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The Initial Value Problem for Some Degenerate 
Hyperbolic Equations of Second Order in Gevrey Classes 

By 

Haruhisa ISHIDA and Hideto ODAI 

(University of Tsukuba) 

§ 1. Introduction 

In this paper we shall consider the following Cauchy problem for linear 
weakly hyperbolic equations on [0, T] x R; 

(1.1) 

where 

{ 
L(t, x, 01, Ox)u(t, x) = 0, 
u(O, x) = uo(x), u1(0, x) = u1 (x), 

n 

A2(t,X,Ox) = L Oxja}k(t,x)Oxk, 
j,k=l 

n 

A1 (t, x, Ox) = L a1(t, x)Oxj 
}=I 

such that a1k(t,x) E C;'°([0, T];y(K)(R;)) satisfy the weak hyperbolicity condition 

n 

L a1k(t, x)c;1c;k ::2: 0 
J,k=l 

for all (t,x,c;) E [0, T] x R~~{; 

and a1(t,x) E C?([0, T]; y(K)(R;)). y(Kl(Rn) is the (projective) Gevrey class with 
exponent K ( > 0), that is, the set of all functions f E C00 (Rn) such that for any 
r > 0 there exists a constant Cr > 0 fulfilling 

sup 1a;J(x)I::;; Crrl"llo:l!K 
XE Rn 

for every multi-index o: E Z~. We actually handle some special cases of a1k(t, x) 
and a1(t, x) here. As the function spaces to which the solution of the Cauchy 
problem (1.1) belongs, we define the Gevrey space with exponent K (>0) and 
radius p (>0) (of convergence) 

L~,p(Rn) = { u EL 2(Rn); eP<0 11' u(c;) EL 2 (R2)} 
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and L~, 00 (Rn) = np>OL~,p(Rn), where (0 = Jl + 1<;1 2 and it means the 
Fourier image of u in L2 (Rn). 

First of all, we shall deal with the case that L(t, x, 01, ox) is independent of 
x, namely 

n n 

L(t, Ot, Ox) = o; - L ajk(t)oxjXk - L a1(t)oxj 
j,k=I J=I 

with a1k(t) E C00 ([0, Tl) and aJ(t) E c 0 ([0, Tl). Then the weak hyperbolicity 
condition turns into 

(1.2) 
n 

a2(t, <;) = L a1k(t)¢1¢k z 0 
j,k=I 

for all (t, <;) E [0, T] x Rt 

For simplicity, put a1 (t, <;) = LJ=I a1(t)<;1 as well. Now we can state our results 
in this case (see also K. Kajitani [7]). 

Theorem 1.1. Assume that (1.2) and there exist some K z 1 and 
J(t,<;) E C;'°([0, T] x R2) such that 

(1.3) J(t, <;) z Co(OP (0 < p:::;; 2), 

(1.4) 1::/(t, ol :::::: c1<0 2 u = o, 1, ... ), 

(1.5) IT IJ(t, <;) - ia1 (t, <;)I dt:::;; C(T)(Ol/K (i = \/-1) 
o Ja2(t,<;)+J(t,<;) 

hold for all (t, <;) E [0, T] x R2, Then the Cauchy problem (1.1) is wellposed in 
the Gevrey space L~, 00 (Rn), that is, for any initial data u1 EL~, 00 (Rn) (j = 0, 1) 
there is a unique solution u(t,x) E C2 ([0, T];L~, 00 (R;)) to the Cauchy problem 
(1.1). 

Further, we give a sufficient condition for the existence of K and J(t, <;) in 
Theorem 1.1 in terms of the symbols a2(t,<;) and a1(t,<;) only. 

Theorem 1.2. Suppose that for some real numbers t, v with O:::;; v < t - 1 
there exist positive constants J and C such that 

(1.6) 

(1.7) 

a2(t, <;) z Jt2tl<;l 2, 

la1(t,<;)I:::;: C(tvl(I + Ja2(t,<;)) 

are valid for all (t, <;) E [0, T] x Rt Then there are J(t, <;) E C;x' ([0, Tl) and 
1 :::;: K :::;; (2t - v) / ( t - v - 1) satisfying the conditions in Theorem 1. 1. 



