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Nonoscillatory Solutions of Functional Difference Equations
Involving Quasi-Differences

By

Patricia J. Y. WoNG and Ravi P. AGARWAL

(Nanyang Technological Univ. and National Univ. of Singapore, Singapore)

1. Introduction

Let R* denote the extended real line, i.e., R* = RU{o0,—o0}. For integers
a,b (>a), we shall denote the discrete interval [a,b]={a,a+1,...,b}. Further,
for k > 0 we define the usual factorial expression j* = j(j —1)---(j —k+1)
with j© =1.

Let r;, 0 <i <n be functions such that ; : [£y, 0) — R*. For an integer
k € ]0,n] and a function y defined on [y, c0), we define the kth quasi-difference
of y, also known as the kth r-difference of y as

(L.1) 4fy = re(reai (2 (r(oy) - ) ) ?
where ()4 =A()). It is clear from (1.1) that

(1.2) Ay =ryy

and

(1.3) afy =r(4F' p) " = red (4571 ).

Further, if r;, =1, 0 <i <k, then AXy = A*y.
In this paper we shall consider the difference equation

(Em) AP0 +9(OF(p(@ (), (@), am( ) = h(¢), £ =4

where F: R™ — R is continuous, ¢; : [fp,0)—Z, 1 <i<m and g,h: [{p, o)

— R. Throughout, it is assumed that

(Al) rn=1;

(A2) for each 1 <i<m, lim/.a;(¢) = o0;

(A3) if u; >0, 1 <i<m, then F(uy,...,u,)>0; and if u; <0, 1 <i<m,
then F(uy,...,un) <O.

By a solution y of (E,), we mean a nontrivial sequence y(¢) satisfying (E)
for £/ > ¢y. A solution is said to be nomnoscillatory if it is eventually positive
or negative, and oscillatory otherwise. We shall investigate the asymptotic
behavior of a nonoscillatory solution of (E,). To be specific, we shall develop
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criteria such that a nonoscillatory solution of (E,,) is bounded and/or tends to
zero as £ — oo.

The introduction of quasi-difference operator is motivated by the work of
several authors [4-6] in which differential equations involving quasi-derivatives
are discussed. In fact, our results extend the work of Staikos and Philos [6] to
discrete case, and naturally generalize/complement several other known criteria
for the special case of (E,) when r,=1, 0 <i<n, e.g., see the monographs
[1,2] and the hundreds of references therein.

The paper is organized as follows. In Section 2, we shall define a function
of type r[k] and give four examples of such a function. Two lemmas which are
needed later are also presented. Five main results are established in Section 3
and they lead to 11 corollaries in Section 4. Finally, in Section 5 we include
five examples to dwell upon the importance of the results obtained.

2. Functions of type r[k]

Let x be a function such that x: [/, 00) — RT, and let T;, 0 <i<n be
defined by

(2.1) T, = x,
(2.2) Ti(¢ +1) = r)(0)AT1(¢),  j=n—1,n—2,...,0.

Let ke [0,n—1]. We say that x is of type rlk] if

(Bl) T;, k+1< j<n are defined on [£y+n — j, 0);

(B2) Ti41 is a constant nonzero function on [£p+n—k — 1, 0);
(B3) if k<n—2, then for each k+2 < j <n,

}im T;(¢) € {0, 00, —0};
(B4) if k <n—3, then for each k+2 < j<n—1, Tj(¢) # 0 for £ > ¢; where
/1 1s some integer.

Some examples of functions of type r[k] are given below. The verification
is direct and hence is omitted. These functions shall be needed in later sections.

Example 2.1. For 0 <i< j<n-1, define

1, ifi=j

if i<j—1.

£ir1=Co Tivl (/H_I + ] —i- 1) ’
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In the case k <n—2, suppose that
0]
1

(2.4) Zr-j@:oo, k+1<j<n-1

Then, py ;1 is of type r[k] for any ke [0,n—1].
Example 2.2. For 0 <k <n-—1, define

(1, if k=n-1

- 1 = 1 - 1
(2'5) G-k(/) = /n—l ={ rn_l (/n_l) /n~2;n—l rn_z (/n—2 + 1) fn—;n—Z rn_3 ([n_:; +2)

w 1
rk+1(/k+1 +n—k—-2)’

if k<n-2.

\ Crr1=Cis2

In the case k <n—2, suppose that
= |
(2.6) Y ——<ow, k+l<j<n-l

Then, oy is of type rlk] for any ke [0,n—1].

Example 2.3. Let rj=1 for j#0, n—1and let r,_; =r. For 0<k <
n — 2, define

0 (S_fo)(n—}—k)
2.7 v 0.(0) = .
27) KO =205
Suppose that

® s(n~2—k)

2. —_— .
(2.8) Z ) <
Then, 6y is of type r[k] for any k e [0,n—2].

Example 2.4. Let N € [2,n—1] be fixed, r;=1 for j#0, n—N and r,_y=r.
For 0<k<n—-N-1and 1 €£j<N-—1, define

£-1 ) © _ p \(n~N-1-k)

Suppose that

o (n-N-1-k)
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and
(2.11) }im 1(?) € {0, 0}, I<j<N-1
—00
Then, #;, y_; is of type r[k] for any ke [0,n— N —1].
Lemma 2.1. Consider the difference equation

AT(¢) AT(?)
70 T

(2.12) Au(?) H(¢) =0.

where

(@) T(£), AT(¢) #0 for £ = L;

(b) lim, T (/)€ {0,00,—0}.
Let y be the solution of (2.12) such that y(L) =0. If lim, ., H(¢) exists in R*,
so does limy_,o, y(£). Further, lim,_,,|H(¢)| = co implies lim,_,.,|y(¢)| = 0.

