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The Initial Value Problem for Some Degenerate
Hyperbolic Equations of Second Order in Gevrey Classes

By

Haruhisa IsHiDA and Hideto OpAIl
(University of Tsukuba)

§1. Introduction

In this paper we shall consider the following Cauchy problem for linear
weakly hyperbolic equations on [0, T] x R}

11 L(t,x,0,,0x)u(t,x) =0,
(1.1) u(0, x) = up(x), u,(0, %) = uy(x),

where

L(t,%,0,,05) = 07 — Aa(t,x,8,) — A1(t, x, Oy),

2(t, x, 0x) Zaxla]klxxk, 1(t,x,0x) Za]tx X

J, k=1

such that ax(1,x) € C;°([0, T'; 7' (R™)) satisfy the weak hyperbolicity condition

n

D a(t,x)EE =0 for all (4,x,¢) e[0,T] x
JE=

and a;(t,x) € C2([0, T]; y*(R™)). y*)(R") is the (projective) Gevrey class with
exponent x (>0), that is, the set of all functions f € C®(R") such that for any
r > 0 there exists a constant C, > 0 fulfilling

sup |0%f(x)| < Cor®|o!®
xeR"

for every multi-index o € Z}. We actually handle some special cases of a(, x)
and a;(t,x) here. As the function spaces to which the solution of the Cauchy
problem (1.1) belongs, we define the Gevrey space with exponent x« (>0) and
radius p (>0) (of convergence)

L2 ,(R") = {ue LAR");e"©"a() e LA(RY)}
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and L2 (R")= ﬂp>0 ., (R"), where (& =./1+[? and & means the
Fourier image of u in L?(R").

First of all, we shall deal with the case that L(t,x,d;,d,) is independent of
x, namely

L(t,8,,0x) = 07 — Y ap(t)dxx, — Y _ a;(1)0
Jrk=1 j=1

with ay(f) e C*([0,T]) and a;(r) € C°([0, T]). Then the weak hyperbolicity
condition turns into

(1.2) @ (t,E) =Y ap()&& =0 for all (1,&) € [0,T] x RY.
j k=1

For simplicity, put a;(#,&) = YL a;(t)¢; as well.  Now we can state our results
in this case (see also K. Kajitani [7]).

Theorem 1.1. Assume that (1.2) and there exist some x>1 and
A(t,&) € C([0, T] x RY) such that

(1.3) At &) = Gk (0<p<2),

(1.4) jtj] A1, é)‘ < CE?r  (j=0,1,...),
r —ia

(15) | ”:;ft)i) +la(?t % di < (T (i=V7T)

hold for all (t,&) € [0, T] x R:. Then the Cauchy problem (1.1) is wellposed in
the Gevrey space L} . (R"), that is, for any initial data wj e L2 (R") (j=0,1)
there is a unique solution u(t,x)e C*([0,T}; L} ,(R})) to the Cauchy problem
(1.1).

Further, we give a sufficient condition for the existence of x and A(z,&) in
Theorem 1.1 in terms of the symbols a;(¢,¢) and (¢, &) only.

Theorem 1.2. Suppose that for some real numbers £,v with 0 <v < ¢ —1
there exist positive constants 6 and C such that

(L.6) a(t, &) > ot (¢,
(1.7) lai (1, &)] < C(")E| + Var (1, &)

are valid for all (t,{)€[0,T] x R;. Then there are A(t,&) e C([0,T]) and
1< x<(20—v)/(¢ —v—1) satisfying the conditions in Theorem 1.1.
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Example 1.3.

a(1,E) = 1 + > (D),

Jrk=1
a(t,8) =1 ()& +> () br(0)&,
j=1 k=1 j=1

where by (1) € C*([0, T]), ¢;(1), di(2) € C°([0, T]) and 3°7%; _ bx(£)&&x = 0 for all
(t,£) €0, T] x R;.