Example 1.3. 

The Initial Value Problem 

n 
a2(t, ¢) = t21 1¢1 2 + L h1k(t)¢ik, 

J,k=I 

n n n 

a1 (t, ¢) = tv L c1(t)¢1 + L dk(t) L h1k(t)¢1, 
J=I k=I J=l 

73 

where b1k(t) E C00 ([0, Tl), c1(t),dk(t) E c 0 ([0, Tl) and I:l,k=l b1k(t)¢ik ;==: 0 for all 
(t, ¢) E [0, T] x Rr 

Here we should make some historical comments. In Example 3.1 of V. Ja. 
Ivrii [ 5], he investigated the case of 

Lo(t, at, ax)= a; - t21 a~ - itvax 

with 0 ::; v < t - 1 and n = 1. He proved that a necessary and sufficient 
condition for the wellposedness of the Cauchy problem (1.1) to Lo(t, at, ax) in 
the Gevrey space L~, 00 ( R) is ( 1::;) K ::; ( 2t - v) / ( t - v - 1). Since Theorem 1.2 
contains the Ivrii example above, the Gevrey exponent K = (2t - v)/(t - v - 1) 
in Theorem 1.2 is optimal for the wellposedness in the Gevrey space L~, 00 (R). 
Apart from Ivrii's result, in Remark 3 of F. Colombini-E. Jannelli-S. Spagnolo 

[2], they showed that if supl¢l=l J0T la1 (t, 0 I/ a2(t, ¢l dt < oo (0 ::; /J < 1/2), the 
Cauchy problem (1.1) is wellposed in the Gevrey space L~, 00 (Rn) provided 
K::; 1 + 1/(1 - 2/J). So, applying the Ivrii example to this result, we know 
that the Cauchy problem (1.1) to L0 (t, a1, ax) is wellposed in the Gevrey space 
L~_ 00 (R) provided K::; 1 + 1/(1 - 2/J) < (2t - v- 1)/(t - v - 1), which is more 
restricted than Ivrii's result. We shall later observe that Theorem 1.1 is an 
improvement of the F. Colombini, E. Jannelli and S. Spagnolo result above, 

namely, suplc;l=dtla1(t,¢)l/a2(t,¢ldt< oo (0::;/J< 1/2) implies the condi­
tions in Theorem 1.1 (see § 3). 

Next we shall treat the case that L( t, x, at, ax) has the x-dependent 
coefficients 

Gjk(t, x) = t21b1k(x) + Cjk(x), 

a1(t,x) satisfying lta1(t,x)¢11::; Cr(tvJb(x,¢) + Jc(x,¢)), 

where we assume that 

n 

b(x, ¢) = L h1k(x)¢ik ;==: 0, 
J,k=I 
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n 

c(x, ¢) = L CJk(x)¢J(k ::?'. 0. 
j,k=l 

Then we obtain the following result. 

Theorem 1.4. If O ~ v < t - I, then for every (1~) K ~ (2t - v)/ 
(t - v - 1) the Cauchy problem (1.1) is wellposed in the Gevrey space L~, 00 (Rn). 
Moreover, the energy estimate below is established for any t E [O, T]. 

(1.8) lleMA(t, Dx)u(t, x) IIL2(R;) + lleMA(t, Dx)u1(t, x)llu(R;) 

~ C(t)(lleMA(O,Dx)uollH1(R") + lleMA(O,Dx)u1IIL2(R")), 

where 

1 
(1.9) 

(J = 2/ - V' 

which was introduced in K. Kajitani-M. Mikami (8], <Oh = ✓h2 + 1¢1 2 and h, 
M > 0 are some large parameters. 

Theorem 1.4 presents a generalization of Theorem 1.2 to x-dependent 
coefficients case in some sense. 