Proof. It can be verified that the solution y is given by

E H(s)AT(s)

(2.13) YO =T 7576+ 1)

Case 1. lims_,, T(¢)=0. Iflim, o, H(/) # 0, then H(/) is of fixed sign
for large /. So it is obvious that

(2.14) iwzm or — 0.

Applying discrete ’Hospital’s rule [1, p. 28], we find

1 H(s)4T(s)
R (F ()

(2.15) }im y(£) = lim

£—00 1
()
_ HOAT()
— fim —OTEHD s B,
£—00 1 1 £— 00

T((+1) T(/)
If lim,_,, H(¢) - 0, then it is clear that Y., (H(s)4T(s))/(T(s)T(s+ 1))
exists in R*. In the case that Y .0, (H(s)4T(s))/(T(s)T(s+1)) is infinite
(ie., (2.14)), we proceed as above and obtain (2.15). If >, (H(s)4T(s))/



Nonoscillatory Solutions 393
(T(s)T(s+ 1)) is finite, then it follows from (2.13) that

(2.16) lim () = - Jim T(¢)- f:f—(s—‘%i—)— = lim H(7).

Case 2. limy.,, T(/)=o or —oo. In view of condition (a), T(¢)
and AT (/) are of the same fixed sign for large 7. If lim, ., H(Z) # 0, then
H(/) is of fixed sign for large ¢. Hence, we see that > 2, (H(s)4T(s))/
(T(s)T(s+ 1)) exists in R*. If lim/ H(/) =0, then it is also obvious that
S (H(5)AT(s))/(T(s)T(s+ 1)) exists in R*.

Suppose that >, (H(s)4T (s))/(T(s)T(s + 1)) # 0. Then, it follows from
(2.13) that

. . _H(s)4T(s)
. =—lim T(/ — 0.
(217)  lim p(4) = —lim T( SE_L T(S Gano© O 0

If >0 (H(s)4T (s))/(T(s)T (s + 1)) = 0, then by using discrete 'Hospital’s
rule again we ﬁnd (2.15).
In both cases, we have (from (2.15) and (2.16))

}im y(£) = }im H(¢)
r (2.17). Hence, the conclusion of the lemma follows.

Lemma 2.2. Let x be a function of type rlk] for some ke[0,n—1].
If Y2, x(s+1)4]'y(s) exists in R*, so does lim, ., 4¥y(¢). Further,
Do <s+1>A;’ ()| = oo implies lim,—.oo|4¥ y(¢)] = oo

Proof. Case 1 k=n—1. By (2.1) and (B2), x = T}, = T4 = ¢ for some
constant ¢ > 0. It follows that

£— 00

100
lim 4" 'y(¢) = 4" y(L
im 477 y(0) = A7) 2D _xls+

from which the conclusion is immediate.
Case 2 k<n-2. For k+1<j<n, we define

/-1 £—1 j
219 90)= LT+ DAUI ) = 3 T+ ) ZFD

where Tj’s are related to x as in the definition of a function of type r[k].
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On summing (2.18) by parts and using (2.2), it follows that

4(¢) = Ti(s) 4] y(s)|o ZA’ Ly(s)4T;(s)
s=L
T [T+ DA YO gt
- 7}_1(/+ 1) l: . rj—l(v/) :| T](L)Ar y(L)
ri-1()
_ SR Ti-i(s+1)
;Ai y(s) —c)
L) pgy1(6) - T4 YD) = 411 ()
AT(/) q]_l J ¥ y q]—l
or equivalently
AT(/) AT;(¢) .
where
(2.19) Hi(¢) = —q;(¢) — T,(L)4] "' y(L).

Therefore, g;_1 is a solution of the difference equation (2.12)|7_7, y_p, and we
note that g;_1(L) = 0. It is also obvious from (2.19) that if lim, ., ¢;(#) exists
in R*, so does lims_,,, H;(¢). Applying Lemma 2.1, we see that lim;_,o, g;-1(/)
exists in R*. Further, if lim,_,|g;j(¢)| = oo, then (2.19) provides lim /. |H;(/)|
= 0. So by Lemma 2.1 again, we have lim,_,q|q;-1(¢)| = o

Now, since

lim g.(¢) = i To(s+1) Ar’n{(s) = EOO:X(H 147 y(s)
s=L n

S) s=L

exists in R* (given assumption), the above arguments can be applied for j = n,
n—1,...,k+2. Consequently, we have

(2.20). }im Gr+1(£) exists in R™.

In addition,
o]

(2.21) > x(s+1)47y(s)| =0 implies lim e (4)] =
s=L -

Next, since Ty,; = ¢ for some constant ¢ > 0, from (2.18) we find

qi1(£) = Z Ter1 (s + 1)A(AE p(s)) = c[4F y(¢) — 4F y(L)]
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which leads to
. 1.
(2.22) lim 4Fy(£) =~ Jim g (¢) + 4F¥(L).

