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Local Wellposedness and lliposedness in the Critical Besov 

Spaces for Semilinear Wave Equations with Quadratic Forms 

By 

Kenji NAKANISHI 

(The University of Tokyo, Japan) 

1. Introduction 

In this paper we study time-local wellposedness of semilinear wave 
equations in the following forms: 

(1.1) 

(1.2) 

{ 
Ou= B(Du, u), 

u(0) = rp, u(0) = i/J, 

{ 
Ou= B(Du, Du), 

u(0) = rp, u(0) = i/J. 

Here we denote by B( • , • ) arbitrary bilinear form on any couple of Euclidean 
spaces. (t,x) E R 1+n, u = u(t,x) is RN-valued unknown function and D = 

(81, Vx)- It is well-known that in the case n = 3, (1.1) ((1.2)) is time-locally 
wellposed in Hs for s > 1 (s > 2), but in general illposed in H 1 (H2) [5, 10, 1, 
8]. In this paper we show that we may regain wellposedness in the critical 
regularity s = 1 (s = 2) if we replace the Sobolev space with the Besov space 
B2, 1. The same phenomenon was recently observed in the case of the equation 
of wave map type [9, 11]. However, such a phenomenon does not always 
occur. In fact, we will also give an illposedness result in the Besov space B2, 1 

for the equation of wave map type in the case n = I. 
The wellposedness result is obtained by the critical bilinear estimate for 

wave equation in Besov spaces. The bilinear estimates for wave equation in 
homogeneous Sobolev spaces have been investigated, e.g., in [5, 6, 1, 7, 3]. It is 
shown in [5, 3] that the following estimate is the critical case and does not hold 
for any <J E R. 

(1.3) 

This author's research is supported by Research Fellowships of the Japan Society for the Promotion 

of Science for Young Scientists. 
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where u and v are solutions of the linear wave equation with initial data u(0) = 
rp, u(0) = 0, v(0) = ijJ and v(0) = 0. In this paper we regain this estimate by 
replacing all the Sobolev spaces with the homogeneous Besov spaces with the 
third exponent 1, and then the wellposedness in the Besov spaces follows. 

The illposedness result is obtained for the equation of the following form: 

(1.4) { 
Du+ f(u)(u 2 - 1Vul 2) = 0, 

u(0) = rp, u(0) = i/J, 

for n = N = 1. It is well known that the critical regularity for this equation is 
s = n/2. We will construct a solution which remains small in L 00 but blows up 
at once in the Sobolev space H 112. Such a phenomenon is peculiar to n = I 
and intimately related to the following estimate: 

(1.5) 

which holds if and only if n ~ 2. 
The rest of this paper is organized as follows. In Section 2, we introduce 

several notations and definitions. In Section 3, we prove the critical bilinear 
estimates in the Besov spaces. In Section 4, we prove the wellposedness 
result. In Section 5, we show that the bilinear estimates proved in Section 3 are 
optimal in the family of Besov spaces. In Section 6, we give the illposedness 
result. 

2. Definition and Notations 

In this section we introduce several definitions and notations. We denote 
the Fourier transform by 

(2.1) 

and by ffe- 1 the inverse Fourier transform (we use the same notation for the 
space-time Fourier transform). For any function (fJ, we denote by rp(w) the 
operator: 

(2.2) 

We denote L 2-norm by llrpll 2. Define {x;:}kEz c L 2(Rn) by their Fourier 
images as 

(2.3) { 
1 if 2k-l ::5: 1,1 < 2\ 

xZ(O = ' 
0, otherwise. 
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Then we can define the homogeneous Besov spaces for a E R and 1 :'.:,'.; r :'.:,'.; oo as 
follows (cf. [2]). 

(2.4) Bz,r(Rn) = {qJ E !!''(Rn) I qJ E Lfoc(Rn), ll2jal1Xjn * qill2ll,"(Z) < 00 }. 

If a< n/2 or a:'.:,'.; n/2 and r = 1, then Bf r(Rn) is a Banach space embedded in 
9''. (We will use the above spaces only in such cases in this paper.) For 
a > 0, we may define the inhomogeneous Besov spaces as follows. 

The homogeneous Sobolev spaces may be defined by ir = Bz, 2 and the 
inhomogeneous Sobolev spaces Ha= Bf, 2. 

