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(Nanyang Technological Univ. and National Univ. of Singapore, Singapore) 

1. Introduction 

Let R* denote the extended real line; i.e., R* =RU { oo, -oo }. For integers 
a, b (> a), we shall denote the discrete interval [a, b] = { a, a+ 1, ... , b }. Further, 
for k ~ 0 we define the usual factorial expression fkl = j(j - 1) • • • (j - k + I) 
with /Ol = 1. 

Let r;, 0 _::;; i:::;; n be functions such that r;: [t'o, oo) --+ R+. For an integer 
k E [O, n] and a function y defined on [to, oo ), we define the kth quasi-difference 
of y, also known as the kth r-difference of y as 

(1.1) 

where (·),,i = LI(·). It is clear from (1.1) that 

(1.2) 

and 

(1.3) 

Ll~y = roy 

Further, if r; = 1, 0 :::;; i _::;; k, then LI: y = Llk y. 
In this paper we shall consider the difference equation 

t ~ t'o 

where F : Rm --+ R is continuous, a; : [to, oo)--+ Z, 1 :::;; i .::;; m and g, h : [to, oo) 
--+ R. Throughout, it is assumed that 
(Al) rn = I; 
(A2) for each 1 :::;; i.::;; m, limt---+oo a;(t') = oo; 
(A3) ifu;>O, I.::;;i.::;;m, then F(u1, ... ,um)>O; and ifu;<O, I.::;;i.::;;m, 

then F(u,, ... , Um) < 0. 
By a solution y of (Em), we mean a nontrivial sequence y(t) satisfying (Em) 

for t ~ to. A solution is said to be nonoscillatory if it is eventually positive 
or negative, and oscillatory otherwise. We shall investigate the asymptotic 
behavior of a nonoscillatory solution of (Em)- To be specific, we shall develop 
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criteria such that a nonoscillatory solution of (Em) is bounded and/or tends to 
zero as t-+ oo. 

The introduction of quasi-difference operator is motivated by the work of 
several authors [4-6] in which differential equations involving quasi-derivatives 
are discussed. In fact, our results extend the work of Staikos and Philos [ 6] to 
discrete case, and naturally generalize/complement several other known criteria 
for the special case of (Em) when r; = I, 0 s is n, e.g., see the monographs 
[I, 2] and the hundreds of references therein. 

The paper is organized as follows. In Section 2, we shall define a function 
of type r[k] and give four examples of such a function. Two lemmas which are 
needed later are also presented. Five main results are established in Section 3 
and they lead to 11 corollaries in Section 4. Finally, in Section 5 we include 
five examples to dwell upon the importance of the results obtained. 

2. Functions of type r[k] 

Let x be a function such that x: [to, oo)-+ R+, and let T;, 0 sis n be 
defined by 

(2.1) Tn = x, 

(2.2) j = n - I, n - 2, ... , 0. 

Let k E [O,n - I]. We say that x is of type r[k] if 
(Bl) Tj, k + I s j s n are defined on [to+ n - j, oo ); 
(B2) Tk+l is a constant nonzero function on [to + n - k - I, oo ); 
(B3) if ks n - 2, then for each k + 2 s j s n, 

lim Tj(t) E {O, oo, -oo }; 
/-HX) 

(B4) if ks n - 3, then for each k + 2 s j s n - I, Tj(t) i= 0 for t :::C:: t 1 where 
t1 is some integer. 

Some examples of functions of type r[k] are given below. The verification 
is direct and hence is omitted. These functions shall be needed in later sections. 

Example 2.1. For Os is j s n - I, define 

1, if i=J 

(2.3) 

if isJ-1. 
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In the case k s n - 2, suppose that 

(2.4) k+lsjsn-1. 

Then, Pk,n-l is of type r[k] for any k E [O,n - 1]. 

Example 2.2. For Os ks n - 1, define 

1, if k=n-1 

(2.5) 

if ks n - 2. 

In the case k s n - 2, suppose that 

(2.6) 
00 1 

Lr1(s) < oo, k+lsjsn-1. 

Then, ak is of type r[k] for any k E [O,n - 1]. 

Example 2.3. Let r1 = 1 for j i= 0, n - 1 and let rn-1 = r. For Os ks 
n - 2, define 

(2.7) 

Suppose that 

(2.8) 
oo s(n-2-k) 

L r(s) < oo. 

Then, Ok is of type r[k] for any k E [O,n - 2]. 

Example 2.4. Let NE [2,n-1] be fixed, r1=1 for ji=O, n-N and Yn-N=r. 

For O s ks n - N - 1 and 1 s j s N - 1, define 

(2.9) 

Suppose that 

(2.10) 

t-1 oo ( p )(n-N-1-k) 
-(t) = ""'(t- s)(J-1) ""'._u_-_u_,o __ _ 

tfk1 ~ ~ r(u + 1) 

oo s(n-N-1-k) 

""'--- < 00 
L.., r(s+l) 
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and 

(2.11) lim 'lkit) E {0, oo }, 
t'->00 

Then, 'lk,N-I is of type r[k] for any k E [0,n - N - 1]. 

Lemma 2.1. Consider the difference equation 

(2.12) 

where 
(a) T(t), AT(t) -:f. 0 for t 2 L; 
(b) lim1_, 00 T(t) E {0, oo, -oo }. 

Let y be the solution of (2.12) such that y(L) = 0. lflim1_, 00 H(t) exists in R*, 
so does limt-, 00 y(t). Further, limt-,oolH(t)I = oo implies lim1-, 00 ly(t)I = oo. 