Finally we wish to refer to V. Ja. lvrii (6], T. Kinoshita [IO] and K. 
Y agdjian [ 1 1] for other recent topics on the Gevrey wellposedness of the 
hyperbolic Cauchy problem. 

§ 2. Existence theorem of the solution in Gevrey space 

We shall prove Theorem 1.1 in this section. To begin with, we need a 
lemma of real analysis due to F. Colombini-E. Jannelli-S. Spagnolo [2]. Let k 
be a nonnegative integer and O ~ 0( ~ 1. Denote by ck,°'([O, Tl) the Banach 
space of all k-times continuously differentiable functions on [O, T] whose k-th 
derivatives are Holder continuous with exponent 0( when 0( > 0. The norm in 
this space is endowed with 

! k lf(k) (t) f(k) (s) I I: sup lf1\t)I + sup - a 

11111 _ J=O tE[O,T] t,sE[O,T],t#S It - sl 
Ck,"([O,T]) - k 

I: sup lf1l(t)I 
}=0 IE [0, T] 

for f E ck,°'([O, Tl). Then we can verify the following fact. 

if 0( > 0, 

if 0( = 0 
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Lemma 2.1. Let f(t) be a real valued function of ck,rx on some compact 
interval I c R, with positive integer k and 0 s a s 1, and suppose that f(t) :2'.: 0 
on I Then the function f 'f(k+rx\t) is absolutely continuous on I and moreover 

IIU'1(k+rx)n1~~) s C(k, a,I)llflb,oc(J)· 

We refer to Lemma 1 in F. Colombini-E. Jannelli-S. Spagnolo [2] for the 
proof of Lemma 2.1. Recently, Professor S. Tarama (of Kyoto University) 
pointed out that the positivity of f(t) in Lemma 2.1 can be removed by 
considering J f(t) 2 + e (e > 0) instead of f(t). 

Now we start the proof of Theorem 1.1. Let us recall the present case that 
L(t, x, 81, 8x) in (1.1) is replaced by L(t, 81, 8x)- So, operating the Fourier 
transform in x---+ ¢' to (1.1), we get the resulting Cauchy problem for linear 
ordinary differential equations in t E [0, T] with parameter ¢' E Rn 

(2.1) { 
8fu(t, ,;) + a2(t, ,;)u(t, O + ia, (t, Ou(t, ,;) = o, 

u(0,¢') = uo(¢'), &1(0,¢') = u,(¢'). 

Here, assume that there exists a real valued weight function A(t, ¢') E 

c/([0, T]; C00 (Rl)) fulfilling 

(2.2) IA(t, ¢')I s C' (0 11K for (t, ¢') E [0, T] x Rl 

and set v(t, O = eA(t,l;)u(t, ¢'). Then (2.1) is transformed into the Cauchy 
problem on [0, T] 

{ 
(81 - A1)2v(t, ¢') + a2(t, ,;)v(t, ¢') + ia, (t, Ov(t, 0 = 0, 

(2.3) v(O, ¢') = eA(O,l;)uo(¢') = vo(¢'), 

(81-A1)v(t,¢')l1=0 = eA(Ol)u,(¢') = v,(i;). 

We introduce the energy function associated with (2.3) 

1 2 2 
E(t,¢') = 2{1(81-A1)v(t,OI + (a2(t,¢') +Jc(t,i;))lv(t,¢')1 }. 

Noting that E(t, ¢') ::;; E(O, ¢') if dE(t, ¢')/dt::;; 0, we have from (1.4) 

1(81 -Ai)jv(t,¢')1 s C,(<Olvo(¢')1 + lv,(O1) 

in the sequel, by (1.3) and (2.2) 

lu(t, 01 = le-AU,Ov(t, 01 

(j=0,l), 

s C{e-A(t,l;)<o-(p/2)( <Olvo(¢')1 + Iv, (01) 

= C{eA(O,/;)-A(t,l;)<o-(p/2\ <Oluo(¢')1 + lu, (¢')I) 

s: C~ec"<0 11
K (luo(¢')1 + lu, (¢')1)-
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Since u0, u 1 EL;, 00 (Rn), eP<0 11
K u(t, i;) EL 2(R;) for any p > 0 and hence (1.1) 

admits a unique solution u(t,x) E C2 ([0, T];L;, 00 (R;)) via the inverse Fourier 
transform of u(t, i;) with respect to i; E Rn. 

