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Oscillatory and Asymptotic Behavior of Solutions
of Third Order Delay Difference Equations

By

John R. Graer* and E. THANDAPANI
(Mi;sissippi State Univ., USA and Periyar Univ., India)

1. Introduction

In this paper, we study the oscillatory and nonoscillatory behavior of
solutions of the delay difference equation

(1) A(aﬂA(bnAyn))+qnf(yn—m+l) :hm HENOZ{O71727"'}

where {a,},{bs},{q.}, and {h,} are real sequences, f : R — R is continuous,
a, >0, b, >0, and g, > 0 for all n>mnye Ny, uf(u) >0 for u#0, and m is
a positive integer. A solution of (1) is a real sequence {y,} defined for all n >
ny —m+ 1 and satisfying (1) for all » > ny. In what follows, we assume that
equation (1) has solutions which are nontrivial and defined for all large n. A
nontrivial solution {y,} of (1) is said to be oscillatory if for any N > ny there
exists n > N such that y, »y, <0. Otherwise, the solution is said to be
nonoscillatory. Equation (1) is said to be oscillatory if every solution of (1) is
oscillatory, and it is said to be almost oscillatory if every solution {y,} is either
oscillatory or satisfies lim,_,,, 4°y, =0 for i =0,1,2.

Determining oscillation criteria for third order nonlinear difference equa-
tions has not received a great deal of attention in the literature even though
such equations arise in the study of economics, mathematical biology, and other
areas of mathematics in which discrete models are used (see, for example, [2]).
Some recent results on third order equations can be found in [I, 4-9]. In
Section 2, we obtain sufficient conditions for the oscillation or almost oscillation
of equation (1). A necessary and sufficient condition for almost oscillation is
obtained for a special case of (1). Section 3 contains a result giving sufficient
conditions for equation (1) to have a bounded nonoscillatory solution con-
verging to a nonzero constant. Examples to illustrate the results are included.

* Research supported by the Mississippi State University Biological and Physical Sciences Research
Institute.
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2. Oscillation theorems

In this section, we also assume that Ada, > 0 for all n > ny and

@ Yioyiow

Our first two results are for the unforced equation, i.e., s, = 0 for all n e Nj.

Theorem 1. Let f(u) =u and h, =0. Assume that there exist real valued
Sfunctions h, H: Ny x Ng — R such that

H(n,n)=0  for n=np =0,
H(n,s) >0  for n>s = ny,
MA,H(n,s) <0 for n> s> ny, and
—MyH(n,s) = h(n,s)\/H(n,s)  for all n>s>ny,
where AyH(n,s) = H(n,s+ 1) — H(n,s). If for every ny > ng +m
n=1

(3) lim sup%Z[H(n,s)qs -

n—o0 s=m

’

asbs—mhz(nv 5)
4(s —m —ng)

and
n+m—1 i 1 i 1

(4) Z 4 Zb_ Za_ > 1,
i=n Jj=n "7 \k=j k

then every solution of equation (1) is oscillatory.

Proof. Let {y,} be a nonoscillatory solution of equation (1). Without
loss of generality, we may assume that {y,} is eventually positive. Then, there
exists an integer n; > ng such that y, >0 and y,_,, > 0 for all > n;. From
equation (1), we have

A(and(bnAyn)) = ~qnVn—m+1
so that
(5) A(and(bydy,)) <0 for n > ny.

Thus, {4(b,4y,)} and {4y,} are monotone and eventually of one sign. We
claim that there is an integer n; > n; such that

(6) A(bnAyn) >0
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for n = n,. To prove this, suppose, to the contrary, that A(b,4y,) < 0. Since
gn >0 and a4, >0, it is clear that there is an integer n3; > n, such that
Ay A(bny4y,,) < 0. Then, for n > n3, we have

(7) anA(bnAyn) < ansA(bmAym) < 0
Summing inequality (7) from n3 to n— 1, we obtain

n—1

1
bnAyn - bnsAym < ansA(bnsAyng) Za_

s=n3 S

In view of (2), we see that b,4y, — —o0 as n — co. Summing again, we
obtain a contradiction to y, >0, and so (6) holds.

Next, we consider the following two cases. Case 1: Ay, =0 for n > n,.
Define

_ ay4(bady,)
n — 3
Yn-m
then z, > 0 for n > n,, and
Ay,
9) Azy < —gn — I " 2t
n—m

On the other hand, by (5), (6), and the fact that Ada, > 0, it follows that
(10) A%(bpdy,) < 0.

