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The Nonlinear Boundary Value Problem for the Equation of
Mixed Type

By

Nikolai A. LARKIN
(Universidade Estadual de Maringa, Brasil)

1. Introduction

We consider in the cylinder Q=D x(0,7):te(0,T), xe D = R", the
linear equation of mixed type

(1.1) K(x,uy — du+ ou; = f(x,1)

arising in the asymptotic theory. of transonic flows, [1]. A smooth function

K(x,t) can change its sign or be equal to zero on arbitrary sets of points in Q;
n

K(x,0) <0, K(x,T) = 0; « is a positive constant, 4 = 3 9%/0x?. Assumptions
i=1

K(x,0) <0, K(x,T) =0 imply that (1.1) is elliptic at =0 and hyperbolic-

parabolic at ¢t =T.

It is known, [2-5], that a type of boundary conditions on surfaces ¢ =0,
t =T depends on a sign of K(x,7). In our case

(1.2) u(x,0) =0,

(1.3) %4‘ F(x,1, “t)lan(o,T) =0,

where d/0v denotes the derivative in the direction of an outward normal on dD.
We assume that D is a bounded domain with a sufficiently smooth boundary
oD.

The problem (1.1)-(1.3) models transonic flows in a channel with perfo-
rated walls under the nonlinear Darcy’s law when a velocity of a gas changes
from subsonic values at =0 to supersonic ones at =T, [5].

A big number of papers is devoted to solvability of linear boundary value
problems for (1.1), see [2-6] and their references. As a rule, the Dirichlet
condition or the Neumann condition was given at the lateral surface S = 0D x
(0,T). The Neumann condition corresponds to impermeability of a solid wall
of a channel. On the contrary, the condition (1.3) allows gas to penctrate
through perforated walls. Earlier, [7], we have considered the following
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problem which models a viscous transonic flow in perforated channels:
—Hlbxxx + Uxtixy — tyy = 0,
Uyo =uo(¥);  Unlumg =w(d),  tlior =05
u, + ux|y:1 =0, uyl,—o = 0(x).

Existence and uniqueness of regular solutions to this problem were proved
provided appropriate norms of up, u;, ¢ were sufficiently small.

In the present paper we establish the existence and uniqueness results for
(1.1)=(1.3) in a class of generalized solutions. To prove existence of solutions,
we use an analogue of the Faedo-Galerkin method and regularization by highest
derivatives.

In Faedo-Galerkin’s procedure, basis functions depend on x only. In order
to find unknown coefficients depending on ¢, one has to solve globally on (0, T")
a nonlinear system of ordinary differential equations which in our case cannot
be transformed into the normal system on the whole interval (0, 7). This fact
does not permit to use directly standard existence theorems of ODE. On
the other hand, regularization by a system of a higher order with additional
boundary conditions allows to use Galerkin’s method and to prove existence
results for the regularized system. Passing to the limit on a parameter of
regularization, we get an approximate solution (Faedo-Galerkin’s approxima-
tions) to (1.1)—(1.3). Having sufficient a priori estimates, it is possible to prove
convergence of approximate solutions to the exact one. We used the similar
technique in [8].

Our paper has the following structure.

In section 2, we give principal notations and assumptions.

In section 3, Faedo-Galerkin’s approximations are constructed. Here we
use regularization of the system of nonlinear ordinary differential equations of
the second order by derivatives of the third order.

In section 4, a priori estimates of approximate solutions are proven.

In section 5, we prove solvability of the problem (1.1)-(1.3).

2. Notations and assumptions

We introduce the following notations:
(00 = [ (. dotx, v, ul)f? = o))
D

T
lull® = L w()Pdi,  S=oDx(0.T), I'=aD.
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Through L?(D), H'(D), H'(0,T;L*(D)), we denote analogously to [9] the
Lebesgue spaces of p-integrable in D functions and the Sobolev spaces.

Assumptions.
Al). F(x,tu) e C(S x R).
For all (x,¢) e X the following inequalities hold
A2). |F(x,t,up)| + [F(x, t,u)| < C(1+ |ug ).
A3). F(x, t,u)u, = Colu’.
Ad). [ F(x,t,s)ds > 0.
A5).  (0F Jou)(x, t,ur) = Co(1 + |us)’),
where C, Cp are positive constants; p is a nonnegative number,
A6). The function K(x,t) e C!(Q) satisfies the following inequalities:

20— |Ki(x,0)] >0 in O,

A7). K(x,0) <0,
A8). K(x,T)=0, xeD.