Thus it remains to verify that dE(t,i;)/dt ~ 0 for some A(t,i;) with (2.2). 
Hereafter we abbreviate the energy function E(t, i;) to 

1 2 2 E(t) = 2 {1(81 -Ai)v(t)I + (a2 + Jc)lv(t)I }, 

a~= daz/dt and so on. Differentiating E(t) and using (2.3), we see that 

!E(t) = 1{(a~+Jc')lv(t)l 2}+(a2+Jc) Re(v'(t) • v(t)) 

+Re(((81-A1)v(t)) 1 • (8i-Ai)v(t)) 

= 1(af+Jc')lv(t)l 2+(a2+Jc){Re((81-Ai)v(t) • v(t))+Ailv(t)l 2} 

+ Re( ( 81-Ai)2v(t) • ( 8i-A1)v(t)) + Ail ( 8i-Ai)v( t) 12 

1 
= 2(a~+Jc')lv(t)l 2+(a2+Jc){Re(v(t) • (81-A1)v(t))+A1lv(t)l 2 } 

- Re( (a2 +ia1)v(t) • ( 81-Ai)v(t)) + Ail ( 81-Ai)v(t) 12 

= 1 (a~+Jc')lv(t)l 2+Re((Jc-ia1)v(t) • (81-A1)v(t)) 

+ A1{ (a2 +Jc) lv(t) 12 + I ( 81-A1)v( t) 12} 

~ 1 (af+Jc')lv(t)l 2 +IJc - ;;i1~2
ilrt)l

2 
+1 IA1I l(8i-A1)v(t)l 2 

+ Ai{ (a2 +Jc) Iv( t) 12 + I ( 81-A1)v(t) 12} 

1 2 2 1Jc-iail 2 lv(t)l 2 1 2 ~ 2 (a~+Jc')lv(t)I +A1(a2+Jc)lv(t)I + 2IAil +2A1l(8i-A1)v(t)I 

when A1 < 0. Therefore, if we take A like A1 < 0 and 

, , ( ) I Jc - ia1 12 
(a2 + A ) + 2Ai a2 + A + IAil ~ 0, 

then dE(t)/dt ~ 0. For this purpose it suffices to establish the inequalities 

{ 
a~+ Jc'+ A1(a2 + Jc) ~ 0, 

IJc- iail2 
Ai(a2 +Jc)+ IAil ~ 0 
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together with A 1 < 0. So we may choose 

Up to now, to complete the proof, we must check that this A(t, c;) satisfies (2.2). 
Obviously, it holds that 

IA(t, c;)I :s; It la~(s, c;) + J' (s, 01 ds + It IJ(s, c;) - iai (s, c;)I ds + T 
o a2(s, c;) + J(s, c;) o Ja2(s, c;) + J(s, c;) 

= Ii (t, c;) + [z(t, c;) + T. 

At first, from (1.5) lz(t, c;) :s; C(T)<oiJK is valid for (t, c;) E [O, T] X Rr 
Next, pick c; = lc;lw (lwl = I) and i(t, c;) = J(t, c;)lc;l-2. Then, because of the 
homogeneity of a2 in c;, Ii can be rewritten as 

Here, taking account of 

we can apply Lemma 2.1 to Ii and then obtain 

It ~ ijk ~ ijk 
fi(t,c;)= /(a2(s,w)+J(s,c;))- l((a2(s,w)+J(s,c;)) )slds 

:s; C(k, T)<0(2-p)/k_ 

Indeed, by Lemma 2.1 with f = a2 + .X and ix = 0 
~ i;k k ~ 

ll(a2(s,w) + J(s, c;)) )sllL1([0,T]) :s; C'(k, T)lla2(s,w) + J(s, c;)llck([O,T]), 

where, from (1.4) 

k " ( ") lla2(s,w)llck([O,T]):,:; sup~ sup la/ (s,w)I < oo, 
lcol=i J=O sE [O, T] 

k 
~ 1 " ( ") IIJ(s,c;)llck([O,T]) =-2~ sup IJ 1 (s,c;)I < oo. 

lc;I j=O se[O,T] 

Hence, if we take a natural number k large enough as (2 - p)/k :s; 1/K, then 
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for (t, ¢) E [O, T] x Ri and we now finish the proof. 