Proof 

(2.13) 

It can be verified that the solution y is given by 

y(t) = -T(t) ~ H(s)AT(s) . 
s=L T(s)T(s+l) 

Case l. lim1_, 00 T(t) = 0. If lim1_, 00 H(t) -:f. 0, then H(t) is of fixed sign 
for large t. So it is obvious that 

(2.14) 
00 H(s)AT(s) 
~ T(s)T(s + 1) = 00 or -00. 

Applying discrete !'Hospital's rule [1, p. 28], we find 

_ L;~l H(s)AT(s) 

(2.15) r (t) r - T(s)T(s+ l) 
t~~Y = L~ 1 

T(t) 

H(t)AT(t) 

Tl(t)T(t \1) = lim H(t). 
t'->00 

= lim 
t->oo 

T(t + 1) T(t) 

If lim1_, 00 H(t) = 0, then it is clear that L';L(H(s)AT(s))/(T(s)T(s+ 1)) 
exists in R*. In the case that L';L(H(s)AT(s))/(T(s)T(s+ 1)) is infinite 
(i.e., (2.14)), we proceed as above and obtain (2.15). If L';L(H(s)AT(s))/ 
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(T(s)T(s+ 1)) is finite, then it follows from (2.13) that 

(2.16) 

Case 2. limt_, 00 T(t) = oo or -oo. In view of condition (a), T(t) 
and AT(t) are of the same fixed sign for large t. If limt_, 00 H(t) =I= 0, then 
H(t) is of fixed sign for large t. Hence, we see that "E,';L(H(s)AT(s))/ 
(T(s)T(s + 1)) exists in R*. If limt_, 00 H(t) = 0, then it is also obvious that 
"E,';L(H(s)AT(s))/(T(s)T(s + 1)) exists in R*. • 

Suppose that "E,';L(H(s)AT(s))/(T(s)T(s + 1)) =I= 0. Then, it follows from 
(2.13) that 

(2.17) 
. . ~ H(s)AT(s) 

hm y(t) = - hm T(t) • ~ T( )T( l) = oo (-,oo t-,oo s=L S S + 
or -Cf). 

If "E,';L(H(s)AT(s))/(T(s)T(s+ 1)) = 0, then by using discrete }'Hospital's 
rule again we find (2.15). 

In both cases, we have (from (2.15) and (2.16)) 

lim y(t) = lim H(t) t-,oo t-,oo 

or (2.17). Hence, the conclusion of the lemma follows. 

Lemma 2.2. Let x be a function of type r[k] for some k E [0, n - 1 ]. 
If "E,';L x(s + 1 )A; y(s) exists in R*, so does limt_, 00 A; y(t). Further, 
l"E,';Lx(s+ l)A;y(s)I = oo implies limt-,oolA;y(t)I = oo. 

Proof Case 1 k = n - 1. By (2.1) and (B2), x = Tn = Tk+l = c for some 
constant c > 0. It follows that 

from which the conclusion is immediate. 
Case 2 k :s; n - 2. For k + 1 :s; j :s; n, we define 

(2.18) 

where T/s are related to x as in the definition of a function of type r[k]. 
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On summing (2.18) by parts and using (2.2), it follows that 

t-\ 

q1(t) = 'I'j(s)At-1 y(s)[;=L - L Af-1 y(s)Ll'I'j(s) 
s=L 

= 'I'j(t) ['0-1 (t + l)Llt-1 y(t)] _ T-(L)Ai-I (L) 
'0-1(t+l) r1_1(t) 1 r y 

'J-\ (t) 

-I: At-1 y(s) ½-I (s + 1) 
s=L '1-1(s) 

or equivalently 

where 

(2.19) 

Therefore, q1_1 is a solution of the difference equation (2.12)IT=1J,H=Hi and we 
note that q1_1 (L) = 0. It is also obvious from (2.19) that if lim1__, 00 qj(t) exists 
in R*, so does limt---, 00 Hj(t). Applying Lemma 2.1, we see that lime__,00 q1-1(t) 

exists in R*. Further, iflimt__, 00 [qj(t)j = oo, then (2.19) provides lim1 __, 00 jllj(t)[ 

= oo. So by Lemma 2.1 again, we have limt__, 00 jq1_1 (t)j = oo. 
Now, smce 

oo Lin (s) oo 

J~ qn(t) = ~ Tn(s + 1) ;}s) = ~ x(s + 1 )LI; y(s) 

exists in R* (given assumption), the above arguments can be applied for j = n, 
n - 1, ... , k + 2. Consequently, we have 

(2.20) lim qk+1(t) exists in R*. 
t"-->00 

In addition, 

(2.21) implies lim [qk+1(t)[ = oo. 
t"-->00 

Next, since Tk+I = c for some constant c > 0, from (2.18) we find 

t-1 

qk+I (t) = L Tk+I (s + 1 )LI (LI; y(s)) = c[LI; y(t) - LI; y(L )] 
s=L 
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which leads to 

(2.22) 

Hence, in view of (2.20) and (2.21), it follows from (2.22) that lim1_, 00 A;y(t) 
exists in R* and IL:L x(s + 1 )A; y(s) I = oo implies limt-,oo IA; y(t) I = oo. 

3. Main results 

Theorem 3.1. Let 

(Cl) lim sup ro(t) < oo. 
{->CXJ 

Further, suppose that there exists a function x of type r[k] for some k E [0, n - 1] 
such that 
(C2) if k z 1, then 

1 sis k; 

(C3) for all 0 < µ s 1 and v > 0, 

CX) 

Lx(t + l)[µg+(t) - g-(t) ~ vlh(t)I] = oo 

or 

CX) 

Lx(t + I)[µg-(t) - g+(t) - vlh(t)I] = oo 

where g+(t) = max{g(t), 0} and g- (t) = max{ -g(t), 0}. Then, any bounded 
solution y of (Em) satisfies lim infr-,oolY(t)I = 0. 