Hence, in view of (2.20) and (2.21), it follows from (2.22) that lim/_,., 4%y(¢)
exists in R* and |32, x(s + 1)4"y(s)| = co implies lim/_,|4¥y(¢)| = o0

3. Main results
Theorem 3.1. Let

(C1) lim sup r(¢) < o0.

£—0

Further, suppose that there exists a function x of type rlk| for some k € [0,n — 1]
such that
(C2) if k=1, then

=1

- = | < ke
Zri(/) 0, 1<i<k;

(C3) for al 0 < u<1 and v>0,

Y _x(¢+1)ug*(¢) — g~ (¢) = vin)l) =
or
DX+ Dlug™(4) — g (¢) —vih())) =
where g*(¢) = max{g(¢),0} and g (/) = max{—g(¢),0}. Then, any bounded
solution y of (E,) satisfies lim inf,_,,|y(£)| = 0.

Proof. Suppose the contrary and let y be a bounded solution of (E,,) such
that lim inf,_,|p(¢)] > 0. Then, y is nonoscillatory. We can assume that y is
eventually positive, since if otherwise, in view of (A3), the substitution z = —y
will transform (E,,) into an equation of the same form satisfying the conditions
of the theorem. So let y(#£) > 0 for £ > 41 = ¢).

By (A2) and the boundedness of y, there exist positive constants M; and
M, such that for some L > 4,

(3.1) M < y(ai(¢)) < M, l<i<m, ¢>L.

Then, in view of (A3) there exist positive constants ¢; and ¢, such that

(3.2) c1 £ F(y(ai (), y(a2(6)), . .., y(am(£))) < €3, ¢ > L.
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Now, we rewrite (Ep) as
(3.3) A y(¢) = h(¢) — g~ (O)F(y(@ar(0)), -, y(am(£)))

+ g (OF @), .., an(t))):
Define u = cic;' € (0,1 and v = ¢5' > 0. Using (3.2), it follows from (3.3) that
(3.4)  x(£+V)A'y(0) = x(¢ + D[h(¢) — 297 (£) + c197 ()]

=cx(¢ + D{ug (¢) —g"(¢) +vh(¢)], (=L
and
(3.5)  x(¢+ 14 y(¢) < x(¢ + D[A(C) — c1g™ (¢) + 29 (4)]
= —ox(t + Dlug () —g (O — (), £>L.

Noting (C3), inequalities (3.4) and (3.5) yield

00

(3.6) Zx(/ +1)4y(¢) = or — 0.
=L

By Lemma 2.2, relation (3.6) implies
(3.7) }1_{130 AR y(t) = or — 0.
Finally, we shall show that
}i_x}go Ay(£) = o or — 00,
i.e., (3.7)0 holds. This leads to a contradiction since by (Cl) and the bound-
edness of y, 4°y(¢) = (roy)(¢) is bounded. The proof of the theorem is then

complete. Obviously, (3.7)o is trivial if Kk =0. Suppose that k> 1. In view
of (3.7), there exists L; > L such that for /> L,

A py=1  or  A¥y(t) < 1.

This is equivalent to

1
or A4y < ——— ¢ >L.

k-1 1
(3.8) 44,7 W) = r ek =

— ne(?)
Summing (3.8) from L; to (£ —1), we get

™~

1
(3.9) A0 2 ALY+ S —— o
1rk(s)

Il
~

8

/=1 1

A y(¢) < AF7 (L) —SZL:I o)
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By (C2), letting £ — oo in (3.9) leads to

lim A*1y(¢) = 0 or —o0
£— 0

which is the same as (3.7),—;. Hence, by repeating the above procedure we
finally obtain (3.7)p. The proof of the theorem is complete.

Theorem 3.2. Let (C1) holds. Further, suppose that there exists a function
x of type r[0] such that

(C4) ix(/—l— DAY < oo;

[ee]

(C5) ix(/—l— Dgt(¢/)=0  and Zx(/-l— )g~(¢) < ©
or

[ee] o0

Yox(t+ gty <o and D x(¢+ g (¢) = 0.

Then, any bounded nonoscillatory solution y of (E,,) satisfies lim,_, o, ro(£) y(£)=0.
If, in addition,
(C6) lim inf ro(£) > 0,

{00
then any bounded nonoscillatory solution y of (E,,) satisfies lim,_,, y(£) = 0.

Proof. Let y be a bounded nonoscillatory solution of (E,). As in the
proof of Theorem 3.1, we assume that y is eventually positive and y(¢) > 0 for
¢ >{1 2%y As before, we have (3.1)-(3.3). It follows from (3.3) that

T

(3.10) > x(¢+ D)4 y(¢)

/=L

3 Vg OF @)y Man()), T2 L
=L
Noting (3.2), (C4) and (C5), from (3.10) we see that > ;> x(¢ + 1)4” y(¢) exists
in R*. So by Lemma 2.2, lim/_., 4°y(¢) also exists in R*.
Next, since conditions (C4) and (C5) imply {C3), an application of Theorem
3.1 (with k£ = 0) provides

(3.11) lim inf y(¢) = 0.

£—00
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In view of (3.11) and (Cl), we find
(3.12) lign inf A%y(¢) = lign inf ry(£) y(¢) = liI{}’l inf ro(¢) -lign inf y(¢) = 0.

As lim,_, A? y(¢) exists, using (3.12) we immediately get

lim ro(£)y(4) = }I—I& Ay(¢) = li%(ixr)lfA?y(/) =0.