3. Construction of approximate solutions

Definition 3.1. A function u(x,?):ue H'(Q), u(x,0) =0; u, € L’*(S)N
H'(Q), is called a generalized solution to (1.1)—(1.3) if for a.e. 7€ (0, T') and for
an arbitrary v e LP*2(I"YN H'(D) the following identity holds

(3.1) (Kug, v)(t) + (Vu,Vo) (1) + Jr F(x, t,u)odI" + (o, 0)(2) = (f, 0)(2).

An approximate solution u¥(x,7) to (1.1)-(1.3) will be sought in the form
N
¥ (x,0) =D g (B)wi(x).
=1

Here {wj(x)} is a basis in H'(D)NL’**(I'), orthonormal in L?*(D).
Unknown functions gy () are solutions to the following boundary value
problem for the system of N ordinary differential equations

(3.2) (KulY ,w;) + (Vu ,Vw;) (1) + (e, wy) (1)
+ j (Fx, t,u ywidl = (f,w;)(0),
I

(3.3) uV(x,0) =gin(0)=0, j=1,...,N.

The system (3.2) is not a standard ODE system, respectively, (3.2), (3.3) is not
the classical Cauchy problem, since at 1 =0 only one boundary condition is
posed for the system of the second order. It is a consequence of the fact that,
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due to Assumptions A7, A8, the function K(x,?) at least once changes its sign
in Q.

It means that (3.2) cannot be rewritten as a normal ODE system
simultaneously on the whole interval (0, T'), and that (3.2), (3.3) is the nonlocal
boundary value problem. Solutions to this problem have to be constructed
globally on (0,7).

Regularized problem. In order to construct g;y(¢), we will find at first
solutions to the following regularized problem

(3.4) L.gju = —H9uju + (Kuﬁ,’,, w;)(t) + (Vuff, Vw;) (1)
o )0+ | Pl ufwdr

= (f’ Wj)(t)7
(3:5) gyj(()) =0, | gﬂm(O) = gﬂjn(T) =0, j=1,...,N,

where p is a positive number.
In turn, we find g,;(¢#) by Galerkin’s method as follows:

M
(3.6) gm = BiZi(t)y  gu(0)=0,
i=1
Ziy+viZ; =0; vy =0, v; >0, i=23...;

Z,‘t(O) ZZ”<T) :0, i:2,...;21 =

T
J Zi(O)Z(t)dt = oy, Li=1,...,M; j=1,...,N.
0

Taking into account (3.6), u™(x,r) has the following form:

(3.7) J ZZ B Zi(t)w;(x)dt

where unknown constants f§; are defined as solutions of the following algebraic
system of NM nonlinear equations:

T M
(3.8) —#L Zﬂ,-jzmzlmjo (K™ ;) (1) + ™, wy) (1)) Zydl
i=1

+ J()T{(Vu,iVM ,Vwy)(0) + L F(t,uly )w]dr} Zdt

T .
:J (f, w)(t)Zdt, j=1,....,N,I=1,..., M.
0
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To establish solvability of (3.8) with respect to f;, we employ the following
lemma, [10], which is also known as Sharp Angle Lemma.

SHARP ANGLE Lemma. The nonlinear system of equations
A;(Cy, ..., Ck) = hy, j=1...k

has a solution for each h= (h,...
(i) the functions

yhe) if it satisfies the conditions

4;(C) = 4;(Cy,...,Cy) : R* — R*

are continuous:
(i) there exist constants ay >0 and a; > 0 such that the inequality

k
4(€), €) :ZA] > ap|C]'"™* — @)
j=1

holds for some &> 0.

It is clear that the crucial condition of this lemma is an a priori estimate of
solutions.

3.2. Solvability of (3.8). First, we will prove two lemmas.

Lemma 3.1. Assumptions A6, A7 imply the following inequalities
(3.9) 20— |Ki(x,8)| 220 >0  in Q,
(3.10) K(x,0)< -2y <0 in D,
where 0, 1 are positive numbers.