Proof Suppose the contrary and let y be a bounded solution of (Em) such 
that lim inf1_, 00 ly(t)I > 0. Then, y is nonoscillatory. We can assume that y is 
eventually positive, since if otherwise, in view of (A3), the substitution z = -y 
will transform (Em) into an equation of the same form satisfying the conditions 
of the theorem. So let y(t) > 0 for t z t, z to. 

By (A2) and the boundedness of y, there exist positive constants M1 and 
M2 such that for some L > t,, 

(3.1) 1 sis m, t z L. 

Then, in view of (A3) there exist positive constants c1 and c2 such that 

(3.2) 



396 Patricia J. Y. WONG and Ravi P. AGARWAL 

Now, we rewrite (Em) as 

(3.3) A; y(t) = h(t) - g+(t)F(y(a, (t)), ... , y(am(t))) 

+ g-(t)F(y(a, (t)), ... , y(am(t))). 

Defineµ= c,c21 E (0, 1] and v = c21 > 0. Using (3.2), it follows from (3.3) that 

(3.4) x(t + l)A;y(t) 2 x(t + l)[h(t) - c2g+(t) + c,g-(t)] 

= c2x(t + l)[µg-(t) - g+(t) + vh(t)], t 2 L 

and 

(3.5) x(t + l)A;y(t) ~ x(t + l)[h(t) - cig+(t) + c2g-(t)] 

= -c2x(t + l)[µg+(t) - g-(t) - vh(t)], 

Noting (C3), inequalities (3.4) and (3.5) yield 

00 

(3.6) Lx(t + l)A;y(t) = oo or -00. 

t=L 

By Lemma 2.2, relation (3.6) implies 

or -00. 

Finally, we shall show that 

lim A? y(t) = oo 
t'-+co 

or -oo, 

i.e., (3.7)o holds. This leads to a contradiction since by (Cl) and the bound­
edness of y, A? y(t) = (roy)(t) is bounded. The proof of the theorem is then 
complete. Obviously, (3.7)0 is trivial if k = 0. Suppose that k 2 1. In view 
of (3.7)k, there exists L1 2 L such that for t 2 L 1, 

or 

This is equivalent to 

(3.8) L1(L1f-l y)(t) 2 rk;t) or k-1 1 
L1(L1r y)(t) ~ - rk(t)' 

Summing (3.8) from L1 to (t - 1), we get 

(3.9) or 
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By (C2), letting t -----+ oo in (3.9) leads to 

lim .1;-1 y(t) = oo 
t--+oo 

or 

397 

-00 

which is the same as (3. 7)k-I • Hence, by repeating the above procedure we 
finally obtain (3.7)0 . The proof of the theorem is complete. 

Theorem 3.2. Let (CI) holds. Further, suppose that there exists a function 
x of type r[O] such that 

00 

(C4) I:x(t + l)lh(t)I < oo; 

00 

(C5) Lx(t+ l)g+(t) = oo and 

or 

00 

and Lx(t + I)g-(t) = oo. 

Then, any bounded nonoscillatory solution y of (Em) satisfies limt-, 00 ro(t')y(t) =0. 
If, in addition, 

(C6) lim inf ro(t) > 0, 
t--+oo 

then any bounded nonoscillatory solution y of (Em) satisfies lim1_, 00 y(t) = 0. 

Proof Let y be a bounded nonoscillatory solution of (Em)- As in the 
proof of Theorem 3.1, we assume that y is eventually positive and y(t) > 0 for 
t ~ t 1 ~ t 0 . As before, we have (3.1 )-(3.3). It follows from (3.3) that 

r 

(3.10) Lx(t + l)A;y(t) 
t=L 

r r 

= I:x(t + l)h(t) - I:x(t + l)g+(t)F(y(a1(t')), ... , y(am(t'))) 
t=L t=L 

r 

+ I:x(t + l)g-(t)F(y(a1 (t)), ... , y(am(t'))), r ~ L. 
t=L 

Noting (3.2), (C4) and (C5), from (3.10) we see that L~Lx(t + I)Ll;y(t) exists 
in R*. So by Lemma 2.2, limc-, 00 LI~ y(t) also exists in R*. 

Next, since conditions (C4) and (C5) imply (C3), an application of Theorem 
3.1 (with k = 0) provides 

(3 .11) lim inf y(t) = 0. 
t'--+oo 
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In view of (3.11) and (Cl), we find 

(3.12) lim inf Ll?y(t) = lim inf ro(t)y(t) = lim inf ro(t) -lim inf y(t) = 0. 
t----+oo t'----+oo t-----roo t----+oo 

As limt----,ooLl?y(t) exists, using (3.12) we immediately get 

lim r0(t)y(t) = lim Ll?y(t) = lim inf Ll?y(t) = 0. 
t---->oo i'---->oo i'---->oo 

The last part of the theorem is obvious. 

The next result is for the difference equation (E1). Here, we shall denote 
a1 = a. 

Theorem 3.3. Let (Cl) hold and 

(C7) 

(C8) 

CX) 1 
L r,(t) = oo; 

lim inf r1 (t) > 0. 
t---->CXJ 

Suppose that there exists a function x of type r[I] such that (C4) holds and (C9) 
for some positive integer J, 

and 

or 

CX) 

and Lx(s + l)g+(s) < oo. 