Here we should make some historical comments. In Example 3.1 of V. Ja.
Ivrii [5], he investigated the case of

Lo(t,0,,05) = 07 — 1% 0% — it"0,

with 0<v</—1 and n=1. He proved that a necessary and sufficient
condition for the wellposedness of the Cauchy problem (1.1) to Lo(t,d;,0x) in
the Gevrey space L} , (R) is (1<) x < (2/—v)/(¢/ —v—1). Since Theorem 1.2
contains the Ivrii example above, the Gevrey exponent x = (24 —v)/({/ —v—1)
in Theorem 1.2 is optimal for the wellposedness in the Gevrey space L,iOO(R).
Apart from Ivrii’s result, in Remark 3 of F. Colombini-E. Jannelli-S. Spagnolo
[2], they showed that if sups_; fOT lay(2,&)|/ax(t,E)P dt < o0 (0 < B < 1/2), the
Cauchy problem (1.1) is wellposed in the Gevrey space L,%,OO(R") provided
k<1+1/(1-2pB). So, applying the Ivrii example to this result, we know
that the Cauchy problem (1.1) to Lo(¢,d;,dx) is wellposed in the Gevrey space
L% ,(R) provided ¥ < 1+1/(1—2p) < (2/ —v~1)/(/ —v— 1), which is more
restricted than Ivrii’s result. We shall later observe that Theorem 1.1 is an
improvement of the F. Colombini, E. Jannelli and S. Spagnolo result above,
namely, Supp_ fOT lay (£, )| /ax(t,E)P dt < o0 (0 < < 1/2) implies the condi-
tions in Theorem 1.1 (see §3).

Next we shall treat the case that L(¢,x,0;,0y) has the x-dependent
coefficients

ap(t,x) = tybjk(x) + (),

}njaj(t, x)&;

=1

< CT(tv\/b(x, 6) + \/C(X,é)),

a;(t, x) satisfying

where we assume that

bi(x) € YOR™),  bu(x) =bg(x),  b(x,&) = > br(x)&é =0,
k=1
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- n
ck(x) €YORY),  r(x) = %), e(x,E) =Y cu(x)EE > 0.
Jrk=1

Then we obtain the following result.

Theorem 14. If 0<v</—1, then for every (1<) k< (2/—v)/
(¢ —v—1) the Cauchy problem (1.1) is wellposed in the Gevrey space L,%woo(R”).
Moreover, the energy estimate below is established for any te [0, T).

(1.8) le™4 (2, Dy)u(t, M r2en + lle™ (2, D)ur(t, x) 2y

< CO)(1e™(0, DiJuoll g1 gny + l€™(0, DYutt || 2 en) )

where

1

(1.9)  A(4,&) = wa{(t+ &) * 4+ (T - )</}, o=5—

which was introduced in K. Kajitani-M. Mikami (8], {&>, = \/h* + |&|* and h,
M >0 are some large parameters.

Theorem 1.4 presents a generalization of Theorem 1.2 to x-dependent
coefficients case in some sense.

Finally we wish to refer to V. Ja. Ivrii [6], T. Kinoshita [10] and K.
Yagdjian [11] for other recent topics on the Gevrey wellposedness of the
hyperbolic Cauchy problem.

§2. Existence theorem of the solution in Gevrey space

We shall prove Theorem 1.1 in this section. To begin with, we need a
lemma of real analysis due to F. Colombini-E. Jannelli-S. Spagnolo [2]. Let k&
be a nonnegative integer and 0 <« < 1. Denote by C*%([0,7]) the Banach
space of all k-times continuously differentiable functions on [0, 7] whose k-th
derivatives are Holder continuous with exponent o« when o > 0. The norm in
this space is endowed with

M@0 - r9s)]

k .
> sup V()] +  sup

if o >0,
”f” ka([0,T]) = =0 te0, 7] t,s€[0,T], t#s |I—S|a
Ck([0,T]) — i |
S sup |fU(0) s
j=0 te[0,T]

for f e Ck%([0,T]). Then we can verify the following fact.
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Lemma 2.1. Let f(t) be a real valued function of C** on some compact
interval I = R, with positive integer k and 0 < o < 1, and suppose that f(t) =0
on I. Then the function f 1/ (k+°‘)( t) is absolutely continuous on I and moreover

[P 5 < Cliey o DS Nl ey

We refer to Lemma 1 in F. Colombini-E. Jannelli-S. Spagnolo [2] for the
proof of Lemma 2.1. Recently, Professor S. Tarama (of Kyoto University)
pointed out that the positivity of f(¢#) in Lemma 2.1 can be removed by

considering \/ f(£)> +¢ (¢ > 0) instead of f(¢).

