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Local Wellposedness and Illposedness in the Critical Besov
Spaces for Semilinear Wave Equations with Quadratic Forms

By

Kenji NAKANISHI

(The University of Tokyo, Japan)

1. Introduction

In this paper we study time-local wellposedness of semilinear wave
equations in the following forms:

Clu = B(Du,u),
(L.1)

u(0) =9, u0)=y,

Ou = B(Du, Du),
(1.2)

u(0) =, u0)=y.

Here we denote by B(-, -) arbitrary bilinear form on any couple of Euclidean
spaces. (f,x) € R"™, u=u(t,x) is R"-valued unknown function and D =
(0:,Vy). Tt is well-known that in the case n =3, (1.1) ((1.2)) is time-locally
wellposed in H* for s > 1 (s > 2), but in general illposed in H' (H?) [5, 10, 1,
8]. In this paper we show that we may regain wellposedness in the critical
regularity s =1 (s =2) if we replace the Sobolev space with the Besov space
B; ;. The same phenomenon was recently observed in the case of the equation
of wave map type [9, 11]. However, such a phenomenon does not always
occur. In fact, we will also give an illposedness result in the Besov space Bj;
for the equation of wave map type in the case n=1.

The wellposedness result is obtained by the critical bilinear estimate for
wave equation in Besov spaces. The bilinear estimates for wave equation in
homogeneous Sobolev spaces have been investigated, e.g., in [5, 6, 1, 7, 3]. Itis
shown in [5, 3] that the following estimate is the critical case and does not hold
for any o€ R.

(1.3) [0l grorsy < Cllol i ooy 1 o roy
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262 Kenji NAKANISHI

where u and v are solutions of the linear wave equation with initial data u(0) =
o, u(0) =0, v(0) =y and 6(0) =0. In this paper we regain this estimate by
replacing all the Sobolev spaces with the homogeneous Besov spaces with the
third exponent 1, and then the wellposedness in the Besov spaces follows.
The illposedness result is obtained for the equation of the following form:

Olu+ f () (@ — Vul®) = 0,
u(0) =9, u0)=y,

forn=N=1. It is well known that the critical regularity for this equation is
s=n/2. We will construct a solution which remains small in L but blows up
at once in the Sobolev space H'/2. Such a phenomenon is peculiar to n = 1
and intimately related to the following estimate:

. 1 < , -
(1.5) ol gyt < C||¢“BZ/12||‘/’”32/3 "

(1.4)

which holds if and only if n > 2.

The rest of this paper is organized as follows. In Section 2, we introduce
several notations and definitions. In Section 3, we prove the critical bilinear
estimates in the Besov spaces. In Section 4, we prove the wellposedness
result. In Section 5, we show that the bilinear estimates proved in Section 3 are
optimal in the family of Besov spaces. In Section 6, we give the illposedness
result.

2. Definition and Notations

In this section we introduce several definitions and notations. We denote
the Fourier transform by

@.1) ﬂ@=Jﬂ@f“ﬁ,

and by %! the inverse Fourier transform (we use the same notation for the
space-time Fourier transform). For any function ¢, we denote by ¢(w) the
operator: '

(2.2) [ FH0(E)F (&)

We denote L?-norm by ||¢|,. Define {y/},.z = L>(R") by their Fourier
images as

(2.3)

1, if 2% 1 < )¢ < 2%,
~n
Xk(f = .

0, otherwise.
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Then we can define the homogeneous Besov spaces for e R and 1 <r < oo as
follows (cf. [2]).

(2.4) B],(R") ={pe ' (R")|§ € Lipe(R"), 1127l * ll,7(2) < 0}

If 6 <n/2 or 6 <n/2 and r = 1, then B{,(R") is a Banach space embedded in
&'. (We will use the above spaces only in such cases in this paper.) For
o >0, we may define the inhomogeneous Besov spaces as follows.

(2.5) B3 ,(R") = {p e L*(R")||lgll, + 127llx] * 0ll2]l () < 0}

The homogeneous Sobolev spaces may be defined by H? = BZ , and the
inhomogeneous Sobolev spaces H” = BY ,.

3. (Critical bilinear estimates for wave equations

In this section we prove the critical bilinear estimates for wave equations in
the Besov spaces.

