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Generalized and Classical Almost Periodic Solutions of
Lagrangian Systems

By

Sergei F. ZAKHARIN and Igor O. PARASYUK

(Kiev Shevchenko University, Ukraine)

Introduction

A variational method of finding the almost (quasi-) periodic solutions of a
Lagrangian system
ov
Ox

with almost (quasi-) periodic in ¢ force function V: R x R” — R consists in
finding the extremals of the functional

(1)

2) Jo(x(1)) = MG x> + V{1, x(1))),

where || - || is the Euclidean norm in R”, generated by a standard scalar product
oy, M(H) = limT_,Oo(ZT)_1 f_TT -dt. Such an approach has been developed in
detail for periodic systems (for example, see [1]-[5]). Some works of J. Blot are
dedicated to the almost periodic case ([7]—[8]). When solving the minimization
problem for the functional Jy one has to extend it from the space C AP'(R; R")
of R"-valued continuous almost periodic functions with almost periodic
derivatives to the space of Besicovitch-almost periodic functions, possessing
generalized (in the sense of Sobolev) Besicovitch-almost periodic derivatives.
Such spaces where effectively used in the theory of non-linear oscillations of
finite—and infinite dimentional systems in [9], [10]. The use of Besicovitch
functions makes it comparatively easy to obtain the generalized solutions of
equation (1) under the condition of global (in x) convexity of a force function.
It is rather difficult to detect whether or not these solutions are classical due to
the absence of embedding theorems in the spaces of such functions. The way
for overcoming the above described difficulty is shown in this article in the case
of quasiperiodic in ¢ function V(f,x) -(see section 4). On the other hand, it
became possible to substitute the condition of global convexity in x for V(z,x)
with the demand of convexity on a compact subset 2 = R”. At the same time,
it enabled us to establish the existence of a bounded Besicovitch-almost periodic
minimizing function (section 2) and to generalize the results of [6], obtained for



326 Sergei F. ZakHARIN and Igor O. PArRasYUk

n =1 and in the special case V' (¢,x) = cos(x — E(¢)), E(tf) e CAP(R;R). Note,
that our approach, as distinct from [6], does not need the use of Bochner-Fejer
polynomials.

1. Range of definition of the functional

Denote by B,(R;R") the space of R"-valued Besicovitch almost periodic
functions. Function f belongs to B,(R;R"), if ||f(¢)||” is locally integrable,
and for any &> 0 there exists such a trigonometric polynomial Ps(t) Wlth
coefficients in R”, that M(||f(¢) — P.(0)||?) < e, M{ } =limg ., (27)~ f T
Let {f, g = M({f,g>), where ||f]l, = M2(||f||*). Sobolev generalized derl-
vative of the function f € B,(R;R") with respect to the product {-,-), (if it
exists) denote by Df(¢). Functions from B,(R;R"), possessing generalized
derivatives, form the space Bi(R;R"). Let the seminorm in that space be
-y =1Dllg+ Il -llp- Let £ = R" be a compact convex set; C"(2) be the
space of r times continuously differentiable functions in . Introduce the space
By(R; C’(2)), formed by functions g : R x 2 — R with the following properties:
1) for any fixed 7€ R the function x — g(,x) belongs to C’(R); 2) for any
fixed x € Q and for any p = (py,...,p,) € (NU{O})", 0<p, +---+p, <r the
function ¢ — 87g(z,x)/dx? is measurable; 3) (max,eqe|0?g(t, x) Jox?|)? is locally
integrable and for any e > 0 there exists a trigonometric polynomial (in )
Pr(1,x) = Y9 gl (x)e™!, N(e) e N, i € R, al(x) € C(R), such that

2
m'? (max ) <e.
xef
P

Remark 1.1. Without loss of generality we can suppose that a(x)e
C*(Q). Denote by Xq the closure of the set Xo = {x(t) e CAP'(R;R"):
x(R) € Q} in the seminorm ||-||;, put

d7g(t, x)

_ p?
OxP Ps (tax)

Xo = {x(1) e Xo: x(R) e Q}

Proposition 1.1. Let V(t,x) € B2(R; C(2)). Then the functional

(3) J(x(2)) = MEDx())* + V (1, x(2)))
is defined and continuous on Xg.