{— 0
The last part of the theorem is obvious.

The next result is for the difference equation (E;). Here, we shall denote
a) =d.

Theorem 3.3. Ler (Cl) hold and

(C7) 3 ne = >
(C8) lim inf ry(¢) > 0,

Suppose that there exists a function x of type r[l] such that (C4) holds and (C9)
Jor some positive integer 9,

or

{40 0

liglg)lf ;x(s+ g~ (s)>0  and Zx(s+ gt (s) < oo.

Further, assume that a is nondecreasing and Aa is bounded on [¢y, ). Then, any
bounded nonoscillatory solution y of (Ei) satisfies

lim 11 (£)4(02)(¢) = Jim A(roy)(¢) = lim ro(¢)y(2) = 0.

Proof. Let y be a bounded nonoscillatory solution of (E;). Once again y
is assumed to be eventually positive and y(¢) > 0 for £ > £, > ¢,. As before,
we have (3.1)—(3.3) and (3.10) (with m =1). In view of (3.2), (C4) and (C9),
from (3.10) we see that > 72, x(¢ + 1)4”y(¢) exists in R*. So by Lemma 2.2,
lim/_, 4! y(¢) also exists in R*. We shall first show that

(3.13) lim 4 y(¢) = lim r1(¢)4(roy)(¢) = 0.

{—00

Suppose the contrary. Then, there exists a positive constant ¢ such that for
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some L > L,

Aly(ty=c or  Ay)y<—c, =L

This is the same as

c c
3.14 Aroy)(¢) = —= or A(roy)(£) < — ,
614 A6o)O) = (o) < 7
On summing (3.14) from L; to (¢ —1) and taking (C7) into account, we get
lims_, ro(¢) y(£) = o0 or —oo. This is a contradiction because ryy is bounded

by virtue of (C1) and the boundedness of y. Hence, (3.13) is proved.
Next, in view of (C8), relation (3.13) immediately provides

(3.15) }1_{{.10 A(rpy)(£) =0

£ =L.

which is the second conclusion of the theorem.
It remains to show that

(3.16) Jim A%y(¢) = Jim ro(¢)y(¢) =0.
— 00 — 00

For this, noting that (C7) is actually (C2) when k = 1, and also (C4) and (C9)
imply (C3), we apply Theorem 3.1 (with k = 1) to get (3.11) which, in view of
(Cl1), leads to (3.12). To complete the proof, we need to show further that
(3.17) lim sup 4%y(¢) = 0.

£—

Suppose (3.17) does not hold. Then, taking note of (A2) and (3.12) (which
has been proved), we have

lilfn inf 4°y(a(¢)) =0  and lim sup 4°y(a(¢)) = d
—®© £—0

where d is some positive constant. Using the arguments in [3], there exist three
integer sequences {a;}, {;}, {y;} with lim;_,o; o; = oo such that for each j > 1,

(3.18) A y(a() = § = 4¥(a(B);
(3.19) A y(a(yy) > d;

d
Ayae) >S5, y<l<p
Now, by discrete mean value theorem {1, p. 24], we have

A y(a()) — 47 y(a(x))

(3.20) aly) —a(a)

<AAy@(E)]  or  V[4Ay(a(&))]
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where a(&;) € [a(a;) + 1,a(y;) — 1] and lim; ., & = oo. Using the fact that a is
nondecreasing and also (3.18) and (3.19) in (3.20), we obtain

(3.21) %<A[(w)(d(é))] or  Vi(oy)a(&)).

Since the right side of (3.21) tends to zero as j — oo (by (3.15)), it is necessary
that

(3:2) lim () — a(2)] = oo.

Jj—oo
Once again, by mean value theorem we have
(3.23) a(B;) — a(e;) < (B; — a;)4a(0;) or (B; — aj)Va(8;)

where 0; € [¢; + 1,8, — 1]. Since 4a is bounded (so is Va), in view of (3.22), it
is clear from (3.23) that

(3.24) lim (8, — o) = 0.

Jj—o0

Next, we observe that for each j>1,

d
Mya) =, el
Consequeantly, using (C1) we find

d d
YD =2 5 a@) = 2wy & LSl

Hence, y(a(¢)) has a positive lower bound on the set U [, 8;]. So in view
of (A3), there exists a positive constant M such that

F(ua0) = M,  ¢e\Z .8

Then, it is clear that

o o b
(325 Y x(s+ Dg*()F(p(a(s)) = Y Y x(s+ D)g* (5)F(y(a(s)))
s=L

]:1 s=0;

On the other hand, by (3.24) and (C9) we have

ﬂj 00 ﬂ/‘
Z,Zx(s—i— g*(s) = or ZZX(S“i' Dg~(s) =

j=1 s=u j=1 s=o;
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Therefore, it follows from (3.25) that

(3.26) ix(s—i—l)gﬂs)F(y(a(s =00 oOr sz—f-l VF(y(a(s)))=co.
s=L s=L

In view of (3.26) and (C4), we see from (3.10)|,_, that 3", x(s+ 1)4” y(s) =
o or —oo. By Lemma 2.2, this implies that lim/_.o, 4! y(¢) = 00 or —o0 which
is a contradiction to (3.13). Hence, we have shown (3.17) and this completes
the proof of the theorem.