Proposition 3.1. Let —1/2<c <1, peB] (R’) and € B (R®). Let
u= e®p and v=e*™y. Then we have the following estimate, where C > 0
depends only on o.

(3.1) ool gty < Cllolay ey 1l ey
Proof. For j,keZ, define Cj; by

62) Com sy MOl e
S g Toll2 v,

Then, by the homogeneity, we have

(3.3) Cik = Crj =2"1C_y 1.
So if we can prove that

(3.4) Cox <2C  for k<0,

then (3.1) follows as

(3.5) ||“U“B'7 (RY = Z (I el(m}(f *9)( ei'thk * ‘p)”B;l(R“)

< Y 200K Cy il * pllalld + vl
j=k
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+ Y 200V Co il * gl + vl
>k

< Y 2*EClg * ollallxk * vl
Tk

= ||(/’||BZ{I(R3)||¢||B{1(R3)-

Now we have only to prove (3.4). To estimate Cp, we may assume that
suppp = {1/2 <|&| <1} and suppy = {21 < |&| < 2¥}. The space-time
Fourier transform of uv can be written as

(3.6) i@ = (8(z — [EDF(E)) * (5 F [EDH(E))
- ja@ T 1l — 1€ — a)@(E — ¥ ().

First we consider the case —10 < k < 0. Then in the last member of (3.6), we
have

(3.7) El<|E=nl+nl <2, It =& —nl £ | <IE—nl+n <2

So in this case, for —1/2 < ¢’ < ¢ we have
HWHBXI(R‘*) < C“uU“H"’(R“)’
(3.8) Il o2y < llollas

||¢”H(a'+1>/2(R3) < l¥ll,,
and then (3.4) is reduced to the estimate in [6]:

(3.9) “”UHHa’(m) = C||(P||H<a'+1)/2(R3)”l//||f1(a'+l)/z(R3)-
Next we consider the case K < —10. Then in the last member of (3.6), we have
(3.10) s<IE=nl=lm <&, e<|&—nl+nl <.

So we have ||uy|| g, =C |luv||,- By the Cauchy-Schwarz inequality, we have
G0t < [1(] o % - 16 = niace — ) Pan ) v

12072
< supI|g[l;11¥ll3,
7,¢
where we denote

(3.12) I= j5<r T Il = 1 = nZ(E — R n)dn.
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So it suffices to bound I by 2*. Changing the variables as r = |£ — 7|, p = ||,
and 7 =|&|, we have

2n pre - VAT
(3.13) I= 7j Jl ; 3t F p — N (Nix(p)rpdrdp
p— .

2n 2t
< = d,
= /LH” P

< 2%,
Thus we obtain the desired result. []

To apply the bilinear estimate to the nonlinear wave equation, we have to
extend the estimate to the inhomogeneous wave equation. Then we have the
following estimate.

Proposition 3.2. Ler —1/2<0<1/2, (peBZI(R3) Felewl(R“), Ve
B3 |(R%) and G e B (R*). Let

KO ( +lwt¢)( zcotl/,)

t
K = (eiimt(”) <J eitw(t s G(S)dS),

0

(3.14) K = ( J teilw(f - (s)ds> (eXiony),

0

= () [ ).

Let A(t) € C°(R) satisfy

(3.15) At) = { Loyid<t,

0, i |4>2,
and denote Ar(t) = A(¢/T). Then we have
||/1TKO||3“ (RY <C||¢“B‘ (RY) ||‘/’||B" (RY)
AT Kl g, ey < Cﬁ”‘ﬂ”gz{l(zm||G||Bgl(R4)a
(3.16)
14Kzl g &4y < Cﬁ”F”Bil(R"')”'//”BZI(R:’)’
|MTK3”B£1(R4) < CT“F“BZIYI(R“)||G||le(R4)7

where C is a positive constant dependent only on ¢ and ).
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To prove the above estimates, we use several types of Besov spaces on R*
and their relationships. For o < 3/2 and r > 1 we define

(317) ”u|l}'3£(f)(R4) = ”20']'“){1.3 * u||Lz(R4)H/y(Z)

Remark that in general 32 (R*) differs from B2 J(R%) or L? (B2 L(R?)), even if
o =0. But they have the following inclusion relation.

