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The Nonlinear Boundary Value Problem for the Equation of 
Mixed Type 

1. Introduction 

By 

Nikolai A. LARKIN 

(Universidade Estadual de Maringa, Brasil) 

We consider in the cylinder Q = D x (0, T) : t E (0, T), x ED c Rn, the 
linear equation of mixed type 

(1.1) K(x, t)u11 - Au+ rxu1 = f (x, t) 

ansmg in the asymptotic theory of transonic flows, [I]. A smooth function 
K(x, t) can change its sign or be equal to zero on arbitrary sets of points in Q; 

n 
K(x, 0) < 0, K(x, T) z O; rx is a positive constant, L1 = I: 82 / oxl- Assumptions 

i=l 

K(x, 0) < 0, K(x, T) z O imply that (1.1) is elliptic at t = 0 and hyperbolic-
parabolic at t = T. 

It is known, [2-5], that a type of boundary conditions on surfaces t = 0, 
t = T depends on a sign of K(x, t). In our case 

(1.2) 

(1.3) 

u(x, 0) = 0, 

OU 
av+ F(x, t, U1)laDx(O,T) = 0, 

where a/ ov denotes the derivative in the direction of an outward normal on oD. 
We assume that D is a bounded domain with a sufficiently smooth boundary 
oD. 

The problem (1.1)-(1.3) models transonic flows in a channel with perfo­
rated walls under the nonlinear Darcy's law when a velocity of a gas changes 
from subsonic values at t = 0 to supersonic ones at t = T, [5]. 

A big number of papers is devoted to solvability of linear boundary value 
problems for (1.1), see [2-6] and their references. As a rule, the Dirichlet 
condition or the Neumann condition was given at the lateral surface S = oD x 
(0, T). The Neumann condition corresponds to impermeability of a solid wall 
of a channel. On the contrary, the condition (1.3) allows gas to penetrate 
through perforated walls. Earlier, [7], we have considered the following 
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problem which models a viscous transonic flow in perforated channels: 

ulx=O = uo(Y), Uxxlx=T = O; 

Existence and uniqueness of regular solutions to this problem were proved 
provided appropriate norms of uo, u1, <p were sufficiently small. 

In the present paper we establish the existence and uniqueness results for 
(1.1 )-(1.3) in a class of generalized solutions. To prove existence of solutions, 
we use an analogue of the Faedo-Galerkin method and regularization by highest 
derivatives. 

In Faedo-Galerkin's procedure, basis functions depend on x only. In order 
to find unknown coefficients depending on t, one has to solve globally on (0, T) 
a nonlinear system of ordinary differential equations which in our case cannot 
be transformed into the normal system on the whole interval (0, T). This fact 
does not permit to use directly standard existence theorems of ODE. On 
the other hand, regularization by a system of a higher order with additional 
boundary conditions allows to use Galerkin's method and to prove existence 
results for the regularized system. Passing to the limit on a parameter of 
regularization, we get an approximate solution (Faedo-Galerkin's approxima­
tions) to (1.1 )-(1.3). Having sufficient a priori estimates, it is possible to prove 
convergence of approximate solutions to the exact one. We used the similar 
technique in [8]. 

Our paper has the following structure. 
In section 2, we give principal notations and assumptions. 
In section 3, Faedo-Galerkin's approximations are constructed. Here we 

use regularization of the system of nonlinear ordinary differential equations of 
the second order by derivatives of the third order. 

In section 4, a priori estimates of approximate solutions are proven. 
In section 5, we prove solvability of the problem (1.1)-(1.3). 

2. Notations and assumptions 

We introduce the following notations: 

(u, v)(t) = L u(x, t)v(x, t)dx, lu(t)l 2 = (u, u)(t); 

llull 2 = r lu(t)l 2dt, s = an x (O, T), I'=8D. 
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Through U(D), H 1(D), H 1(0, T;L2(D)), we denote analogously to [9] the 

Lebesgue spaces of p-integrable in D functions and the Sobolev spaces. 

Assumptions. 
1 - I Al). F(x, t, u1) EC (S x R ). 

For all (x, t) E ~ the following inequalities hold 

A2). IF(x, t, ui)I + IF1(x, t, ui)I ~ C(l + luilP+'). 
A3). F(x, t, u1)u1?: Colu1IP+2. 