Further, assume that a is nondecreasing and Lia is bounded on [to, oo ). Then, any 
bounded nonoscillatory solution y of (E1) satisfies 

lim r1(t)Ll(roy)(t) = lim Ll(roy)(t) = lim ro(t)y(t) = 0. 
~CX) ~CX) ~CX) 

Proof Let y be a bounded nonoscillatory solution of (E,). Once again y 
is assumed to be eventually positive and y(t) > 0 for t ~ t1 ~ to. As before, 
we have (3.1)-(3.3) and (3.10) (with m = 1). In view of (3.2), (C4) and (C9), 
from (3.10) we see that L.~L x(t + 1 )A; y(t) exists in R*. So by Lemma 2.2, 
limt_, 00 Ll;y(t) also exists in R*. We shall first show that 

(3.13) lim Ll;y(t) = lim r1(t)Ll(roy)(t) = 0. 
/----+00 /-HXJ 

Suppose the contrary. Then, there exists a positive constant c such that for 



some Lt z L, 

Ll;y(t) z c 

This is the same as 

(3.14) 
C 

L1(roy)(t) z rt(t') 
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or L1; y(t) s -c, 

or 
C 

L1(roy)(t) s - rt(t'), 

On summing (3.14) from Lt to (t - 1) and taking (C7) into account, we get 
limt--+oo ro(t)y(t) = oo or -oo. This is a contradiction because roy is bounded 
by virtue of (Cl) and the boundedness of y. Hence, (3.13) is proved. 

Next, in view of (CS), relation (3.13) immediately provides 

(3.15) lim L1(roy)(t) = 0 
t--+oo 

which is the second conclusion of the theorem. 
It remains to show that 

(3.16) lim A?y(t) = lim ro(t)y(t) = 0. 
t--+oo t--+oo 

For this, noting that (C7) is actually (C2) when k = I, and also (C4) and (C9) 
imply (C3), we apply Theorem 3.1 (with k = 1) to get (3.11) which, in view of 
(Cl), leads to (3.12). To complete the proof, we need to show further that 

(3.17) lim sup A? y(t) = 0. 
t--+oo 

Suppose (3.17) does not hold. Then, taking note of (A2) and (3.12) (which 
has been proved), we have 

lim inf A?y(a(t)) = 0 
t--+oo 

and lim sup A?y(a(t)) z d 
t--+oo 

where dis some positive constant. Using the arguments in [3], there exist three 
integer sequences {a1}, {P1}, {y) with limJ--+oo a1 = oo such that for each j z 1, 

Ls a1 < YJ < P1 s aJ+t; 

(3.18) o d o L1,y(a(aJ)) = 2 = L1,y(a(PJ); 

(3.19) L1?y(a(y1)) > d; 

o d 
Llry(a(t)) > 2, a1 < t < P1. 

Now, by discrete mean value theorem [I, p. 24], we have 

(3.20) or 
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where a(¢j) E [a(()(j) + 1,a(yJ- 1] and lim1_, 00 ¢1 = oo. Using the fact that a is 
nondecreasing and also (3.18) and (3.19) in (3.20), we obtain 

(3.21) 
d - (d/2) 

a(/31) _ a(()(j) < A[(roy)(a(<;j))] or V[(roy)(a(¢j))]. 

Since the right side of (3.21) tends to zero as j--, oo (by (3.15)), it is necessary 
that 

(3.22) lim[a(/JJ - a(()(j)] = oo. 
J->00 

Once again, by mean value theorem we have 

(3.23) or 

where 01 E [()(1 + 1,/31 -1]. Since Aa is bounded (so is Va), in view of (3.22), it 
is clear from (3.23) that 

(3.24) 

Next, we observe that for each j;;::: 1, 

Consequeantly, using (Cl) we find 

d d 
y(a(t));;::: 2 ( (t)) ;;::: 2 (t) > O, ro a SUPt:2-to ro 

Hence, y(a(t)) has a positive lower bound on the set U1':i[()(1,/3Jl. So in view 
of (A3), there exists a positive constant M such that 

F(y(a(t))) ;;::: M, 

Then, it is clear that 

00 00 0 
(3.25) L x(s + 1 )g± (s)F(y(a(s))) ;;::: LL x(s + 1 )g± (s)F(y(a(s))) 

s=L l=I s=rx1 

oo P1 

~ ML L x(s + 1 )g± (s). 
l=I s=rx1 

On the other hand, by (3.24) and (C9) we have 

oo P1 oo P1 

LLx(s+ l)g+(s) = oo or LLx(s+ l)g-(s) = oo. 
l=I s=rx1 l=I s=rx1 
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Therefore, it follows from (3.25) that 

00 00 

(3.26) Lx(s+I)g+(s)F(y(a(s)))=oo or L x(s + I )g-(s)F(y(a(s))) = oo. 
s=L s=L 

In view of (3.26) and (C4), we see from (3.IO)lm=l that I::Lx(s+ I)Ll;y(s) = 
oo or -oo. By Lemma 2.2, this implies that limc-, 00 Ll;y(t) = oo or -oo which 
is a contradiction to (3.13). Hence, we have shown (3.17) and this completes 
the proof of the theorem. 

The next two results are for the difference equation (Em) where g is 
nonnegative. They are discrete generalization of the results of Kusano and 
Onose [4, Theorem 3; 5, Theorem 3]. 

Theorem 3.4. Let (CI) and (C6) hold. Further, suppose that 

(CIO) 

(C11) 

(C12) lim inf F(u1, ... , Um) > 0 
U;---'j,00 

1-<;i-<;m 

00 

and 

and lim sup F(u1, ... , um) < O; 
U;--'---+-00 

l5i5m 

(C13) Lx(t + l)lh(t)I < oo 

where x is a function of type r[O] given by 

x(t) = Po,n-1 (t) (see (2.3)) 

Then, any nonoscillatory solution y of (Em) is bounded and satisfies limc_, 00 y(t) 
=0. 