Now (10) implies that A4(b,4y,) is nonincreasing, so the equality b,4y, =
byAyy + Z;’;ﬁ,d(bsdyx), n> N > np, implies that

(11) budy, = (n— N)4(bx4y,),
and so

(I’l —m— N)anA(bnAyn)

Auby—m

(12) Ay >

forn>N+m+1=M. From (9) and (12), we obtain

(n —m- N)anA(bnAyn)

Vn-mnbn—m

(13) AZn < _Qn_

n+l-

Also, from (5) and the fact that 4y, >0, (13) yields

(n—m—N) ,

Az, < —q, — z5 .
n qn anbn—m n+l1
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Thus, for all n > M,

n—1 n—1
s—m—N)H(n,s
ZH(n s)qs < H(n, M)zpy — Z[st —A,H(n,s)) + ( 5 JH( )zfﬂ}
n=M s=M As0s—m
ol (s—m — N) 5
= H(n,M)zy — Z [TH(n’S)ZS“ + \/H(n,s)h(n,s)zsﬂ]
=M sUs—m

H(n, M)zy + Z ———ZS?_’”Z o ;;

Hence, for all n > M, we have

asbs_mh(n, s) 2
hmsupH Z[ gs 4(s—m—N) <zm,

H— 0

which contradicts (3).
Case 2: Ay, <0 for all n > n,. Summing equation (1) from s to n, we
have

n
p14(bpy14y,.1) — a:A(bsAy;) + Z 4iYi-m1 =0,
i=s
and so
—A(bady,) +— thy, mi1 <0
n i

by (6). Summing again from s to n and using the fact that b,4y, <0, it
follows that

(14) bady, +Z<Z )qu, mi1 <0.
A final summation of (14) yields
7. - iYi-m+l = Vm
i=n | j=n b k=j ke v
or

n+m—1 i i
(15) Z [Zbl (Z al—k>] 9iYi-m+1 < Vn-

i=n | j=n"7 \k5j
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Since {y,} is decreasing, (15) yields
Tl
o Shi\iga/)| ’
which contradicts (4). The proof is now complete.

Example 1. The difference equation

8n + 12

(E1) Ay, A !

=0, n=m,

where m is a odd positive integer, satisfies all conditions of Theorem 1 for
H(n,s) = (n—s) and h(n,s) =1/+/(n—s). Hence, all solutions of equation
(E;) are oscillatory. In fact {y,} = {(—1)"n} is such a solution of (E;).

Theorem 2. Assume that h, =0 and

(16) f@) = f0) = gw)u—v) and  guv)zp

for some pu>0. If there exists a positive sequence {p,} such that for every
ny > ny+m,

© 2
(17) > [pnqn - 4;"75’(;*'1(;”1)”0)} — o,
and
n+m—1 i i
o e Eelng(na)] -

then every solution of equation (1) is oscillatory.

Proof. Proceeding exactly as in Theorem 1, we see that (6) holds. Now,
if {4y,} is eventually positive, then we set

L = @A(budy,)p,
n — )
S (V)
for n > n,. It is easy to see that z, >0 and
4p I(Vn-mi1s Yn-m)AYn-mP.
AZS—pq+ nZ = n—m+ n—m nng I
" i pn+1 " f(yn—m)pn+1 "

Using (12) and the fact that {a,4(b,4y,)} is nonincreasing, and {y,} is
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nondecreasing, we see that

A n—-m—N
Az, < —Pndn + Pn Zptl — Iu( )pn 254_1’
n+1 Anbn—mPyi1

for n>N-+m+1=M >ny, and completing the square, we obtain

anbn—m(A/’n)z
> M.
Yup,(n—m-N) "%

Azp < —pugn +

Summing the last inequality from M to » and letting n — oo, we see, in view of
condition (17), that lim,_, z, = —co. This contradicts the fact that {z,} is
eventually positive.

Now assume that {4y,} is eventually negative. By summing equation (1)
three times as in the proof of Theorem 1, we see that

(19) Z[Eb <Z )]q,f(yl mi1) < e

Since {y,} is decreasing and f(u) is increasing, it follows from (19) that

20) %I{Zb (Z )] =

1=

Clearly, lim, ., y,=5>0. In view of (18), (20) implies that b > 0 is not
possible. If b =0, then '

1
lim -2 — fim—— <+
"_)wf(yn) #—0 g(yn+la yn) H

which of course contradicts (18). The proof for the case y, < 0 for large n is
similar and hence omitted. Thus, the proof is complete.

