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Some Results of Blow-Up and Formation of Singularities 
for Non-Strictly Hyperbolic Equations 

By 

Chiara Brnn and Renato MANFRIN 
(Universite di Ferrara and Universite di Venezia, Italy) 

Introduction 

In this paper we give some results of blow-up for non-strictly hyperbolic 
systems of the form 

(0.1) { Vt= b(v)vx + Wx 
Wt= a(v)vx + J(v) 

in [0, +oo) x R, which derive from the quasi-linear wave equations 

(0.2) 

or 

(0.3) 

with, respectively, 

V17 ER 

or 

V17 ER. 

The strictly hyperbolic case was largely investigated by many authors ([L2], 
[KT], [L], [JI], [TK], [TZK]), under the assumption of "genuine non-linearity" 
(cf. [Ll ]). 

Assuming only a weak non-linearity condition, the formation of singu­
larities was proved in [KM], [CDI], [CD2], [M2]. 

Non-strictly hyperbolic systems were instead considered in [KK], [S] and 
[SV], proving the formation of singularities in some particular cases. 

F. John considered in [JI] strictly hyperbolic genuinely nonlinear systems, 
and proved the formation of singularities for solutions of the corresponding 
Cauchy problem with small compactly supported initial data. 

S. Klainerman and A. Majda in [KM] considered equation (0.2) in the 
homogeneous (f = 0) strictly hyperbolic case, weakening the assumption of 
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genuinely nonlinearity by requiring that there exists an integer p ~ 2 for which 
a<Pl(0) i= 0. They obtained blow-up results for solutions of the corresponding 
Cauchy problem with small (essentially) periodic initial data. They also gave 
an estimate of the order of the lifespan of the solution in terms of p. In [CDI] 
and [CD2] F. Colombini and D. Del Santo generalized the results of [KM] in 
the case of odd p. In [M2] other generalizations of [KM] were considered, 
dropping the assumption of small initial data. 

In this paper we give up strictly hyperbolicity, genuinely nonlinearity and 
small initial data. We first consider in § 1 (see Theorem 1.1) the Cauchy 
problem 

(0.4) { 
Utt - (a(u)uxt = 0 
u(0, x) = rp(x) E C2(R) 
U1(0, x) = tf,(x) E C 1 (R) 

for a E C2(R) such that 

a(0) = 0 

lim Ju vaW)d17 = ±oo. 
U--> ±oo 0 

We prove that a C2 solution u(t, x) of (0.4) must develop a singularity if 
there exist y 1, Y2 E R with y 1 < Y2 and 

(0.5) 

(0.6) 

rp(y;) = tf,(y;) = 0, 

IY2 

tf,(x)dx i= 0. 
YI 

i = l,2 

Note that conditions (0.5) and (0.6) are of course satisfied for initial data 
with compact support such that JR tf,(x)dx i= 0. 

We generalize the above results to equations of the form (0.2) with f = 0 
(see Theorem 1. 7), or (0.3) (see Theorem 1.8). 

In § 2 we start from an idea of R. Saxton in [S], showing the formation of 
singularities for solutions of the equation 

(0.7) 

along degenerate characteristic curves x1 (t, 0(), for a,f E C2 (R) satisfying 

a(17) ~ 0 V11 ER, 

a"(0) = 2 > 0 

a(0) = 0 

J'(0) = 0, J"(0) =µER, 
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if the initial data Uxx(0, ix) and Uxxi(0, ix) satisfy suitable conditions (see Theorem 
2.1). 

We obtain the same results, moreover, when a and f depend also on t and 
x, or when equation (0.7) is replaced by (0.3) with b = 0 (see §2.1). 

In § 3 we improve a result of B. L. Keyfitz and H. C. Kranzer, who 
considered in [KK] some special kinds of weakly hyperbolic systems of the first 
order. Their results apply, in particular, to system (0.1) for a(u) ~ u2, 
b(u) ~ yu and f = 0. 

(0.8) 

More precisely, we study the Cauchy problem 

{ 
Utt - a(ux)Uxx = 0 
u(0, x) = ,p(x) E C2(R) 
u1(0, x) = 1/J(x) E C 1 (R) 

for a E C2(R) which satisfies for every R > 0: 

a(0) = 0, if r, # 0 

a'(r,) ~ CRa(r,) 514 if 1'/ E [0, R] 

a'(r,) ~ -CRa(r,) 514 if 1'/ E [-R,0]. 

We prove (see Theorem 3.2) that if the initial data are not both identically 
zero and have compact support, or are periodic but not both constant, then a 
C2 solution of (0.8) must develop a singularity in finite time. 

The idea that we borrow from [KK] is that along a suitable non-degenerate 
characteristic curve we have blow-up of some second-order derivative of the 
solution of (0.8), and that, moreover, if this characteristic curve is non­
degenerate at the time t = 0, then it will still be non-degenerate for all positive 
time. If we cannot find such a non-degenerate characteristic curve, we can 
reduce, however, to the case of § 1, so that blow-up occurs in any case. 

Finally, in §4 we give some local existence theorems (generalizing [Ml]) for 
those weakly hyperbolic equations for which we gave the blow-up results in the 
previous sections (see Theorems 4.5 and 4.6). 

1. Blow-up for the equation uu - (a(u)uxt = 0 

In this section we obtain some blow-up results for quasi-linear equations of 
the form 

(1.1) in [0, +oo) x Rx. 

Assuming that (1.1) is weakly hyperbolic, that is a(r,) ~ 0 for every 1'/ ER, 

we shall prove the following: 
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Theorem 1.1. Let us consider the following Cauchy problem in 

[O, +oo) X Rx: 

(1.2) { 
Utt - (a(u)ux)x = 0 
u(0, x) = q;(x) 

u1(0, x) = t/J(x), 

where q; E C2 (R), t/J E C1(R) and a E C2 (R) satisfies: 

(1.3) a(17) ~ 0 'r/17 ER, a(0) = 0 

(1.4) lim Ju Ja{,i'jd17 = ±oo. 
u-,±oo 0 

Assume, moreover, that there exist y 1, y2 E R with y 1 < y2 and 

(1.5) 

(1.6) 

q;(y;) = t/J(y;) = 0, 

JY2 

t/J(x)dx #- 0. 
YI 

i = 1,2 

Then the Cauchy problem (1.2) does not admit a global solution u E C 2([0, +oo) x 

[Y1, Y2D-

Equation (1.1) is equivalent to the following first-order system: 

(1.7) { 
Ut - Vx = 0 

v1 - a(u)ux = 0. 

We can consider the characteristic roots 

(1.8) A1(u) = -va(aj, 

of system (1.7). 

Remark 1.2. The characteristic roots A1(11) and A2(11) are locally Lipschitz 
continuous functions on R, since a E C2 (R) and a(17) ~ 0 imply that 

(1.9) VR > 0 :lcR > 0: a'(Y/) 2 ~ cRa(17) 'r/17 E [-R,R]. 