3. Critical bilinear estimates for wave equations 

In this section we prove the critical bilinear estimates for wave equations in 
the Besov spaces. 

Proposition 3.1. Let -1/2<a:'.:,'.; 1, qJEBi,J(R3) and ljJEBz, 1(R3). Let 
u = eiwtqi and v = e±iwti/J. Then we have the following estimate, where C > 0 
depends only on a. 

(3.1) 

(3.2) 

Proof For j, k E Z, define Cj,k by 

Cj,k = sup 
rp,,/iEL2(R3) 

ll(eiwtx] * qi)(e±iwtXk * i/J)ll11r,1(R4 ) 

llqill2111/1112 

Then, by the homogeneity, we have 

(3.3) 

So if we can prove that 

(3.4) 

then (3.1) follows as 

(3.5) 

C - C - 2(1+a)ac j,k - k,j - j-a,k-a· 

for k :'.:,'.; 0, 

:'.:,'.; L 2(I+a)kco,J-kllx] * qill2'1xi * 1/1112 
j5ak 
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+ I:2(l+a)jco,k-Jllx] * 'Pll2IIXk * i/tll2 
J>k 

S I:2J+akCllx] * 'Pll2IIXk * i/tll2 
J,k 

Now we have only to prove (3.4). To estimate Co,k, we may assUllle that 
suppq, c {1/2 s 1¢1 < 1} and suppifr c {2k-I s 1¢1 < 2k}. The space-time 
Fourier transform of uv can be written as 

(3.6) uv = (J(, - I¢l)q,(¢)) * (J(r + IWifr(¢)) 

= J J(r + 1111 - 1¢ -11l)q,(¢ -11)ifr(1J)d1J. 

First we consider the case -10 s k s 0. Then in the last member of (3.6), we 
have 

(3.7) 

So in this case, for -1 /2 < a' < a we have 

(3.8) 

lluvll11; 1(R4) s Clluvlln"'(R4)' 

ll'PIIJ{(a'+J)/2(R3) S llq,,llz, 

lli/tlll{(a'+l)/2(R3) S lli/tllz, 

and then (3.4) is reduced to the estimate in [6]: 

(3.9) 

Next we consider the case k < -10. Then in the last member of (3.6), we have 

(3.10) ! < 1¢ -YJI -1111 s 1¢1, , s I¢-YJI + IYJI < -!j. 

So we have lluvll 11a s Clluvll 2. By the Cauchy-Schwarz inequality, we have 
2, 1 

(3.11) lluvlli s J 1(J J(r + IYJI - l¢-1Jl)lq,(¢-11)l 2lifr(11)I 2d1J)d,d¢ 

s supJll9'llill0IIi, 
r,/; 

where we denote 

(3.12) 
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So it suffices to bound I by 22k. Changing the variables as r = I.; -111, p = 1111, 
and t = l.;I, we have 

(3.13) 2nJOO Ip+{! I= t J(r + p - r)xJ(r)i}c(p)rpdrdp 
o Ip-ti · 

Thus we obtain the desired result. D 

To apply the bilinear estimate to the nonlinear wave equation, we have to 
extend the estimate to the inhomogeneous wave equation. Then we have the 
following estimate. 

• I 3 • I 4 Proposition 3.2. Let -1/2<a< 1/2, <pEB2, 1(R ), FEB2, 1(R ), t/JE 
Bz, 1(R 3 ) and GEBz, 1(R4). Let 

Ko = ( e±iwtrp)(e±iwtt/1), 

K1 = (e±iwtrp) (t e±iw(t-s)G(s)ds), 

(3.14) 
K2 = (t e±iw(t-s) F(s)ds) (e±iwtt/1), 

K3 = (t e±iw(t-s) F(s)ds) (t e±iw(t-s) G(s)ds). 

Let A(t) E C0 (R) satisfy 

(3.15) 

and denote AT(t) = A(t/T). 

(3.16) 

{ 
1, if itl s 1, 

J(t) = 
o, if ltl ~ 2, 

Then we have 

where C is a positive constant dependent only on a and A. 
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To prove the above estimates, we use several types of Besov spaces on R4 

and their relationships. For a< 3/2 and r ~ 1 we define 

(3.17) 

Remark that in general B;,~\R4 ) differs from B2,,(R4 ) or L; (B2,,(R3)), even if 
a = 0. But they have the following inclusion relation. 