Example 2. The difference equation’

(E2) And(ndy,) + 4355+ y, ) =0, n=1,

satisfies all the conditions of Theorem 2 for p, =1. Hence, all solutions of
equation (E;) are oscillatory.

Theorem 3. Assume that conditions (16) and (18) hold. Suppose there
exists a positive sequence {p,} and an oscillatory sequence {¢,} such that

(21) A(and(bydg,)) =y, lim 476, =0,  for i=0,1,2,
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and for some A€ (0,1) and every ny >ny+m+1,

‘ - anbm—n(Apn)z
22 — = 0.
22 2 (p"q” Hdln — m— o),

Then equation (1) is almost oscillatory.

Proof. Suppose there is a nonoscillatory solution {y,} such that {y,} is
eventually positive and lim,,,, y, =0. Consider the function x, defined by

(23) Xn = Yy — ¢n'

It is easy to see that x, is eventually positive, for otherwise we would
have y, < ¢,, and this would contradict the oscillatory nature of {¢,}. From
equation (1), we see that

(24) A(ayd(bpdx,)) < 0.

Hence, {4x,} and {4%x,) are monotonic and eventually of one sign. Arguing
as before, it follows that there is an integer n; > ny such that

A(byA4x,)) > 0 and  A%(b,dx,)) <0

for n>n;. Now assume that {4x,} is eventually positive. Since {x,} is
eventually positive and increasing, and ¢, — 0 as n — oo, it follows from (23)
that there exists an integer n, > n; such that

(25) Vnemi1 = AXn-mi1 for n = n,.
Therefore,
(26) f(ynme) = f(ixn7m+1)-
Define
ap4(byAx,)
= >
Zn f(lanm) Pus n=n,
and observe that z, >0 for n > n, and
S (Y +1) Ap j-g(/bcn—erl’}-xn—m)Axrhm,D
Azy < —qup, 20 TR g — % Zstl-
fOXnemst)  pprt S )Pt +1

By (26) and (16), we have

Ap AAXn_mp
A2y < —Gup, + 2y — —tnmPn
wn Pn+i " f(lxn—m)prﬂrl "
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We now proceed as in the proof of Theorem 2 and obtain a contradiction
to (22). Thus, {x,} must be eventually negative. In this case, {x,} decreases
to a nonnegative constant c¢. Since lim, ., ¢, =0, from (23) we have that
lim,_,, y, = c¢.- Summing equation (1) three times as we did in the previous
theorems, we have

00 i1 @ 1
; Lnb_f (;a—)]qif(yi_mﬂ) < Xp.

Hence, liminf,_,., y, = 0, and since {y,} is monotonic, we have lim,_,, y, = 0.
Thus, ¢ =0, and by (21) and (23), we have lim, ., 4’y, =0 for i=0,1,2.
This completes the proof of the theorem.

Example 3. The difference equation

(Es) Al(n+ D) A((n +1)4y,)] +n*(y3_3 + yu3)

_(=1)""[8n3 + 24n% + 18n + 1] o1
N nn+1) ’ n=

satisfies all conditions of Theorem 3 for p, =1 and {¢,} = {(—1)"/n}. Hence,
all solutions of equation (Es3) are almost oscillatory.

Remark. 1If f(u) =u, then condition (18) of Theorems 2 and 3 can be
replaced by condition (4) of Theorem 1.
Next, we study the almost oscillation of equation (1) when a, = 1.

Theorem 4. Assume that (16) holds and that there exists a positive sequence
{p,} and an oscillatory sequence {¢,} such that

A%(bn48,)) = hn, lim 4'¢, =0,  for i=0,1,2,

Ap, <0, and A%p, >0 for n=ny. If

(27) Z GnpPn = X
n=ny
and
0 1 [ee]
(28) Zb P) Z(s~n+1)qsps+2: 0,
n=ng "N s=n

then equation (1) is almost oscillatory.
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Proof. Similar to the proof of Theorem 3, we obtain

Apn Zoit g(/lxn—m-kl s ixn-m)Axn—mpn .Z |
n+1 —
Pn+1 S (AXn—m) P "

for n > N for some N >ng. The hypotheses on {p,} then yield

Azp < —qnpy, +

Azy < —qnp,,.