The next two results are for the difference equation (E,) where g is
nonnegative. They are discrete generalization of the results of Kusano and
Onose [4, Theorem 3; 5, Theorem 3].

Theorem 3.4. Let (C1) and (C6) hold. Further, suppose that

a0 1 .
(C10) Zri(/):oo, l<i<n-1
0

(C11) gty =0, ¢£=4 and Zg(/) =
(C12) lim inf F(uy,...,un) >0 and lim sup F(uy,. .., uy) < 0;

1<i<m T<i<m

0

(C13) > x(¢+ DA < 0

where x is a function of type r|0] given by

x(4) = pO,nfl(/) (see (2.3))

£—1 1 fn1—1 1

B bur=ty rn—l(/nfl) bna=ty rn~2(/n—2 + 1)

ln2—1 1 £r—1 1

X —_ - -
tn3=to "n-3(ln-3 +2) f;fo (4 +n— 2)

Then, any nonoscillatory solution y of (E,,) is bounded and satisfies lim,_,, y(¢)
=0.

Proof. Let y be a nonoscillatory solution of (E,). Again y is assumed to
be eventually positive and y(¢) >0 for £/ >¢; > ¢;. Let L be such that for
¢>L, a;(¢) > ¢, for every 1 <i<m. It is clear from (E,) that
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(327) > _x(¢+1)4ry(¢)

= "x(¢+ D) = > x(t+1)g(O)F (3@ (2)),- -, y(@n(£))),

/=L ¢=L
£ = L.

In view of (A3) and (C13), from (3.27) we see that ) _,” ; x(£ + 1)4] y(¢) exists in
R*. Tt follows from Lemma 2.2 that lim/ . A%y(¢) also exists in R*. First,
we shall show that

(3.28) lim 4°y(¢) = lim ro(¢)y(¢) < oo.
{— 0 £— 00
Suppose the contrary, i.e.,
(3.29) lim 4°y(¢) = oo.
{— 0
Then, taking note of (Cl) it is obvious that

. . A%y(¢)
1 = r =
IO = Iy =

Consequently, by (A2) and (C12), the function F(y(ai(/)),...,y(am(¢))) has
positive lower bound. This, together with (C11), yields

(3.30) S dOFM@(2)),-.., yan(?))) = oo,

Further, it is clear that (C13) leads to

(3.31) ilh([)] < 00.

Now, noting that 47y = A(477'y), we sum (E,) from L to (£ —1) to get
/=1 /-1

(332) A7) =47 9(L) = Y g(s)F((ar(s)), -, vam(s) + D _hs).

||
~
%
||
I~

§:

Letting £ — oo in (3.32) and applying (3.30) and (3.31), we obtain

(3.33) lim A" 'y(¢) = — 0.

{— o0

Using (3.33) and (C10), a similar argument as in the proof of Theorem 3.1 gives

lim A°y(¢) = —0

{—co

which is a contradiction to (3.29). Hence, we have proved (3.28).



Nonoscillatory Solutions 403

Next, it follows from (3.28) and (C6) that

: . A%y(?)
Jim y(4) = Jim =

< o0,
i.e., y is bounded. Finally, noting that (C11) implies (C5) and (C13) is (C4), we
apply Theorem 3.2 to get lim/ ., y(¢) =0.

Theorem 3.5. Let (Cl) and (C6) hold. Further, suppose that

= 1

(C14) Zm—)@o, l<i<n-—1;
(C15) iih(/)l < o0;
(C16) g(£) =0, (=4 and ix(/ + 1)g(¢) =
where x is a function of type r|0] given by '
x(¢) = oo(£) (see (2.5))
= 1 = 1

- s

lon=t rn~l(fn—l) bnzmtp 1 rn-Z([n—Z + 1)

O R D
X —_— .. - - .
ln-3=tn_2 rn_3(/n_3 + 2) H={> rl (/1 + L 2)

Then, any nonoscillatory solution y of (En) is bounded and satisfies lim,_,, y(¢)
=0.

Proof. Let y be a nonoscillatory solution of (E,). We shall assume that y
is eventually positive and y(¢) > 0 for £ > ¢} > ¢,. From (E,,) we have (3.32)
which, in view of (A3) and (C15), leads to

(3.34) Ay < My,  £>L

where M,_; is some positive constant. Summing (3.34) from L to (¢/ — 1) and
taking into account (C14), we get

/-1
1
A"2p(¢) < A" 2 y(L) + My § —E) < M,_,, {>L
s=L """

where once again M,_, is some positive constant. By continuing the process,
eventually we obtain 4%y (=rgy) is bounded. By (C6), this implies that y is
also bounded. Finally, noting that (C15) and (C16) respectively leads to (C4)
and (C5), we use Theorem 3.2 to get lim,_,y(¢) =0.
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4. Applications

To show the importance of the results obtained in Section 3, we shall
investigate the asymptotic behavior of nonoscillatory solutions of the difference
equation

(Dwy) A" [r()4" N p(¢)]
+9(O)F(y(ar(?)), y(@(f)), ..., y(am(£))) = h(¢), £ =4

where N e [l,n—1] is fixed, r: [fp,0) — R* and (A2), (A3) are satisfied.
We note that (D,,y) is a special case of (E,) when r;=1 for j#n—-N
and r,_ny =r.