Now we start the proof of Theorem 1.1. Let us recall the present case that
L(t,x,0;,0x) in (1.1) is replaced by L(t,0,,0x). So, operating the Fourier
transform in x — & to (1.1), we get the resuiting Cauchy problem for linear
ordinary differential equations in ¢ e [0, T] with parameter £ e R"

{ OXa(t, &) + ax(t, E)ia(t, &) + dan (1, &)ia(t, €) = 0,
ﬁ(():é) :ﬁO(é)v ﬁt(07é) :ﬁl(f)

Here, assume that there exists a real valued weight function A(z,&) €
cX([0, T}; C*(RY)) fulfilling

(2.2) |A(t, 5)| < CKEYE for (4,¢) €0, T] x R}

and set v(t,&) =e%i(t,&). Then (2.1) is transformed into the Cauchy
problem on [0, T]

(00— 4,)%0(t,6) + ax (8, E)o(t, &) + iy (£, E)v(1, &) = 0,
(2.3) v(0,¢) = et (&) = w0 (&),
(60— A)(t,8)| g = "Dty (&) = v1(&).

We introduce the energy function associated with (2.3)

(2.1)

E(,6) =5 {10~ A0, &) + (@(68) + 44, lole, )P
Noting that E(z,&) < E(0,&) if dE(¢,&)/dt <0, we have from (1.4)

1(8: — 4)7v(t,6)] < CLE () + [m(&)])  (j=0,1),
in the sequel, by (1.3) and (2.2)

li(t,&)| = le =19 u(1, &)
< Cle= 1)y uo(E)] + [o1(&)])
= Cle M08 (&N (&g (E)] + | (¢)])

< C3eS" O (jag(&)] + | (2)]).
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Since ug, u; € L} , (R"), PO (1, &) e L*(R}) for any p >0 and hence (1.1)
admits a unique solution u(t,x) e C*([0, T ];L,%’OO(R;’)) via the inverse Fourier
transform of (¢, &) with respect to & € R”.

Thus it remains to verify that dE(¢,&)/dt < 0 for some A(z, &) with (2.2).
Hereafter we abbreviate the energy function E(¢,&) to

‘ 1
E(1) = 51106 — A(0)* + (@ + Dle()},
ay = day/dt and so on. Differentiating E(r) and using (2.3), we see that

L E() = (a5 +2)e(0]} +(@2+1) Re(w' (1) - o)

+Re(((9:—A)v(2))" - (8= A )v(1))
- %(a£+i’)lv(t)|2+(az+i){Re((0x—A,)v(t) ~0()+4o(1))*}
+Re((0—A,)*0(t) - (8,— A)v(1)) +A:| (8,— A,)v(F) |2

(a2 [o(0) P+ (a2 + D) {Re(0(2) - (Gr=A0(8)+AdJo(0) 2}

N —

—Re((az+iar)v(t) - (8= A)v(0))+A;)(8,— A;)o(2)|*

= 2 (@20 +Re((Aian)o(s) - (B A)(D)

+ A (@t 2)o(1) | +1(8i = Ao (1)}

2, VA= iar|*o(r)|®

< = (a5+4)|o(5)] "+ 2]

431410~ A)o(0)?

N —

+A{ (a2 +2) o(0)* +](9:— A)o(1)*}

1o, 2 2i|i—ia1|2|v(t)|2L1 2
< 5 (a+A) ()" + A ax+A)|v(1)] " t A (0 — A )v(1))|
2 2|4, 2
when A, < 0. Therefore, if we take A like 4, < 0 and
A— i
(& + &) + 24,(ar + 2) +'—% <0,
t

then dE(t)/dt <0. For this purpose it suffices to establish the inequalities

as+ A+ Afay+ 1) <0,

|4 — iay)? <0

Afar + 4) + <
SRRV
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together with 4, < 0. So we may choose

A1) = - L: (Iaé(s’ Q+460), Asd) —imls Ol 1) ds.

ax(s,€) + Als, ) a(s, &) + A(s, )

Up to now, to complete the proof, we must check that this A(¢,¢) satisfies (2.2).
Obviously, it holds that

() + 4 (5,9 o, [ 1As:8) — (s, )
(7 ) ( é) . +J0 a2(s’£)+l(s’é)

=6L(t,&)+ L(t,&E) + T.