A4). fou, F(x, t, s)ds ?: 0. 
A5). (oF /ou1)(x, t, Ut) ?: Co(l + lu1IP), 
where C, C0 are positive constants; p is a nonnegative number, 
A6). The function K(x, t) E C1(Q) satisfies the following inequalities: 

2a - IK1(x, t)I > 0 in Q, 

A7). K(x, 0) < 0, 
A8). K(x, T) ?: 0, x ED. 

3. Construction of approximate solutions 

Definition 3.1. A function u(x, t) : u E H 1 (Q), u(x, 0) = 0; u1 E u+2 (S) n 
H 1(Q), is called a generalized solution to (1.1)-(1.3) if for a.e. t E (0, T) and for 

an arbitrary v E u+2(I') n H 1 (D) the following identity holds 

(3.1) (Kuu, v)(t) + (Vu, Vv)(t) + t F(x, t, u1)vdI' + (au1, v)(t) = (f, v)(t). 

An approximate solution uN(x, t) to (1.1)-(1.3) will be sought in the form 

N 

uN (x, t) = L gJN(t)w1(x). 
}=1 

Here {wj(x)} is a basis in H 1(D) nu+2 (I'), orthonormal in L 2 (D). 

Unknown functions g1N(t) are solutions to the following boundary value 

problem for the system of N ordinary differential equations 

(3.2) 

(3.3) 

(Ku{:, w1) + (VuN, Vw1)(t) + (au{', wJ)(t) 

+ t (Fx, t, u{')w1dr = (f, w1)(t), 

uN(x,0) =gJN(0) =0, j= l, ... ,N. 

The system (3.2) is not a standard ODE system, respectively, (3.2), (3.3) is not 

the classical Cauchy problem, since at t = 0 only one boundary condition is 

posed for the system of the second order. It is a consequence of the fact that, 
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due to Assumptions A7, A8, the function K(x, t) at least once changes its sign 

in Q. 
It means that (3.2) cannot be rewritten as a normal ODE system 

simultaneously on the whole interval (0, T), and that (3.2), (3.3) is the nonlocal 
boundary value problem. Solutions to this problem have to be constructed 
globally on (0, T). 

Regularized problem. In order to construct 9JN(t), we will find at first 
solutions to the following regularized problem 

(3.4) Lµ9Jµ = -µgµJttt + (Ku{:u, w1)(t) + (Vu';, Vw1)(t) 

+ rx(u1;:iM, w1)(t) + t F(x, t, u1;:i)w1dI' 

= (f, wJ)(t), 

(3.5) 9µJu(0) = 9µJu(T) = 0, j= l, ... ,N, 

where µ is a positive number. 

(3.6) 

In turn, we find gµ1(t) by Galerkin's method as follows: 
M 

g::fi = L)JiJZ;(t), 
i=I 

Z;u + v;Z; = O; v, =0, 

Zu(0) = Zu(T) = 0, 

V; > 0, i = 2,3 ... ; 

1 
i=2, ... ;Z1 = ,ff' 

l,i= 1, ... ,M; J= l, ... ,N. 

Taking into account (3.6), uNM (x, t) has the following form: 

(3.7) 

where unknown constants piJ are defined as solutions of the following algebraic 
system of NM nonlinear equations: 

(3.8) -µ r t[JiJZittZ1dt + r ((Ku1;:i1(1, w1)(t) + rx(u1;:iM, w1)(t))Z1dt 

+ J: { (Vu';M, Vw1)(t) + t F(t, u1;:iM)w1dI' }z1dt 

= r (f,wJ)(t)Z1dt, J= 1, ... ,N,l= I, ... ,M. 
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To establish solvability of (3.8) with respect to /Ju, we employ the following 
lemma, [10], which is also known as Sharp Angle Lemma. 

SHARP ANGLE Lemma. The nonlinear system of equations 

j = 1, ... ,k 

has a solution for each h = (h1, ... ; hk) if it satisfies the conditions 
( i) the functions 

are continuous: 
(ii) there exist constants ao > 0 and a1 > 0 such that the inequality 

k 

(A(C), C) = LAj(C)q ~ aolCl 1+e - a, 
j=I 

holds for some e > 0. 