Proof Let y be a nonoscillatory solution of (Em)- Again y is assumed to 
be eventually positive and y(t) > 0 for t ~ t1 ~ t 0 . Let L be such that for 
t ~ L, a;(t) ~ t 1 for every 1 ::; i ::; m. It is clear from (Em) that 



402 Patricia J. Y. WoNG and Ravi P. AGARWAL 

r 

(3.27) L x(t + 1 )LI; y(t) 
t=L 

r r 

= Lx(t + l)h(t) - Lx(t+l)g(t)F(y(a1(t)), ... , y(am(t))), 
t=L t=L 

t~L. 

In view of (A3) and (Cl3), from (3.27) we see that Y:,';'=L x(t + 1 )LI; y(t) exists in 
R*. It follows from Lemma 2.2 that limt----, 00 Ll~y(t) also exists in R*. First, 
we shall show that 

(3.28) lim Ll~y(t) = lim ro(t)y(t) < oo. 
{-'>OO (;-'>OO 

Suppose the contrary, i.e., 

(3.29) lim Ll~y(t) = oo. 
{-'>OO 

Then, taking note of (Cl) it is obvious that 

1. (t) 1· LI~ y(t) Im y = Im -(t) = oo. 
t-oo t-oo r0 

Consequently, by (A2) and (C12), the function F(y(a1 (t)), ... , y(am(t))) has 
positive lower bound. This, together with (Cll), yields 

00 

(3.30) L g(t)F(y(a, (t)), ... , y(am(t))) = oo. 

Further, it is clear that (Cl3) leads to 

00 

(3.31) L lh(t)I < 00. 

Now, noting that Ll;y = Ll(Ll;-1 y), we sum (Em) from L to (t - 1) to get 

t-1 t-1 

(3.32) Ll;- 1 y(t) = Ll;-1 y(L) - Lg(s)F(y(a1(s)), ... , y(am(s))) + Lh(s). 
s=L s=L 

Letting t ----+ oo in (3.32) and applying (3.30) and (3.31 ), we obtain 

(3.33) lim Ll;-1 y(t) = -oo. 
{-,oo 

Using (3.33) and (ClO), a similar argument as in the proof of Theorem 3.1 gives 

lim Ll~y(t) = -oo 
{-,oo 

which is a contradiction to (3.29). Hence, we have proved (3.28). 
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Next, it follows from (3.28) and (C6) that 

lim y(t) = lim A~y(~t)) < oo, 
[-HX) f----,00 ro ~ 

i.e., y is bounded. Finally, noting that (Cl 1) implies (C5) and (C13) is (C4), we 
apply Theorem 3.2 to get limt----, 00 y(t) = 0. 

Theorem 3.5. Let (Cl) and (C6) hold. Further, suppose that 

(C14) 

00 

(C15) L lh(t)I < oo; 

00 

(C16) g( t) 2::: 0, t 2::: to and Lx(t + l)g(t) = oo 

where x is a function of type r[O] given by 

x(t) = ao(t) (see (2.5)) 

00 1 00 1 

X t'n-~n-l rn-3(tn-3 + 2) ••• 1~ 2 r1 (ti + n - 2) • 

Then, any nonoscillatory solution y of (Em) is bounded and satisfies limt----, 00 y(t) 

=0. 

Proof Let y be a nonoscillatory solution of (Em)- We shall assume that y 

is eventually positive and y(t) > 0 for t 2::: ti c t 0 . From (Em) we have (3.32) 
which, in view of (A3) and (C15), leads to 

(3.34) 

where Mn-I is some positive constant. Summing (3.34) from L to (t - 1) and 
taking into account (C14), we get 

where once again Mn----2 is some positive constant. By continuing the process, 
eventually we obtain A~y (= roy) is bounded. By (C6), this implies that y is 
also bounded. Finally, noting that (C15) and (C16) respectively leads to (C4) 
and (C5), we use Theorem 3.2 to get lim1_, 00 y(t) = 0. 
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4. Applications 

To show the importance of the results obtained in Section 3, we shall 
investigate the asymptotic behavior of nonoscillatory solutions of the difference 
equation 

(DmN) LIN[r(t)Lln-N y(t)] 

+ g(t)F(y(a1 (t)), y(a2(t)), ... , y(am(t))) = h(t), t ~ to 

where N E [1, n - 1] is fixed, r : [to, oo) ------, R+ and (A2), (A3) are satisfied. 
We note that (DmN) is a special case of (Em) when rj = 1 for j #- n - N 

and rn-N = r. 

Corollary 4.1. Suppose that 

(4.1) 

Further, there exists a real number p and an integer k E [O, N - l] such that for all 
0 < µ ::; 1 and v > 0, 

00 

(4.2) 2)t + 1 - p)(k)[µg+(t) - g-(t) - vlh(t)I] = oo 

or 

00 

I)t + 1 - p)(k)[µg--,(t) - g+(t) - vjh(t)I] = oo. 

Then, any bounded solution y of (DmN) satisfies lim inft__, 00 ly(t)j = 0. 

Proof Without loss of generality, we assume that to ~ p + k. It can be 
verified easily that the function 

x(t) = (t - p/k) 

is of type r[n - k - 1 ]. Noting that 1 ::; n - N::; n - 1, we have r0 = 1 and so 
(Cl) is satisfied. Next, since n - N::; n - k - 1::; n - 1, condition (C2) (with 
k replaced by (n - k - 1)) reduces to (4.1). Finally, (4.2) is exactly (C3) with 
k replaced by ( n - k - 1). Hence, the conclusion follows immediately from 
Theorem 3.1. 