By Remark 1.2, if u(t, x) is a classical solution of equation (1.1 ), then the 
functions 

x f----+ A;(u(t,x)), i = 1,2 

are locally Lipschitz continuous on R, and hence the characteristic curves x 1 (t, a) 
and x2 (t,/J) are uniquely determined by the following Cauchy problems: 

(1.10) 
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and 

(1.11) 

Let us now introduce the Riemann invariants 

( 1.12) l(t, x) = l(u(t, x), v(t, x)) = 1 ( v(t, x) - L(t,x) )q (11 )d11) 

(1.13) r(t, x) = r(u(t, x), v(t, x)) = 1 (v(t, x) - L(t,x) A2(11)d11 )-

They satisfy the system 

and clearly 

{ 11 + A1(u)lx = 0 
r1 + A2(u)rx = 0, 

l(t, x1 (t, rx)) = /(0, rx) := lo(rx) 

r(t, x2(t,{J)) = r(0,{J) := ro(/J). 

We now prove the following: 

Lemma 1.3. Let u(t, x) be a C2 solution of the Cauchy problem 

(1.14) { 
u11 - (a(u)ux)x = 0 
u(0, x) = q,,(x) 
u1(0, x) = t/J(x) 

91 

in [0, +oo) x Rx, where q,, E C2 (R), t/J E C1 (R) and a E C2 (R) satiifies (1.3) and 
(1.4). Then, if there exist y 1, Y2 ER, with y1 < y2 satisfying (1.5), the solution 
u(t, x) is uniformly bounded in the strip [O, +oo) x [y1, y2]. 

Proof Since a(0) = a'(0) = 0, the equation in (1.14), which we write as 

Uu = a(u)uxx + a'(u)u~, 

together with assumption (1.5) on the initial data, implies that 

(1.15) Vt~ 0. 

Therefore, for every i, j = 1, 2: 

Vt~ 0. 
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From the uniqueness of solutions of the Cauchy problems (1.10) and (1.11) 
we deduce that if (to,x;(to,1X))E[0,+oo)x[y1,y2] for some to;:::-:O, then 
(t,x;(t,1X)) E [0,+oo) x [y1,y2] for every t;:::,: 0, for j = I,2. 

It follows that if we fix (to, xo) E (0, +oo) x [y1, y2], then we can find two 
characteristic curves x1(t,1Xo) and x2(t,P0), solutions, respectively, of (1.10) with 
IX = IXo and of (1.11) with P = Po, such that 

with 

Moreover, we have: 

!(to, xo) = lo(1Xo), 

r(to, xo) = ro(Po)­

Now, from (1.8), (1.12) and (1.13): 

Ju(to,xo) 

lo(1Xo) - ro(P0 ) = l(to,xo) - r(to,xo) = 
0 

v'a{;j)drt. 

But we also have that 

1 I (Jq,,(ao) Jq,,(Po) ) 
lo(1Xo) - ro(P0 ) = 2 (v(O, 1Xo) - v(O,Po)) + 2 0 

v'a{ii)drt + 
0 

v'a{ii)drt 

• = ~ J;: 1/f(x)dx + ~ ( J:(ao) v'a{;j)drt + J:(Po) v'a{;j)drt), 

since vx(O, x) = u1(O, x) = 1/l(x) by (1. 7). 
Therefore 

From assumption (1.4) we finally deduce that 

(1.16) lu(to, xo)I ::S: M(rp, 1/1), 

where M(rp, 1/1) < +oo is defined by: 
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By the arbitrariety of (to, xo) E (0, +oo) x [y1, y2], the estimate (1.16) proves 
that u(t, x) is uniformly bounded in [0, +oo) x [y1, Yz]. D 

Remark 1.4. Observe that condition (1.3) alone is not sufficient to obtain 
that a C2 solution u(t,x) of the Cauchy problem (1.14) must be uniformly 
bounded in [0, +oo) x [y1, y2]. If, for instance, a(17) = 0, then u(t, x) = 

tp(x) + tt/J(x). 
We can now prove Theorem 1.1: 

Proof of Theorem 1. 1. Let now (1.6) hold true, and argue by contra­
diction, assuming that there esists a solution u E C2([0, +oo) x [y1, y2]) of the 
Cauchy problem (1.2). 

Integrating the equation of (1.2) we obtain that 

J
Yz JY2 

uu(t, x)dx = (a(u)ux)xdx = 0, 
YI YI 

(1.17) 

since a(u(t,y;))=0, for i=l,2, by (1.15). 
Therefore 

J
YZ JYZ JY2 

u1(t, x)dx = u1(0, x)dx = t/J(x)dx 
YI YI YI 

Vt z 0, 

and hence by (1.6) 

lim I JYz u(t,x)dxl = +oo. 
t-->+co 

YI 

This contradicts the boundness of u(t, x) in [0, +oo) x [y1, y2], given by Lemma 
1.3. □ 

Remark 1.5. We can also give an estimate of the life-span T of any C2 

solution of the Cauchy problem (1.2) in [0, +oo) x [y1, y2]: 

T ~ I [ 2 t/J(x)dxl-' (M(tp, t/l)(Y2 - Yi)+ ll'Pllv(yi,y2)). 

As an easy consequence of Theorem 1.1, we have the following: 

Corollary 1.6. Let tp E CJ(R), t/1 E CJ(R) and a E C2(R) with 

a(0) = 0 

Then, if JR t/J(x)dx i= 0, then Cauchy problem (1.2) does not admit a global 
solution u E C2 ([0, +oo) x R). 
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1.1. Some generalizations 

A) Arguing in the same way as for equation (1.1), we can obtain similar 
results for the equation 

(1.18) 

Equation (1.18) reduces, ideed, to the system 

by the substitutions v = Ux, w = Ut-
This system is the same as system (1.7). We can thus prove, as m 

Theorem 1.1, the following 

Theorem 1.7. Let u(t, x) be a C2 solution of the equation 

(1.19) 

in [O, +oo) x Rx, where a E C2(R) satisfies: 

a(17) ~ 0 VI} ER, a(O) = 0 

(1.20) lim Ju va{ii)d11 = ±oo. 
U-->±00 0 

Then, if there exist y 1, y2 E R with y 1 < Y2 and 

(1.21) Ux(0, y;) = Ux1(0, y;) = 0, i = 1,2, 

u1(t,x) and ux(t,x) are uniformly bounded in the strip [0,+oo) x [y1,y2]. 

It follows that ifu(t,x) is a solution of (1.19) which satisfies (1.21) and such 
that 

U1(0, Y1) =/= U1(0, Yi), 

then this solution u(t, x) cannot be a C2 solution on the whole strip [O, +oo) x 
[Y1, Y2l-

B) We can extend the preceding results also to weakly hyperbolic 
equations of the form 

This equation reduces to the system 

{ u1 = b(u)ux + Vx 
v1 = a(u)ux. 
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The weakly hyperbolic condition is thus given by 

and the characteristic roots ,1. 1 ( u), A2 ( u) are 

1 ( ) _ -b(u) ± Jb2(u) + 4a(u) 
AJ,2 U - 2 . 