At first, from (1.5) h(1,¢) < C(T)KEV* is valid for (1,&)e[0,T] x RE.
Next, pick ¢ = |¢|lw (o] = 1) and A(1,&) = A(1,E)|€| 2. Then, because of the
homogeneity of a; in &, I} can be rewritten as

B t[(az(s’a))—f—i(saé))sl
Il(t,é)—L ay(s, ) + A(s, &) “

ds+ T

4(1,)] < j 192

Here, taking account of

(an(ss00) + s, ) Ve L@202) + A5, D)

|((aa(s, @) + A(s, f))l/k) | = a (s, ) + A(s, &)

a~|-

we can apply Lemma 2.1 to /; and then obtain

L(t,¢) = Jzsz(s, o) + (5, &))" ¥ ((ax(s, ) + As, €))7*),|ds

0
< C(k, T)<EYPI
Indeed, by Lemma 2.1 with f =a,+ /1 and o =0
(a2 (s, @) + A(s,E) )Ml E1 0. 77y < €'k, T)laa(s, @) + A(5, &)l crqo, 790

where, from (1.4)

“az(s w)“Ck 0,7 < sup sup |aZ (S w)| < 0,
({0, 70)
lw|= 1520 sef0,7]

ZZ sup |AY(s,&)| < oo.

1265: )l cxgo, ) = H o
=0 s

Hence, if we take a natural number k large enough as (2 —p)/k < 1/k, then
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L(1,8) < Clk, T)<E"
for (¢,&) € [0, 7] x R; and we now finish the proof.

§3. Concrete example via the symbols

We shall mention the proof of Theorem 1.2 in this section. Let us first
define A(z,&) = <&)P, where p e (0,2] will be determined later. . Then our task is
to find some (1<) k < (24 —v)/(£ —v—1) such that

r M(lvé) - ial(t7f)| 1/x
(3.1 L G T ALE) dt < C(T)&>

for all (#,&) e[0,T] x R;. For this aim, come up with

JTM*iall JT 4] JT |ai]

e dt < dt +

0o Var+ 4 0 Var+ 4 0 Var+4
=Ji(T, &)+ N (T,¢E).

As to Jj, from (1.6) and (1.7)

T T /2
J(T, &) < J ©r dt =J &’ dt

Y VR Y I LR S

VBT |EKE™ (1/6)-1

:57(1/25’)/—1|§l—(1/f)<f>(p/2/)+(p/2)J ds
0 s2+1
1/£)—-1
< o (P21 g WO PROHR) J PV
0 Vs24+1

So, if —1/¢+p/(2¢) + p/2 < 1/x, equivalently

2(k+7)

(3:2) P=v e

then J1(T,¢&) < C(EYV* for &€ R". Meanwhile, as for J,, from (1.7)
Te{riel + Va(t, &)}
S (T, &) < di
R R =

T tvif| T /—a2
=C| ——————dt+C| ————d
Jo Vap + (&Y o Jo Vaz + &Y t

= CJu (T, &) + CIn(T,E).
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It is clear that J5»(7,&) < T for £e R". Therefore it is sufficient to evaluate
Jz1 only. In view of (1.6)

dt

T v T ~(/2)
Jn(T,¢) < J eIl dt:J '|¢I<E>

0 /5t2/m2 + (EYP 0 \/5t2/|5l2<5>—p +1

VBT |E|<ey
:5~(1/2/)v(v/2/)/—1ig|1—((v+1)//)<§>(p(v+1)/2f)—(p/2)J e
0

s(1/0)=14(/2)

s2 41

ds

< 87 0PACRA =1 g 1D (g3 041/200~(012) J = W00

0 s2+1
So, if 1 —(v+1)/¢+p(v+1)/(2¢) — p/2 < 1/k, equivalently

2{(—v-1)k—¢}
({—v—1rx

(3.3) p=
then J5(T,&) < é‘(é)l/" for £ e R”. Thus, for the existence of p (>0) sat-
isfying (3.1) with A(z,&) = <&)”, from (3.2) and (3.3) the inequality