Lemma 3.3. Let l s r s oo and a < 3 /2. We have 

(3.18) 
jJa(i;)(R4)'----+L2(Ba (R3)) if rs 2, 2,r t 2,r 

L 2(jJa (R3)) '----+ jJa(I;) (R4) if r ~ 2, 
t 2,r 2,r 

(3.19) 

jJa (R4) '----+ jJa(I;) (R4) if a > 0, 2,r 2,r 

Proof (3.18) immediately follows from Minkowski's inequality t'(L;) '----+ 

L;(t') for rs 2 and L;(t') '----+t'(L;) for r ~ 2. (3.19) is obvious at least in the 
case r = 2, and by the interpolation (3.22) and (3.21) we extend to general 
r. □ 

We also mention the real interpolation for these Besov spaces. 

Lemma 3.4. Let 0 < 0 < l, 1 s r, ro,r, s oo, ao <a,< 3/2 and a= ao 
(1 - 0) + a,0. Then we have the following interpolation properties. 

(3.20) 

(3.21) 

(3.22) 

(L2(jJao (R3)) L2(jJa1 (R3))) = jJa(l;)(R4) 
t 2,ro ' t 2,ri B,r 2,r ' 

where ( •, • )0,, is the usual real interpolation functor. 

Proof (3.22) is well-known (see, e.g., [2]). iJ;~\R4 ) can be seen as L;­
valued Besov space, so we have (3.21) also. By (3'.18), we have iJ;(f1(R4 ) '----+ 

L;(Bf,,(R3)) '----+B;,(~(R4 ), so that (3.20) follows from (3.21). D , 

We need the following multiplication estimate for Bi, 1 (R 3). 

Lemma 3.5. Let ao, a, < 3/2, ao + a1 > 0. Then we have 

(3.23) 
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Proof This estimate is well-known, but we give the proof for convenience. 
By the support property of {x]}, we have 

where 1/k = llir((i]cp) * (x!J))ll2::;; Cllx] * tpll2llx! * t/Jll22 3min(i,j,k)/2, by Young's 
and Holder's inequalities. Then we obtain 

(3.25) L ci(o-o+o-i)(i-j)20-ojllx] * tplb2"1kllxf * t/1I'2 
i:,;j+l 

lj-kl:,;1 

+ L c2(3!2-o-o)(i-k)20-w11x] * tpll22"1kllxf * t/1II2 
j:,;k+l 
lk-il:,; 1 

+ L c2(3/2-"1)(k-i)20-ojllx] * tpll22"1kllxf * t/1II2 
k:,;i+l 
li-jl:,;1 

Finally, we mention time-localizable property of the space-time Besov 
spaces. 

Lemma 3.6. Let H(t) be the Heaviside function, namely 

(3.26) { 
1, if t > 0, 

H(t) = 
0, if t::;; 0. 

Let J(t) E C0 (R), T > 0 and Ar(t) = J(t/T). Let -1/2 <a< 1/2 and l ::;; r 
::;; oo. Then we have 

(3.27) 

where C > 0 depends only on a and A. 

Proof This estimate is also well-known. See, e.g., [12, Theorems 2.8.7, 
2.8.5] for the corresponding results in the inhomogeneous Besov spaces. C does 
not depend on T since Bf r(R4 ) is homogeneous. □ 

Now we can prove the bilinear estimate including the inhomogeneous 
terms. 
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Proof of Proposition 3.2. By Proposition 3.1 and Lemma 3.6, we obtain 
the estimate for K0 . We estimate K2 using Proposition 3.1 and Lemma 3.6 as 

(3.28) 

J2T 

:-s; Cfll/lllli;,, (R 3) 0 IIF(s) llliL (Ri)ds 

:-s; CVTlll/lllli;, ,(R 3 ) IIFIILJ(liJ,, (R 3 )) 

:,s; CVTlll/lllJia (R 3 ) IIFIIJil (R 4 ) • 
2, I 2, I 

In the last inequality, we used Lemma 3.3. Similarly, if we obtain the estimate 
for K1, we can estimate K3 as 