Arguing in the same way as for the case b(u) = 0, we obtain the following: 

Theorem 1.8. Let rp,a,b E C2(R), ijJ E C1(R) and assume that: 
i) a(0) = b(0) = 0 
ii) b2 (17) + 4a(17) ~ 0 \:/17 ER 

iii) lim Jou Jb2 (17) + 4a(17)d17 = ±oo 
U----t+OO 

iv) there exists y1, Yz E R with Y1 < y2 and 

(1.22) 

(1.23) JY2 

i = 1,2 

ijJ(x)dx # 0. 
YI 

Then the Cauchy problem 

{ 

Utt - (a(u)ux)x - (b(u)ux\ = 0. 
u(0, x) = rp(x) 
u1(0, x) = ijJ(x) 

does not admit a solution u E C2 ( [0, +oo) x [Yi, YzD. 

2. Formation of singularities along degenerate characteristic curves 

In this section we show the formation of singularities for solutions of 
weakly hyperbolic equations of the form 

(2.1) (t, x) E [O, +oo) x Rx, 

along degenerate characteristic curves. 
We assume here that a,f E C2(R) satisfy: 

(2.2) { a(17) ~ 0 \:/17 ER, a(0) = 0, 
J'(0) = 0, J"(0) =µER. 

a"(0) = ,1. ER 

Deriving equation (2.1) with respect to x, by the formal substitution v = Ux, 

we obtain 

(2.3) Vu - a(v)vxx - a'(v)v; = J'(v)vx. 
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This equation is equivalent to the following system: 

{
Vt= Wx 

w1 = a(v)vx + J(v), 

which has locally Lipschitz continuous characteristic roots 

Then the characteristic curves x1(t,oc) and x2(t,{J) are uniquely determined 
as solutions of the following Cauchy problems: 

{ x( =A1(v(t,x1)) =A1(ux(t,xi)) 

x1(0,ct)=oc 

{ x~ = A2(v(t,x2)) = A2(ux(t,x2)) 

x2(0,{J) = /J. 

Let us now assume that there exists a characteristic curve x1 ( t, ct) such that, 
for a solution u( t, x) of equation (2.1 ), we have that 

Vt~ 0. 

Then 

Vt~ 0. 

In this case the characteristic curve x1 (t, oc) = oc is a straight-line in the (t, x)­
plane orthogonal to the x-axis, and we call it a degenerate characteristic curve. 

Remark that ux(0, oc) = Ux1(0, oc) = 0 implies that ux(t, ct) = 0 for every 
t ~ 0, because of (2.2), (2.3). 

Under the assumptions above, we can now prove, following an idea of 
Saxton (cf. (S]), the formation of singularities for solutions u(t,x) of equation 
(2.1) in finite time T s t* defined by: 

(2.4) 

where A=a"(0), µ=J"(0) and c=(l/2)u;x/0,oc)-(,1,/4)u;J0,ct)-(µ/3)u;J0,ct). 
We have, indeed, the following: 

Theorem 2.1. Let u(t, x) be a C4 solution of the equation 

(2.5) 

with a, f E C2(R) such that (2.2) holds true, with A > 0. Assume, moreover, that 
there exists a degenerate characteristic curve x 1 (t, oc) such that: 
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µ 
Uxx(0, o::) > - I and 

Vt z 0 

Uxxt(0, o::) > 0. 

Then, for t* defined by (2.4), we have: 

(2.7) lim_Uxx(t,x1(t,o::)) = +oo. 
t---->(t') 

97 

Proof Let us first reduce equation (2.5) to equation (2.3), by substituting 
v to ux, as before. 

Deriving then equation (2.3) we find: 

(2.8) Vttx = a(v)vxxx + 3a'(v)vxVxx + a"(v)v~ + J'(v)vxx + J"(v)v;. 

Along the degenerate characteristic curve we have that v(t, o::) = 
ux(t,x1(t,o::)) = 0 for all t z 0, and hence equation (2.8) reduces, by (2.2), to: 

(2.9) 

Setting 

Vux(t, o::) = Jcv~(t, o::) + µv;(t, o::) Vt z 0. 

w(t) = Vx(t, o::) = Uxx(t, o::), 

we thus have to consider the Cauchy problem 

(2.10) {
w"(t)_:=Jcw~(t)+µw 2(t) µin [0,+oo) 

w(0) - Wo - Uxx(0, o::) > -I 
w'(0) = W1 = Uxxt(0, o::) > 0. 

We now prove that a C2 solution w of (2.10) must blow-up in finite time. 
To this aim we first show that ifwE C2 ([0,+oo)) satisfies (2.10), then w'(t) > 0 
for every t z 0. Recalling, indeed, that w'(0) = w1 > 0 we assume by con­
tradiction that there exists J > 0 such that 

(2.11) w'(t) > 0 Vt E [0,J), w'(J) = 0. 

Note that (2.11) implies that w(t) z wo > -µ/ Jc for every t E [0,J], and hence 
w" = w2(Jcw + µ) z 0 in [0,J]. Therefore w'(t) z w1 > 0 in [0,J], which con­
tradicts w'(J) = 0. A solution w E C2 ([0, +oo )) of (2.10) must then satisfy: 

(2.12) w'(t) Z W\ > 0 Vt z 0. 

Multiplying the equation in (2.10) by w'(t) and integrating from 0 to t > 0 
we obtain: 

(2.13) 
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where 

We deduce that 

(2.14) w'(t) = 

because of (2.12). 
Condition (2.12) implies also that we can integrate and obtain: 

t = Iot------;:===w='(=s)====ds = Jw(t) ------;:==d=y=== 
A 4 2 3 w0 ✓A42 3 
2 w ( s) + 3 µw ( s) + 2c 2 y + 3 µ y + 2c 

Setting then 

t* = J+oo dy 

Uxx(O,a) ✓A 4 2 3 2 ' -y +-µy + C 
2 3 

we finally have that t* < +oo, 

lim w(t) = +oo, 
H(t•)-

and hence (2. 7) holds true. D 

Remark 2.2. If a"(0) =A= 0 = µ = J"(0), then from (2.9) we deduce that 
we may have only linear growth of vx(t, a)= Uxx(t, a). 

We can see throughout the proof of Theorem 2.1 that, in fact, we don't 
need the assumption a(YJ) ~ 0, but only a(0) = a'(0) = 0. In this case, if 
a"(0) =A< 0 we cannot have blow-up of Uxx(t,x1(t,a)) because of (2.13). 

Remark 2.3. Note that we can substitute conditions (2.6) by similar ones, 
upon modification of the estimate (2.4) of the life-span of the solution. 

Studying, indeed, the ordinary differential Cauchy problem (2.10), we find 
that we can assume, instead of w 0 > -µ/ A and w1 > 0, one of the following 
conditions: 

1'1') µ Wo < --- ,1' 
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Note also that similar conditions (with -µ instead ofµ) can be obtained if 
we want to prove that w(t) goes to -oo (instead of +IXI) in finite time. 