It is clear that the crucial condition of this lemma is an a priori estimate of 
solutions. 

3.2. Solvability of (3.8). First, we will prove two lemmas. 

Lemma 3.1. Assumptions A6, A 7 imply the following inequalities 

(3.9) 

(3.10) 

2a - IK1(x, t)I ~ 2)j > 0 in Q, 

K(x,O)::::; -2YJ < 0 in 15, 

where J, 17 are positive numbers. 

Proof Since 15 and Q are compacts, inequalities (3.9), (3.10) are con­
sequences of Assumptions A6, A7 and the Heine-Borel Lemma. 

Lemma 3.2. There exists a positive number T0 > 0 such that in Q0 = 
D x [O, To] the inequality holds 

(3.11) K(x, t) ::;; -17 < 0 in Qo. 

Proof The inequality (3.11) is a consequence of (3.10) and continuity of 
K(x, t) in Q. 

3.3 The estimate 1. Multiplying the jl-th equation of (3.8) by /Jjt and 
summing over l and j, we come, taking into account (3.6), (3.7), to the equality 
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+ 2 rt F(x, t, u1;iM)u;:/{dI'dt 

= 2 L fu1;iM dQ. 

Using (3.9)~(3.11) and Assumption A8, we reduce (3.12) to the inequality 

(3.13) µllu1;i;'111 2 +Jllu1;iMll 2 +Cort lu1;iMlp+2dI'dt ~ Cllfll 2 , 

where C, Co do not depend on µ, N, M. Making use of (3.6) and ortho­
normallity of {wj}, {Z;}, we have from (3.13) 

This estimate, (3.12) and (3.13) provide the inequality of the Sharp Angle 
Lemma with e = 1 that in turn guarantees solvability of (3.8) with respect to 
{Jji· It means that we have established the existence result in the following 

Lemma 3.3. For all finite integers N, M, there exists a unique function 
u;:M (x, t) having the form (3. 7) and satisfying the identity (3.8). 

Proof of uniqueness. Let u;:M and v;:M be two distinct solutions to (3.8), 
then their difference S = u;!M - v;!M satisfies the identity: 

2µIISull 2 + L (2ix - K1)S;dQ + L IVS(x, T)l 2dx 

+ 2 r t[F(u1;iM) - F(v1;iM)](u1;iM - v1;iM)dI'dt 

Due to Assumption A5, F(u1) is a monotonic function. Taking into account 
this fact, Assumptions A7, A8 and (3.6), we obtain 

IIS1II = 0. 

Since S(x, 0) = 0, then S(x, t) = 0 in Q. 
This completes the proof of Lemma 3.3. □ 

Next, we have to pass to the limits as µ---+ 0, M---+ oo. To do this, we 
must prove additional a priori estimates uniformly in µ, N. 
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3.4. The estimate 2. Multiplying the JI-th equation of (3.8) by v1 and using 
properties of our special basis (3.6), we obtain r {µZ1u8;g:f - [(Ku:;;'1, wj}(t) - (au:;M, wj)(t) - (Vu{:M, Vw1)(t) 

-t F(t,utM)w1dr]z1u}dt = - r (f, w1)(t)Z1udt, 

)= 1, ... ,N, I= 1, ... ,M. 

Multiplying the corresponding equation by fJJi, summing at first over I then over 
j; after integration by parts we come, suppressing indices µ, N, M, to the equality 

(3.14) L {2µu;1 + (2rx + K 1)u;}dQ + 2 L VuiVuudQ 

+ 2 rt { F1(t, Ui)Utt + :: (t, Ui)u; }drdt 

= 2LJ;uudQ. 

Taking into account (3.6), (3.7), we consider the integral 

11 = L Vu{IMVu;jM dxdt 

Let us denote 

N M M 

= 
1
~ L ~fJJiZ;(t)Vw1(x) 8 fJ1kZk1(t)Vw1(x)dtdx 

aJ/ = L Vwj(x)Vw1(x)dx, 

A(N) = max la11I, 
;,l~N 

where A(N) depends only on N. 
Using this and (3.7), we estimate Ii as follows 
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where et is an arbitrary positive number. Fixing N, we choose such e1 that 
0 < A(N)ei :'.S: e, where e is a sufficiently small positive number. 

