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Penalty Method for Variational Inequalities and 

Its Error Estimates 

1. Introduction 

By 

Masayoshi TSUTSUMI and Takatoshi YASUDA 

(Waseda University, Japan) 

The study of variational inequalities goes back to the work of Fichera ([7]) 
and Stampacchia ([16], [17]) in the sixties. After the fundamental work of 
Lions and Stampacchia ([13]), the theory of variational inequalities was studied 
by many researchers (e.g. Brezis ([2], [3]), Browder ([4], [5]), Kinderlehrer ([10], 
[11]), Duvaut and Lions ([6]), Friedman ([8]), Baiocchi and Capelo ([1]), and 
others) and became an important subject in nonlinear analysis. Detailed 
presentation and surveys of the theory of variational inequalities and their 
applications may be found in [l], [6], [8], [11], [12] and [14]. 

In this paper we study the penalty method for the variational inequalities, 
which was proposed in the book of Lions ([12]). In order to investigate the 
precise behavior of solutions of variational inequalities or to obtain numerical 
solutions, it is very convenient to consider solutions of the approximate 
equations with penalty terms, since we can apply the established methods of 
nonlinear partial differential equations and those of numerical analysis to 
them. We need error estimates to justify numerical calculus. When we get 
error estimates, it is important to distinguish the theoretical errors by 
approximation of penalty term from the numerical one by descritization. The 
study of error estimates of penalty method is still open problem so far. 

Our purpose of this paper is to obtain error estimates on the penalty 
parameter of the approximated problem by penalty for solving the variational 
inequalities described by the nonlinear p-Laplacian. First in section 2 we 
discuss some generalization of the results of Lions ([12]). Section 3 is devoted 
to discuss error estimates for the penalty. 

2. Existence Theorem 

Let V and W be two reflexive Banach spaces continuously embedded in a 
linear Hausdorff space X, and satisfying that V n W =t rp is dense in both V and 

W. The norms of V and W are denoted by II · II v and II · II w, respective-
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ly. Then vn W is a reflexive Banach space with norm 11 • llvnw = 11 • llv+ 
II · II w· We denote by < ·, ·) the pairing between V and V' and between W 
and W'. The following theorem is a generalization of the well-known theorem 
in the book [12]: 

Theorem 1. Let K -=I- rp be a closed convex subset of V n W and p be a 
corresponding penalty operator from V n W into W', say, K = { u E W n V I 
P(u) = O}. Let A be a pseudo-monotone operator from V-----+ V'. Assume that 
there exists a Vo E K such that for any fixed e > 0 

1 1 
II II <A(u)+-P(u), u - vo)-----+ oo 
u vnw e 

as llullvnw-----+ oo. Let f EV'+ W'. Then, there exists a sequence {un}, where 
each Un E V n w satisfies 

1 
A(un) + e(n/(un) = f 

with e( n) -----+ 0 + as n -----+ oo, which converges weakly in V n W towards a solution 
u E V n w to the problem 

(1) <A(u) - f, v - u) :2:: 0 VvEK. 

We suppose that if <A(u) - A(v), u - v) :-:::; 0 then u = v. Then u is unique. 
Moreover we suppose 

<A(u) - A(v), u - v) :2:: rp(llu - vii v) 

where rp( ·) is a nonnegative function such that if rp( llxll v) -----+ 0 then x -----+ 0 in 
V Then Un converges to u strongly in V. 

Remark. We don't have to assume any injection between V and W, which 
was required in Lions's results ([12]), so this result is an extension of them. 

Proof of theorem l. By a perturbation theorem of pseudo-monotone 
operators (see [12]) it is easily seen that for any e > 0 the operator 

u f----+ A ( u) + ! P( u) is a pseudo-monotone operator from V n W -----+ V' + W'. By 
e 

assumption it is also coercive. Hence the well-known theorem of pseudo­
monotone operators yields that for any f E V' + W' there exists at least one 
element u" E V n W satisfying 

(2) 
1 

A(ui;) +-P(ui;) = f. 
e 

Moreover, the coerciveness assumption implies that llu"II vnw :-::::; C where and in 
the sequel by C we denote a various positive constant independent of 
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e. Therefore, IIA(u,)llv, s C. From (2) we have 

s Ce. 

Hence, as e --+ 0, 

<P(u,), u,) --+ 0. 

Analogously, for any v E V n W, as e --+ 0, 

<P(u,),v)--+ 0. 

Since any bounded set in a reflexive Banach space is weakly sequentialy 
compact, we can find a sequence {e(n)} such that e(n)--+ 0 and Un= u,(n) ~ u in 
V n W as n --+ oo. 

Let v E V n W be arbitrary fixed. Then 

yields 

<P(v),u-v)s0 Vv E vn w. 

Taking v = u - Aw, A> 0 and w E V n W, and letting A--+ 0+, we have <P(u), 
w) s 0. Hence P(u) = 0, that is, u EK. 