2.1. Some generalizations 

A) Similar results to that obtained for equation (2.1) hold also for the 
weakly hyperbolic equation 

(2.15) (t, x) E [0, +IXI) X Rx, 

for a, b E C2(R) such that 

b2 (17) + 4a(17) 2: 0 V17ER, 

a(0) = b(0) = 0 

a"(0) =A> 0, b'(0) = µ. 

Equation (2.15) is indeed of the form 

Utt - a(u)uxx - a'(u)ui - b'(u)uxUt - b(u)Uxt = 0, 

where u(O, ex) = u1(0, ex) = 0 implies u(t, ex) = 0 for every t 2: 0. 
Deriving the equation with respect to x, along the degenerate characteristic 

curve we find 

for x = ex, 

because a'(0) = 0 and u1(t, ex)= 0 for every t 2: 0. 
Under suitable conditions on A,µ and the initial data ux(0, ex), Ux1(0, ex), we 

thus have blow-up of ux(t, ex). 
B) We can obtain the same results as in Theorem 2.1 also for the 

equation 

(2.16) Utt - a(t, x, Ux)Uxx = f(t, x, ux), 

if we substitute to (2.2) the following conditions on a,f E C2(R+ x R2): 

(2.17) { 

n;nffa(t,x,0) = o 
a,,,,(t,x,0) =A> 0 
n;nfff(t,x,0) = o 
f,,,,(t, x, 0) =µER. 

for ex, fJ E N with ex + fJ s 2 and /J #- 2 

for ex, fJ E N with ex + fJ s 2 and /J #- 2 

Deriving, indeed, equation (2.16) with respect to x, we find: 



100 Chiara Bmn and Renato MANFRIN 

and hence v = Ux satisfies: 

Vu - ax(t, x, v)vx - a"(t, x, v)v; - a(t, x, v)vxx = fx(t, x, v) + fri(t, x, v)vx. 

Deriving again with respect to x: 

+ fxx(t, x, v) + fx'l(t, x, v)vx + f'lx(t, x, v)vx + f'l'l(t, x, v)v;. 

Since along the degenerate characteristic curve x1 (t, 0() = ll( we have that 
v(t,O() = ux(t,x1(t,O()) = 0 for all t 2 0, it follows that 

Vux(t, 0() = Av;(t, 0() + µv;(t, 0(), 

which is equation (2.9) again. We thus have the following 

Theorem 2.4. Let u(t, x) be a C4 solution of the equation 

(2.18) Utt - a(t, X, Ux)Uxx = f(t, X, Ux), 

with a, f E C2 (R+ x R 2 ) such that (2.17) holds true. Assume, moreover, that 
there exists a degenerate characteristic curve x 1 (t, 0() such that 

Vt 2 0 

Then, for t* defined by (2.4): 

Remark 2.5. As in Remark 2.2, we note that if a""(t, x, 0) =). = 0 and 
f""(t, x, 0) = µ = 0, then we may have only linear growth of Uxx(t, 0(). 

3. Formation of singularities along non-degenerate characteristic curves 

In this section we consider the weakly hyperbolic equation 

(3.1) (t, x) E [O, +oo) x Rx 

with a E C2(R) such that 

(3.2) a(O) = 0, a('l) > 0 "If/ E R\{0}. 

We also assume that for every R > 0 there exists a constant CR> 0 such that: 



(3.3) 

(3.4) 
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a'(11) ~ CRa(11) 514 for Os 1/ s R 

a'(11) s -CRa(11) 514 for -Rs 1/ s 0. 

We consider the Riemann invariants 

(3.5) 1 ( Jux(t,x) ) l(t, x) = 2 u1(t, x) + 
0 

va{0d11 

(3.6) 1 ( Jux(t,x) ) r(t,x)= 2 u1(t,x)-
0 

va{0d11 

which satisfy 

(3.7) 

with initial conditions 

(3.8) { l(t, x1 (t, ex)) = 1(0, ex)= lo(ex) 
r(t,x2(t,P)) = r(0,P) = ro(P). 

The assumption (3.2) implies, in particular, that the function 

Jy 1/2 
y f--+ g(y) = o a(11) d11 

is strictly increasing and hence invertible. 
By the definition of the Riemann invariants we can thus write 

Setting then 

k(w) = a(g-1(w)) 112 , 

we have that k E c0(R) n C1(R\{0}) and from (3.7) we obtain the system 

(3.9) { 11 - k(l - r)lx = 0 
r1 + k(l - r)rx = 0. 
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The characteristic curves x1 (t, ex) and x2(t, ex) are thus defined as the 
solutions of the Cauchy problems 

(3.10) { x; = -a(ux(t,x1)) 112 = -k(l(t,x1) - r(t,xi)) 
x1 (0, ex) = ex 
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{
x~ =a(u__:_(t,x2)) 112 =k(l(t,x2)-r(t,x2)) 

x2(0,P) - p. 

Remark 3.1. As in the previous sections, a(IJ) 112 is a locally Lipschitz 
continuous function and hence the characteristic curves x1 (t, a) and x2(t,P) are 
well defined. 

Under the assumptions above, we shall now prove the following: 

Theorem 3.2. Let a(11) E C2 (R) satisfy: 
i) a(0) = 0, a(IJ) > 0 VIJ E R\{0} 
ii) for every R > 0 there exists CR > 0 such that (3.3) and (3.4) hold. 

Let rp E C2(R) and i/J E C 1 (R) be two functions with compact support and not both 
identically zero ( or two periodic functions not both constant). Then a C2 

solution u(t, x) of the Cauchy problem 

(3.11) { 
Utt - a(ux)Uxx = 0 
u(0,x) = rp(x) 

u1(0, x) = i/J(x) 

must develop a singulatity in finite time. 

Let u(t,x) be a classical solution of equation (3.1) and assume that there 
exists a non-degenerate characteristic curve x1 (t, a), namely that for some a ER 

Vt~ 0, 

and hence 

(3.12) Vt~ 0. 

We can then compute the infinitesimal compression ratio ( oxi/ oa) ( t, a) in 
the standard way. Following [M] and [KM] we obtain that 

(3.13) ox1 ( ) = k(lo(a) - r(t,x1(t, a))) 112 {i - l'( ) ft k'(l ( ) _ ( ( ))) 
;i t, O! l/2 0 ()( O ()( r s, X1 S, a 
ua k(lo(a) - ro(a)) o 

k(lo(a) - ro(a)) 112 d} 
.k(lo(a)-r(s,x1(s,a)))112 s • 

Since k(w) = a(g- 1(w)) 112 , for w =I- 0 we have that 
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and hence, substituting in (3.13): 

8x1 ( l~(a) 1;2 (3.14) ar; (t, a) = y(t, a) 1 - - 2- • k(lo(a) - ro(a)) 

Jt a'(g-1(lo(a)-r(s,x1(s,a))) d) 
• oa(g-1(/o(a) - r(s,x1(s,a)))) 514 s ' 

where 

( ) _k(lo(a)-r(t,x1(t,a))) 112 
y t, a - 1/2 

k(lo(a) - ro(a)) 

We can then prove the following 

Lemma 3.3. Let u(t, x) be a classical solution of the Cauchy problem 

(3.15) { 
Utt - a(ux)Uxx = 0 
u(0,x) = <p(x) 
u1(0, x) = ijJ(x), 

where a, IP E C2(R) and ijJ E C 1 (R) satisfy: 
i) a(0) = 0, a(rt) > 0 Vrt E R\{0} 

in [O, +oo) x Rx 
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ii) for every R > 0 there exists CR > 0 such that (3.3) and (3.4) hold 
iii) ll1P'IIL00 (R) < + 00 , lli/JIIL00 (R) < +oo. 