Lemma 3.3. Let 1 <r< oo and 0 <3/2. We have

BYO (R — L2(BS (RY)  if r<2,

o LY(BS,(R) — B{O(RY) i r=2,
B (RY—BJO(RY  if >0,
) B{Y(RY)—B] (RY)  if 6<0.

Proof. (3.18) immediately follows from Minkowski’s inequality ¢"(L?)—
L2(¢") for r <2 and LX(¢") — ¢"(L?) for r > 2. (3.19) is obvious at least in the
case r=2, and by the interpolation (3.22) and (3.21) we extend to general
r. O

We also mention the real interpolation for these Besov spaces.

Lemma 34. Let 0<0<1, 1 < ro,ry <0, g9 <01 <3/2 and o= oy
(1 —0)+ 010. Then we have the following interpolation properties.

(3.20) (L2(B, (R%), LX(BY, (R%)), = B7)(RY),
(3.21) BPORY, BIO(RY),, = BiO(RY,
(3.22) (B, B3\ o, =B3,,

where (-, )y, is the usual real interpolation functor.

¥

Proof. (3.22) is well-known (see, e.g., [2]). Bz( )(R4) can be seen as L?-

r

valued Besov space, so we have (3.21) also. By (3.18), we have B (R4)
Lf(Bg’r(R3))‘—>B;(i)(R4), so that (3.20) follows from (3.21). [

We need the following multiplication estimate for B;l(R3).

Lemma 3.5. Let 09,01 <3/2, 6o +01 >0. Then we have

(3.23) oW1 gaveer-2r2 oy < Cllollisgs oy 1L o)
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Proof. This estimate is well-known, but we give the proof for convenience.
By the support property of { )(f}, we have

(3.24) o soore -4 < Z +_Z + Y crf 23
’ i<j+1 J<k+l k<itl
i—kl<1  Jk—il<1  li—f]<1

where I/, = |72 ((%} %) * @)l < Cllxd = oll,llxi * ¥l,23™n040/2, by Young’s
and Holder’s inequalities. Then we obtain

(325) oWl goprm-sn < Y C2OTVEN2D |33 5 ]| 27 i 5
2,1 =
! i<j+1
lj-kl<1

+ Y 2B |3 s gl 2|
j<k+1
lk—il<1

+ Y €220 3 o], 273 Wil

k<i+1
li—ji<1

< Cligll sz ms) 11l 5, ). O
Finally, we mention time-localizable property of the space-time Besov
spaces.

Lemma 3.6. Ler H(t) be the Heaviside function, namely

1, if t>0,
(3.26) H(r) =

0, if t<0.
Let A(t) e C°(R), T >0 and Ap(t) =A(t/T). Let —1/2<0<1/2 and 1 <r
< . Then we have

||H(t)“||1';;r(R4) < C||”||B;,(R4)’
(3.27)
||/1T(f)“||3;,(1e4) = C”“”BZV(R“)?

where C >0 depends only on o and A.

Proof. This estimate is also well-known. See, e.g., [12, Theorems 2.8.7,
2.8.5] for the corresponding results in the inhomogeneous Besov spaces. C does
not depend on T since'B{ L(R*) is homogeneous. []

Now we can prove the bilinear estimate including the inhomogeneous
terms.
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Proof of Proposition 3.2. By Proposition 3.1 and Lemma 3.6, we obtain
the estimate for Ky. We estimate K, using Proposition 3.1 and Lemma 3.6 as

2T

(3.28) |MTK2||BZ1(R4) < J

, (= 9)ir() (e*IF (5)) (X)) gy (o) ds

2T
< €| @) ) g s

2T

= CI|‘/’”3§,1(R3)J

. ||F(S)||B;Y1(R3)ds

< C\/TH‘P”BZI(R%||F||L,2(BZ{1(R3))

< Cﬁ“‘ﬁ”zé;l(m)||F||32111(R4)~

In the last inequality, we used Lemma 3.3. Similarly, if we obtain the estimate
for K;, we can estimate K; as

(3:29)  NArKslisg re)