Corollary 4.2. 
that 

(4.3) 

Suppose that there exists an integer k E [O, n - N - 1] such 

oo t(n-N-1-k) 
~-,------,---00 
L, r(t + N - 1) - • 
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Further, let (C3) be satisfied with 

(4.4) 
t'-1 (t - s - l)(N-1\s - toin-N-1-k) 

x(t) = ~ r(s+N -1) 

Then, any bounded solution y of (DmN) satisfies liin inft_, 00 ly(t) I = 0. 

Proof By direct computation, we have 

x(t) = (N - 1 )!(n - N - l - k)!Pk,n-1 (t) 

where Pk,n-J is given in (2.3). Using (4.3), it can be verified that the function x 
is of type r[k]. Moreover, it is noted in the proof of Corollary 4.1 that (Cl) is 
fulfilled. Finally, since k::; n - N - l, we observe that (C2) obviously holds. 
Hence, the conclusion is immediate from Theorem 3.1. 

that 
Corollary 4.3. Suppose that there exists an integer k E [O, n - N - 1] such 

(a) 

(b) 
(c) 

(n-2-k) (n-N-1-k) 
Loos r(s) < oo if N = l; Loos r(s+ 1) < 00 if N > l; 

if N > l, then limt-, 00 Yfkit) E {O, oo} for every l ::; j::; N - l; 
condition (C3) is satisfied with 

N= 1 
N> 1 

and 

where 0k and YfkJ are respectively given in (2.7) and (2.9). Then, any bounded 
solution y of (DmN) satisfies lim inft-,oolY(t)I = 0. 

Proof Clearly, the function x is of type r[k]. Moreover, as noted in the 
proof of Corollary 4.2, conditions (Cl) and (C2) are satisfied. Therefore, the 
conclusion follows immediately from Theorem 3.1. 

Corollary 4.4. Suppose that there exists a real number p such that 

00 

(4.5) I)t + 1 - p)(n-l)lh(t)I < oo; 

00 00 

(4.6) L(t' + 1 - p)(n-l)g+(t) = 00 and L(t + 1 - p)(n-1)g-(t) < oo 

or 

00 00 

L(t + 1-:-- p)(n-l)g+(t) < 00 and L(t + 1 - p)(n-l)g-(t) = 00. 

Then, any bounded nonoscillatory solution y of (DmN) satisfies limt_, 00 y(t) = 0. 
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Proof Since ro = 1, conditions (Cl) and (C6) are fulfilled. As m the 
proof of Corollary 4.1, it is noted that the function 

x(t) = (t - p)(n-l) 

is of type r[0]. Thus, (4.5) and (4.6) correspond to (C4) and (C5) respectively. 
We use Theorem 3.2 to get the conclusion. 

Corollary 4.5. Suppose that 

(4.7) 
oo t(n-N-1) 

L r(t+N -1) = oo. 

Further, let (C4) and (C5) be satisfied with 

( 4.8) 
t-1 (t - s - 1iN-l\s - to)(n-N-1) 

x(t) = ~ r(s+N -1) 

Then, any bounded nonoscillatory solution y of (DmN) satisfies lim1_, 00 y(t) = 0. 

Proof Once again conditions (Cl) and (C6) are satisfied. Next, we 

observe that 

x(t) = (N - l)!(n - N - l)!Po,n-1 (t) 

where p0 n-l is given in (2.3), and also (4.7) ensures that x 1s of type 
r[0]. Theorem 3.2 is then used to get the conclusion. 

Corollary 4.6. Suppose that 
00 s(n-2) . 00 s(n-N-1) . 

(a) L r(s) < oo if N = l; I: r(s + l) < oo if N > 1; 

(b) if N > 1, then limc_, 00 1701 (t) E {0, oo} for every 1 :,:; j:,:; N - 1; and 

(c) conditions (C4) and (C5) are satisfied with 

x(t) = { 0o(t), 
170,N-1 (t), 

N= 1 
N> 1 

where 0o and 1701 are respectively given in (2.7) and (2.9). Then, any bounded 

nonoscillatory solution y of (DmN) satisfies lim1_, 00 y(t) = 0. 

Proof Since ro = 1, conditions (Cl) and (C6) are satisfied. Next, noting 
that the function x is of type r[0], the conclusion is clear from Theorem 3.2. 

Corollary 4. 7. 

(4.9) 

(4.10) 

Consider the equation (D1,n-i) and denote a1 = a. Let 

00 1 

I: r(t) = 00 , 

lim inf r(t) > 0 
t-->oo 
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and 
00 

(4.11) Lt(n-Z)Jh(t)J < 00. 

Suppose that for some positive integer i5, 

(4.12) and 

or 

00 

and LS(n-Z)g+(s) < 00. 

Further, assume that a is nondecreasing and Aa is bounded on [to, oo ). Then, any 

bounded nonoscillatory solution y of (D1, n-1) satisfies 

lim r(t)Ay(t) = lim Ay(t) = lim y(t) = 0. 
t'--> 00 t'--> 00 t'--> 00 

Proof Here, r0 = 1 and r1 = r. Thus, (Cl), (C7) (= (4.9)) and (CS) 
(= (4.10)) hold. Next, we note that the function 

x(t) = (t - to)(n-Z) 

is of type r[l]. Subsequently, (4.11) and (4.12) respectively imply that (C4) and 
(C9) are satisfied for this x. The conclusion is now immediate from Theorem 
3.3. 