The proof follows from Lemma 1.3, which is quoted below. Now we
introduce a mapping Pg : R" — Q, where Pox := x, if x € Q; if x € R"\Q, then
Pox is the nearest to x point of 2. The Lemma formulated below follows
from convexity of Q.
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Lemma 1.1. For any x,y € R" the following inequality holds:
[Pox — Poyll < [lx — yl|.
Lemma 1.2. X, is a closed convex subset of B)(R;R").

Proof. Convexity of X, stems from convexity of Q. The set X is
closed, hence it is sufficient to show that for any x(¢) € X, there exists %(¢) € Xo
such that {|x(f) — %(¢)||p =0. Such a condition holds for x(¢f) = Pox(z). In
fact, let x,(r)e Xpo, n=1,2,..., be a sequence, converging to x(#) in the
seminorm | -||;. Since

1%(2) = xa(D)]| = [[Pax(1) — Paxa(D)]| < [I(2) — xa(D)]],
we have x(7) € Xo and ||%(2) — x(¢)||, = 0. O

Lemma 1.3. If V(t,x) € Bo(R; C(R2)), then the operator, defined by the
equality V[x()](¢) = V(¢t,x(¢)), maps Xq into B>(R;R) continuously with respect
to the seminorm || - |l,-

Proof. Let x(t) € Xo, and let x,(1) € Xo, n=1,2,..., be a sequence such
that ||x(¢) — x,(t)]lo — 0, n — o©. For any ¢ > 0 define a polynomial P,(¢,x) =
SV gi(x)e! as in the definition of By(R; C(€2)). Then

N

TV (%) - Pultyn()) < e+ 3 max| 24
1 X

Ox

() = xa(D)llo < 2e,

if we choose n = n(e) large enough. Hence, V (¢, x(¢)) € B2(R;R). Continuity
of V follows from the estimate

N(e)
176 (0) = V(6 ylo <26+ 3 max |y 5o, O
k=1

Now in order to prove Proposition 1.1 it suffices to note that B,(R;R) <
Bi(R;R) and M(|-|) < M'(]-|?).

2. Existence of minimum
For any set .# = R" denote by .# + ¢ its closed d-neighbourhood.

Theorem 2.1. Let V(t,x) € By(R; C(2)), assume that there exists a closed
convex set @ < R" such that @ +6 < 2 and for any te R the following con-
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ditions hold:

4) V(it,Ax + (1 = A)y) < AV(t,x) + (1 = )V (¢, y)
Vx,y €0, Viel0,1];

(5) V(t,x) = V(t,Pex) Vxe@O +34.

Then there exists a function x.(t) € Xg, such that

(6) J(x.(£)) = inf {J(x)|x € Xg.s}-

If, in addition, we suppose that V(t,x) e By(R; C'(Q)), then x,(t) is a Sobolev
generalized solution of equation (1), ie.

(7) Aly()] i= {Dx.(8), 3(£) Do + <8L(té-§—*@,y(t)>o =0

Vy(t) e CAP'(R;R™).

Proof. Using the constructions, described in [6], it is easy to establish the
existence of such a function x.(¢) € Xo that J(x.(?)) = inf{J(x)|x € Xg} := J,.
To prove equality (6), we use the following lemma.

Lemma 2.1. If f(f) e B}(R;R"), then
(8) IDf (D)5 = lim Is™'(f (2 + ) = F(D)]I5-

Proof of the lemma. Let 5 fie™' be Fourier series of the function f.
Then [|Dflls = X2 [/ Ilfell” < oo, and

s~ (f (e +5) - f(t))||§ A

‘Z( e - —u | >ufk||2
2
_ ‘Z w( —1) 1Al

Now we can see, that Lemma 2.1 follows from Weierstrass theorem and
continuity in s of the sum of functional series. The proof of the lemma is
complete. O

1
J oS g < 22 PRRAR
0

Suppose that (6) does not hold. Then there exists a function xo(7) € Xos,
such that J(xo(?)) < J,. From the Lemmas 1.1 and 2.1 we have
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1D Poxo(t)]ly = lim lls™ (Poxo(z + 5) — Poxo(1))llg
< tim s~ (¥o(t +5) = xo())ly = 1D (2) o,

and after condition (5) M(V (¢, Pexo(t))) < M(V(t,x0(t))). Hence J(Poxo(t)) <
J(xo(2)) < J.. Tt is impossible, because Poxo(f) € Xo.