Changing indices, we obtain 

Here the constant C(i;, N) does not depend on µ, M. Making use of 
Assumptions A4, A5 and suppressing indices N, M, µ, we estimate the boundary 
-integrals by Young's inequality: 

h = 11: t F1(x, t, u1)uudI'dtl :'.S: C 1: t (1 + luilp+l)luuldI'dt 

:'.S: er t (1 + lu1IP)u;dI'dt + C(e) rt (1 + lu11p+2)dI'dt; 

Substituting expressions for /1,/z,h into (3.14); choosing e > 0 sufficiently small, 
and using (3.9) and the estimate (3.13), we come to the inequality 

(3.15) 

whence, 

(3.16) 

where C ( N) depends only on N Combining (3.13) and (3.16), we get 

(3.17) j= l, ... ,N 

unformly in µ, M. 
The estimate (3.17) allows us to prove 

Lemma 3.4. Under Assumptions Al-AS, for any fixed NE N andµ> 0 
there exists a unique solution, gµJ E H 3 (0, T), to (3.4) satisfying (3.17). 

Proof After integration by parts in the first term of (3.8), we rewrite it, 
suppressing indices µ, N, in the form 
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µ JT gf;{ (t)Z11(t)dt + JT (x t gt{ (t)w;(x), wj(x)) (t)Z1(t)dt 
0 0 ~, 

+ r { (tgf(t)Vw;(x),Vwj(x))(t)+ tF(t,tg;Y(t)w;(x))wj(x)dI' 

+ ( r1. t g;Y (t)w;(x), wj(x)) (t) }z1(t)dt = r (f, wj)(t)Z1(t)dt, 

J= 1, ... ,N, l= 1, ... ,M. 

Fixing N, M and passing to the limit as M----+ oo, we obtain, making use of 
(3.17) and density of {Z1(t)} in H 1(0, T), 

µ r gju(t)rp(t)dt = - r { (Ku::u, wj)(t) + (Vu::, Vwj)(t) + t F(t, u';/i)wjdI' 

+ (au';/in wj)(t) - (f, wj)(t) }rp(t)dt 

= 1: <P(t)rp(t)dt, 

where <PE L2(0, T), rp(t) is an arbitrary function from H 1(0, T). This implies 

J= 1, ... ,N. 

It means that we proved existence of solutions to (3.4), (3.5): gj E H 3(0, T). 
Uniqueness can be proved by the same way as in Lemma 3.3. 

The next step is to pass to the limit as µ----+ 0. 

3.5. Existence of approximate solutions. 

Theorem 3.1. Let N be a fixed positive integer and Assumptions Al-A8 
hold. Then for any f(x, t) : f, J; E L 2(Q), there exists a function uN (x, t) : uN E 

H 2(0, T; L 2(D)) n H 1(0, T; H 1(D)); Ku;{ E H 1 (0, T; L 2(D)), satisfying (3.2), 
(3.3). 

Proof It follows from (3.13) that at fixed N 

lim µiiu';/i1II = 0, 
µ-->O 

hence, 

lim µ J T guju(f)dt = 0 
µ-->0 0 

for an arbitrary rp E H 1 (0, T). 



500 Nikolai A. LARKIN 

The inequality (3.17) allows us to pass to the limits, as µ --+ 0, in all of the 
terms of (3.4); and we obtain 

(3.18) (Ku;/, w1)(t) = (f, wJ)(t) - (VuN, Vw1)(t) 

-t F(t, u;')w1dr - (au;', wJ)(t) 

j= I, ... ,N. 

It is easy to see that Q1 E H 1 (0, T) for all j = I, ... , N; whence, (Ku;/, w1) E 

H 1(0, T). 
This proves Theorem 3.1. D 

Now we must pass to the limit as N--+ oo. With this purpose, we have to 
prove appropriate estimates which are indepedent of N. 

4. Estimates of Galerkin's approximations 

Lemma 4.1. Let Assumptions Al-A8 hold. Then for any f E L 2(Q) and 
N E N, approximate solutions satisfy the inequality 

(4.1) JJK(x, t)(u;')2 + 1VuNl 2] dxlt=T + L IK(x, 0)l(u;') 2dxl 1=0 

+ lluNll1,(Q) +rt iu;'IP+2dI'dt ~ Cllfll 2 , 

where the constant C does not depend on N. 

