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Some Results of Blow-Up and Formation of Singularities
for Non-Strictly Hyperbolic Equations

By

Chiara Borri and Renato MANFRIN

(Université¢ di Ferrara and Universit¢ di Venezia, Italy)

Introduction

In this paper we give some results of blow-up for non-strictly hyperbolic
systems of the form

©.1) {v, = b(v)vy + wy

w; = a(v)vx + f(v)

in [0,400) x R, which derive from the quasi-linear wave equations

(02) Uy — a(”x)”xx = f(ux)
or
(0.3) Uy — (a(u)uy), — (b(u)uy), =0,

with, respectively,
a(n) =0 VneR

or

b(n)* +4a(n) =0  VyeR.

The strictly hyperbolic case was largely investigated by many authors ([L2],
[KT], [L], [J1], [TK], [TZK]), under the assumption of “genuine non-linearity”
(cf. [LI1]).

Assuming only a weak non-linearity condition, the formation of singu-
larities was proved in [KM], [CD1], [CD2]|, [M2].

Non-strictly hyperbolic systems were instead considered in [KK], [S] and
[SV], proving the formation of singularities in some particular cases.

F. John considered in [J1] strictly hyperbolic genuinely nonlinear systems,
and proved the formation of singularities for solutions of the corresponding
Cauchy problem with small compactly supported initial data.

S. Klainerman and A. Majda in [KM] considered equation (0.2) in the
homogeneous (f = 0) strictly hyperbolic case, weakening the assumption of
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genuinely nonlinearity by requiring that there exists an integer p > 2 for which
a'?)(0) #0. They obtained blow-up results for solutions of the corresponding
Cauchy problem with small (essentially) periodic initial data. They also gave
an estimate of the order of the lifespan of the solution in terms of p. In [CD1]
and [CD2] F. Colombini and D. Del Santo generalized the results of [KM] in
the case of odd p. In [M2] other generalizations of [KM] were considered,
dropping the assumption of small initial data.

In this paper we give up strictly hyperbolicity, genuinely nonlinearity and
small initial data. We first consider in §1 (see Theorem 1.1) the Cauchy
problem

uy — (a()uy), =0
(0.4) { u(0,x) = ¢(x) € C*(R)
1;(0,x) = y(x) e C'(R)

for a e C*(R) such that
a(n) =0 VyeR, a(0)=0

lim Ju Va(n)dny = too.

u— oo 0

We prove that a C? solution u(z,x) of (0.4) must develop a singularity if
there exist yy,y, € R with y, < y, and

(0.5) o(y) =v(y;) =0, i=12
(0.6) Jyz Y(x)dx # 0.
ig!

Note that conditions (0.5) and (0.6) are of course satisfied for initial data
with compact support such that [ (x)dx # 0.

We generalize the above results to equations of the form (0.2) with f =0
(see Theorem 1.7), or (0.3) (see Theorem 1.8).

In §2 we start from an idea of R. Saxton in [S], showing the formation of
singularities for solutions of the equation

(0.7) Uy — a(Ux)txx = f (tx)
along degenerate characteristic curves xi(t,a), for a, f € C*(R) satisfying
a(n) =20 VneR, a(0) =0
a’"(0)=4>0
f10)y=0,  f"0)=pneR,
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if the initial data u,,(0,a) and u,(0, ) satisfy suitable conditions (see Theorem
2.1).

We obtain the same results, moreover, when a and f depend also on ¢ and
x, or when equation (0.7) is replaced by (0.3) with b =0 (see §2.1).

In §3 we improve a result of B. L. Keyfitz and H. C. Kranzer, who
considered in [KK] some special kinds of weakly hyperbolic systems of the first
order. Their results apply, in particular, to system (0.1) for a(u) = u?
b(u) ~ yu and f = 0.

More precisely, we study the Cauchy problem

Uy — auy )ty =0
(0.8) u(0,x) = p(x) € C*(R)
u(0,x) = Y(x) € C'(R)

for a e C?(R) which satisfies for every R > 0:
a(0) =0, a(n) >0 if n#0
a'(n) = Cra(m)*™ if 7€ [0,R
d'(n) < —Cra(n)*  if ne[-R,0).