(3.29) 

:-s; J:T IIH(t- s)AT(t)(e±iw(t-s)F(s)) (t e±iw(t-r)G(r)dr) ta (R4/s 
2, I 

:-s; C J:T II (e±iw(t-s) F(s)) (t e±iw(t-r)G(r)dr) ta (R4/s 
2, I 

:-s; CVT J:T IIF(s)llliL,(R1)11Gllli;,,(R4)ds 

:-s; CTIIFll1i 1 (R 4 ) II GIili" (R 4 ) • 2, I 2, I 

Thus, we only have to estimate K1. If we use the same argument as in (3.28), 
we obtain 

(3.30) 

By the real interpolation (3.20) and (3.22) we have 

(3.31) 

Thus, in the case O <a< 1/2, (3.31) and (3.19) give the desired result. In the 
case a :-s; 0, we need more calculation. We decompose G = G~ + G, in the 
Fourier space as 



(3.32) 
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G1;( r, <;) = o, 

Gr( r, <;) = 0, 

if lrl > 1~1, 

if lrl :s: 1,1. 
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And we decompose K1 = K1; + Kr correspondingly. Then we can estimate K1; 
by (3.31), since for K1;, B2 1 (R4)-norm is equivalent to e;(f\R4)-norm. To , , 
estimate Kr, we rewrite Kr by 

(3.33) t e±im(t-s) Gr(s)ds = J(t) - e±imtJ(0) ± t e±im(t-s) I(s)ds, 

where we denote 

(3.34) 

J 1 ~ . dr 
J(t)= ~Gr(r)ezr1 -2 , 

IT n 

I(t) = J~Gr(r)eirti:. 

First we estimate the /-part of Kr. For a > -1 we have, 

(3.35) 

::,;; CII lrl"Grll2 

::;; CIIGIIH"· 

By the real interpolation (3.21) and (3.22), we obtain 

(3.36) 

So the /-part can be estimated by (3.31). To estimate the J-part of Kr, we 
• u+l/2 3 consider L'f° (B2, 1 (R ) )-norm of J. 

::;; cJJ lrl"-112 112112 IIGr(r, <;)IILJ(2i-l<r<2i)lltj tz 

::;; CIIGrllB" (R4 )· 
2, 1 

Remark that in the second inequality we used the assumption a+ 1 /2 > 
0. Then by the real interpolation (3.22), we obtain 

(3.38) 
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Then, using Lemma 3.5, we can estimate the J-part K1 := (e±iwt(f))(J(t) -
e±iwtJ(0)) as 

(3.39) 

By the real interpolation (3.20) and (3.22), we obtain for -1 /2 < a < 0, 

(3.40) 

Thus we obtain the desired estimate (3.16) for 0 <a< 1/2 and for -1/2 < 
a< 0. By the real interpolation (3.22), we obtain (3.16) for -1/2 <a< 
1/2. □ 

4. Proof of local wellposedness 

In this section we prove local wellposedness using the bilinear estimate 
proved in the previous section. 

Theorem 4.1. (1.1) and (1.2) are time-locally wellposed respectively for 
·1 3 ·o 3 ·2 3 ·1 3 (rp,l/J)EB2, 1(R )EBB2, 1(R) and B2, 1(R )EBB2, 1(R ). 

Proof (1.2) can be transformed into (1.1) by letting u' = Du. So we have 
only to do with (1.1). By Proposition 3.2, we can solve the equation by the 
iteration method. In fact, let 

Vo= 0, 

(4.1) sin wt It sinw(t - s) 
Uk=coswtrp+--1/1+ --------'-vk(s)ds, 

W o W 

Then, by Proposition 3.2, for small T > 0, Ar(t)vk converges to some v E 

iJg 1(R 4 ). Now we have only to show that uk-uo converges in L'('((-T,T); 
iJ{i (R 3)). For that purpose we decompose vk =Ve;+ v, as in (3.32), and 
correspondingly uk - uo = we;+ w, (we omit k for simplicity). For we; we have 



Wellposedness in Besov Spaces for Semilinear Wave Equations 

(4.2) 

Using the formula (3.33), we have 

(4.3) t sinw(t - s)v,(s)ds = -sin wt J(O) - it cosw(t - s)J(s)ds, 

where 

(4.4) 