Assume, moreover, that there exists a E R such that 

(3.16) l~(a) > 0 and 

Then the solution u(t, x) must develop a singularity in finite time. 

Proof Let M > 0 such that 

(3.17) 

Assumptions i) and ii) imply, in particular, that 

lim g(y) = lim JY a(rt) 112drt = +oo, 
y---->+oo y-++oo o 

and hence there exists a constant R > 0 such that 

Vt~ 0, 

since (3.17) implies that also lo(a) and r(t,x1(t,a)) = r(t,x2(t,a)) = ro(a) (for 
some a ER) are bounded. By (3.3) we can thus find a positive constant CR 
such that 
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a'(g-1(lo(a)-r(t,x1(t,a))) C 0 
5/4 ;:,,: R > 

a(g-1 (lo( a) - r(t, x1 (t, a)))) 
Vt 2 0. 

Then from (3.14): 

ox1 ( l6(a) 1;2 ) Ji (t, a) :::;; y(t, a) 1 - - 2-k(lo(a) - ro(a)) CRt . 

It follows that there exists T>O such that (oxifoa)(t,a) >0 m [O,T) and 
(oxif oa)(T, a)= 0, since 

l6(a)k(lo(a) - ro(a)) 112 > 0 

by (3.16). 
Therefore, having 

(3.18) 

by (3.8), we can affirm that 

limsup lx(t,x1(t,a)) = +oo, 
t-+T-

from which we deduce that the solution u(t, x) must develop some singularity 
for t:::;; T along the characteristic curve x1 (t, a). □ 

By the same arguments we can prove also the following lemma, where we 
substitute to condition (3.16) (of Lemma 3.3) similar ones: 

Lemma 3.4. Assume that conditions i), ii), and iii) of Lemma 3.3 hold, and 

that one of the following conditions is satisfied: 

(3.19) 

(3.20) 

(3.21) 

a) lMa) < 0 

b) r~(/3) > 0 

c) r~(/3) < 0 

and 

and 

and 

ux(t,x1(t,a))<O Vt;::-:0 

Ux(t,x2(t,/3)) > 0 Vt;::-: 0 

ux(t, x2(t,/3)) < 0 Vt;::-: 0. 

Then a classical solution u(t,x) of the Cauchy problem (3.15) must develop a 
singularity in finite time. 

Proof If condition a) is satisfied we can follow the same proof as in 
Lemma 3.3 using condition (3.4) instead of (3.3). 

If condition b) or c) holds, we can again follow the same proof employing 
the infinitesimal compression ratio 

OX2 ( /3) = ~c /3) (1 _ '(/3) It k'(l(s,x2(s,/3)) - ro(/3)) d) 
0/3 t, y t, Yo O y(s,/J) S 
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for 

_(t P) = k(l(t,x2(t,P)) - ro(P)) 112 

y ' k(lo(P) - ro(P)) 112 □ 

Let us now prove, following an idea of [KK], that if lJ(rx) > 0 or rb(rx) > 0 
(resp.: 16(rx) < 0 or rb(rx) < 0) and ux(0, rx) > 0 (resp.: ux(0, rx) < 0), then the 
characteristic curve is non-degenerate until u(t, x) is a regular solution of the 
Cauchy problem (3.15). It will follow that conditions (3.16), (3.19), (3.20) and 
(3.21) can be weakened by requiring the condition on the sign of Ux only at the 
initial time t = 0. 

Lemma 3.5. Let u(t,x) be a classsical solution of the equation (3.1). Then 
conditions 

(3.22) 

imply 

(3.23) 

lJ(rx) > 0, ux(0, rx) > 0 

Vt ~ 0. 

Similar results hold also for the other cases considered in Lemma 3.4. 

Proof Let (3.22) be valid, assume by contradiction that there exists r > 0 
such that 

(3.24) Ux(t,x1(t,rx)) > 0 VtE [0,r), 

and let us give an estimate of (d/ dt)ux(t, x1 (t, rx)) in a left neighbourhood of r in 
[O, r). 

Along the characteristic curve x1(t,:x), by (3.5) and (3.8) we have, for 
0:s;;t<r (where ux(t,x1(t,rx))>0 and hence (8xJ/8rx)(t,:x) is well defined): 

ax, 
= U1x(t, XJ (t, :x)) • 7ic;" (t, rx) 

ax1 1/2 + Uxx(t, XJ (t, rx)) • 7ic;" (t, :x) • a(ux(t, x, (t, rx))) , 

and, moreover, by (3.10): 

(3.26) 
d ~ 
dt ux(t, x, (t, rx)) = Ux1(t, Xi (t, rx)) + Uxx(t, XJ (t, :x)) • dt (t, rx) 
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Substituting (3.26) in (3.25): 

(3.27) 

1/2 OXJ + 2a(ux(t, XJ (t, o:))) • Uxx(t, XJ (t, o:)) • ~ (t, o:). 

Let us now remark that (oxif oo:)(t, o:) > 0 for every t E [O, r) and, more­
over, if u(t,x) is a classical solution of equation (3.1), then there exists a 
constant co > 0 such that 

(3.28) 

and 

(3.29) 

Vt E [O, r] 

Vt E [0, r]. 

It follows that there is a constant c1 > 0 such that 

(3.30) I aa:1 (t,o:)I s c1 Vt E [0, r). 