Proof. Since D and Q are compacts, inequalities (3.9), (3.10) are con-
sequences of Assumptions A6, A7 and the Heine-Borel Lemma.

Lemma 3.2. There exists a pbsitive number Ty >0 such that in Q, =
D x [0, Ty] the inequality holds

(3.11) K(x,t) < -7 <0 in Q.

Proof. The inequality (3.11) is a consequence of (3.10) and continuity of
K(x,t) in Q.

3.3 The estimate 1. Multiplying the jl-th equation of (3.8) by f; and
summing over / and j, we come, taking into account (3.6), (3.7), to the equality
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utt

(3.12)  2ulu)? + jg(zcx - K)w 0+ | [7u™ (s, 1) s

T
+2 Jo L F(x,t, uﬁM)uﬁfldth

=2 JQ fupMdQ.

Using (3.9)-(3.11) and Assumption A8, we reduce (3.12) to the inequality

T

(3.13) ulluﬁi”ll2+5lluﬁMllz+CoL

J W™ P2ardr < C| £,
I

where C, Cy do not depend on y, N, M. Making use of (3.6) and ortho-
normallity of {w;}, {Z;}, we have from (3.13)

) e 2 2
™12 =" g < Clifl®.
J=1 i1

This estimate, (3.12) and (3.13) provide the inequality of the Sharp Angle
Lemma with ¢ =1 that in turn guarantees solvability of (3.8) with respect to
B It means that we have established the existence result in the following

Lemma 3.3. For all finite integers N, M, there exists a unique function
u/f’M (x,8) having the form (3.7) and satisfying the identity (3.8).

Proof of uniqueness. Let u™ and vflVM be two distinct solutions to (3.8),

then their difference S = ul” — v} satisfies the identity:

2ul|Sull* + J (20 — K;)S?dQ + J VS(x, T)|*dx
0 D

+2JTJ [F(ulY™)y — F(UZM)](uZM — vﬁM)dth
0o Jr

=0.

Due to Assumption A5, F(u,) is a monotonic function. Taking into account
this fact, Assumptions A7, A8 and (3.6), we obtain
1S:[| = .
Since S(x,0) =0, then S(x,#)=0 in Q.
This completes the proof of Lemma 3.3. []

Next, we have to pass to the limits as u — 0, M — oo. To do this, we
must prove additional a priori estimates uniformly in ux, N.
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3.4. The estimate 2. Multiplying the jl-th equation of (3.8) by v; and using
properties of our special basis (3.6), we obtain

T
JO {#Zm@f Gy — [(Ku,m ) (1) = (ca™ ) (1) = (Vag™ V) (1)

_J F(t,ull )deF]Zm}dt JT( £ W) () Zyedt,
r

j=1,...,N, 1=1,...,M.

7

Multiplying the corresponding equation by f;, summing at first over / then over
J; after integration by parts we come, suppressing indices 4, N, M, to the equality

(3.14) J {2u?, + 20+ K)u?}dQ + 2 J Vu,Vu,dQ
0 Y

T oF
+ ZJ J {Ft(t uuy + — (1, u,)ut,}dl"dz
o Jr Ouy

—2| fuudo.
Q
Taking into account (3.6), (3.7), we consider the integral
L= J VuMvu™ dxdt
o
M

N M
Z J Z BiZi(6)Vw;(x) Z B Zi()Vwi(x)dedx
= k=1

Jil=1 =

N M
> J Vw;(x)Vwi(x J Z BiZ(1)> " Zia(t)Bydt.
k=1

J,i=1

i

Let us denote
ag = J Vw;(x)Vw(x)dx
D
A(N) =}1};§§Iaﬂi,

where A(N) depends only on N.
Using this and (3.7), we estimate I; as follows

|L| < AN J ji ZZﬂlkat(f
= I=1 K=
N 2
=< A(N JO {81 Zgltt (t +C(81) Z (l) }dtv
j=1
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where ¢ is an arbitrary positive number. Fixing N, we choose such ¢ that
0 < A(N)e; < e, where ¢ is a sufficiently small positive number.
Changing indices, we obtain

T N N
L < L{ Z(g,,t +Cle,N) Y (g;t") }dt<6lluﬂt, I +C(tg N) 1%

=1 j=1

Here the constant C(¢, N) does not depend on u, M. Making use of
Assumptions A4, A5 and suppressing indices N, M, u, we estimate the boundary
integrals by Young’s inequality:

T
12 = < CJ J + |ut|p+ |uttldrdt
r

T
J J Ft(x, t, ut)u,tdrdt
r 0

0

T T
+2 .
seL Jr(l + |u|PYuidde + Ce )JO JF( + |wa|Pydrds;

T
L= oF X, 1, u)u dth>C0 1 + |u,|"\u2d I dr.
6”[ tt r 114

Substituting expressions for Ij, I, I into (3.14); choosing ¢ > 0 sufficiently small,
and using (3.9) and the estimate (3.13), we come to the inequality

(3.15) X212 < A1,
whence,
(3.16) J Zgﬂﬂ, \dt < C(N),

where C (N) depends only on N. Combining (3.13) and (3.16), we get
(317) ”g/jl\j(M”Hz(O,T) =< C(N)”f||H1(Q)7 Jj= L... N

unformly in u, M.
The estimate (3.17) allows us to prove

Lemma 3.4. Under Assumptions A1-A8, for any fixed Ne N and u> 0
there exists a unique solution, g,; € H*(0,T), to (3.4) satisfying (3.17).

Proof. After integration by parts in the first term of (3.8), we rewrite it,
suppressing indices u, N, in the form
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T
] atozmars | (53 atfomme | ozoa

N N
j {(Z M (i), Vo (x >><>+ j F(r,zggf(z)wi(x))w,(x)dr
r i=1

( Zgn W](X))()}Zz() J (s w) () Zi(D)dt,

j=1,...,N, I1=1,...,M.

Fixing N, M and passing to the limit as M — oo, we obtain, making use of
(3.17) and density of {Z;(t)} in H'(0,T),

T
[ amtoptrd =~ [ { om0+ @ Vw0 + | Fmar

T () (1) — (f W])()}co(t)dt
T

- J ®()p(0)dt,

0

where @ € L?(0,T), ¢(t) is an arbitrary function from H'(0,T). This implies

ﬂgjtttGLz(O, T), j=1...,N

It means that we proved existence of solutions to (3.4), (3.5): g;e H*(0,T).
Uniqueness can be proved by the same way as in Lemma 3.3.
The next step is to pass to the limit as g — 0.

3.5. Existence of approximate solutions.

Theorem 3.1. Let N be a fixed positive integer and Assumptions A1-A8
hold.  Then for any f(x,1) : f, f, € L*(Q), there exists a function u" (x,1t) : u" €
H?(0,T; L*(D))NHY(0, T; H'(D)), Kul) € H'(0,T;L*(D)), satisfving (3.2),
(3.3).

Proof. Tt follows from (3.13) that at fixed N
| =0,

H N
/141-1—’}‘(1) ﬂ”uﬂtt|

hence,
T
lim /‘J Gujupdt = 0
40" Jo

for an arbitrary ¢ € H'(0, T).
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The inequality (3.17) allows us to pass to the limits, as 4 — 0, in all of the
terms of (3.4); and we obtain

(3.18) (Kug ,w) (1) = (f, w) () = (V" Vwy) (1)

_ J F(t,uMywydl — (i, w,) (1)
I

It is easy to see that Q;e H'(0,T) for all j=1,...,N; whence, (Ku,w;) e
HY0,T).
This proves Theorem 3.1. []

Now we must pass to the limit as N — oco. With this purpose, we have to
prove appropriate estimates which are indepedent of N.

4. FEstimates of Galerkin’s approximations

Lemma 4.1. Let Assumptions A1-A8 hold  Then for any f e L*(Q) and
N € N, approximate solutions satisfy the inequality

I R A L e e (e
D D

T
1 2 g + L jr W|P*2drd: < C| £,

where the constant C does not depend on N.