Corollary 4.1. Suppose that
N

Further, there exists a real number p and an integer k € [0, N — 1] such that for all
O<u<1 and v>0,

[e®]

(4.2) S +1-p)Pugh(t) — g (¢) —vh()]] =
or

S+ 1= D) Plug () - g (£) ~ (O] = 0.
Then, any bounded solution y of (Dpy) satisfies lim inf,_, . |y(£)] = 0.

Proof. Without loss of generality, we assume that /o > p + k. It can be
verified easily that the function

x(¢) = (¢ - p)¥

is of type rfn —k —1]. Noting that 1 <n— N <n—1, we have rp =1 and so
(C1) is satisfied. Next, since n— N <n—k—1<n—1, condition (C2) (with
k replaced by (r—k — 1)) reduces to (4.1). Finally, (4.2) is exactly (C3) with
k replaced by (n—k —1). Hence, the conclusion follows immediately from
Theorem 3.1.

Corollary 4.2. Suppose that there exists an integer k € [0,n — N — 1] such
that

0 /(n—N—— 1 —k)

(4.3) > ke
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Further, let (C3) be satisfied with

- (N-1) n-N-1-k)
x(/):’i(/’—s—l)N V(s — £0) N1 "_

(44) rs+N—-1)

S={{ 0

Then, any bounded solution y of (D) satisfies lim inf,_ | y(¢)| = 0.

Proof- By direct computation, we have
x(¢) = (N = Dln = N =1~ K)lpy , 1(2)

where py, ,_; is given in (2.3). Using (4.3), it can be verified that the function x
is of type r[k]. Moreover, it is noted in the proof of Corollary 4.1 that (C1) is
fulfilled. Finally, since k <n— N — 1, we observe that (C2) obviously holds.
Hence, the conclusion is immediate from Theorem 3.1.

Corollary 4.3. Suppose that there exists an integer k € [0,n — N — 1] such

(n—N—-1-k)

that - s(n_z_k) . o S
(a) ) <w if N=1; > e

(b) if N> 1, then limy o, 1;(£) € {0, 0} for every 1 < j <N —1; and
(¢) condition (C3) is satisfied with

Or(2), N=1
) = {ﬂk,N—x(/)z N >1

<o if N>1;

where Oy and ny; are respectively given in (2.7) and (2.9). Then, any bounded
solution y of (Duy) satisfies lim inf,_,,|y(¢)| = 0.

Proof. Clearly, the function x is of type r[k]. Moreover, as noted in the
proof of Corollary 4.2, conditions (C1) and (C2) are satisfied. Therefore, the
conclusion follows immediately from Theorem 3.1.

Corollary 4.4. Suppose that there exists a real number p such that

[ee)

(4.5) Y+ 1-p)" V()] < oo;

o0 o0

@6) > (¢+1-p)" Vgt (t)y=0 ad Y (t+1-p)" Vg (£) <

or

0 o0

Z(/—f— 1-p)" Vgtt) <0 and Z(/—i— 1—p)" Vg (¢) = 0.

Then, any bounded nonoscillatory solution y of (D) satisfies lim,_,, y(£) = 0.
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Proof. Since ry =1, conditions (Cl) and (C6) are fulfilled. As in the
proof of Corollary 4.1, it is noted that the function

x(¢)=(¢-p""
is of type r[0]. Thus, (4.5) and (4.6) correspond to (C4) and (CS5) respectively.
We use Theorem 3.2 to get the conclusion.

Corollary 4.5. Suppose that
0 /(an —1)

Further, let (C4) and (CS5) be satisfied with
1) ( ) )(n7N~1)
(4.8) Z TN T .

S——fo
Then, any bounded nonoscillatory solution y of (Dyy) satisfies lims_.o, y(¢) = 0.

Proof. Once again conditions (Cl) and (C6) are satisfied. Next, we
observe that

x(0) =N =Dln=N—-1!pg,1(4)

where pg,; is given in (2.3), and also (4.7) ensures that x is of type
r[0]. Theorem 3.2 is then used to get the conclusion.

Corollary 4.6. Suppose that

0 s(n_Z) * N 1 0 S
@ Xy s INEE R
(b) if N> 1, then lim, . ny(/) € {0,000} for every 1 < j< N —1; and
(c) conditions (C4) and (CS) are satisfied with

90(/)a N=1
)= {’io,Nl(/)» N>1

(n—N-1)

<o if N>1,

where Oy and ng; are respectively given in (2.7) and (2.9). Then, any bounded
nonoscillatory solution y of (Dpy) satisfies limy_,, y(£) = 0.

Proof. Since rp = 1, conditions (C1} and (C6) are satisfied. Next, noting
that the function x is of type r[0], the conclusion is clear from Theorem 3.2.

Corollary 4.7. Consider the equation (Dj ,_1) and denote ay =a. Let

©
(4.9) Z@ = o0,
(4.10) lim inf #(£) > 0

£— o0
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and

(4.11) > £ Dh(e)] < 0.
Suppose that for some positive integer 0,

o0

/40
s (n=2) ,+ (n=2) —
(4.12) h?l glf SE:/ s"gT(8) >0 and E s g7 (s) < 0

or

{10 ©
. (n—2) — (n-2) ,+
ll;{g)f ngs g (s)>0  and E sPEgT(s) < 0.

Further, assume that a is nondecreasing and Aa is bounded on [¢y, o). Then, any
bounded nonoscillatory solution y of (D1 ,-1) satisfies

}im r()Ay() = }im Ay(?) = }im y(¢)=0.