Now let us check (7). Note that under the additional condition of the
theorem we derive from Lemma 1.3 that 0V(¢,x(¢))/0x € Bo(R; R") for each
x(¢) € Xq. For any y(t)e CAP'(R;R") and for each sufficiently small by
module s an inequality holds:

J(x (1) + 53(2)) = J (x.(0))
= s(A[y()] + MW (1,59(1)) = W(1,0), y(1)> + 3sll3(1)[|*)) = 0,

where W(t,y) = fol (OV (1, x.(t) + Ty)/0x)dx.
Since we get from Lemma 1.3 that lim, oMKW (t,sy(2))—
W (t,0), y(t))) =0, this inequality is possible only when (7) holds. O

3. Besicovitch quasiperiodic functions and functions on tori

Let w e R™ be a vector with rationally independent components. Taking
the closure of the space of R”-valued polynomials, which are linear combi-
nations of functions like e %% keZ™ in the seminorm | -|l,(|l-l,)
one obtains the space of Besicovitch quasiperiodic functions B,(R;R";w)
(B}(R; R"; »)) [10].

Let 7™ be a standard m-dimensional torus {¢= (¢;,...,0,)€
R"mod2n}. Denote by H(T™, R") the space of R"-valued integrable with the
square of Euclidean norm functions on 7. The seminorm in this space is
I llo :== MY2(| - 11?) := (Jpm || - I?d9)"?.  Generalized (Sobolev) derivative in
the direction w of a function f e H(T™,R") is denoted by D,f. Using the
method explained in the proof of Lemma 4 one can show that the existence of
function g € H(T™,R"), for which

©) tim Is™(((p + 50) — 7)) ~ 9(0)]ly =0,

is equivalent to existence of D, f, and one can put D, f =g.

The set of functions possessing generalized derivatives in the direction w
forms the space HL(T™,R") with seminorm |- |, = ||Dw-llo+ || - |lo- There
exists a natural bijection between the classes of equivalent (in the sense
of corresponding seminorms) functions from the above described spaces
of Besicovitch-quasiperiodic functions, on the one hand, and the spaces of
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functions on torus, on the other hand. Definition of the space B,(R; C(2); )
does not need explanation. Concerning its analogue on torus, we shall
not demand apriori a uniform (in x e Q) approximation of corresponding
functions by trigonometric polynomials. Function F(p,x): 7" x Q2 — R
belongs to H(T™;C(Q)), if for any x € 2 the mapping ¢ — F(p,x) is mea-
surable, and for almost all ¢ € T™ function x — F(p,x) is continuous, and
max,eo|F(p,x)| @ H(T™;R). The space H(T™; C'(2)) is formed of functions
from H(T™; C(£2)) such that they possess all partial derivatives in xi,...,x, up
to the order r inclusive, and that all these derivatives belong to H(7™; C(R)).

Now let V: R x 2 — R have such property, that for x € Q the mapping
t — V(t,x) belongs to B,(R;R), and corresponding function on torus W (g, x)
belongs to H(T™;C(R)). Instead of minimization problem for functional (3)
we obtain an equivalent problem for the functional

(10) I (u(9)) = M| Dou()|* + W (9,u(9))),

defined on the set Up = HL(T™;R"), which is formed like Xo.

Introduce the space H'"(T™;R"), which consists of functions from
H(T™;R"), having all Sobolev generalized derivatives up to the order r in-
clusive, and a subspace of it, H "(T™; R™), formed of functions, which are, as
well as all of their partial derivatives, essentially bounded.

We shall consider now several techical results.

Lemma 3.1. If f € H(T™; R"), then lim, || f (¢ + sa) — f ()|, = O for any
aeR™.

Lemma 3.2. If fe H(T™ R"), ge H(T™;R"), then f-ge H'(T™; R"),
and Dy(f -9) =D,f -g+ f-Dug for any ae R™.
The proof consists in applying the equality (9).
Lemma 3.3. Let Flu()|(p) := F(p,u(p)). If F(p,x) e H(T™; C(Q2)), then
F: {ulp) € H(T™ R") : u(T™) = @} — H(T™; R)
and this operator is continuous.