2T t
< J H(t—s)iT(t)(eii“’("s)F(s))(J ei"w<f—’>G(r)dr) ds
0 0 1;-{1(114)
2T ) t
<cC j (eilw('_S)F(s))<J eilw<t-'>G(r)dr> ds
0 0 B | (RY)

2T
< VT | 1Py, 00 G35, e
< CT\\Fligy )| Gll g, %y

Thus, we only have to estimate K;. If we use the same argument as in (3.28),
we obtain

(3.30) ||/1TK11|B;l(R4) = Cﬁ||¢||32{1(1e3)||G||L,2(B;I(R3))'
By the real interpolation (3.20) and (3.22) we have
(3.31) VarKillag, ety < CVTNollat )| Gll o o

Thus, in the case 0 < o < 1/2, (3.31) and (3.19) give the desired result. In the
case g <0, we need more calculation. We decompose G = G;+ G, in the
Fourier space as
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Ge(1,6) =0, if |t > ¢,

(3.32) ]
Gr(Tyé) =0, if |T| < |é|

And we decompose K; = K; + K, correspondingly. Then we can estimate K
by (3.31), since for K, Bzyl(R“)-norm is equivalent to Bz(l)(R“)-norm To
estimate K,, we rewrite K, by

t t
(3.33) J EO G (5)ds = J(1) — eF oI (0) + J eZ09) [ () s
0 0

where we denote

J(t) = j%éf(r) m%,
(3.34) . -
I(l) = J? GT(T) iﬂ%.

First we estimate the I-part of K;. For ¢ > —1 we have

14+o
L,
7|

3

(3.35) ||I||BZ(§)(R4) < C’

2
< C|[[°G.l,
< 6] 5.

By the real interpolation (3.21) and (3.22), we obtain

(3.36) “I”BZ(P(R“) < C”G“BZI(R“)'

So the I-part can be estimated by (3.31). To estimate the J-part of K, we
consider L°°(B”“/2(R3)) -norm of J.

Ié|0+1/2

B3 WOleee < €| [F— 160, 0lax

2
Lé

C |T10—1/2||2J'/2||(~;,(1,§)||L3(2H<T<2,)||t,j1 ,
L

< CllGell g, mey-

Remark that in the second inequality we used the assumption o+ 1/2 >
0. Then by the real interpolation (3.22), we obtain

(338) “J”L;’O(BZJII/Z(RJ)) < C“G||Bgl(R4)
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Then, using Lemma 3.5, we can estimate the J-part Kj:= (eX™g)(J(t)—
et J(0)) as

(3.39) 1A K| z2ag, o)) < CﬁHKJHL;O(B;l(RZ*))

< CVT ol gy a2y 1 oy

< C\/T||¢||BZIY1(R3)”G”BZI(R“)'
By the real interpolation (3.20) and (3.22), we obtain for —1/2 <o <0,

(3.40) 47Kl g, () < C||/1TKJ||32(15>(R4)

< Cﬁ”(/’”zéz{l(m||G||B;1(R4).
Thus we obtain the desired estimate (3.16) for 0 <o < 1/2 and for —1/2 <

o < 0. By the real interpolation (3.22), we obtain (3.16) for —1/2 <o <
1/2. O

4. Proof of local wellposedness

In this section we prove local wellposedness using the bilinear estimate
proved in the previous section.

Theorem 4.1. (1.1) and (1.2) are time-locally wellposed respectively for
(p,¥) € By |(R°) @ B} | (R) and B} |(R*) ® B; |(R°).

Proof. (1.2) can be transformed into (1.1) by letting ¥’ = Du. So we have
only to do with (1.1). By Proposition 3.2, we can solve the equation by the
iteration method. In fact, let

U():O,

(4.1 Uy = cos wip +

sina)tl//+rsinw(t— s) ve(5)ds,

0

v = B(Dug_1,u5—1).