2{(/ —v—1k—¢} < 2(k+7)
(—v-Drx = (£+Dx’

that is, x < (2¢ —v)/(¢/ —v—1) has to be valid and we complete the proof
now. O

In addition, via the same argument as in the proof of Theorem 1.2, we can
confirm that if sups_, IOT lay (2, &)|/ax(t,&)F dt < oo for some B e [0,1/2), then
(1.5) is fulfilled provided x < 1+ 1/(1 —2f). This fact prescribes that Theorem
1.1 is an improvement of a result due to F. Colombini-E. Jannelli-S. Spagnolo
[2]. In fact, as in the proof of Theorem 1.2, select A(z,&) = <&)P. Then

T T
J |, :J |ai ] it
0 Var + 4 o (ar+ ) (ay + 1)1

N (T gy (1, 0)] |¢]
- AL EAL g
= (z) L PP

N8
< C(T) <1) 1" = C(T)<y P,

where ¢ = |€|w as before, of course. On the other hand,
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JT |4 a’t—JT Vv
o Voo + i Jo Var + 4

These inequalities lead us to the condition

T
dr < J Vadt = TEY.,
0

1 ! < L

(1-2Bk = «’

namely x <1+ 1/(1 —2p) for the existence of p {>0). In particular, in the
case of Ivrii’s example

T|‘11| T Il
supJ —dt:J —— dt < o©
ig=1Jo azﬂ o

as long as v —2/8 > —1, which is equivalent to

N R T
1-28 (—v—1 (—v—1"

1

Hence the range of Gevrey exponent x in Theorem 1.1 is wider than that in F.
Colombini-E. Jannelli-S. Spagnolo [2].

§4. Space-variable dependent case

We first prepare a proposition on asymptotic expansions of the symbols
of pseudo-differential operators. Stand for by the symbol class y*S™
(x> 0,me R) the set of all functions p(x,&) e C*(R} x Rf) such that for any
r > 0 there exists a constant C, > 0 satisfying

102DEp(x,&)] < Cr= Pl + 1oy
for every multi-indices «,f e Z"!. Then we enjoy the following fact.

Lemma 4.1 (see Theorem 6.12 in K. Kajitani-T. Nishitani [9]). Let
peYS™ and A as in (1.9). Then the symbol a(eMApeM)(t,x,&) of the
pseudo-differential operator eM(t,D,)p(t,x,D,)e"MA(t,D,) can be expanded in
the following forms.

(i) a(eMipe MM (1,x,&) = p(t,x,&) + p'(t,x,&) + r2(p)(t,x,&), where
Pl(tx,8) = —iM 3, py(t,x,&) e (1,€) and r’(p) e y<Sm=2(1-1/0),

@) a(e™pe™)(t,x,&)=p(t,x, &)+ p'(t,x, &)+ p*(1,x,&) +r(p)(1,x, ),
where pz(t, x,&) = Z}jk:l px,»xk(tv xvé)(MzAéj(lvé)Afk([7é) - MAéjék(t7f)) and
73(]7) e }/KSm_3(1_1/K).

For the proof of Theorem 1.4 it is enough to derive the energy estimate
(1.8). So we shall endeavor to establish (1.8) from now on.
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If we transform u(¢,x) into v(z,x) by

o(t,x) = eM4(1, D ult, x) = (2@*”] FEMACD) (1, )de,
o

then

(4.1 u,(t,x) = e MA(t, D,)(0, — M A,(t, Dy))v(t, x)

holds. On account of u,(t,x) = e"M4(,D,)(0, — MA,(t, Dy))eM4(t, Dy)u(t, x)
4.2) un(t,x) = e MA(1, D) (8, — MA(t, Dy)) 0(t, x)

is also true. Hereforth we indicate 6, = 8, — MA,(t,Dx) and py (¢, x,D;) =
eMA(1. D) p(t,x,Dy)e MA(t,D,) in brief. Then, from (4.2) the equation (1.1) is
changed into

(4.3) 320(t, x) = —Aopra(t, x, D )o(t, %) — idiaga(t, %, De)o(t, X),

where, by use of Lemma 4.1

(4.4)  Aopga(t,x,8) = Aa(t, %, &) + A3 (t,%, &) + A3(t,x,&) + r*(42)(¢,x, &),
@4.5)  Awalt,x, &) = Ai(t,x,&) + AL (6, x,E) + r*(41)(1, x, €).