Proof. Defining F by equality F(p,x) = F(x, Pox) for all (p,x) e T™ x
R", we can regard F to be a Nemytski operator defined on all H(T™; R"). Itis
well known that the operator F: H(T™;R") — H(T™;R") is continuous (see
[11] for details).

Lemma 3.4. Let F(p,x) e C{(T™ x Q). Then F(p,u(p)) € H'(T™;R) for
any function u(p) € H' (T™; R") such that w(T™) = Q, and
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oF (9, x)
09,

(11) Dy, F(p,u(p)) =

oFloule)
x=u(p) " < 0x D (¢)>’

j=1,...,n, where ¢eeR", e =(1,0,...,0), e =(0,1,...0),...,e,=

Proof. Denote by ®;(p) the expression in the right-hand side of (11) and
put

Aiu(p) = u(p + se;) — u(p);

o ; 1

0 5%’

YoF(p+ tse;, 1y + (1 — 1)z
Blp,s, 0 = | erme 2009,

Using the uniform continuity of functions G and E, and also Lemmas 3.2 and
3.3, we have

s A2F (p,u(p)) — ;(p)llo = IGp, s, u(p + se;), u(p)) — G(p,0,u(p), u(p))
+ CE(p, s,ulp + s¢;),u(p)), s~ A5u(p) — Dou(p)>
+ <E(p, 5, u(p + se;), u(p))
— E(p,0,u(p), u(9)), Dgu(p) >l — 0,s = 0. [

4. Generalized and classical solutions

The following statement is an analogue of Theorem 2.1.

Theorem 4.1. Let W(p,x) € H(T™; C(R)) and suppose that there exists a
closed convex set @ < R" such that ©® +6 < Q and for almost all pe T™

(12)  W(p,Ax+ (1 -1)y)
<AW(p,x)+(1-O)W(p,y) VYx,ye6, Viel0,l],
(13) W(p,x) = W(p, Pox) Vxe®+9.
Then there exists a function u,(p) € Ug, such that
S (u.(9)) = inf{ 7 (u)|u € Upss}.

If, in addition, W(p,x)e H(T™, CY(Q)), then u.(p) is a Sobolev generalized
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solution of equation

W (p,u)
2., ]
(14) Diu= Fa

Further we shall need information about the solution of linear equation.
Lemma 4.1. Let B(p)e H(T";Hom(R";R")), b(p)e H(T™ R"), and
assume that there exists a constant y >0 such that for almost all p € T™

(Blg)x,xy = llx|>  VxeR".

Then equation (14) with W (p, x) = {B(p)x,x>/2 + {b(p),x)> has a unique (in the
sense of || |lo) generalized solution u = w(p) € HL(T™; R"), and

Iw@)llo <77 lIB()llp,  ess sup [[wig)]l < y~less sup [[b(#)]

If in addition B(p)e H'(T™;Hom(R",R")),b(p) € H' (T™;R"), then w(p)e
“HY(T™,R").
Proof. Let @ be a ball with radius R. Then Pox = R||x||'x, x € R"\6.

Condition (12) holds. Condition (13) is met, if (8W(gp,x)/6x,x>|nx“:R >0,
ie., if

(KB(p)x, x> + <b(p), x) > 0.
llxI=R
This condition holds for any R satisfying R > y~!esssup||b(¢p)||. The existence
of the sought solution w(¢p) follows from Theorem 4.1. Its uniqueness is proved
using the fact that B(g) is positive definite. Since w(g) is a generalized solution
of equation (14), we have

7Iw(@)llo < M(IDow(9) ] + (B(p)w(p), w(p)))
= —<b(p), w()>0 < 1b(p)llolw(@)llo,

and now |w(p)||, can be easily estimated.
Further, it is seen from the above proved facts, that, if additional con-
ditions of the Lemma are met, equation

DZu = B(p)u+ De,B(p) - w(p) + De,b(p)

has a generalized solution wi(p) € H(T™;R"). Let us show that the function
»(p,8) = S*IA]-SW(qo) —wi(9p) (operator 4; is defined in the proof of Lemma 3.4)
has the property ||y(g,s)|ly — 0, as s— 0. This function is a generalized
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solution of equation

DLy = B(p)y+ [s ' 45B(p) — D¢, B(p)lw(p + se;)

+ D, B(p)4;w(p) + s_IAjsb((o) —~ Dyb(9).
It follows from the above established facts that
17(9,8)llg < v~ (ess sup|lw(p)||lls~" 4} B(p) — De, B(p)
+esssupl[ Dy B@)I|43w(9) o + 15~ 4:5(0) — D, b(g) ) — 0
(s — 0).