§ 3. Concrete example via the symbols 

We shall mention the proof of Theorem 1.2 in this section. Let us first 
define A(t, ¢)=<OP, where p E (0, 2] will be determined later. Then our task is 
to find some (I::;) K::;; (2t - v)/(t - v - 1) such that 

(3.1) JT IA(t,¢) - ia1(t,¢)I dt::;; C(T)<Ol/K 
o Ja2(t,¢)+A(t,¢) 

for all (t, ¢) E [O, T] x Rr For this aim, come up with 

J
T IA- ia1I dt < JT IAI dt+ JT la1I dt 
o ✓ a2 + A - o ✓ a2 + A o ✓ a2 + A 

= 11 (T, ¢) + ]z(T, ¢). 

As to 11, from (1.6) and (1.7) 

l (T ¢) < JT <OP dt = JT <Op/2 dt 

I , - o JJt2c1,12 + <¢/ o JJt2c1,12<o~p + i 

So, if -1 / t + p / (2t) + p /2 ::;; 1 / K, equivalently 

(3.2) 

then l 1(T,¢)::;; C<Ol/K for (ERn. Meanwhile, as for h, from (1.7) 

Jz(T, (}::;; JT C{tvl¢1 + ~} dt 
o Ja2(t, ¢)+<OP 

=CJT .tv1¢1 dt+cJT Fi dt 
o Ja2+<0P o Ja2+<0P 

= Cfz1 (T, ¢) + Cfz2(T, ¢). 
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It is clear that Jz2(T, () s T for ( E Rn. Therefore it is sufficient to evaluate 
Jz1 only. In view of (1.6) 

JJJT1 lc;l<o-p12 
= ()-(1/2tHv/2t)rI 1,1 l-((v+l)/t) <O(p(v+l)/2t)-(p/2) 0 

5(1/t)-l+(v/t) 
x----ds 

vs2+1 

s ()-(1/2t)-(v/2t)rI 1,11-((v+l)/t) <O(p(v+l)/2t)-(p/2) s ds. Joo (1/t)-l+(v/t) 

0 vs2+1 

So, if 1 - (v + 1)/t + p(v + 1)/(2t) - p/2 s 1/K, equivalently 

(3.3) p > 2{(~ - V - 1)~ - t}' 
- t-v-lK 

then Jz,(T,0 s C(0 11K for (ERn. Thus, for the existence of p (>0) sat­
isfying (3.1) with J(t, ()=(OP, from (3.2) and (3.3) the inequality 

2{(t-v-l)K-t} 2(K+t) 
(t-v-l)K s (t+l)K' 

that is, Ks (2t - v)/(t - v - 1) has to be valid and we complete the proof 
now. □ 

In addition, via the same argument as in the proof of Theorem 1.2, we can 
confirm that if suplc;l=I f0T la, (t, ()l/a2(t, (l dt < oo for some /J E [O, 1/2), then 
(1.5) is fulfilled provided Ks 1 + 1/(1 - 2/J). This fact prescribes that Theorem 
1.1 is an improvement of a result due to F. Colombini-E. Jannelli-S. Spagnolo 
[2]. In fact, as in the proof of Theorem 1.2, select J(t, () = (OP. Then 