Proof.  Multiplying the j-th equation of (3.2) by e™*g;,(¢), A is an arbitrary
positive number; summing over j = 1,..., N; integrating the result over (0,7)
and suppressing the index N, we find

(4.2) J e MK (x, yuldx|=] +J e~ MVuldx|=T +J e (20 + AK — K;)udxdt
D D Q

T

+ AJ e M |\Vu| dxdt + J
o

J e MF(x, t,u)udIdt
o Jr

= J e fuydxdt.
9]

Due to (3.9),

20— K; =226 > 0.
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Choosing 0 < 1 <J/maxs|K(x,1)|, we get
20+ AK — K; >0 > 0.
From Assumptions A7, A8, we have
K(x,T) =0, K(x,0) <0,
whence, the first integral in (4.2) is nonnegative. It follows from the As-

sumption A3:

T T
L= J J e MF(x,t, u)udxdt > COJ J e Hu, | ddr.
0o Jr 0 Jr

Since 4> 0, then 0 < ey < e * <1 in O, hence,
T
I > C0€0J J lutllH—zdl‘.
o Jr
Taking into account /; and above arguments, we reduce (4.2) to the inequality

j (K (x, 02 + VulPyax| =T + J K (x, 0) 2 (x, 0)dlx + [jul 21 g
D D

T )
T j J w2 < C| 1),
0 Jr

where C depends on J,4 > 0, but does not depend on N.
This proves Lemma 4.1. []

Lemma 4.2. Let Assumptions A1-A8 hold.  Then for any f e L*(Q) and
NeN

(4.3) ¥ 1701y < CUANZ2(0),

where Q1 = D x (0,T), T\ is a positive number; and the constants C, T\ do not
depend on N.

Proof. Due to Lemma 3.2, there exists such Ty > 0 that K(x,1) < -5 <0
in EO—: D x [0, To}
We define on [0, 7] a smooth nonnegative function &(¢) as follows:

. 1, te [0, Tl],
“4) {0 = {0, te 2T, T),

where 277 = Tp.
Multiplying the j-th equation of (3.2) by —&(f)gj(¢), summing over
j=1,...,N and integrating the results over (0,T), we get, suppressing the
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index N:

T
(4.5) —J fKutztdxdt — J EVuVu,dxdt — J J EF(t,u)uy dIde
(9 g 0 Jr

—J éocu,u,,dxdt:—J & fuydxdt.
Q Q
We treat all the terms in (4.5) separately:

(4.6) L =— jg EVuVuydxdt = — } { %(ngw) — &Vuy|?

Q

10

1
-3 speovall + 5w bag.

Taking into account (4.4), we find
_ 2 1 2 2 2
= | avarao 3| cavurao= | avirao - cluli,
Q Q

Analogously,

o rnmara=— [ ] & (o[ rosa)

e J Flt,s)ds — & J R, s)ds}drdz.

0 0

Making use of (4.4) and Assumptions A2-A4, we obtain

T

(4.7) b < CJ

J (1 + |w|*2)d I de.
0 Jr

By Schwartz inequality,
(4.8) || = U iom,u,tdQ‘ SSJ EuldQ + C(s)J EutdQ
g o Qo

< SJQ &uldQ + C(8)||u||i11(Q)v

where ¢ is an arbitrary positive number.
Analogously,

(49) 1) = UQ éfundQ’ <o jQ &2dQ + CE)|/ 1
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Using (4.6)—(4.9), we transform (4.5) into the following inequality

kavK—mﬁ+wwﬂwscmmfﬂw%@>

) |
+cJ J(1+|u,|ﬂ+2)drdz.
0 JIr

Choosing 0 < 4e < and taking into account (4.1) and properties of &(r), we
get

J, et wuiao < i
where C does not depend on N.

The assertion of Lemma 4.2 follows from this inequality. []

Lemma 4.2 gives the estimate ||z, in some vicinity of the surface.
t=0. On the next step we will prove the similar estimate in Q\Q;.

Lemma 4.3. Let the Assumptions Al1-A8 hold. Then for any f€
H'(0,T;L*(D)) and N € N, the approximate solutions u®(x,t) satisfy the in-
equality

(4.10) 14 1 0ny < CU o, 7. 220y

where QO =D x (T1/2,T), the constant C does not depend on N.

Proof. We define on [0, T] a nonnegative, nondecreasing smooth function
&= ¢&(2) as follows:

. 1, IE[TI,T];
(4.11) G(n) = {0, tel0,T1/2].