Then, by Proposition 3.2, for small 7 >0, Ap(f)vx converges to some ve
Bg,l(R“). Now we have only to show that u; —uy converges in L ((—T,T);
BZI’I(R3)). For that purpose we decompose vx =uvs+ v, as in (3.32), and
correspondingly ur — 1y = we + w, (we omit k for simplicity). For ws we have
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sino(f — s)

42 Il @ < CVI

———ve(s) ,
2(“"!1 M?le, [(RS))

<Cy |f|||Ué||L,2(Bgl(R3))
< C/[dlol s my

Using the formula (3.33), we have

4.3) Jt sin(t — 5)v.(s)ds = —sin wr J(0) — th cosa(t — s)I(s)ds,
0 0

where

J(t) = J _laf(f)efffj—;,
(4.4)

_ 9~ irt_c_iz
I(t)—JTvT(T)e e

Using (3.36), we can estimate the I-part as

(4.5) Jl cosa(t — $)I(s)ds

0

< VI 2z v
< Cvidlivllg ke

0
BZ,I(

For the J-part we have for ¢ near 0,

(4.6) Isin et J(0)]| ;o gy < C“ & Jsmi E'tﬁf (5, E)ede
7
[V
C Y2 15,(x,
< df e [¥EH e

<Cy |f|||vr||B;1(R4)a

where the last inequality follows from the same argument as in (3.37). Using
the real interpolation (3.21) and (3.22), we obtain

(47) w0 llay ) < c\ + lsinor J(0)ll 0

Jt cos(t — s)I(s)ds
0

B) (R

< CVlol g, oy
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Thus ux — up converges in L ((—T, T); B%’I(R3)) and we obtain a time-local
solution in this class. Since the estimates for the difference of two solutions are
just the same, we obtain the uniqueness and continuity of dependence on the
data in the same manner. []

5. Optimality of bilinear estimates

In this section we show that the bilinear estimates (Proposition 3.1) are
optimal with respect to the choice of the exponents of the Besov spaces. First,
we see that B} (R’) can not be replaced by B}, for any r > 1.

Proposition 5.1. For any r > 1, g¢,01 € R, the following estimate is false.
(5.1) v groo (mey < C|I¢’|B§J(R3)”‘p”Hﬂl(RB)’

where u = e*'¢ and v = ™"\, and H denotes the usual inhomogeneous Sobolev
spaces.

Proof. LetJeZ and J < —5. For any ¢ € R®, we denote & = (él,él) €
R x R*. For any je Z satisfying 2J < j < — 5, define E;,F and G c R? by

E={¢eR |2 < <2, |& <2/H/?,
(52) F={¢eR|1/2<& <1, &' <27},
G={(eR*|5/8 <& <1/8, &' <2},

and we denote their characteristic functions by E;( ), F( ), G( ). Now let
{a]}jez be a sequence of nonnegatlve numbers 9;(&) = aEi(&), (&) = F(&),

u = elwt(oj; v= elwtw Q= ZJ =2 ¢] and u= Z =2J u] SuppOSC (Ta é) € supp 1’7]'7]:
(e G and ne E;. Then, for £ —# we have

1/2<5/8=2/ <& —n <7/8+2/ <1,
|1 —pt| <27 42772 < 274,

so that £ —ye F. For 7=|&—n|+|y|, using the inequality

(53) ¢ < |§11+|2é|é'|
we have

112 12
(5:4) IflSf=|€—f7l+lﬂ|Sf;—m+f(—élj’7nll—)+m+%

< & + 222 L Q24

< |f| + 221+3.
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So, by Hélder’s inequality we have for & e G,
(55) (e, )iz = 2732 b (z, €)1

-5
PSS j ja(r —le—nl—1n) S E(n)dndz

j=2J

-5
=2~/ Z a; meas (E;)
=27

-5
> Z a]-22j+J/C.
=27

Thus we have an estimate for uv from below,
(5.6) l[woll oo ey = 140l 26,220/ €

-5
> meas(G)'/? Z a2¥v/c
j=24

-5
> Y a2¥)C.
j=2J

On the other hand, we can estimate the right hand side of (5.1) as
5.7 lollg @y Wlgaw) < ClI2ameas(E)'?| 1z meas(F)"/?
< C||aj22j+y”t”(2]sj < -5)"

Thus, to have (5.1) for any J < —5 and {g;}, we need r<1. O

Next we examine the second norm B{ (R®). By the real interpolation, it
follows from (3.1) that

(5.8) ||”U||Bzr,(1¢4) < Cliolizy & ¥ llsg, k%)
for ¥ >r>1 and —1/2 <o < 1. We see that r' > r is neccesary.