Now we define the energy function corresponding to (4.3)

E(1) = %{Hé,v(l, x)“iZ(R;) + ((A2(2, %, Dx) + A(Dx))o(t, %), 02, X)) 2 gry }»

where A,(t,x,Dy) = Zﬁk:l Dy a(t,x)Dy, and A(Dy) = (D), with some p >0

which will be taken later. Differentiating E(r), we have

(4.6) %E(l) = Re(3%0(1), 0,0(2)) 12 + M Re(4,9,0(1), 0,0(¢)) 12

43 ((@1A)o(0), 00)) 5 + Re(20(0), B(0)
+ M Re((Ay + A)A0(2), 0(t)) 1> + Re(28,0(2), v(1)) 1o
As well, by means of (4.3)-(4.5)
(47)  Re(37v(1), d0(2)) 2 = —Re(Aav(1), (1)) 12 — Re(A30(1), 8,0(1)) 12
— Re(A20(1), 0,0(t)) 1> — Re(idiv(2), 8,0()) 12
+Tm(A4{o(2), d0(1)) 2 — Re(r* (42)0(1), 00(0)) 12

+ Im(r?(Ay)o(t), d,0(2)) 12
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In the following, according to H. Ishida [4], we shall estimate the respective
terms in the right hand side of (4.6) in aid of (4.7). Then we shall adopt the
inequality

024(,6)] < G [aficeyy
for every multi-index o € Z'} without citation. We should note that the positive
continuous functions C(#), Ci(¢),...,Cs(¢) on [0,T] appeared below do not
depend on the parameters # and M. In advance, since 0 < g¢(A42)(¢4,x,&) =
1b(x,&) + c(x,&) € y*S? (00(A42) means the principal symbol of 4,), the
Fefferman-Phong inequality (see C. Fefferman-D. H. Phong [3]) yields

Re(Az(—A:)v(2),0(1) 12 = = CO)|| 14 2o(2)17,
so that we retain
(48)  Re((z + D) (=A)o(t), o(0)) 2 + COI i Vo(0) 122 > 0.
To start with, from (4.4)

—RC(AZIU(I), étv(t))Lz = — i Im(MAzxjAéjU(t), étU(t))Lz
=

1 _ o
=3" <max 114,72 Aoy g o (o) 22+ lel”zﬁtv(t)lliz)'

Here, owing to |0, A2(t,x,¢)| < C\/42(t,x,&) + A(E)|&], we find

1M A~ Aoy, A 0(0) | 72
< Ci(t){Re((A2 + A)(—A)o(t), 0(t)) 12 + CO)|| |24 Po(2)]|72}
if h>M. Thus we get
- 1 -
(49) = Re(d0(1), 6,()) 2 = 5nll |4 200(1) 2

< nCi(t){Re((Az2 + 2)(=4)v(2), (1)) 12 + CQ)I| [24:]20(1)[1 72}

Also, similarly to the above

—Re(420(2), 0,0(1)) 2

n
= Z Re(Azxjxk (MAéjék - MzAfjAfk)v(t)’ alv(l‘))L2
Ji=

1 125 ' ~12 2
< E”Z{H A8 ,0(8)]12 +j£fll‘f}¥n(l|M|At| / Az Ag e, 0(1)|| 12

—-1/2
a2 Azx,.xkAc,Ackv<r>||iz>}.
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Here, by virtue of |0y, 42(2,x,&)| < C|¢|* and p > 2/k (as can be seen soon)
1M1 407 Ay A 0O 72 + | M2 A ™ Ay A, A 0(1) |12
< C(0)|IKDxY; o)1 < G (0] 1444 0(0)|1 22

when A > M. Therefore we obtain
. 1 -
(4.10) ~Re(450(2), 0(1)) 2 — -2~n2|| |4, 26,0(2)]17

< 2 Cs(0)|| |24 0(0)) .