Indeed, from (3.10) we have that 

(3.31) 

From (3.28) we can estimate 

I a'(ux(t,x1(t,o:))) I< L 
2Ja(ux(t,x1(t,o:))) -

Vt E [O, r), 

where L is the Lipschitz constant of Ja[iij for 1111 :::;; co. 
Then from (3.29) and (3.31) we have that 

I d OXJ I I OXJ I dt ~ (t, o:) s Leo ~ (t, o:) Vt E [O, r), 

from which (3.30) follows. 
From (3.27) we can thus find J > 0 such that 

(3.32) VtE [r-J,r), 

since l6(o:) > 0, 0 s (oxifoo:)(t,o:) s c1 and a(ux(t,x1(t,o:)))----+ 0 as t / r. 
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But (3.32) contradicts (3.24), so that (3.23) holds true. 
We can argue in the same way for the other cases considered in Lemma 

3.4. □ 

From Lemmas 3.3, 3.4 and 3.5 we can finally write: 

Corollary 3.6. Let u(t, x) be a classical solution of the Cauchy problem 

{ 
Utt - a(ux)Uxx = 0 
u(0, x) = ,p(x) 
u1(0, x) = t{!(x), 

in [O, +oo) x Rx 

where a, ,p E C2(R) and I{! E C1(R) satisfy: 
i) a(0) = 0, a(f!) > 0 '<If/ E R\{0} 
ii) for every R > 0 there exists CR > 0 such that 

a'(f!) 2 CRa(f!) 514 for O::;; f/::;; R 

a'(f!)::;; -CRa(f/) 514 for -R::;; f/::;; 0 

iii) ll'P'IIL"'(R) < +oo, 111/JIIL"'(R) < +oo. 
Assume, moreover, that there exists rx E R such that at least one of the following 
conditions is satisfied: 

(3.33) 

(3.34) 

A) l~(rx)>0 or rb(rx)>0, 

B) /~(rt.)< 0 or rb(rt.) < 0, 

and 

and 

Ux(0, rx) > 0 

Ux(0, rx) < 0. 

Then the solution u(t, x) must develop a singularity in finite time. 

We are now able to prove Theorem 3.2: 

Proof of Theorem 3.2. If one of conditions (3.33) or (3.34) holds true, then 
the thesis follows from Corollary 3.6. Otherwise, the following two conditions 
must be satisfied: 

(3.35) 

and 

{ rb(/3) ::;; o 
rb(P) 2 o 

if Ux(0, rx) > 0 
if Ux(0, rx) < 0 

if Ux(0, /3) > 0 
if Ux(0, /3) < 0. 

We now use the assumption that at least one of the two initial data ,p or I{! 
is not identically zero and has compact support ( or is non-constant and 
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periodic). This means that at least one of the two Riemann invariants l0 (rx) or 
ro(rx) is non-constant and attains its maximum and minimum over R. 

Let us then assume, for instance, that lo(rx) is a non-constant function, and 
prove that 

(3.36) max lo(rx) = max lo(rx) 
R E 

and 

(3.37) min lo(rx) = min lo(rx), 
R E 

where 

I= {xER: ux(O,x) = O}. 

Let rxo E R with 

lo(rxo) = max lo(rx). 
aER 

Assume that 

rxo Er+= {x ER: Ux(O,x) > O}. 

There exists then a maximal interval ( rx', rx") c r+ with rx', rx" E I and 
rxo E (rx', rx"). From (3.35) we deduce that 

and hence 

I~( rx) s 0 Vrx E ( rx', rx") 

lo(rx') 2 lo(rxo) = max lo(rx), 
R 

i.e. rx' EI is a maximum point for lo(rx) on R. 
We can argue in a similar way if 

rxo Er-= {xE R: Ux(O,x) < O}. 

Therefore (3.36) holds true, and similarly also (3.37) holds true. 
We can thus find rx1, rx2 ER such that 

(3.38) 

and 

min lo(rx) = lo(rxi) < lo(rx2) = max lo(rx). 
R R 

It follows that 16( rx1) = 16( rx2) = 0 and hence, for each i = 1, 2: 
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O - IM a;) - ~ :. ( u,(O, •l + J:"0 
•) vaf,i)dq l. 

_ 1 1/2 - 2 (uix(0, oc;) + Uxx(0, oc;)a(ux(0, oc;)) ) 

1 
= 2 uix(0, oc;) 

because of (3.38). 
We have thus found oc1, oc2 E R such that: 

{ 
Ux(0,oc;) = 0. i = 1,2 
Ux1(0,oc;)=0, i=l,2 
u1(0, oc2) - u1(0, oc1) = 2(/o(oc2) - lo(oci)) > 0. 

Since condition (1.20) of § 1 is automatically satisfied because of 
assumptions i) and ii), by Theorem 1.7 we obtain that the solution u(t, x) of 
the Cauchy problem (3.11) cannot be a C2 solution on the whole strip 
[0,+oo) x [oc1,oc2]. 

The same conclusion holds if the non-constant Riemann invariant is ro(oc) 
instead of lo(oc). This completes the proof. D 

4. Local existence of smooth solutions 

In this section we give some local existence results for weakly hyperbolic 
equations of the same kind as those considered in the previous sections. 

To this aim we recall the Theorem of Nash and Moser, referring to [H] for 
more details: 

Theorem 4.1. (NASH-MOSER) Let ffe, '1J be tame spaces, Wan open subset of 
ffe, and P: W----> '1J a smooth tame map. Assume that the equation DP(u)h = k 
has a unique solution h = VP(u)k for all u E W and k E '11, and that this map 
VP : W x '1J ----> ff- is smooth tame. Then P is locally invertible, and the local 
inverse map is smooth tame. 

4.1. Local existence for the equation Utt - (a(u)ux)x = 0 

In this subsection we prove, following [Ml] and [M3], the existence of a 
unique local solution u(t,x) E C 00 ([0, T) x Rx) of the Cauchy problem 

(4.1) { 
Utt - (a(u)uxt = 0 
u(0,x) = tp(x) 
u1(0, x) = t/J(x), 
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for smooth initial data rp, tf; with compact support, and for a real analytic non­
negative function a( 17). 

Remark that a real analytic function a E d(R) has only finite order zeros, 
and hence only a finite number of zeros in any compact subset of R. We can 
thus prove, (see Proposition 2.2 of [M3]), that it is not restrictive to assume a(17) 
of the form 

a(17) = 172qao(11) 

with q E N\{O} and a0 E C00 (R) such that 

\:/17 ER, 

(4.2) Vyt ER. 

The idea of the motivation of such a reduction is that we can "localize" the 
Cauchy problem in a neighbourhood of each zero of the real analytic function 
a(17 ). 

Remark 4.2. It can be showed, indeed, that we can assume a E C00 (R) 
with only zeros of finite order, instead of a E d(R), for proving the local 
existence of a unique solution of the Cauchy problem (4.1) (see Theorem 4.5 in 
the following). 

We also note that since we are looking for local solutions, and since the 
initial data rp, tf; E C0 (R) are bounded, the local solution will be also bounded 
and hence it is not restrictive to assume that there are two positive constants 
Ao, Ao such that 

Vyt ER, 

instead of (4.2). 
For the sake of simplicity we shall study here only the case q = l, since the 

generic case q EN\ {O} can be treated by the same arguments. 

Theorem 4.3. Let rp, t/1 E C0 (R) and consider 

Y/ ER, 

for ao E C 00 (R) which satisfies, for some positive constants Ao, Ao: 

0 < Ao ~ ao(Y/) ~ Ao \:/17 ER. 

Then there exists T > 0 such that the Cauchy problem 

(4.3) { 
Utt - a(u)uxx = a'(u)u~ 

u(O, x) = rp(x) 
u1(0, x) = tf;(x) 

has a unique local solution u E C00 ( [O, T) x R). 
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Proof Existence 
We first remark that for every t ~ 0 

(4.4) 

(4.5) 

suppu(t, •) c (suppq.>U suppl/I). 