Corollary 4.8. Consider the equation (D1,N) where N s n - 2, and denote 

a1 = a. Suppose that 

(4.13) 
oo t(n-N-2) 
~----oo 
~ r( t + N - I) - • 

Let (C4) and (C9) be satisfied with 

(4.14) 
t-1 (t - s - l)(N-1\s - to)(n-N-2) 

x(t) = ~ r(s+N -1) 

Further, assume that a is nondecreasing and Aa is bounded on [to, oo ). Then, any 

bounded nonoscillatory solution y of (D1,N) satisfies 

lim Ay(t) = lim y(t) = 0. 
{ -HXJ [ ----H:fj 

Proof Since 2 s n - N s n - I, it is clear that ro - r1 = 1. Therefore, 
(Cl), (C7) and (CS) are fulfilled. Next, it is noted that 
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x(t) = (N - l)!(n - N - 2)!P1,n-1 (t) 

where Pl,n-l is given in (2.3). Using (4.13), it can be verified that the function 
x is of type r[l]. Hence, the conclusion is immediate from Theorem 3.3. 

Corollary 4.9. Consider the equation (D1,N) where N s n - 2, and denote 
a1 = a. Suppose that 

(n-3) (n-N-2) 

(a) Loosr(s) < oo if N= I; Loo;(s+ 1) < oo if N > I; 

(b) if N > I, then lim1__, 00 1/IJ(t) E {O, oo} for every I s j s N - I; and 
(c) conditions (C4) and (C9) are satisfied with 

x(t) = { 01 (t), 
1/1,N-l (t), 

N= I 
N> I 

where 01 and 11 11 are respectively given in (2.7) and (2.9). Further, assume that 
a is nondecreasing and Aa is bounded on [to, oo ). Then, any bounded non­
oscillatory solution y of (D1,N) satisfies 

lim Ay(t) = lim y(t) = 0. 
{----,oo {----,oo 

Proof As noted in the proof of Corollary 4.8, r0 = r1 = I and so (Cl), 
(C7) and (CS) are satisfied. Moreover, the function x is of type r[l ]. Thus, 
the conclusion follows immediately from Theorem 3.3. 

Corollary 4.10. Suppose that (4.1), (4.7), (Cll) and (C12) hold. Further, 
let (C13) be satisfied with x defined in (4.8). Then, any nonoscillatory solution y 
of (DmN) is bounded and satisfies limt__, 00 y(t) = 0. 

Proof Once again conditions (Cl) and (C6) are satisfied. Next, since 
1 s n - N s n - I, condition (CIO) reduces to (4.1). Noting that the function 
x given in (4.8) is of type r[O], we apply Theorem 3.4 to get the conclusion. 

Corollary 4.11. Consider the equation (Dm1) with n - 2, i.e., 

(4.15) L1[r(t)L1y(t)] + g(t)F(y(a1 (t)), y(a2(t)), ... , y(am(t))) = h(t), t ~ to. 

Let (C15) hold and let (C16) be satisfied with 

(4.16) 
00 1 

x(t) = L-( ). 
s=t rs 

Further, suppose that 

( 4.17) 
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Then, any nonoscillatory solution y of (4.15) is bounded and satisfies limt_, 00 y(t') 

=0. 

Proof It is obvious that ro = 1 and r, = r. Thus, (Cl) and (C6) are 
fulfilled, and (C14) reduces to (4.17). Noting that here x = ao, the conclusion 
is immediate from Theorem 3.5. 

5. Examples 

The first four examples illustrate Corollaries 4.1 -4.11 and the last example 
is a counter example. 

Example 5.1. Consider the difference equation 

3 1 
L1 [(t' + 2)L1y(t')] + (t' + l)(t' + 2)(t' + 3) y(t' + 3) 

7 

(t' + l)(t' + 2)(t' + 3)(t' + 4)' 

Here, n = 4, N = 3, m = 1, t'o = 0, r(t') = t' + 2, g(t) = [(t'+l)(t'+2)(t'+3)r', 
h(t') = 7[(t' + l)(t' + 2)(t' + 3)(t' + 4)r', a(t') = t+3 and F(u) = u. Obviously, 
the hypothesis (A2) and (A3) are satisfied. 

It can be easily verified that all the conditions of Corollaries 4.1 (take 
k = 2) and 4. 7 are fulfilled. However, Corollaries 4.4 and 4.10 cannot be used 
as conditions (4.5) and (Cll) are not met. Moreover, Corollaries 4.3 and 4.6 
and also not applicable as their condition (a) is not satisfied. Consequently, we 
conclude from Corollaries 4.1 and 4.7 that 
(a) if y1 is a bounded solution of (D1,3), then lim inf1_, 00 jy1 (t')I = O; 
(b) if Yz is a bounded nonoscillatory solution of (D1,,3), then 

limt_,00 (t' + 2)L1y2(t') = limc_,00 L1y2(t') = limc_, 00 Yz(t') = 0. 
In fact, a bounded as well as nonoscillatory solution is given by y(t') = 
(t' + 1)-1 and we note that it does satisfy the above conclusions. 

Example 5.2. Consider the difference equation 

L1 [t' ,12 (t')] + 4 (t' + 3)3 = - 4(3t' + 7) 
y y (t'+l)(t+2)(t'+3)3' 

Here, n = 3, N = 1, m = 1, t'o = 1, r(t') = t', g(t') = 4, h(t') = -4(3t' + 7) · 
[(t'+l)(t+2)(t'+3)3r', a(t')=t'+3 and F(u)=u3 . Once again, the hy­
pothesis (A2) and (A3) are satisfied. 