By the way, some simple calculations show that if we choose p = 2/k + 2g, then
there exists a constant C(7) > 0 fulfilling

0iAz(t,x,&) + C(T)(Aa(t, x,&) + A(E))A:(1,€) <0,

(&) — idi(t,x, &)
[4,(2,8))]

= (&)r. In consequence, we know

+ C(T)(A2(1,x, &) + A())4(2,£) <0

with A(¢

M| = ~—

(4.11) ((8,42)v(2),0(2)) 12 — Re(id1v(£), 8,0(2)) > + Re(Adw(t), v(1)) 2

= 2 ((@A2)o(e), o)) o + Re( A2 — i )e(0), 14 d0(1))

< Ca(O){Re((A2 + A)(=A)o(2), v(1)) 12 + CO)| |24 P 20(0))| 22
+ | 1428 ,0(0)]172}-

Further, thanks to |0,.4:1(¢,x,¢)| < C|¢| and p > 2/k

(4.12)  Im(4lv(r), 00(0)) . = —M

Re( A1 g v(2), d0(1)) 12

j=1

1 o
< an(Cs(t)llll/zv(t)liiz + 10(D)]172)-

Besides, from the boundedness of the symbols r3(4)(¢,x,&) and r2(4;)(t, x, &)
it is evident that

(4.13) —Re(r3(42)0(t), 8,0(2)) 12 + Im(r? (A1) v(2), 80(2)) 2
< Cs(0)l[o(D)lI72 + 60(D)]1 7.

Now, by (4.8) it is reminded that
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(4.14)  MRe((dy + A)A0(2),v(t)) 1
< _%{Re((Az + 2) (= A)o(8), 0()72 + CO|) |2, Po(2)]132},

(4.15) M Re(A4,8,0(1),6,0(1)) 2 = —M||[(—4,) 3,0(2) |12
= M| |4} 28,0(0)|
Up to now, summing up (4.9)—(4.11) and (4.14)-(4.15), we deduce
(416)  —Re(dbo(0), Gu(0)),: — Re(430(0), 8(0) 2 + 5 ((02)o(0),v(0)
— Re(idv(), 0,0(t)) 12 + Re(Ld,0(2), (1)) 1

+ M Re((A4r + ) Aw(t), v(2)) 2 + M Re(A4,0,0(2), (1)) 12
< <— % +nCy(t) +n*Cs(t) + C4(t))
x {Re((Az + A)(—=A)(t),0(t) 2 + C()|| |44 Po(2)]172}

11 =
+ (_M +yntan’+ C4(f>> A2 30(2)]1 72

Hence, if we determine

h > max{M, 1},

M >2 sup (nCi(f) + n+n*Cs(t) + n® + Cy(1))
tel0,T]

and c(t) =nM(Cs(t) +1) +2(Cs(t) + 1), then it follows from (4.6)-(4.7),
(4.12)—(4.13) and (4.16) that

%E(r) < c(E(L)

is valid for re [0, T], which leads to by Gronwall’s inequality
4.17) E(t) < eh % E ()

also holds on [0,T]. Here, (4.1) prompts us the relation

(4.18)  E() = (Ilv(t)lliz+|15rv(t)lliz)Z%(Hewu(t)lliz+IIeMAut(t)lliz)‘

NI =

While, because Ag(t,x,é)-{—i(f)sC(T)(f)hmax{z”’}zc(T)@),% (if we may
assume x > 2 without loss of generality due to M. D. Bronshtein [1]),
(1)

(4.19) E(0) < = (Il *u(0) |71 + lle* u(0)]Z2).
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Thus we have established the energy estimate (1.8) from (4.17)—(4.19). Finally,
it is a standard procedure that the wellposedness of the Cauchy problem (1.1) in

2
Lx, 00

(R™) is derived from (1.8) and so we omit it.
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