Proposition 5.2. For any 0,06’ € R, 1 < ' <, the following estimate does
not hold, even if ¢ and  are spherically symmetric.

(5.9) ||”U||Bzr,(1r‘) = C”(P||Ha/(k3)”‘/’”B;r(m)'

Proof. This is a consequence of the optimality of (3.4), which can be seen
by an easy example as follows. Let j<k—2, u=e™y} and v=e™y}. Let
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A= {EF 142k 2 (g <2k —2k2) IffecAd and ne suppk;, then & —n e
suppy:. So, by (3.6), we have for ¢ e 4

(5.10) i, €)= [0t~ ] ~ 16 — n) ()
For 7 esuppuv(-,&), we have

(5.11) &) <7 < [¢]+2[n| < & +27*.
By (5.10) and (5.11) we have for £ 4

(5.12) lio(z, )22 = 272 |av(z, €|l

_2-GD2 “5(7 — |1l = 1€ — 17 (n)dnds

= 27002 peas({2/71 < |¢| < 27})

>292/C.
Thus we have
(5.13) |luv|l, > meas(4)"/*2%%/C
> 23492

> 2/l i/ €.

Now let {ar};Z, be a sequence of nonnegative numbers, ¢ =3 and =
S, arxi. Then, for u=e™¢p and v = e we have

(5.14) ||”U||B;,(R4) > || [12%ue™ arxi|l, |l -/ C

2 2% o laaellxilall -/ €

= HXSHHa'(m)Hzakak”)(/z”z r(z)/ C-

Thus we need v’ > r for (5.9). [

6. Ilposedness for the equation of wave map type
In [9], the following result was obtained.

Theorem 6.1. Let n>2, f e Ct/>*'\(R) and X = By} (R") @B (R").
Then, there exists 6 > 0 such that for any (p, ) € X with ||(p,¥)|x <9, (1.4) has
a unique global solution u satisfying (u,4) € Cg(R; X) and the correspondence
(p, ) — (u,u) is Lipschitz continuous from X to Cp(R;X).
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The same result was obtained in [11] in the case n >4 for the general
system of equations for wave maps. On the other hand, it was also proved in
[9] that (1.4) is illposed in B;'/rz 6—)B;’/r2 ! for any r>1 and n> 1, even time-

locally and in small neighborhood of 0 in X, provided f does not satisfy
[o9) s 0 s

(6.1) J exp (J f(r)dr) ds = o0 and J exp (J f(r)dr) ds = 0.
0 0 — 0

Thus, only the case n=1 and r=1 remains to be investigated. It was
conjectured in [9] that we can not extend Theorem 6.1 to the case n=1. In
this section we show that the conjecture is true. In fact, we have the following
illposedness result.

Theorem 6.2. Let n=1and X := BY}(R) ® B, /*(R). Suppose f e C/!
and fY(0) # 0 for some £ € N. Then, for any &> 0 there exists (oY) e X
with |[(, )|y < & such that (1.4) has a unique global solution u with small
L*®-norm, but u(t) ¢le’/r2(R) for any t#0 and r < 0.

The singularity is much weaker for the solutions constructed in the proof of
the above theorem than that constructed in [9] in the case r > 1. Nevertheless
the above result is interesting, since we have illposedness for any generic f and
for solutions which stay near 0, and so it is meaningful for the theory of wave
maps. In [4], another negative result was obtained against the wellposedness in
H'2(R) for the wave maps.

Proof of Theorem 6.2. Let

6.2) Glu) = J exp (JO f(r)dr) ds.

0

If u satisfies (1.4), then v:= G(u) satisfies the linear wave equation
Ov =0,
(6.3)
v(0) = G(p), (0) =G'(p)y.
We may assume without loss of generality that
(6.4) fO) = =20 =0 (0.
Then, denoting Z(p) := G'(p) — 1, we have
(6.5) Z0)=---=ZUD0)=0%ZY0), ZeC,

and Z(u) #0 for small u#0. Let Q:=Z/ Since Q(0) =0 Q'(0) and
G(0) = 0 # G’(0), there exists 6 > 0 dependent only on f such that ,Q7!, G,
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G e CY(-4,6). If v satisfies (6.3) and |v| < J, then u := G~!(v) satisfies (1.4).
Moreover, if u(f) € le)/rzﬂLOO for some ¢ and r, we have also v(¢) = G(u(z)) €
le/ rz , which follows from Lemma 6.3 below. So, it suffices to find a solution v
of (6.3) satisfying