Summing the last inequality from N to » and letting » — oo, we obtain a
contradiction to (27). Thus, {4x,} must be eventually negative, and so {x,}
decreases to ¢ > 0. Since lim,_., ¢, = 0, (23) implies that lim,_,,, y, =c. We
will prove that ¢ = 0, so suppose ¢ > 0. Then there is an integer Ny > N >0
such that

N o

Yn—m+1 =
for all » > N;. Let w, = byp,dx,. Then
Azwn = —qnf(yn—m+l)pn+2 + 2Apn+1A(bnAxn) + (bnAxn)Azpn'

Since 4dp, < 0 and Azp,, > 0, we have

Azwn + qnpn+2f(c/2) <0

for n > Ni. Summing the last inequality from » to j and using the fact that
Aw; > 0, it follows that

J
C
—Aw, + f(i) Z GsPsia < 0.
S=n

Letting j — oo, we have

c (o0}
—Awn + f <§> qups+z <0.

S=n

Summing again and now using the fact that w; <0, we find that

2 R
Ax, < —%QZ(S —n+ l)qsps+2'
n¥n s=n

Summing the last inequality from N; to n— 1, we obtain

n—1 o)
1
Xn S XN, E E (t=s+1)gpi1s-

s=N; b5ps t=s

By (28), we have lim,_, X, = —oc0, which is a contradiction and completes the
proof of the theorem.



364 John R. GrAFF and E. THANDAPANI

Example 4. Consider the difference equation

dn* 4 160> +18n° +4n—1, 453

(E4) Az((n + 1)Ayn) + n(n + 1)(1’1 + 2) (yn~2 + yn~2)
il (81 + 28n% + 24n + 2
=D 1( n(n+1)(n+2) )’ n=S5.

The above equation satisfies all the conditions of Theorem 4 for p, =1 and
{#,} = {(=1)"/n}. Therefore, all solutions are almost oscillatory, and {y,} =
{(=1)"} is an oscillatory solution of equation (Ej).

Example 5. Consider the equation

B 42+ D) + () (0= D25 = (102504 179) (53 + )
— (—1)™! (125;1::3175)’ n>6.

All hypotheses of Theorem 4 are satisfied with p, =1 and {¢,} = {(—1)"/4"}.
Thus, all solutions of (Es) are almost oscillatory; {y,} ={1/2"} -0 is a
solution of equation (Es).

Theorem 5. Let a, =b, =1 and suppose that (21) holds. If

0
(29) Z n2qn = 00,

n=ny

then every bounded solution {y,} of (1) is almost oscillatory.

Proof. Letting x, = y, — ¢, and proceeding as in the proof of Theorem 3,
we see that {x,} is eventually positive, {4x,} and {4%x,} are monotonic and
eventually of one sign, and {4%x,} is nondecreasing.

Suppose that {4%x,} is eventually negative. Then, since {4x,} is
decreasing and concave down, it must eventually become negative. By the
same reasoning, {x,} will eventually be negative, and this contradiction proves
that 4%x, > 0 eventually.

Now if {4x,} is eventually positive, then x, > 0 and 4%x, > 0 imply {x,}
becomes unbounded, which is a contradiction. Thus, {4x,} is eventually
negative, and so there exists a nonnegative number ¢ such that lim, .. y, =
lim,_ x, = c. To complete the proof, it suffices to show that ¢=0, so
assume ¢ >0. Summing equation (1) and using the fact that 4%x, >0, we
have

0
—Azxn + quf(ysfm—H) <0.
s=n
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Repeating the above procedure, we have
0
Axn + Z(s —hn-+ 1)qsf(ys7m+1) < 07

S=n

and summing one last time from N to oo, we obtain

C_XN+Z(S—N+l)z(s—N+2)qsf(ySAm+l) <0,

(30)
s=N

By (29), it follows from (30) that
liminf f(y, ) = lim x, = 0.
This contradiction completes the proof of the theorem.

Example 6. The difference equation

22}‘1-3 27(_1)n+1
3 I _ 1\ 3 =N )
(Ee) A Y+ 5600 30 = 27(=1)") y, s =2

satisfies all conditions of Theorem 5 with {¢4,} = {(—1)"/2"}. Hence, every
bounded solution of equation (Eg) is almost oscillatory, and {y,} = {30/2"} is
one such solution.

In our next theorem, we do not require that g, be positive.

Theorem 6. Let a, =b, =1 and [ be nondecreasing. If

oo
> nPlgnl < oo

n=ng
and
(31) > nPlha| < oo,
' n=n

then equation (1) has a nonoscillatory solution that approaches a nonzero real
number as n — 0.