Proof. Here, ro=1 and ry =r. Thus, (Cl), (C7) (=(4.9)) and (CS8)
(= (4.10)) hold. Next, we note that the function

x(£) = (¢ — £o)" Y

is of type r[1]. Subsequently, (4.11) and (4.12) respectively imply that (C4) and
(C9) are satisfied for this x. The conclusion is now immediate from Theorem
3.3.

Corollary 4.8. Consider the equation (D; y) where N < n—2, and denote
ay = a. Suppose that

o /(n—N -2)

4. Lt
(4.13) D v

Let (C4) and (C9) be satisfied with

/-1 e 1\WV-D (n—N-2)
s=£y

Further, assume that a is nondecreasing and Aa is bounded on [£y, ). Then, any
bounded nonoscillatory solution y of (D1 n) satisfies

lim Ay(¢) = lim y(¢) =0.
£— 00 £~

Proof. Since 2<n— N <n-—1, it is clear that ry —r; = 1. Therefore,
(C1), (C7) and (CB) are fulfilled. Next, it is noted that
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x(0) = (N =Dln—=N=2)!p; , 1)

where p; ,_; is given in (2.3). Using (4.13), it can be verified that the function
x is of type r[l1]. Hence, the conclusion is immediate from Theorem 3.3.

Corollary 4.9. Consider the equation (D y) where N <n— 2, and denote
ay = a. Suppose that
oos(n~3) ) o (n—N-2)
(@ > r(s)<oosz L > 1)
(b) if N> 1, then limy ,ny;(¢) € {0,00} for every 1 < j< N —1; and
(c) conditions (C4) and (C9) are satisfied with

01(/)) N =1
x¢) = {ﬂl,N—l(/)7 N >1

N

<o if N>1;

where 01 and n,; are respectively given in (2.7) and (2.9). Further, assume that
a is nondecreasing and Aa is bounded on [{y, ). Then, any bounded non-
oscillatory solution y of (D1 n) satisfies

}im Ay(¢) = lim y(¢) = 0.

£— 00

Proof. As noted in the proof of Corollary 4.8, ro=r; =1 and so (Cl),
(C7) and (C8) are satisfied. Moreover, the function x is of type r[l]. Thus,
the conclusion follows immediately from Theorem 3.3.

Corollary 4.10. Suppose that (4.1), (4.7), (C11) and (C12) hold. Further,
let (C13) be satisfied with x defined in (4.8). Then, any nonoscillatory solution y
of (Dyn) is bounded and satisfies lims_., y(£) = 0.

Proof. Once again conditions (C1) and (C6) are satisfied. Next, since
l <n— N <n-1, condition (C10) reduces to (4.1). Noting that the function
x given in (4.8) is of type r[0], we apply Theorem 3.4 to get the conclusion.

Corollary 4.11. Consider the equation (D) with n—2, ie.,
(4.15) Alr(£)4y(0)] + g(O)F (y(@ar(£)), y(@(?)), - -, y(am(£))) = h(¢), ¢ = to.
Let (C15) hold and let (C16) be satisfied with
o 0-3L
. s={ r(s '

Further, suppose that

(4.17) i L
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Then, any nonoscillatory solution y of (4.15) is bounded and satisfies lim,_,o, y(¢)
=0.

Proof. 1t is obvious that ro=1 and r; =r. Thus, (Cl) and (C6) are
fulfilled, and (C14) reduces to (4.17). Noting that here x = gy, the conclusion
is immediate from Theorem 3.5.

5. [Examples

The first four examples illustrate Corollaries 4.1-4.11 and the last example
is a counter example.

Example 5.1. Consider the difference equation

1
(+1)(+2)(4+3)

= ’ >0
+D({+2)(¢+3)(¢+4) -
Here, n=4, N=3, m=1, £,=0, r({) =£+2, g(£) = [(£+1)(¢+2)(¢+3)]"
h() =T+ D +2)(+3) 2+, al¢) = £+3 and F(u) = u. Obviously,
the hypothesis (A2) and (A3) are satisfied.
It can be easily verified that all the conditions of Corollaries 4.1 (take
k = 2) and 4.7 are fulfilled. However, Corollaries 4.4 and 4.10 cannot be used
as conditions (4.5) and (C11) are not met. Moreover, Corollaries 4.3 and 4.6
and also not applicable as their condition (a) is not satisfied. Consequently, we
conclude from Corollaries 4.1 and 4.7 that
(a) if y; is a bounded solution of (Dj 3), then lim inf,_ .|y, (¢)| = 0;
(b) if y, is a bounded nonoscillatory solution of (Dy3),
limy oo (£ +2)4y,(¢) = lims—oo Ay,(¢) = lims, o y,5(¢) = 0.
In fact, a bounded as well as nonoscillatory solution is given by y(¢) =
(/+1)"" and we note that it does satisfy the above conclusions.

(Dy1,3) A2 +2)4y(0)] +

y(£+3)

Example 5.2. Consider the difference equation

43¢ +17)
¢+ 1) +2)(¢+3)>
Here, n=3, N=1, m=1, 4 =1, r{)=¢, g(¢)=4, h({£)=-403¢+T7)-
[(£+1)(¢+2)(¢+3)°]", a(/)=¢+3 and F(u) =u>. Once again, the hy-
pothesis (A2) and (A3) are satisfied.