IT la,I dt=JT la,I dt 
o ✓a2 + A o (a2 + J)P(a2 + J)(I/Z)-P 

< (~)(I/2)-PJT la,(t,w)l 1(1 dt 

- A o a2(t, w ll(l 2p 

( )
(1/2)-P 

s C(T) i 1(1 1- 2P = C(T)(0-p((l/2)-P)+l-2P, 

where ( = l(lw as before, of course. On the other hand, 



80 Haruhisa ISIDDA and Hideto 0DAI 

I T IJI dt = IT JIJI dt::,;; IT vAdt = T<OP12 . 
o ✓ a2 + A o ✓ a2 + A o 

These inequalities lead us to the condition 

1 1 
1----<­

(l - 2P)K - K' 

namely K::;; 1 + 1/(1 - 2P) for the existence of p (>0). In particular, in the 
case of lvrii's example 

I
T la1 I IT tv 

sup P dt = 2tp dt < oo 
j<;j=l O a2 O t 

as long as v - 2tp > -1, which is equivalent to 

l t 2t-v-l 
l + 1 - 2P < l + t - V - 1 t - V - 1 • 

Hence the range of Gevrey exponent Kin Theorem 1.1 is wider than that in F. 
Colombini-E. Jannelli-S. Spagnolo [2]. 

§ 4. Space-variable dependent case 

We first prepare a proposition on asymptotic expansions of the symbols 
of pseudo-differential operators. Stand for by the symbol class yK sm 
(K > 0, m ER) the set of all functions p(x, ¢) E C00 (R; x Rl) such that for any 
r > 0 there exists a constant C, > 0 satisfying 

1a;ntp(x, ¢)1 ::;; C,rla+/il la+ Pl!K<o:-lal 

for every multi-indices a,p E Z~. Then we enjoy the following fact. 

Lemma 4.1 (see Theorem 6.12 in K. Kajitani-T. Nishitani [9]). Let 
pEyKSm and A as in (1.9). Then the symbol CI(eMApe-MA)(t,x,¢) of the 

pseudo-differential operator eMA(t,Dx)p(t,x,Dx)e-MA(t,Dx) can be expanded in 
the following forms. 

(i) CI(eMApe-MA)(t,x,¢) = p(t,x,¢) + p I (t,x,¢) + r2(p)(t,x,¢), where 
p I (t,x,¢) = -iM"E,,1"=1Px1(t,x,¢)A<;J(t,¢) and r 2(p) EyKsm-2(I - I/Kl. 

(ii) CI(eMA pe-MA)(t, x, ¢) = p(t, x, ¢) + p I (t, x, ¢) + p 2(t, x, ¢) +r3(p)(t, x, ¢), 

where p 2(t, x, ¢) = L/k=I Px1xJt, x, ¢)(M2 Ai;/t, c;)A<;k (t, ¢) - M A<;J<;k (t, ¢)) and 
r3(p) E yKsm-3(1-I/K)_ 

For the proof of Theorem 1.4 it is enough to derive the energy estimate 
(1.8). So we shall endeavor to establish (1.8) from now on. 
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If we transform u(t, x) into v(t, x) by 

v(t, x) = eMA(t, Dx)u(t, x) = (2n)-n J eix-c;+MA(t,c;)ii(t, ()d(, 
R" 

then 

(4.1) 

holds. On account of u1(t,x) = e-MA(t,Dx)(o1 - MA1(t,Dx))eMA(t,Dx)u(t,x) 

(4.2) u11 (t,x) = e-MA(t,Dx)(o1 - MA1(t,Dx))2v(t,x) 

is also true. Hereforth we indicate 81=o1-MA1(t,Dx) and PMA(t,x,Dx)= 

eMA(t,Dx)p(t,x,Dx)e-MA(t,Dx) in brief. Then, from (4.2) the equation (1.1) is 
changed into 

(4.3) 

where, by use of Lemma 4.1 

(4.4) A2MA(t,x,() =A2(t,x,() +A1(t,x,() +A;(t,x,() +r3(A2)(t,x,(), 

(4.5) A1MA(t, x, () = A1 (t, x, () + A}(t, x, () + r 2(A1 )(t, x, (). 