We prove (see Theorem 3.2) that if the initial data are not both identically
zero and have compact support, or are periodic but not both constant, then a
C? solution of (0.8) must develop a singularity in finite time.

The idea that we borrow from [KK] is that along a suitable non-degenerate
characteristic curve we have blow-up of some second-order derivative of the
solution of (0.8), and that, moreover, if this characteristic curve is non-
degenerate at the time ¢ = 0, then it will still be non-degenerate for all positive
time. If we cannot find such a non-degenerate characteristic curve, we can
reduce, however, to the case of §1, so that blow-up occurs in any case.

Finally, in §4 we give some local existence theorems (generalizing {M1]) for
those weakly hyperbolic equations for which we gave the blow-up results in the
previous sections (see Theorems 4.5 and 4.6).

1. Blow-up for the equation u, — (a(u)uy), =0

In this section we obtain some blow-up results for quasi-linear equations of
the form

(1.1) uy — (a(uy), =0  in [0,+00) X R,.

Assuming that (1.1) is weakly hyperbolic, that is a(y) = 0 for every # € R,
we shall prove the following:
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Theorem 1.1. Let us consider the following Cauchy problem in
[0,4+00) X Ry:

(1.2) u(0, %) = p(x)
(0, %) = (),

where ¢ € C2(R), Y € C'(R) and a e C*(R) satisfies:

{ uy — (a(u)uy), =0

(1.3) a(n) =0 VneR, a(0)=0
(1.4) lim J Va(nydy = +oo.
u—tow Jg

Assume, moreover, that there exist yy,y, € R with y, < y, and
(1.5) p(y)=v() =0, i=12

Y2
(1.6) J Y(x)dx # 0.

Y

Then the Cauchy problem (1.2) does not admit a global solution u e C?([0,+o0) x
[y1, y2))-

Equation (1.1) is equivalent to the following first-order system:
U, — v, =0
(17 { v,t — a{uyu, = 0.
We can consider the characteristic roots
(1.8) M) = —+/a(),  Zo(w) = Va(u)
of system (1.7).
Remark 1.2. The characteristic roots A;(n) and A(#) are locally Lipschitz

continuous functions on R, since a € C*(R) and a(y) =0 imply that
(1.9) VR>0 3cg > 0:d'(n)* < cra(y) Yne[-R,R].
By Remark 1.2, if u(z,x) is a classical solution of equation (1.1), then the
functions
x — Ai(u(t, x)), i=1,2

are locally Lipschitz continuous on R, and hence the characteristic curves x;(t, o)
and x,(z,f) are uniquely determined by the following Cauchy problems:

{ x{ = }.1 (u(t, X1))

(1.10) o (0.2) —a
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and

xh = lz(u(l‘, .)CQ))
(L.11) {xi(o,m 5.

Let us now introduce the Riemann invariants

u(t,x)
(L12)  U(t,x) = lu(t, x), o(t, ) :% (v(l‘, X) — J il(n)dn>

u(t,x)
(113) r(t,x) :r(u(t,x),v(t,x)) :% (U(t»x) _J j'2('7)d77>

They satisfy the system

and clearly

We now prove the following:

Lemma 1.3. Let u(t,x) be a C? solution of the Cauchy problem

{ uy — (a(u)uy), =0

(1.14) u(0, x) = p(x)
u (0, x) = l//(x)

in [0,+00) x Ry, where p € C*(R), Y € C'(R) and a e C*(R) satisfies (1.3) and
(1.4).  Then, if there exist y\,y, € R, with y, < y, satisfying (1.5), the solution
u(t, x) is uniformly bounded in the strip [0,400) X [y}, y,].

Proof. Since a(0) = a’(0) =0, the equation in (1.14), which we write as
Uy = a(Wuxy + a' (u)u,
together with assumption (1.5) on the initial data, implies that
(1.15) u(t,y;) =u(t,y,) =0 Ve > 0.
Therefore, for every i,j=1,2:

Au(t, y)) =2{0)=0 = Vi>0.
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From the uniqueness of solutions of the Cauchy problems (1.10) and (1.11)
we deduce that if (1,x;(to,a)) € [0,+0) x [y, y,] for some ¢ >0, then
(t,x;(t,a)) € [0,+00) X [y, 5] for every >0, for j=1,2.