Indeed, if x0 E (<tsuppq.>) n (<tsuppt/J), then v(t) = u(t,x0 ) satisfies: 

{ 
v"(t) = F(t, v) 
v(0) = ip(xo) = 0 
v' (0) = ijJ(xo) = 0, 

where the C00 function F(t, v) is given by 

F(t, v) = a( v )uxx(t, xo) + a' ( v )u~(t, xo). 
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From the classical uniqueness theorem for the Cauchy problem (4.5) we 
obtain that v = 0 since F(t, 0) = 0, and hence xo E <t supp u( t, • ), and (4.4) is 
proved. 

We are thus led to search a solution u(t, x) of the Cauchy problem (4.3) of 
the form 

(4.6) u(t,x) = ip(x)g(t,x) + ijJ(x)h(t,x), 

with smooth functions g, h which satisfy the initial conditions 

g(0,x)=l, 

h(0,x) = 0, 

91(0, x) = 0 

h1(0, x) = 1. 

Condition (4.4) allows also to consider our Cauchy problem as a periodic 
Cauchy problem in Rx, that is we can assume q.>, t/1 to be two smooth 2n-periodic 
functions and search a C00 solution u(t, x), 2n-periodic with respect to x. This 
will be useful in the following. 

For simplicity we write here ao = ao(tpg + t/Jh) and 

H = ip(x)g(t, x) + t/J(x)h(t, x). 

Substituting (4.6) in our equation 

we thus obtain: 

tpgu + t/Jhu - H 2ao('Px9 + tpgx + t/Jxh + t/Jhx)x = 2Hao(tpxg + tpgx + t/Jxh + t/Jhx)2 

+ H 2ab(tpxg + tpgx + t/Jxh + t/Jhx) 2 , 

i.e. 
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- rpgHao(<pxxg + 2rpxgx) - rpgHao(1/lxxh + 2i/Jxhx) 

- i/JhHao(<pxxg + 2rpxgx) - i/JhHao(1/lxxh + 2i/Jxhx) 

= 2Hao(rpxg + 1/fxh) 2 + 4Hao(rpxg + 1/fxh)(rpgx + i/Jhx) 

+ 2Hao((f)gx + i/Jhx) 2 + rpgHab(rpxg + (f)gx + 1/fxh + i/Jhx)2 

+ i/JhHab(rpxg + (f)gx + 1/fxh + i/Jhx) 2 

= 2aorpg(rpxg + 1/fxh)2 + 2aoi/Jh(rpxg + 1/fxh) 2 

+ 4Hao(f)gx((f)xg + 1/fxh) + 4Haoi/Jhx(rpxg + 1/fxh) 

+ 2Haorp(rpg; + i/Jgxhx) + 2Haoi/J(i/Jh; + rpgxhx) 

+ rpgHab(rpxg + (f)gx + 1/fxh + i/Jhx) 2 + i/JhHab(rpxg + (f)gx + 1/fxh + i/Jhx) 2 . 

It is then sufficient to solve, in a neighbourhood of supp rp U supp i/J, the 
following system: 

(4.7) 

(4.8) 

gtt - H 2aogxx - gHao(rpxxg + 2rpxgx) - gHao(1/lxxh + 2i/Jxhx) 

= 2aog(rpxg+i/Jxh) 2 +4Haogx((f)xg+i/Jxh) 

+ 2Haogx((f)gx + i/Jhx) + gHab(rpxg + (f)gx + 1/fxh + i/Jhx) 2 

hu - H 2aohxx - hHao(<pxxg + 2rpxgx) - hHao(1/lxxh + 2i/Jxhx) 

= 2aoh(rpxg+i/Jxh) 2 +4Haohx(rpxg+i/Jxh) 

+ 2Haohx(i/Jhx + (f)gx) + hHab(rpxg + (f)gx + 1/fxh + i/Jhx) 2 • 

Setting U = ( ! ), system ( 4. 7) is equivalent to the following: 

{ 
Uu - H 2aoUxx + HAUx +BU= 0 

U(O, x) = ( ~), U1(0, x) = ( ~), 

where A = A(x, U, Ux) and B = B(x, U) are 2 x 2 smooth matrices; more 
precisely: 

A= A(oarp, oPijJ, U, Ux) with O::;; rt.,/J::;; l 

B = B(oarp, aPijJ, U) with O::;; rt.,/J::;; 2. 
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Note that system (4.8) is weakly hyperbolic and the Levi condition is 
satisfied because 

IIDvA(x, U, V) Vll 2 ::; cao, 

for some positive constant c, when g, h and their first-order derivatives are 
bounded in R+ x R. Therefore, we can argue as in [Ml] and prove its local 
solvability using the Nash-Moser theorem (Theorem 4.1). 

To this aim we set :T = R/2nZ for the I-dimensional torus, and consider 
the tame spaces (cf. [H], [Ml]): 

ffe = {v E C2 ([0, T]; C00 (:T)): Vi(O,x) = O} 

X {v E C2 ([0, T]; C00 (:T)): v(O,x) = O} 

and 

with T > 0 to be chosen in the following. 
We then consider the non-linear map 

defined by 

P(g,h) = (P1(g,h),P2(g,h),g(O,x) - l,h1(0,x)- l), 

with P1,P2: ffe----+ c0([0, T]; C00 (:T)) given by: 

P1 (g, h) = gtt - H 2aogxx - gHao(rpxxg + 2rpxgx) 

- gHao(1/lxxh + 2i/Jxhx) - 2aog(rpxg + i/Jxh)2 

- 4Haogx((f)xg + 1/fxh) - 2Haogx((f)gx + i/Jhx) 

- gHah(rpxg + (f)gx + 1/fxh + i/Jhx)2 

and 

P2(g, h) = hu - H 2aohxx - hHao(rpxxg + 2rpxgx) 

- hHao(i/Jxxh + 2i/Jxhx) - 2aoh(rpxg + i/Jxh) 2 

- 4Haohx((f)xg + 1/fxh) - 2Haohx((f)gx + i/Jhx) 

- hHah(rpxg + (f)gx + 1/fxh + i/Jhx) 2 . 

The map P defined above is smooth tame, being composition of differential 
operators, which are all smooth tame (cf. [H]). 
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We define now (go, ho) E ffe by 

2 

go(t, x) = 1 + ~ { <JJ<JJxxao( tp) + 2tp;ao(tp) + tp<p;ab( tp)} 

and 

ho(t, x) = t, 

and set 

Note that 

Vx E ff. 

To prove the existence of a local solution U(t, x) of (4.8) it is enough to 
prove that the image of P contains a neighbourhood of P(go, ho) in '§. As a 
matter of fact, every neighbourhood of (z1(t,x),z2(t,x),0,0) in '§ contains 
elements of the form (z1 (t, x), z2(t, x), 0, 0) with 

V(t, x) E [O, J] x ff, 

for some J > 0 small enough. On the other hand, if P(g, h) = 

(z1(t,x),z2(t,x),0,0), then U = (!) is a local solution of (4.8) in [O,J) x fl. 