Now we define the energy function corresponding to (4.3) 

1 ~ 2 
E(t) = 2 {llo1v(t, x)llucR;) + ((A2(t, x, Dx) + ,l,(Dx) )v(t, x), v(t, x))u(R;)}, 

where A2(t, x, Dx) = I:1\=1 Dx1a1k(t, x)Dxk and J(Dx) = (Dx)% with some p > 0 
which will be taken later. Differentiating E(t), we have 

(4.6) 
d ~2 ~ ~ ~ 
dtE(t) = Re(o1 v(t), 01v(t))u + MRe(A101v(t), o1v(t))u 

1 ~ 
+ 2 ((01A2)v(t), v(t))L2 + Re(A2v(t), 01v(t))L2 

+ MRe((A2 + ,l,)A1v(t), v(t))u + Re(J81v(t), v(t)h2-

As well, by means of (4.3)-(4.5) 

(4.7) 
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In the following, according to H. Ishida [4], we shall estimate the respective 
terms in the right hand side of (4.6) in aid of (4.7). Then we shall adopt the 
inequality 

lofA(t,<;)I s Crr1"11al!<Oi11K)-lcxl 

for every multi-index a E Z~ without citation. We should note that the positive 
continuous functions C(t), C1 (t), ... , C6(t) on [O, T] appeared below do not 
depend on the parameters h and M. In advance, since Os ao(A2)(t,x,<;) = 
t2tb(x, <;) + c(x, <;) E yKS2 (a0(A2) means the principal symbol of A2), the 
Pefferman-Phong inequality (see C. Fefferman-D. H. Phong [3]) yields 

Re(A2(-A1)v(t), v(t)h2 ~ -C(t)II IA11 112v(t)lli2, 

so that we retain 

(4.8) Re((A2 +Jc)(-A1)v(t),v(t))u + C(t)II IJcA11 112v(t)lli,2 ~ 0. 

To start with, from (4.4) 
n 

-Re(A~v(t),81v(t)h2 = - I:Im(MA2x1A,;1v(t),81v(t))u 
J=I 

S ~n c!;}~.:n IIMIA1l- 112 A2x1A,;jv(t) lli,2 + II IA1l 1121\v(t) lli,2) • 

Here, owing to lox1A2(t,x,<;)I s CJA2(t,x,<;) +Jc(<;)l<;I, we find 

IIMIAil-l/2 A2x1A,;1v(t) lli,2 

s C1 (t){Re( (A2 + Jc) ( -Ai)v(t), v(t) h2 + C( t) II IJcA1I I12v(t) lli,z} 

if h ~ M. Thus we get 

(4.9) 
I ~ 1 1/2 ~ 2 

- Re(A2v(t), 01v(t))u - 2nll lA1I 01v(t)llu 

s nC1 (t){Re( (A2 + Jc) ( -Ai)v(t), v(t)) L2 + C(t) II IJcA1I I12v(t) lli,2 }. 

Also, similarly to the above 

S ~n2{ II IA11 I1281v(t) lli,2 + J2?,a.~)IIMIA11-l/2 A2x1xkA.;Av(t) lli,2 

+ IIM2IA11-l/2A2x1xkA.;1 A.;kV(t)lli,2) }· 
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Here, by virtue of loxjxkA2(t,x,()I s Cl¢1 2 and p z 2/K (as can be seen soon) 

IIMIA1l-112 A2xjxkA(j(kv(t) lli,2 + IIM2IA1l-l/Z A2xjxkA(jA(kv(t) lli,2 

s C2(t)ll(Dx)i/(ZK)v(t)lli,2 s C3(t)ll l..tA11 112v(t)lli,2 

when h z M. Therefore we obtain 

(4.10) 2 ~ 1 2 1/2 ~ 2 
-Re(A2v(t),81v(t))u - 2n 11 IAil 81v(t)IIL2 

s n2C3(t)II IJcA11 112v(t)lli,2. 