It means that D, w(p) = wi(p) € H(T™,R"). N

Now it is not difficult to find sufficient conditions for the existence of
classical solutions of equation (14).

Theorem 4.2. Let a function W(p,x) be such that oW(p,x)/0x e
C'(T™ x ), where r > (m/2) + 2. Suppose that there exists a set @, having the
same properties as in Theorem 4.1 with the condition of convexity of W replaced

by the stronger one: assume that there exists v >0 such that for almost all
peT™

<az W (9, x)

=2,y ) 29y Vxe®, VyeR"
ox

Then equation (14) has a classical solution.

Proof. Let u,(p) be a function from Theorem 4.1, u;(p) is a generalized
solution of equation in variations :

(15) Dgu = B(p)u+b(y),

where B(¢) = 0*W(p,u.(9))/0x2, b(p) = 0*W (g, u.(p))/0p;0x. Existence and
essential boundedness of the latter are guaranteed by Lemma 1.2. Function
y(p,s) = s"AjSu*(gp) —u1(p) is a generalized solution of the equation

D2y = B(p,s)y + (B(p,s) — B(p))ui(p) + (b(p,s) — b)),

where
Latw Tl )+ (1 —7)u,
B(p,s) = J (9 + z5¢), Tu (¢6+zsej) + (1 =7u9) .
0 X
Lo2w + tse;, tu (@ + se;) + (1 — 7)u,
0 ®;0x
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Since ||B(p,s) — B(p)|lo — 0, 116(p,s) — b(p)|lo — O when s — 0 (see the proof of
Lemma 3.4), it follows from Lemma 1.2 that || y(g,s)|l — 0, s — 0. It means
that D, u,(p) exists and is a generalized solution of (15). Using Lemmas 3.2,
3.4, we can successively apply Lemma 1.2 to (15} and prove the existence of
generalized derivatives of the function wu.(¢) up to the order r inclusive. The
proof is completed using the embedding theorem. O

Further we show that this result can be proven under a considerably milder
restriction on the smoothness of W(g, x).

Theorem 4.3. Let W(p,x)e C3(T™ x Q). Suppose that there exists a
compact convex set @ =  such that its boundary 00 is a differentiable manifold
(of class C'), and that for any pe T™

(16) <ﬂg§;ﬁy y> 2yl Vxeo,  WyeR
and |
(17) <a—v%§’i),n(x)> >0, VoeT™, Vx € 00,
where n(x) is an external normal unit vector to 90 at the point x. Then the
equation
2
(18) %: 6W(acit,x)

has a classical quasiperiodic solution with frequency .

Proof. Since 2 is a compact set, function W can be extended periodically
to R™™. Further we shall make no difference between the function W and
its extension. It is a well known fact of analysis that W can be approximated
with trigonometric in ¢ and x polynomials Wy(g,x) in the usual norm
of C>(T™ x R"). Since Wy can be chosen sufficiently close to W in the sense
of that norm, we can assume without loss of generality that conditions (16) and
(17) hold for W,. It follows from Theorem 4.2 that the equation

Dfo "= 0 VV()a (;p, u)
has a solution uy € C*(T™).
The equation (18) can be written equivalently in the form

(19) %: X(1,2),
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where z = (x,x)7, X(t,z) = (x,0W(wt,x)/6x)T. For an arbitrary small ¢ > 0
one can write:

(20) X(t,2z) = Xo(t,2) + eXi1(¢,2),

where Xo(t,z) = (x,0Wy(wt,x)/dx)T, Wy is a trigonometric polynomial, and
Xi(t,z) € C2(R*™'!). Using the result of Theorem 4.2, it is easy to see that the
equation z = Xy(t,z) has a quasiperiodic solution zo(r). We shall seek for the
solution of (18) in the form:

(21) z(1) = z0(2) + Vey(2).
Substituting (20) and (21) in (19) yields:

j= ﬁXoét, z9)
z

where Y(z, y,&) € C2(R**! x [0,1]). Note that

0 E
M{M 0)=(A~° o) =

) (1)

(22) y+\/5Y1(tvyﬂ8)7

where 4 >y >0, since xo(t) = (20.1(£),-.-,20()) € @ for each te R, and E
denotes an identity » x n matrix. Consider the equation

dy
(23) Y )y,

(2 2

Then the derivative of a quadratic form {Sy, y) along the solution y(¢) of (23)
can be written in the form {S(wt)y, y), where

where A(p) € C'(T™). Let -

St0) = si(e)+ d*(1s = —2( ¥ 9)

is a negative definite matrix. Hence the homogeneous equation (23) is
exponentially dichotomic, and it has a unique Green function G(z,7) (see [10]).
Therefore, the problem of finding the quasiperiodic solution of (22) can be
reduced to the following integral equation:

(o]

(24) w(e) = \/z:j G(t, ) Y (z, (1), &) .

—0
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Observing that ¢ is small and applying to the equation (24) the fixed point
theorem, we come to conclusion that the quasiperiodic solution y(¢) of equation
(22) with frequency w exists. Hence we can assert that equation (19) has a
quasiperiodic solution z(#) = zo(#) + v/ey(¢), and the proof is complete. O

5. Corollaries

Consider a special case of system (1)

d’x
7 VF(x)+g(t),

where xe R", g(t): R — R" is a quasiperiodic function: ¢(7) = G(wt), Ge
C3}(T™;R"), Fe C3(Q). Under such conditions it is not difficult to obtain
from Theorem 4.3 the following.

(25)

Proposition 5.1. Let © be a subset of R" such that © +6 = Q and its
boundary 0O is a differentiable manifold (of class C'), and assume that there
exists y > 0 such that

*F(x n
(26) <$y7 y> > y”y”zv VXE@7 VyeR ’
and also that
(27) VF(x)+ G(g),n(x)) >0, Vx € 00, YoeT™,
where n{x) is an external normal unit vector to 00 at the point x. Then system

(25) has a classical quasiperiodic solution with frequency w.

Remark 5.1. A set, bounded by a level surface of function F(x), can be
chosen as @ (if it belongs to Q together with its certain neighbourhood). Then,
as far as n(x) = VF(x)/||VF(x)|, condition (27) holds if

(28) IVE(x)|| > sup G,  Vxedb.
peT™

Remark 5.2. In case when € coincides with R", if condition (26) holds,
then all the level surfaces of F(x) are bounded, and |VF(x)|| — oo, ||x|| — oo.
Then, as far as sup, 7« ||G(9)|| < oo, there exists a unique classical quasiperiodic
solution of equation (25).

6. Examples

Now we shall illustrate the use of the above described theory. Let us
consider the quasiperiodically forced pendulum equation:

(29) X+ sinx(z) = e(2),
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where e(¢) = L(wt), Le C(T™). It was proved in [7] that there exists a
generalized Besicovitch-quasiperiodic solution x(¢#) of (29) such that zn/2 <
x(t) < 3n/2, if Osc E(t) = sup E(t) — inf E(t) < n/2, where E(t) = e(1), E(1) is
a quasiperiodic function (if such a function exists). Using Theorem 2.1, we
can get the same result. Moreover, if E(¢) is smooth enough, Theorem 4.3
guarantees that this solution is a classical quasiperiodic one. Furthermore,
applying Proposition 5.1 we can establish the existence of a classical quasi-
periodic solution under conditions that are completely different from those of
paper [7]. Namely, we can state that equation (29) has a classical quasiperiodic
solution x(z), such that 7/2 < x(f) < 37n/2, if sup,.gle(?)] <1, e(r) = L(wt),
Le C3(T™).
Consider another example. Equation

(30) it — Au—VQ(u) = (1

where ue R", A is a positive definite symmetric » x n matrix, f = F(w?),
F e C(T™), was studied in [12], where existence and uniqueness of generalized
quasiperiodic solution of the equation was shown under assumption that
e T )

Let Fe C*(T™), and let Q: R" — R be a convex function, Q € C*(R").
Then it is possible to apply Proposition 5.1 and establish the existence and
uniqueness of classical quasiperiodic solution of (30).
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