We fix v EK so that P(v) = 0. From the equation we deduce 

from which it follows that 

limsup<A(un),un - u) s limsup<f,un - u) = 0. 
n-,oo 

Finally by pseudo-monotonicity we have 

lim inf <A(un), Un - v) z <A(u), u - v). n-,oo 

Hence 

<A(u), v - u) z <J, v - u) Vv EK. 

The strong convergence follows from the fact that 

limsup <A(un) -A(u), Un - u) 
n-,oo 

s lim sup <A(un), Un - u) - lim <A(u), Un - u) s 0. n_,oo 



284 Masayoshi TSUTSUMI and Takatoshi YASUDA 

The uniqueness is as follows. If u1 and u2 are two solutions of (1), then we 
have 

-<A(u1) - A(u2), u1 - u2) z 0, 

and it implies the uniqueness. 

3. Error estimates 

Our aim of this paper is to obtain the error estimates of solutions of the 
penalized problem. Since construction of the general theory of error estima­
tions in an abstract form is rather difficult, we here treat some concrete 
examples. 

Example 1. Let Q be a bounded domain in RN with smooth boundary 8Q 
and let V = wd·P(Q) (1 < p < oo) and W = Lq(Q) (1 < q < oo ). Suppose 
that A is a monotone hemicontinuous operator from V-+ V', given by 

A(rp) = - L- - - . N a ([ arp [p-2 arp) 
J=l 8x1 8x1 8x1 

For rp E wd,P(Q) nLq(Q), let K be a closed convex subset of Lq(Q) given by 

K = {vlv E wd,P(Q) nU(Q), v z rp a.e. in Q}. 

Then, choosing a duality map from W-+ W' by J(v) = lvlq-2v, we have 

f](v) = J(v - PKv) = -l(v - ((Jnq- 2(v - rp)-

where PK is the projection on Kin W, say, PKv = (v - rpt + rp. Here (v - rp)­
is defined by 

+ { v(x) - rp(x) if v(x) z rp(x), 
(v-rp) (x)= 

0 else, 

that is, v = (v - rpt - (v - rp)- + rp. 
The corresponding penalized problem is as follows: 

(3) 

By Theorem 1 we see that there exists a unique solution u E K such that 

(4) <A(u), v - u) z <J, v - u) VvEK. 
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Theorem 2. Suppose that f, A ( rp) E u' ( Q). Then if p ?: 2, 

Theorem 3. Suppose that f E Lq' (Q) and rp = 0. Then if p?: 2, 

llue - ull w:1,p :-;:; Celfp(q-l). 
0 

285 

Remark. Even if rp =I- 0, we can reduce the problem to the case rp = 0 when 
A is linear. 

Proof of theorem 2. Note that (ue - rp)- E Wl'P(Q) nLq(Q) (see [9]). 
Multiplying (3) by (ue - rp)- and integrating by parts over Q, we have 

Then we have 

= L (-/ -Arp)(ue - rp)-dx :-;:; II/+ ArpllLq' ll(ue - rp)-IILq 

q'-i 1 II( )-llq :-;:; Ce + 2e Ue - rp Lq. 

Hence for p ?: 2, 

(5) 

(6) 

Next, multiplying (3) by (ue - rpt - (u - rp) and integrating by parts over Q, we 
have 
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(7) N J I"' lp-2"' "' uU8 UUe u + L - -· -((u, - rp) - (u - rp))dx 
J=I a i3x1 i3x1 i3x1 

+!J l(u, -rp)-lq-2(ue -rp)-(u-rp)dx 
e a 

= L f((u, - (f)t - (u - rp))dx, 

Here, since u E K, we remark 

(8) 

Applying (u, - (f)t + rp EK to (4), we have 

(9) N J I i3 ,p-2 i3 i3 L ___!!_ ___!!_-((u,-rpt-(u-rp))dx 
J=I Q i3x1 i3x1 i3x1 

?: L f((u, - (f)t - (u - rp))dx, 

Combining (7) and (9) under (8), we have 

(10) L uu, uu, _ uu uu uU8 _ uu dx N J (I"' ,p-2"' \"' ,p-2"' ) ("' "' ) 
J=I u,?.{(J i3x1 i3x1 i3x1 i3x1 i3x1 i3x1 

s L ~ ~- ~ ~ ~-!:.!f_ dx N J (I"' lp-2"' I "' ,p-2 "' ) ("' "' ) 
J=I u,s{(J i3x1 i3x1 i3x1 i3x1 i3x1 i3x1 

= L uu, uu, _ urp urp uu _ urp dx N J (I"' ,p-2"' I "' lp-2 "' ) ( "' "' ) 
J=I u,s{(J i3x1 i3x1 i3x1 i3x1 i3x1 i3x1 

Hence we have 

~ UU8 ~ U(f} 
( 

N \"' Ip N \ "' Ip ) (p-2)/p 
sCL -dx+L -dx 

J=I L,s{(J i3x1 J=I L,s{(J i3x1 
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( 
N J lou8 o((JIP )p'/p 1 N J I ou O((JIP sC L --- dx +-I: --- dx. 

j=I u, srp OXj oxj 2 j=I u, srp OXj oxj 

Then we have 

( 11) 

Combining (5) and (11), it follows that 

s CeP'/p(q-I)_ 

Thus we have the theorem. 