By the way, some simple calculations show that if we choose p = 2/K + 2a, then 
there exists a constant C( T) > 0 fulfilling 

{ 
81A2(t,x'.¢) + C(T)}A2(t,x,¢) +..t(¢))A1(t,¢) s 0, 

l..t( ¢) IA:1r: ~) ~'¢)I + C(T) (A2(t, x, 0 + ..t( ¢) )A1(t, ¢) s 0 

with ,1,(¢) = <Or In consequence, we know 

( 4.11) 
1 ~ ~ 

2 ( ( 81A2)v(t), v(t)) L2 - Re(iA1 v(t), 81v(t) h2 + Re(..t81v(t), v(t)) L2 

1 (I 1-1;2 • 1;r ( )) =2((81A2)v(t),v(t))u+Re Ai (,1,-zA1)v(t),IA1I o1vt L2 

s C4(t){Re((A2 + ,1,)(-A1)v(t), v(t))L2 + C(t)ll l..tA11 112v(t)lli2 

+ II IA1l 1121\v(t)lliil-

Further, thanks to l8xjA1(t,x,¢)I s Cl¢1 and pz2/K 

n 

(4.12) Im(A}v(t),1\v(t))u = -MI:Re(A1xjA(jv(t),81v(t))u 
J=l 

s ~nM(Cs(t)IIJc 112v(t)lli2 + ll81v(t)lli,2). 

Besides, from the boundedness of the symbols r3(A2)(t,x,¢) and r2(A1)(t,x,¢) 
it is evident that 

(4.13) 3 ~ 2 ~ 
-Re(r (A2)v(t), 81v(t)h2 + Im(r (AI)v(t), 81v(t))L2 

s C6(t)llv(t)lli,2 + ll81v(t)lli2-

Now, by (4.8) it is reminded that 
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(4.14) 

( 4.15) 
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MRe((A2 + ).)Aiv(t), v(t))L2 

M :::; - 2 {Re((A2 + A)(-Ai)v(t), v(t))i2 + C(t)II IAA1I 112v(t)llfz}, 

~ ~ 1;r 2 MRe(A101v(t), 81v(t)h2 = -Mll(-Ai) oiv(t)llu 

= -MIi IA11 1121Jiv(t)llf2. 

Up to now, summing up (4.9)-(4.11) and (4.14)-(4.15), we deduce 

I ~ 2 ~ 1 
(4.16) -Re(A2v(t), oiv(t))u - Re(A2v(t), oiv(t))u + 2((01A2)v(t), v(t)h2 

- Re(iA1v(t), 81v(t))u + Re(A81v(t), v(t))u 

+ MRe((A2 + ).)Aiv(t), v(t))u + MRe(A181v(t), 81v(t))L2 

:::; (-~ + nC1 (t) + n2C3(t) + C4(t)) 

x {Re((A2 + ).)(-Ai)v(t), v(t))u + C(t)II l).A1J
112v(t)lli2} 

( 1 1 2 ) 1/2 ~ 2 + -M+ 2n+ 2n +C4(t) IIIA1I 81v(t)IIL2-

Hence, if we determine 

h?: max{M, 1}, 

M?:2 sup (nC1(t)+n+n2C3(t)+n2+C4(t)) 
IE [0, T] 

and c(t) = nM(Cs(t) + 1) + 2(C6(t) + 1), then it follows from (4.6)-(4.7), 
(4.12)-(4.13) and (4.16) that 

d 
dtE(t):::; c(t)E(t) 

is valid for t E [O, T], which leads to by Gronwall's inequality 

(4.17) E(t) ::=; efo1 c(s)dsE(O) 

also holds on [O, T]. Here, (4.1) prompts us the relation 

(4.18) 

While, because A2(t,x,<;) +A(<;):::; C(T)<O:ax{2,P} = C(T)<Oi (if we may 
assume ,c?: 2 without loss of generality due to M. D. Bronshtein [1 ]), 
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Thus we have established the energy estimate (1.8) from (4.17)-(4.19). Finally, 
it is a standard procedure that the wellposedness of the Cauchy problem (1.1) in 
L~. 00 (Rn) is derived from (1.8) and so we omit it. 
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