Proof. Let ¢ >0 be given and choose N so that

& c
(32) ,;VnZanl < 2f(2c)

0
2 ¢
(33) ,,Zj:vn || < 5
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Let %y be the Banach space of all real sequences ¥ = {y,},n > N, with norm

1 Y]l = sup |y,|.
n>N

Let ¥ ={Ye%By:c<y,<2c,m>=N} and define T: ¥ — %y by

(1), =243 5= nt D=4 2)(@f Qo) ~h), n =N,

S=n

Clearly, & is a bounded, closed, and convex subset of %y.
First, we will show that T maps & into itself. For any Y € .%, we have

(1), -5 < 33 lalr20 + ) < §

for n>N. Thus, T¥ < &.

Next, we let X = {x,} € ¥ and for each i=1,2,... let Y'={y!} be a
sequence in . such that lim; || Y’ — X|| = 0. Then a straight forward argu-
ment using the continuity of /' shows that lim;_,,||(7Y"), — (TX),|| =0, and so
T is continuous.

Finally, in order to apply Schauder’s fixed point theorem, we need to show
that 7% is relatively compact. In view of a recent result of Cheng and Patula
[3], it suffices to show that 7.% is uniformly Cauchy. To this end, let Y =
{y.} € & and observe that for any k >n > N, we have

0
|Tyn = Tyl < Y s> (146l (2€) + [hsl).-

S=n
From the hypotheses, it is clear that for a given ¢ > 0 there exists an integer N;
such that for all £ > n > Nj, we have |Ty, — Tyx| < e Thus, T is uniformly
Cauchy, and so 7% is relatively compact. Therefore, by Schauder’s fixed point
theorem, there is a fixed point Y €. It is clear that ¥ = {y,} is a non-
oscillatory solution of (1) for » > N and has the required properties.

Example 7. Consider the difference equation

27(1/8) ~ (N ey

ar2m n>3.

(E7) A3yn +

With {g,} = {(4/5)°(=1)"/4"}, all conditions of Theorem 6 are satisfied.
Hence, equation (E;) has a nonoscillatory solution that approaches a non-zero
real number. In fact, {y,} = {14+27"} is such a solution of equation (Es).
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By combining Theorem 5 and 6, we have the following necessary and
sufficient condition for the almost oscillation of equation (1).

Theorem 7. Let a, =b, =1, f be nondecreasing, and conditions (21) and
(31) hold. Then every bounded solution of equation (1) is almost oscillatory if
and only if (29) holds. '

3. Asymptotic behavior

In this section, we obtain a sufficient condition for the asymptotic behavior
of solutions of equation (1). We do not require ¢, > 0 here. Let 4,, B,, and
C, be defined by

n—1 1 n—1 1 n—1 A
A, => —, B”:Zb_ and C,,:Zb—s.
s=ny as s=ny % s=ng %

Theorem 8. Let f(u) be nondecreasing and let d >0 be a constant such
that a, > d for all n > ny. Suppose that

(34) Z[Cn+1 + An+an+1]|hn| < o0
h=nhy .

and

(35) Z[Cn-H + An+1Bn+1]|qn| < 0.
n=ng

Then equation (1) has a bounded nonoscillatory solution that approaches a
nonzero limit.

Proof. Let ¢ >0 and let N be so large that

o0

C
n An Bn n ”
(36) n:ZN{C +1 + A1 Bupi|ha] < 1
and
= C
(37) [Cn+l + An+an+IHQn| <T7T5N-
n;v 4f1(2c)

Let the Banach space 4y and the set & < %y be the same as in Theorem 6 and
define the operator T : % — %y by

(1) =% =S Ks.m @ Do) —h), =N,

S=n
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where K(s,n) = Cyy1 — Cy + Agr1By — Asy1Bsy1. Similar to  the proof of
Theorem 6, we can show that the mapping 7 satisfies the hypotheses of
Schauder’s fixed point theorem. Hence, T has a fixed point Y € &, and it is
clear that Y = {y,} is a nonoscillatory solution of equation (1) for » > N and
has the desired properties.

It should be pointed out that Theorem 6 is actually a special case of
the above result. We conclude this paper with a simple example of Theo-
rem 8.

Example 8. Consider the equation
(Es) AW Ay,) + (137", = ()" a1,

where y is the ratio of odd positive integers and m is a positive integer. All
conditions of Theorem 8 are satisfied, so equation (Eg) has a bounded non-
oscillatory solution that approaches a non-zero limit.
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