Proof Multiplying the j-th equation of (3.2) by e-11g11 (t), A is an arbitrary 
positive number; summing over j = I, ... , N; integrating the result over (0, T) 
and suppressing the index N, we find 

(4.2) L e-11K(x, t)u;dxl::[ + L e-11 1Vul 2dxl::1T + L e-11 (2a + AK - K1)u;dxdt 

+AL e-11 1Vul 2dxdt + J: t e-11F(x, t, u1)u1dI'dt 

Due to (3.9), 
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Choosing 0 <A:::;; <>/maxQIK(x, t)I, we get 

2a + lK - K 1 ;::: <> > 0. 

From Assumptions A7, AS, we have 

K(x, T);::: 0, K(x,0) < 0, 

whence, the first integral in (4.2) is nonnegative. It follows from the As­
sumption A3: 

h =rt e-AIF(x, t, u1)u1dxdt 2 Cort e-Atlu1lp+2drdt. 

Since A > 0, then 0 < e0 :::;; e-lt :::;; 1 in Q, hence, 

11 ;::: Coeo rt lu11P+2dt. 

Taking into account 11 and above arguments, we reduce (4.2) to the inequality 

L {K(x, t)u; + 1Vul 2 }dxl 1=T + L IK(x, 0)lu;(x, 0)dx + llull11(Q) 

+rt lut+2drdt:::;; Cllfli2, 

where C depends on <>,A> 0, but does not depend on N. 
This proves Lemma 4.1. D 

Lemma 4.2. Let Assumptions Al-AS hold. Then for any f E L 2(Q) and 
NEN 

( 4.3) 

where Q1 = D x (0, T1 ), T1 is a positive number; and the constants C, T1 do not 
depend on N. 

Proof Due to Lemma 3.2, there exists such To > 0 that K(x, t) :::;; -YI < 0 
m Qo = 15 x [O, To]. 

We define on [0, T] a smooth nonnegative function <;'(t) as follows: 

( 4.4) <;'(t) = { 1, t E [O, T1], 
0, t E [2T1, Tl, 

where 2T1 = To. 
Multiplying the j-th equation of (3.2) by -<;'(t)g1u(t), summing over 

j = I, ... , N and integrating the results over (0, T), we get, suppressing the 
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index N: 

(4.5) -L !;,Ku;dxdt-L !;,VuVuudxdt-r L !;,F(t, U1)uudI'dt 

-L !;,auruudxdt = - J Q !;,f uudxdt. 

We treat all the terms in (4.5) separately: 

Taking into account (4.4), we find 

Analogously, 

- <;,1 r F(t,s)ds- !;, r F1(t,s)ds }drdt. 

Making use of (4.4) and Assumptions A2-A4, we obtain 

(4.7) 

By Schwartz inequality, 

(4.8) lhl = IL !;,au1uudQI ~ e JQ !;,u;dQ + C(e) L !;,u;dQ 

~ e L !;,u;dQ + C(e)llull11cQJ, 

where e is an arbitrary positive number. 
Analogously, 

(4.9) 
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Using (4.6)-(4.9), we transform (4.5) into the following inequality 

Choosing 0 < 4e::;; 17 and taking into account (4.1) and properties of c;(t), we 
get 

where C does not depend on N. 
The assertion of Lemma 4.2 follows from this inequality. □ 

Lemma 4.2 gives the estimate IJu1JIH'(Q,) in some vicinity of the surface 
t = 0. On the next step we will prove the similar estimate in Q\Q,. 

Lemma 4.3. Let the Assumptions Al-AS hold. Then for any f E 

H 1 (0, T; L 2(D)) and NE N, the approximate solutions uN (x, t) satisfy the in­
equality 

(4.10) 

where Q2 = D x (T1/2, T); the constant C does not depend on N. 

Proof We define on [O, T] a nonnegative, nondecreasing smooth function 
c; = c;1 (t) as follows: 

( 4.11) l,(t) = { 1, t E [T,, T], 
0, t E [0, Ti/2]. 