W o )lly <,

(i) |v(t,x)| <o for any (¢, x),

(i) o(¢) ¢le7/,2 for any ¢t # 0 and r < o0,
for any small £>0. Let ¥:=G'(p)Yy. By Lemma 6.3, it follows
{G(9),¥)|lx < Ce from (i). So, we need ¥ — 1//¢Bz_ll/2 to have (iii). Let
ae/(N) satisfy lall,;iwy <1 and g e C°(R) satisfy 0 <g <1, g(&) = g(=¢),
g #0 and suppg e (—2,—1)U(1,2). Define the initial data as

W(E) =&Y a2t

keN
(6.6) (&) : =) a2 Fg(27F¢),
keN
9= ).

The above definition for ¢ is p0551ble provided ¢ is sufficiently small relative to
d, since ”¢||B1/2 < Ce?|\a|| and B I« L®. Similarly we have ||l//”B—1/2 < Cée?
and by Lemma 6. 3, we have ||(g, )[| x < Ce? <& By the definition of Q, we
have ¥ — = &’y = Z(p)y. Then we estimate

(6.7) Y (£) > 2+ "G (gx - xg)27RE)/C
keN ﬁ’_/
£+1times
Let
—_—
£+1 times

Since g is positive even function, there exists « > 0 depending only on g, such
that (&) > a for |¢| < a. Then we have

(6.9) Y(e) = 2o 3 a2 c
|El<2ka
Denote
2(/+1
(6.10) b= Y g
2/<2ky

Now we can estimate the component in v(f) coming from ¥ —y = &’y as
follows.
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29, J sin2|elide]| /¢
2/-1<|¢|<27 ‘"
1/r
> 82(”1)a< Z bj’) /C.
[27»1

It is easy to construct a /! satisfying llall, <1 and b ¢ ¢ for any r < o0.
For example, let

sin wt
ST e > 20+)g

p1/2
BZ,r

(6.11)

271 if k=27,
(6.12) =

0, otherwise.

Then v(z) ¢Bi/r2 for any t#0 and r < co. Finally, we estimate |v|;.. It
suffices to estimate the component coming from ¥ — = Z(p)y.

(6.13)

x+t
|7 2w < a2z W1

x—t
=< C”Z((ﬂ)llgzl/lﬂll//“,gz'll/z
< Ce* <4,

where x(x_; x4r denotes the characteristic function of the interval (x — 7, x+1),
and the second inequality follows from Lemma 6.4 below. Thus we obtain (i)—
(iii) and the desired result. [

Lemma 6.3. Let Ge C'(R), G(0)=0and pe B;/rz NL® for some 1 <r <
oo. Then we have

(6.14) 16 pe <€ sup (G| lloll g,
2 <lol 2

where C is a positive universal constant. The same estimate holds for the
homogeneous Besov norm.

Proof. By the well-known representation of the Besov norm (see, e.g., [2]
[9, Lemma A.5]), we can estimate the left hand side of (6.14) as

(6.15) - < ClG(9)l| 2 + CI272Glop(x — 27)) = Glo(0))ll2l 72y

<C suwp |G A)|(lgllz + 1127 o(x = 2) = 92 ll o z),

1A <lloli e

which is estimated by the right hand side of (6.14). [



278 Kenji NAKANISHI

Lemma 64. Let pe B21/ 12 and H be the Heaviside function. Then we have

(6.16) 1Hol 5 < Cllolze,

where C is a positive universal constant.

Proof. Again by the difference representation of the Besov norm, we can
estimate the left hand side of (6.16) as

(6.17)  --- < Csup2™*/||(Hp)(x — 2%) - (Hp)|| -
keZ

< Csup 2752 H(x = 2) = H)l 2 lloll o + 27 (lp(x - 2%) = o]l 2
€
< Clloll - + Cligll 5,

and the desired result follows from the embedding BZI/ 12 —L*. O
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