dslogr
1

< (2b)“J sp(s)dslogr
1

e

< (2b) “eJ p(s)dslogr;
1

(3.8) L < Jr sp(s)z*(s)dslogr

o ’ Kl ol
< (2b Js———los dslogr
(2)" | 55 (logs) “dstog
logr
:(2b)°‘KIJ t“~*dtlogr
1
(2b)K;
<71 ixal

g(log r)k.

) 2—A+al

IA
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From (3.6) and (3.7), we have

(3.9) L+5< (2b)“e{L1 p(s)ds + Jlep(s)ds} logr

= (2b)%e E p(s)dslogr

< g(logr)k.

Thus by (3.8) and (3.9) we obtain j(r) < 2a(log r)k for r > e. We have shown
that y(r) < A(r) for r = 0 as desired. A similar computation shows that Z(r) <
B(r) for r = 0.

(i) & is continuous. Let (y,,zn) be a sequence in Y converging to
(y,z) €Y as m — oo in the topology of C[0, ) x C[0,00). Then, we have

19,,(r) — (r)| < ngp(s)Iz;‘,‘l(S) — z%(s)|ds, r>0.
0

Since the functions f,,(s) = p(s)|z%(s) — z%(s){,m € N satisfy f,,(s) < 2p(s)B*(s),
§ >0, and f,,(s) — 0 as m — co at every point s > 0, the Lebesgue dominated
convergence theorem implies that 7, (r) — 7(r) as m — oo uniformly on each
compact subinterval of [0,00). This shows that y, — 7 in ¥ as m — o0o.
Similarly, Z, — Z in Y as m — co.

(iti) ZFY is relatively compact. This follows from the observation that if
(y,z)e Y, then (3,2) = F(y,z) satisfy

70 =1 [ sz < | po5*0)as
()= [ sa 01 < [ atorators

for r > 0.

Thus there exists an element (y,z) € ¥ such that (y,z) = #(y,z) by the
Schauder-Tychonoff fixed point theorem. This (y,z) obviously satisfy (3.5).
The function (u(x),v(x)) = (¥(]x]),z(|x|)) is a desired solution of (3.1). The
proof is completed.

Theorem 3.3. Let n=1. Suppose that p and q satisfy

K K
px)< =5 g < = X2 x>0,
|x| |x]

where Ki,K, are positive constants and
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A>a(Bf+2—u)+1
u>pla+2-2)+1.

Then (3.1) has infinitely many positive entire solutions.

The proof of Theorem 3.3 is the same as that of Theorem 3.1. So we
leave the proof to the reader.

Example. Consider the system

Au = T—‘C‘—llia
(3.10) ( +C|xl) in R",
A= yb
(1 + [x[)”

where n > 3,a,6 > 0,046 > 1 and C is a positive constant. We can completely
characterize the existence of positive entire solutions of this system in terms of
o, f,4 and u. In fact, we see that

K C K>
S X ——, |x| =1,
IxI® (T4 Ix)* |

K ¢ K x| > 1

M= TF ) = WP

where K;,i=1...4 are some positive constants. From Theorems 2.1 and 3.1,
fFlA<a(2—-p)+2or u<p(2—4)+2, then (3.10) does not admit any positive
entire solutions. On the other hand, if A > a(2—u)+2 and 4> B2 — 1) +2,
then (3.10) has infinitely many (spherically symmetric) positive entire solutions.
See the figure below.

A=a(2—-pu)+2
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