We note that Corollaries 4.3, 4.6 and 4.9 are not applicable here as their 
condition (a) is violated. However, it can be easily checked that all the con­
ditions of Corollary 4.8 are fulfilled. In fact, from (4.14) we have x(t' + 1) = 
~;=, 1/s and (C4) is satisfied as 
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00 00 4(3t + 7) 
Lx(t + l)lh(t)I = Lx(t + 1) (t + l)(t + 2)(t + 3)3 

00 28(t + 1) 00 
( t ) 28 

< Lx(t + 1) 5 < L L 1 4 < oo. 
(t+l) s=l (t+l) 

It can also be verified that the conditions of Corollaries 4.1, 4.2 (take k = 0), 
4.4, 4.5 and 4.10 are met. Hence, we conclude that 
(a) if y1 is a bounded solution of (D1,1), then liminfc_, 00 IYJ(t)I =0; 
(b) if y2 is a bounded nonoscillatory solution of (D1,1), then limc_, 00 Lly2(t) = 

limc---,oo Y2(t) = O; 
(c) if y3 is a nonoscillatory solution of (D1,1), then it is bounded and satisfies 

limc_,oo y3(t) = 0. 
It is noted that a bounded as well as nonoscillatory solution is given by y(t) = 
t~ 1 and indeed it does fulfill the above conclusions. 

Example 5.3. Consider the difference equation 

(D5, 1) Ll[t(t + l)Lly(t)] + t(t + l)(t + 2)y(t)y(t + l)y(t + 2)y(t + 3)y(t + 4) 

1 
(t + 3)(t + 4)' 

Here, n = 2, N = l, m = 5, t 0 = 1, r(t) = t(t+l), g(t) = t(t+l)(t+2), h(t) = 
[(t +3)(t +4)r1, a;(t) = t + i - l, 1 sis 5 and F(u1, ... , us) = rt=] U;. Once 
again, the hypothesis (A2) and (A3) are satisfied. 

It can easily be verified that the conditions of Corollaries 4.3, 4.6 and 4.11 
are fulfilled. On the other hand, conditions (4.1), (4.3), (4.5) and (4.7) are not 
met. Thus, we cannot employ Corollaries 4.1, 4.2, 4.4, 4.5 and 4.10 here. By 
Corollaries 4.3, 4.6 and 4.11, we conclude that 
(a) if y 1 is a bounded solution of (Ds,1), then liminfc_, 00 ly1(t)I =0; 
(b) if Y2 is a bounded nonoscillatory solution of (Ds,1), then limt_, 00 12(t) = 0; 
( c) if y3 is a nonoscillatory solution of (Ds, 1), then it is bounded and satisfies 

limt'--->oo y3(t) = 0. 
In fact, a bounded as well as nonoscillatory solution is given by y(t) = 1-1 and 
we note that it does satisfy the above conclusions. 

Example 5.4. Consider the difference equation 

Ll[(t + l)(t + 2).-1 2 y(t)] + (t + 2)(t + 3)2 l 5 
y(t + 3) 

t 3 + l 5t2 + 52t + 54 

t(t + l)(t + 3)3 
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Here, n = 3, N = 1, m = 1, t 0 = 1, r(t) = (t + l)(t + 2), g(t) = (t + 2)(t + 3)2, 
h(t) = -(t3 + 15t2 + 52t + 54)[t(t+l)(t+3)3r1, a(t) = t + 3 and F(u) = u-5. 
Clearly, the hypothesis (A2) and (A3) are satisfied. 

It can be checked that the conditions of Corollaries 4.3 (take k = 1) and 4.9 
are met. However, conditions (4.1), (4.5), (4.13) and condition (a) of Corollary 
4.6 are violated. As such, we cannot apply Corollaries 4.1, 4.4, 4.6, 4.8 and 
4.10 here. By Corollaries 4.3 and 4.9, we conclude that 
(a) if y 1 is a bounded solution of (D1,1), then liminft--+oolY1(t)I =0; 
(b) if Y2 is a bounded nonoscillatory solution of (D1,1), then limt--+oo Lly2(t) = 

limt--+oo Y2 (t) = 0. 
Indeed, a bounded as well as nonoscillatory solution is given by y(t) = t- 1 and 
we note that it does fulfill the above conclusions. 

Example 5.5. Consider the difference equation 

Ll[t(t + l)Lly(t)] + (t + 2)(t + 3)(t + 4)y(t + l)y(t + 2)2 

= (t + 1)[2 + (t + 2)3(t + 3)(t + 4)], 

Here, n = 2, N = 1, m = 2, to= 0, r(t) = t(t + 1), g(t) = (t + 2)(t + 3)(t + 4), 
h(t) = (t + 1)[2 + (t + 2)3(t + 3)(t + 4)], a;(t) = t + i, i = 1, 2 and F(u1, u2) = 
u1uf Obviously, the hypothesis (A2) and (A3) are satisfied. 

It can be checked that (Cl 1) and (C12) are fulfilled whereas (4.1), (4.7) 
and (C13) (with x defined in (4.8)) are not satisfied. Hence, the conditions of 
Corollary 4.10 are violated. Indeed, (D2, 1) has a nonoscillatory solution given 
by y( t) = t and contrary to the conclusion of Corollary 4.10, this solution is 
not bounded and limt-, 00 y(t) =I= 0. 

Moreover, (C16) (with x defined in (4.16)) and (4.17) are satisfied but (C15) 
is not met. Therefore, the conditions of Corollary 4.11 are violated. As noted 
above, (D2, 1) has a nonoscillatory solution that contradicts the conclusion of 
Corollary 4.11. 
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