J( ) = J_!_ - ( ) irt dr t . V, T e 2 , 
lT '11: 

J( ) _ 1~ -( ) ;r1 dr t - V, Te 2 . 
T '11: 

Using (3.36), we can estimate the I-part as 

(4.5) 

For the I-part we have for a near 0, 

(4.6) llsinwtJ(O)IIH"(R3) sell l<;I" Jsi~!w ii,(r, <;)eir1drllL2 

' 
sell l<;I" J ~ lii,(r, <;)jdrllL2 

' 
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where the last inequality follows from the same argument as in (3.37). Using 
the real interpolation (3.21) and (3.22), we obtain 

(4.7) 
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Thus Uk-uo converges in L'('((-T,T); Bi,](R 3)) and we obtain a time-local 
solution in this class. Since the estimates for the difference of two solutions are 
just the same, we obtain the uniqueness and continuity of dependence on the 
data in the same manner. □ 

5. Optimality of bilinear estimates 

In this section we show that the bilinear estimates (Proposition 3.1) are 
optimal with respect to the choice of the exponents of the Besov spaces. First, 
we see that Bi,] (R3) can not be replaced by BL for any r > 1. 

Proposition 5.1. For any r > 1, uo, u1 ER, the following estimate is false. 

(5.1) 

where u = eiwttp and v = eiwtt/1, and Ha denotes the usual inhomogeneous Sobolev 

spaces. 

Proof Let JEZ and J s - 5. For any c; E R 3 , we denote ¢ = (¢1, ¢1) E 
Rx R2 . For any j E Z satisfying 21 s j s - 5, define E1,F and G c R 3 by 

(5.2) 

E1 = {¢ E R3 I 2J-1 < ¢1 < 21, 1¢11 < 2J+J/2}, 

F = {¢ E R3 I 1/2 < ¢1 < 1, 1¢11 < 21+1}, 

G={¢ER3l5/8<¢1<7/8, 1¢11<21}, 

and we denote their characteristic functions by Ej( ), F( ), G( ). Now let 
{a1hez be a sequence of nonnegative numbers, i/Ji¢) = a1E1(¢), 1/J(c;) = F(c;), 

iwt iwt,J, '\'-5 d '\'-5 S ( J:) -u1 = e tp1, v = e "'' tp = L-l=Zl lfJJ an u = 61= 21 u1. uppose r,.,, E supp u1v, 
c; E G and 17 E E1. Then, for ¢ -17 we have 

1/2 < 5/8 - 21 < ¢1 -111 < 7 /8 + 21 < 1, 

Ill -1111 s 21 + 21+112 < 21+1) 

so that c; - 17 E F. For r = 1¢ - 111 + 1111, using the inequality 

(5.3) 
1¢112 

1¢1 s 1¢11 + 21¢11) 

we have 

(5.4) 1¢1 -11112 111 112 

1¢1 s T = 1¢ -111 + 1111 s l1 -111 + 2(¢ ) + 1/1 +-2-
1 - 111 1/1 

s ¢1 + 221+2 + 221+1-1 

s 1¢1 + 221+3. 
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So, by Holder's inequality we have for ( E G, 

(5.5) 

= r(2J+3)/2 JI J( r - I( -111 - 1111) f a1EJ(17)d17dr 
J=2J 

-5 

= r(21+3)!2 L a1 meas (E1) 

J=2J 

-5 

z L a122J+J / C. 
J=2J 

Thus we have an estimate for uv from below, 

(5.6) 

-5 
z meas(G) 112 L a122J+J /C 

J=2J 

-5 
z L a1221+21 / C. 

J=2J 

On the other hand, we can estimate the right hand side of (5.1) as 

(5.7) 

s Clla1221+21 llc'(21 :c;J ,c; -5) • 

Thus, to have (5.1) for any J s - 5 and {a1}, we need rs 1. D 
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Next we examine the second norm B:J., 1 (R3). By the real interpolation, it 
follows from (3.1) that 

(5.8) 

for r' z r z 1 and -1/2 <a< I. We see that r' z r is neccesary. 

Proposition 5.2. For any a, a' ER, 1 s r' < r, the following estimate does 

not hold, even if rp and ijJ are spherically symmetric. 