(12) 

Proof of theorem 3. We get the following lemma. 

Lemma 1. Suppose that f E Lq(Q). We have 

IJVu;llu s Ce1/p(q-I)_ 

287 

Proof Note that u; E wd·P(Q) nLq(Q) (see [9]). Multiplying (3) by u; 

and integrating by parts over Q, we have 

from which we obtain (12). 
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To prove the theorem 3, it suffices to show that 

L IVut-VulPdx s Ce1/(q-I)_ 

Multiplying (3) by ut - u and integrating by parts over Q, we have 

~J 1au,1P-2au, (aut au)d IJ I -iq-2 _( + )d 6 - - --- x+- U U U -U X 
J=l Q ax} ax} ax} ax} e Q e e e 

= L f(ut - u)dx. 

Since ut EK, we have 

N J I au 1P-2 au (au+ au) N J L - - _e -- dx~ L f(ut-u)dx, 
J=l Q ax} ax} ax} ax} J=I Q 

and it follows 

for, 

Hence, for p ~ 2 we have 

""'""' uu, uu d ""'""' uu, d ""'""' uu, uu N J I'.:\ + '.:\ Ip ( N J I'.:\ -1P ) (p-1)/p ( N I'.:\ + '.:\ Ip ) 1/p 
6 --- x:sC 6 - x 6 --- dx 
J=l Q ax} ax} J=l Q ax} j=l L ax} ax} 

from which it follows that 

f J laut - au IP dx :s cf J lau-;IP dx :s ceI/q-1_ 
j=l Q ax} ax} J=l Q ax} 

Thus we have the theorem. 



Penalty Method and Error Estimates 289 

References 

[ 1 ] Baiocchi, C. and Capelo, A., Variational and Quasivariational Inequalities: Applications to 
Free Boundary Problems, John Wiley & Sons, New York, 1984. 

[ 2] Brezis, H., Equations et inequations non lineaires dans Jes espaces vectoriels en dual­
ite, Ann. Inst. Fourier, 18 (1968), 115-175. 

[ 3] Brezis, H., Problemes unilateraux, J. Math. Pures Appl., 51 (1972), 1-168. 
[ 4] Browder, F., Nonlinear monotonoe operators and convex sets in Banach spaces, Bull. 

Amer. Math. Soc., 71 (1965), 780-785. 
[ 5] Browder, F., Existence and approximation of solutions of nonlinear variational inequal­

ities, Proc. Nat. Acad. Sci. USA, 56 (1966), 1080-1086. 
[ 6] Duvaut, G. and Lions, J. L., Les Inequations en Mecanique et en Physique, Dunod, Paris, 

1972. 
[ 7] Fichera, G., Problemi elastostatici con vincoli unilaterali: ii problema di Signorini con 

ambigue condizioni al contorno, Mem. Accad. Naz. Lincei Ser. VII, 7 (1964), 613-679. 
[ 8] Friedman, A., Variational Principles and Free Boundary Value Problems, Wiley-Interscience, 

New York, 1983. 
[ 9] Gilbarg, D. and Trudinger, N., Elliptic Partial Differential Equations of Second Order, 

Springer, Berlin, 1983. 
[10] Kinderlehrer, D., Remarks about Signorini's problem in linear elasticity, Ann. Scuola 

Norm. Sup. Pisa, 8 (1981), 605-645. 
[11] Kinderlehrer, D. and Stampacchia, G., An Introduction to Variational Inequalities, 

Academic, New York, 1980. 
[12] Lions, J. L., Quelques Methodes de Resolution des Problemes aux Limites Nonlineaires, 

Dunod, Paris, 1969. 
[13] Lions, J. L. and Stampacchia, G., Variational Inequalities, Comm. Pure Appl. Math., 20 

(1967), 493-519. 
[14] Rodrigues, J. F., Obstacle Problems in Mathematical Physics, North Holland, Amsterdam, 

1987. 
[15] Signorini, A., Questioni di elasticcita nonlinearizzata e semilinearizzata, Rend. Mat., 18 

(1959), 1-45. 
[16] Stampacchia, G., Formes bilineaires coercitives sur Jes ensembles convexes, C. R. Acad. Sci. 

Paris, 258 (1964), 4413-4416. 
[17] Stampacchia, G., Le probleme de Dirichlet pour Jes equations elliptiques du second ordre a 

coefficients discontinus, Ann. Inst. Fourier, 258 (1965), 189-258. 

nuna adreso: 
Department of Applied Physics 
Waseda University 
Tokyo 169-8555 
Japan 
E-mail: tutumi@mn.waseda.ac.jp 

( Ricevita la 8-an de junio, 1998) 
(Reviziita la 25-an de februaro, 1999) 