Differentiating (3.2) with respect to t, that is valid due to Theorem 3.1, 
multiplying the j-th equation by e-Jc1c;1 (t)g111 (t) and summing over j = 1, ... , N; 
we come, suppressing the index N, to the identity 

(e-Jc1c;1Kum, uu)(t) + (e-Jc1¢1 (ix+ Ki), u;)(t) + (e-Jc1¢1 Vu1, Vuu)(t) 

+ t e-Jci¢, { Fi(t, ui) + :: (t, ui)uu }uudI' = (e-Jc1¢1ft, uu)(t). 

Integrating this over (0, T), we get after standard transformations 
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(4.12) J e-At(1 (t){Ku; + 1Vutl 2 }dxl::X' + J e-At(1 (2a + )X + Kt)u;dQ 
D • Q 

+At e-At(11Vutl 2dQ- JQ e-At(1t1Vutl 2dxdt 

JT J At { OF 2} + 2 0 re- (1 Ft(l, ut)Uu + out (t, Ut)uu dI'dt 

= 2 t e-At(1ftuudxdt. 

Here A is an arbitrary positive number. 
Choosing O <A< JmaxQIK(x, t)I and using (3.9), we have 

(4.13) 2a+,1,K+Kt2J>0. 

It follows from Assumptions A7, A8 that the first integral in (4.12) is 
positive. One can see from (4.11) that (1t(t) is not identically zero only on 
[Ti/2, Ti] where the estimate (4.3) is valid. 

Therefore, 

(4.14) 

with C1 independent of N. 
The Assumption A5 gives 

oF 2 P 2 
~u11 2 Co(l + lutl )uu. 
UUt 

( 4.15) 

On the other hand, the Assumption A4 implies 

(4.16) IFt(t, ut)uul :S; C(l + lutlp+l)luul 

:S; i:(1 + lutlP)u; + C(i:)(1 + lutlp+2), 

where e is an arbitrary positive number. 
Taking 0 < 21: < Co and using (4.15), (4.16), we have 

JTJ -At {oF 2 } (4.17) h = 2 0 re ,, ou/tt + FtUtt dI'dt 

2 Corte-At,, (1 + lutjP}u;dI'dt - Cr t (1 + lutlp+2 )dI'dt. 

Choosing in an appropriate way A> 0 and taking into account (4.13), 
(4.17) and properties of ( 1(t), we reduce (4.12) to the inequality 
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JQ (1 (t)(u~ + 1vuii2)dxdt ~ c(11Ii11 2 + lluill11(Q1) +rt (lu1lp+2 + l)dI'dt). 

With the help of (4.1), (4.3) and (4.11), we prove Lemma 4.3. D 

Combining Lemmas 4.1-4.3, we come to 

Lemma 4.4. Let Assumptions Al-A8 hold. Then for any f E 

H 1 (0, T; L 2(D)) and NE N the approximate solutions uN (x, t) satisfy the fol­
lowing inequality 

where the constant C does not depend on N. 

5. Solvability of the problem (1.1)-(1.3) 

The estimates of Lemma 4.4 allow us to pass to the limit in (3.2) as 
N---+ oo. In fact, it follows from (4.18) that there exist a subsequence {u1} of 
{ uN} and such a function u(x, t) that 

( 5.1) u1 ~ u weakly in H 1 (Q) 

u; ~ u1 weakly in H 1 (Q) 

u;---+ u1 a.e. on S. 

The Assumption A2 and (4.18) imply 

F(u{") E L(p+2)/(p+ll(S). 

From here and (5.1) 

(5.2) 

Making use of (5.1), (5.2), passing to the limit as N---+ oo in (3.2); and 
taking into account density of {wj} in H 1(D) nu+2 (I'), we obtain for a.e. 
t E (0, T): 

(Kua, v)(t) + (Vu, Vv)(t) + (rxu1, v)(t) + t F(t, u1)vdI' = (f, v)(t). 

Here v(x) is an arbitrary function from H 1(D) nu+2 (I'). 
The boundary condition (1.2) is fulfilled due to the way of construction of 

uN (x, t) and passage to the limit in H 1 (Q). 
Thus, we have proved existence of solutions to the problem (1.1)-(1.3). 
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Uniqueness can be established by the standard procedure, see [2]. All this 
can be resumed in the form of 

Theorem 5.1. Let Assumptions Al-A8 
H1(0, T;L 2(D)) there exists a unique function 
which is a solution to the problem (1.1 )-(1.3) in 
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