(5.9) 

Proof This is a consequence of the optimality of (3.4), which can be seen 
by an easy example as follows. Let j s k - 2, u = eiwtx] and v = eiw1i{ Let 
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A= g12k-l + 2k-2 < 1,1 < 2k - 2k-2}. If (EA and 1/ E suppi], then ( -17 E 

supp if So, by (3.6), we have for ¢EA 

(5.10) 

For TE suppuv(. '¢), we have 

(5.11) 

By (5.10) and (5.11) we have for ¢EA 

( s.12) lluv( ,, ,) IIL: ~ ru+i)/2 lluv( ,, ,) IILJ 

Thus we have 

(5.13) 

= rv+1l12 JJ J(, - 1111 - 1¢ - 11l)i] (11 )d11d, 

= 2-(i+l)/2 meas( {21- 1 < 1(1 < 21}) 

~ 2s1;2 /C. 

~ 2111x]ll2llxf ll2/c. 
Now let {ak}~1 be a sequence of nonnegative numbers, rp = X6 and tjJ = 
L~2 akXk- Then, for u = eiwtrp and v = eiwttjf we have 

(5.14) 

~ 112crkllxJll2akllxlll2llt,/C 

~ llxJ llua' (R 3) 1120-k akllxl 112 llt'(Zi/ C. 

Thus we need r' ~ r for (5.9). D 

6. Illposedness for the equation of wave map type 

In [9], the following result was obtained. 

Theorem 6.1. Let n ~ 2, f E c[n/2+ll(R) and X := B;;;(Rn) 8::)B;;t\Rn). 

Then, there exists 6 > 0 such that for any ( rp, tjJ) E X with II ( rp, tjJ) llx < 6, ( 1.4) has 
a unique global solution u satisfying (u, u) E Cs(R; X) and the correspondence 
(rp, tjf) f----+ (u, u) is Lipschitz continuous from X to Cs(R; X). 
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The same result was obtained in [11] in the case n ~ 4 for the general 
system of equations for wave maps. On the other hand, it was also proved in 
[9] that (1 .4) is ill posed in B;:,2 8:) B;:,2-1 for any r > 1 and n ~ 1, even time­
locally and in small neighborhood of O in X, provided f does not satisfy 

(6.1) and 

Thus, only the case n = 1 and r = 1 remains to be investigated. It was 
conjectured in [9] that we can not extend Theorem 6.1 to the case n = 1. In 
this section we show that the conjecture is true. In fact, we have the following 
illposedness result. 

Theorem 6.2. Let n = 1 and X := Bi1~(R) EB B~;12 (R). Suppose f E ct-I 

and j!t-I) (0) =I- 0 for some t EN. Then, 'for any i; > 0 there exists ( rp, ljJ) EX 
with ll(rp, 1/J)llx < e such that (1.4) has a unique global solution u with small 
L 00 -norm, but u(t) ¢ Bi:;(R) for any t =I- 0 and r < oo. 

The singularity is much weaker for the solutions constructed in the proof of 
the above theorem than that constructed in [9] in the case r > I. Nevertheless 
the above result is interesting, since we have illposedness for any generic f and 
for solutions which stay near 0, and so it is meaningful for the theory of wave 
maps. In [4], another negative result was obtained against the wellposedness in 
H 112(R) for the wave maps. 

Proof of Theorem 6.2. Let 

(6.2) 

If u satisfies (1.4), then v := G(u) satisfies the linear wave equation 

(6.3) { □v-0 
v(O)~ ~(rp), v(0) = G'(rp)i/J. 

We may assume without loss of generality that 

(6.4) 

Then, denoting Z(rp) := G'(rp) - 1, we have 

(6.5) ZE ct, 

and Z(u) =I- 0 for small u =I- 0. Let Q := zl/t_ Since Q(0) = 0 =I- Q'(0) and 
G(0) = 0 =I- G'(0), there exists J > 0 dependent only on f such that Q, a-1, G, 



276 Kenji NAKANISHI 

G-1 E C 1(-J,J). If v satisfies (6.3) and lvl < J, then u := G-1(v) satisfies (1.4). 
Moreover, if u(t) E Bi1; n L 00 for some t and r, we have also v(t) = G(u(t)) E 