We note that Corollaries 4.3, 4.6 and 4.9 are not applicable here as their
condition (a) is violated. However, it can be easily checked that all the con-
ditions of Corollary 4.8 are fulfilled. In fact, from (4.14) we have x(/ +1) =
S/ 1 1/s and (C4) is satisfied as

(Dr1)  AA’y(6)+4y(¢+3) = -
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w B w0 4(3f+7)
Y X+ DO =D x(¢+1) ¢+ ) +2)(¢ +3)

°° 28(/+1) IS 28
<Zx(/+1)———--(/+l)5 <Z(Zl>_’—“(/+1)4<°o

s=1

It can also be verified that the conditions of Corollaries 4.1, 4.2 (take k = 0),

4.4, 4.5 and 4.10 are met. Hence, we conclude that

(a) if y, is a bounded solution of (D ;), then lim inf, |y;(¢)| = 0;

(b) if y, is a bounded nonoscillatory solution of (Dy,1), then lim/_., 4y,(¢) =
lim/_)oo yz(/) =0;

(c) if y; is a nonoscillatory solution of (Dy,1), then it is bounded and satisfies
lim,_.q J’3(/) =0.

It is noted that a bounded as well as nonoscillatory solution is given by y(/) =

¢~ and indeed it does fulfill the above conclusions.

Example 5.3. Consider the difference equation

(Ds,1) A2+ DAy +£(¢ + D)0 +2)p()p( + 1) y(£ + 2)y(¢ +3)y(4 +4)

1
“eraeray (Fh
Here, n=2, N=1,m=5,4y=1, r(£) =£(¢+1), g(¢) = £({+1)(£+2), h(¢) =
[(£4+3)((+8)] ), ai(/)=¢+i—1,1<i<5and F(u,...,us) = [[., ;. Once
again, the hypothesis (A2) and (A3) are satisfied.

It can easily be verified that the conditions of Corollaries 4.3, 4.6 and 4.11
are fulfilled. On the other hand, conditions (4.1), (4.3), (4.5) and (4.7) are not
met. Thus, we cannot employ Corollaries 4.1, 4.2, 4.4, 4.5 and 4.10 here. By
Corollaries 4.3, 4.6 and 4.11, we conclude that
(a) if y, is a bounded solution of (Ds ), then lim inf, .|y, (/)| = 0;

(b) if y, is a bounded nonoscillatory solution of (Ds 1), then lim/_.o y,(¢) = 0;
(c) if y; is a nonoscillatory solution of (Ds 1), then it is bounded and satisfies

lim,. .o y3(/) =0.

In fact, a bounded as well as nonoscillatory solution is given by y(#) = ¢! and
we note that it does satisfy the above conclusions.

Example 5.4. Consider the difference equation

1

(D1.1) AL+ 1) +2)A9()]) + (£ +2)(¢ + 3 ———

y(£+3)

Ak 15¢% + 52¢ + 54
¢+ 1) +3)°

) £=1.
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Here, n=3, N=1,m=1,4y=1,r(¢) = (£ + 1)(£ +2), g(¢) = (£ +2)(¢ +3)*,
W) = — (3 + 1507 + 524 + 58)[L(L+1)(¢+3))]7", a(f) = ¢ + 3 and F(u) = u~>.
Clearly, the hypothesis (A2) and (A3) are satisfied.

It can be checked that the conditions of Corollaries 4.3 (take k£ = 1) and 4.9
are met. However, conditions (4.1), (4.5), (4.13) and condition (a) of Corollary
4.6 are violated. As such, we cannot apply Corollaries 4.1, 4.4, 4.6, 4.8 and
4.10 here. By Corollaries 4.3 and 4.9, we conclude that
(a) if y, is a bounded solution of (Dj ), then lim inf,_|y;(4)] = 0;

(b) if y, is a bounded nonoscillatory solution of (Dy 1), then lim,_, 4y,(¢) =

limy_q y,(£) = 0.

Indeed, a bounded as well as nonoscillatory solution is given by y(¢) = #~' and
we note that it does fulfill the above conclusions.

Example 5.5. Consider the difference equation
(Do) AL+ DAY + (£ +2)(£ +3)(¢ + Dy + D) y(¢ +2)
=+ DR+ +22(+3)(¢+4)], =0

Here, n=2, N=1,m=2,4y=0,r(() =4(/+1), g(¢) = (£ +2)(¢ + 3)(¢ +4),
W)=+ D2+ +2°(+3)(+D)], ai(t)=¢+1i, i=1,2 and F(uy,up) =
ujus. Obviously, the hypothesis (A2) and (A3) are satisfied.

It can be checked that (C11) and (C12) are fulfilled whereas (4.1), (4.7)
and (C13) (with x defined in (4.8)) are not satisfied. Hence, the conditions of
Corollary 4.10 are violated. Indeed, (D,1) has a nonoscillatory solution given
by y(¢) =¢ and contrary to the conclusion of Corollary 4.10, this solution is
not bounded and lim,_. y(¢) # 0.

Moreover, (C16) (with x defined in (4.16)) and (4.17) are satisfied but (C15)
is not met. Therefore, the conditions of Corollary 4.11 are violated. As noted
above, (D,,1) has a nonoscillatory solution that contradicts the conclusion of
Corollary 4.11.
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