Differentiating (3.2) with respect to z, that is valid due to Theorem 3.1,

multiplying the j-th equation by e *¢(f)g;«(¢) and summing over j=1,...,N;
we come, suppressing the index N, to the identity

(eiitflKuttt, “tt)(t) + (e‘/ufl(oC + Kt)’“tzt)(t) + (e‘ltflvut, Vult)(t)

+J eihél{Ft(l‘, ;) + a—F (1, ut)“z’}uftdr = (e_itflft’ ) (1)
r au,

Integrating this over (0,T), we get after standard transformations
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(4.12) J e (DKl + Vi x| =T + J e HE (20 + AK + K)u2dOQ
D Y

+ AJ e HE |V |*dO — J e ME|Vu, | dxdt
0 Q

T it oF 5
+2 e &S Filt, ug)uy +— (tug)uy, pdIdt
o Jr Ouy

= 2J e ME fugdxdt.
0
Here A is an arbitrary positive number.
Choosing 0 < 4 <Jmaxg|K(x,1)| and using (3.9), we have

(4.13) 20+ K+ K, >8> 0.

It follows from Assumptions A7, A8 that the first integral in (4.12) is
positive. One can see from (4.11) that &;,(¢) is not identically zero only on
[T1/2,T)] where the estimate (4.3) is valid.

Therefore,

(4.14) I = UQ e, (0 d0| < Cillul 2o

with C; independent of N.
The Assumption AS gives

OF
(4.15) Fur i = Co(L+ Ju e

On the other hand, the Assumption A4 implies
(4.16) |Fy(t, u)un| < C(1+ [ug)”) g
< e(1+ ")z + Cle)(1+ | *+?),

where ¢ is an arbitrary positive number.
Taking 0 < 2¢ < Cp and using (4.15), (4.16), we have

u
0 aut 1

r oF
(4.17) 12:2J J e“’“él{— 2+F,u,t}d1"dt
r

T T
> COJ J e*if51(1+|u,|ﬂ)u§drdt—cj J (1 + [u|"*?)d T dt.
0 Jr 0 Jr

Choosing in an appropriate way A >0 and taking into account (4.13),
(4.17) and properties of &;(z), we reduce (4.12) to the inequality
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T
J E(O) (W + \Vuy|)dxdr < C<||f,||2+||uz“§11(gl)+J J (|u,|ﬂ+2+1)drdz).
0 0 Jr

With the help of (4.1), (4.3) and (4.11), we prove Lemma 4.3. []
Combining Lemmas 4.1-4.3, we come to

Lemma 4.4. Let Assumptions Al-A8 hold Then for any fe
H'(0,T;L*(D)) and N € N the approximate solutions u"(x,t) satisfy the fol-
lowing inequality

(4.18) ”“N”HI(Q) + ”utN”H’(Q) + ”uzNHuﬂ(s) < Clf g0, 73220

where the constant C does not depend on N.

5. Solvability of the problem (1.1)-(1.3)

The estimates of Lemma 4.4 allow us to pass to the limit in (3.2) as
N — oo. In fact, it follows from (4.18) that there exist a subsequence {u'} of
{u™} and such a function u(x,t) that

(5.1) u' — u weakly in H'(Q)
ul — u, weakly in H'(Q)
ul = u ae on S.
The Assumption A2 and (4.18) imply
FuM) e L(p+2)/(p+1)(5).

From here and (5.1)
(5.2) F(u) — F(u) weakly in LF+2/(+D(g),

Making use of (5.1), (5.2), passing to the limit as N — oo in (3.2); and
taking into account density of {w;} in H'(D)NL***(I'), we obtain for a.e.
te(0,7):

(Kut,0) (1) + (Vi V) (1) + (ot 0) (1) + J F(t,u)od" = (f,0)(1).
r
Here v(x) is an arbitrary function from H!(D)NL/*%(I).
The boundary condition (1.2) is fulfilled due to the way of construction of
u¥(x,t) and passage to the limit in H'(Q).
Thus, we have proved existence of solutions to the problem (1.1)—(1.3).
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Uniqueness can be established by the standard procedure, see [2]. All this
can be resumed in the form of

Theorem 5.1. Let Assumptions Al-A8 hold Then for any fe
H'(0,T;L*(D)) there exists a unique function u(x,t):u, € H'(Q)NL*%(S),
which is a solution to the problem (1.1)-(1.3) in the sense of Definition 3.1.
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