Bi'.;, which follows fr~m Lemma 6.3 below. So, it suffices to find a solution v 
of ( 6.3) satisfying 

(i) ll('P, t/l)llx < e, 
(ii) lv(t,x)I < J for any (t,x), 
(iii) v(t) ¢ Bi'.; for any t =I- 0 and r < oo, 

for any small e > 0. Let 'P := G'(tp)t/J. By Lemma 6.3, it follows 
ll(G(tp), t/l)llx < Cs from (i). So, we need 'P - t/1 ¢ B~t to have (iii). Let 
a E t 1(N) satisfy llalltl(N) ::5: 1 and g E Co(R) satisfy O;,; g :5: 1, g(i;) = g(-i;), 
g=f.0 and suppgE(-2,-l)U(l,2). Define the initial data as 

!fr(<!) : = s2 L akg(Tki;), 
kEN 

(6.6) <P(i;) : = e2 L akrkg(2-ki;), 
kEN 

The above definition for tp is possible provided e is sufficiently small relative to 
J, since ll<t>lls1;2 ::5: Cs2 llallt1 and Bi1['-------+L 00 • Similarly we have llt/llls-112 ::5: Cs2 

and by Lenuri~ 6.3, we have ll('P,J)llx < Cs2 < e. By the definition\;[ Q, we 
have 'P - t/J = <t>tt/1 = Z(tp)t/J. Then we estimate 

Let 

(6.8) g := g * ... * g. 
'----v-" 

t+I times 

Since g is positive even function, there exists ct.> 0 depending only on g, such 
that g(i;) > ct. for l<!I < ct.. Then we have 

(6.9) 

Denote 

(6.10) 

<t>tt/1(¢);::: 82(t+l)ct. L att+I) /C. 
l<'.l<2kc, 

b1 := L ai(t+I)_ 

2i<2kc, 

Now we can estimate the component in v(t) coming from 'P - t/J = <t>1 t/J as 
follows. 
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( 6.11) 

It is easy to construct a E t 1 satisfying llallt1 s 1 and b ¢ t' for any r < oo. 
For example, let 

{ 
2-1-1, if k = 22\ 

ak = 
0, otherwise. 

(6.12) 

Then v(t) ¢ Bi1; for any t-:/= 0 and r < oo. Finally, we estimate llvlluo• It 
suffices to esti~ate the component coming from 'ff - l/1 = Z(<p)l/J. 

(6.13) Ir:: Z(<p)l/J(y)dyl s CIIX(x-t,x+t)Z(<p)lls~:~ lll/Jlls~;(2 

s CIIZ(<p)lls112lll/Jlls-112 
2, 1 2, 1 

s ce4 < o, 

where X(x-t,x+t) denotes the characteristic function of the interval (x - t, x + t), 
and the second inequality follows from Lemma 6.4 below. Thus we obtain (i)­
(iii) and the desired result. D 

Lemma 6.3. Let GE C 1 (R), G(O) = 0 and <p E Bi:; n L 00 for some I s r s 
oo. Then we have 

(6.14) 

where C is a positive universal constant. The same estimate holds for the 
homogeneous Besov norm. 

Proof By the well-known representation of the Besov norm (see, e.g., [2] 
[9, Lemma A.5]), we can estimate the left hand side of (6.14) as 

(6.15) • • • s CIIG(<p)llu + q2-112 IIG(<p(x- 21)) - G(<p(x))llullt'(Z) 

s C sup IG'(A)l(ll<pllL2 + 112-112 il<p(x- 21) - <p(x)llullnz)), 
l,\l<llq,IILoo 

which is estimated by the right hand side of (6.14). D 
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Lemma 6.4. Let rp E Bi;~ and H be the Heaviside function. Then we have 

( 6.16) 

where C is a positive universal constant. 

Proof Again by the difference representation of the Besov norm, we can 
estimate the left hand side of ( 6.16) as 

( 6.17) · · ·:,::; Csup2-k12 ll(Hrp)(x - 2k) - (Hrp)llu 
kEZ 

:,::; C sup 2-k/ZIIH(x - 2k) - H(x)llu Jlrplluo + 2-kf2 JJrp(x - 2k) - rpli£z 
kEZ 

and the desired result follows from the embedding B~} '-------t L 00 • □ 
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