(We shall choose T = J). 
In order to show that the image of P contains a neighbourhood of P(go, ho) 

in '§, we now use the Nash-Moser theorem and prove that P: ffe----+ '§ is locally 
invertible in a neighbourhood of (g0 , ho) in ffe. 

To this aim we first compute the Frechet derivative DP(g,h) of Pin (g,h): 

DP(g,h){k, l} = lim P(g + ek, h + el) - P(g,h) 
e-+0 e 

= (DP1 (g, h){k, /}, DP2(g, h){k, /}, k(0, x), 11(0, x)) 

with 
2 - - - -

DP1 (g, h){k, l} = ku - H aokxx + HAkx + HBlx +Mk+ NI 

and 
2 A A A A 

DP2(g,h){k, l} = lu - H aolxx + HAkx + HBlx +Mk+ NI, 

where A, B, M, N, A, .iJ, M, N are polynomial functions of ao, ab and of g, h, tp, i/1 
together with their partial derivatives of order less or equal than 2. 
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Equation 

(4.9) DP(g,h){k,l} = q 

is then a weakly hyperbolic equation which satisfies the Levi condition on the 
coefficients of the first order terms. 

We can thus prove, as in [Ml], that equation (4.9) has a unique solution 
(k,l) for every (g,h) in a suitable neighbourhood W of (go,ho) in% and for 
every q E cg_ 

We can also prove, as in [Ml], that the map 

VP : w X cg -----, % 

((g,h),q) ,-4 (k,l) 

is smooth tame. 
Then, by the Nash-Moser theorem, P: % -----, cg is locally invertible and 

hence the Cauchy problem ( 4.8) has a local solution U = ( ! ). 
This proves the existence of a local solution u(t, x) of (4.3) of the form 

u(t, x) = <p(x)g(t, x) + 1/J(x)h(t, x). 

Uniqueness 
We shall finally prove that this is the unique smooth solution of the Cauchy 

problem (4.3) in [O, T) x R. 
Assume by contradiction that v(t, x) is another smooth solution of (4.3) in 

[O, T) x R. Then u(t, x) and v(t, x) satisfy the system: 

(4.10) { 
Utt - a(u)uxx = a'(u)u;; 
Vu - a(v)vxx = a'(v)v;;. 

Setting w = u - v, and writing 

a(u(t,x)) -a(v(t,x)) = (u(t,x) -v(t,x)) • a(t,x) 

and 

a'(u(t, x)) - a'(v(t, x)) = (u(t, x) - v(t, x)) · b(t, x) 

for two smooth functions a(t,x) and b(t,x), from (4.10) we obtain: 

Wu - a(u)wxx - (a(u) - a(v))vxx = a'(u)(u; - v;) + (a'(u) - a'(v))v;. 

Therefore 

Wu - a(u)wxx - wa(t, x)vxx = a'(u)wx(ux + Vx) + wb(t, x)v;, 
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i.e. 

( 4.11) Wu - a(u)wxx -a'(u)c(t,x)wx -d(t,x)w = 0, 

for two smooth bounded functions c(t, x) and d(t, x). 
Recalling that a(u) = u2a0(u) and u = rpg + 1/;h = H, equation (4.11) is of 

the form: 
2 A ~ 

Wu - H aoWxx - Hc(t,x)wx - d(t,x)w = 0, 

for a smooth bounded function c(t, x). 
This equation has a unique solution w(t,x) E C00 ([0, T) x R) (see [Ml], and 

in particular Theorem 2.1 ). 
Since w(0,x) = 0 and w1(0,x) = 0, we finally have that w(t,x) = 0, i.e. 

v(t,x) = u(t,x) = rp(x)g(t,x) + 1/;(x)h(t,x). □ 

Remark 4.4. Following the proof of Theorem 4.3 we also see that the 
solution u(t, x) of the Cauchy problem (4.3) has the special form: 

u(t,x) = rp(x)g(t,x) + 1/;(x)h(t,x) 

for two smooth functions g, h. 

As we already noticed at the beginning of this subsection, Theorem 4.3 can 
be generalized to the following: 

Theorem 4.5. Let rp, if; E C0 (R) and a E C 00 (R) with only zeros of finite 
order and such that a(r,) 2: 0 for all r, ER. Then there exists T > 0 such that the 
Cauchy problem 

{ 
Uu - (a(u)ux)x = 0 
u(0,x) =rp(x) 
ui(0, x) = 1/;(x) 

has a unique local solution u E C00 ([0, T) x R). 

4.2. Local existence for the equation Uu - a(t, x, ux)Uxx = f(t, x, ux) 

In this subsection we consider the Cauchy problem 

(4.12) { 
Utt - a(t, X, Ux)Uxx = f(t, X, Ux) 
u(0, x) = rp(x) E C0 (R) 
Ui(0, x) = ijf(x) E Co (R) 

and state the existence of a unique local smooth solution under some suitable 
assumptions on the coefficients a, f (see Theorem 4.6 below). 

The proof will be omitted since it is very similar to that of Theorem 4.3. 
We also refer to (Ml] (see Remark 1.2). 
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Theorem 4.6. Let rp, ijJ E Cg' (R) and a,f E ex) (R+ x R2 ) such that: 

i) a(t,x,t7) = a1(t,x,t7)a2(t1) with a2(t1) ~ 0 for every fl ER and 

on bounded subsets of R+ x R2; 

ii) the function a2(t1) has only zeros of finite order; 

iii) fx(t,x,t7) = 0 if a2(t1) = 0, f(t,x,0) = 0; 
iv) the following Levi condition is satisfied: 

lf,,(t,x,t1)1 2 s ca(t,x,t7) V(t,x) ER+ x R, fl bounded 

for some constant c ~ 0. 
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Then there exists T > 0 such that the Cauchy problem (4.12) has a unique local 

solution u E C 00 ([0, T) X R). 

As a particular case, we have: 

Corollary 4.7. Let rp,i/J E C0 (R) and a,f E C00 (R+ x R2 ) of the form: 

f(t,x,t7) = t/N f 0(t,x,t7) 

V(t, x, ti) ER+ X R 2 

V(t,x,t7) ER+ x R2 , 

for some q, NE N\ {0} with N ~ q + 1, where ao and fo are smooth functions 

which satisfy, for some positive constants Ao, Ao: 

0 < Ao s ao(t,x,t7) s Ao V(t,x,t7) ER+ x R2 

Then there exists T > 0 such that the Cauchy problem 

{ 

Utt - a(t, X, Ux)Uxx = f ( t, X, Ux) 

u(0,x) = rp(x) 

ut(0, x) = ijJ(x) 

has a unique local solution u E C00 ([0, T) x R). 

Remark 4.8. Corollary 4.7 may apply, in particular, to equation (1.19) of 

§ 1, to equations (2.5) and (2.18) of §2 (with q = 1), and to equation (3.11) of 

§3. 
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