It follows that if we fix (,xo) € (0, +00) X [yy, y,], then we can find two
characteristic curves x;(2, %) and x»(z, ), solutions, respectively, of (1.10) with
o=op and of (1.11) with = f,, such that

x1(%, o) = Xo, x2(to, Bo) = Xo,
with
y1<Po <00 < p,.
Moreover, we have:
(2o, x0) = Io(ap),
r(t0, o) = ro(Bo)-
Now, from (1.8), (1.12) and (1.13):

(t0,x0)
Io(0) — ro( o) = 1oy o) — r{t0, x0) = L Jaln)dn.

But we also have that

Bo)
Ifaw) — ro(B) = 5 (6(0, 20) — (0, ) (j Valnydn + j \/a(n)dn>

oo ﬂo)

=%J Y(x)dx + = (J Va( d;1+J va( dn)
Bo
since vx(0,x) = u,(0,x) = ¥ (x) by (1.7).
Therefore
lo xo) ||¢”L°° Y1a¥2

|7 Vatian| < [ w2 atman

» =M@l yy, )

From assumption (1.4) we finally deduce that

(1.16) |u(10, x0)| < M (9, ¥),
where M(p,y) < +oo is defined by:

J, vatman < 5] s+ |

Nollzeo 1m0

M(p,y) = Sup{lul :

\/a(’?)d'?}-

_H(ﬂ”LOO(yl v2)
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By the arbitrariety of (19, x0) € (0,4+0) X [y}, ¥4, the estimate (1.16) proves
that u(z,x) is uniformly bounded in [0,+00) x [y, »,]. O

Remark 1.4. Observe that condition (1.3) alone is not sufficient to obtain
that a C? solution u(z,x) of the Cauchy problem (1.14) must be uniformly
bounded in [0,4+00) x [y;,y,]. If, for instance, a(y) =0, then u(t,x)=
o(x) + tf(x).

We can now prove Theorem 1.1:

Proof of Theorem 1.1. Let now (1.6) hold true, and argue by contra-
diction, assuming that there esists a solution u € C*([0,+0) X [y,, y,]) of the
Cauchy problem (1.2).

Integrating the equation of (1.2) we obtain that

2 Y2
(1.17) J %mmwzj(dm%wkzm
»1 n
since a(u(t, y;)) =0, for i=1,2, by (1.15).
Therefore

J2 2 2
J u,(t, x)dx = J u(0,x)dx = | ¢Y(x)dx V=0,

b4 1 “ )1

and hence by (1.6)

lim
t—~+00

Y2
J u(t, x)dx| = +o0.

J1

This contradicts the boundness of u(¢,x) in [0,+00) x [y}, y,], given by Lemma
1.3. O

Remark 1.5. We can also give an estimate of the life-span T of any C?
solution of the Cauchy problem (1.2) in [0,+00) X [y, 5]

1

T< (M) (= 30) + 100110

E}wa

1

As an easy consequence of Theorem 1.1, we have the following:
Corollary 1.6. Let 9 € C3(R), Y € CL(R) and ae C*(R) with
a(n) =0 VpeR, a(0)=0

lirB J va(dy = +o0.
U— 0 0

Then, if [pW(x)dx #0, then Cauchy problem (1.2) does not admit a global
solution ue C2([0,+o0) x R).
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1.1. Some generalizations
A) Arguing in the same way as for equation (1.1), we can obtain similar
results for the equation
(118) Uy — a(ux)uxx =0.
Equation (1.18) reduces, ideed, to the system
Uy = Wy
w; = a(v)vy
by the substitutions v = u,, w = u,.

This system is the same as system (1.7). We can thus prove, as in
Theorem 1.1, the following

Theorem 1.7. Let u(t,x) be a C? solution of the equation
(1.19) uy — a(Uy )ty =0
in [0,4+00) X Ry, where ae C*(R) satisfies:
a(n) =0 VyeR, a(0)=0

(1.20) lim Ju va(n)dn = too.

u— too 0
Then, if there exist y,,y, € R with y, < y, and
(1.21) ux (0, y;) = ux(0, ;) = 0, i=1,2,

u,(t,x) and u.(t,x) are uniformly bounded in the strip [0,+00) X [yy, y,).
It follows that if u(t,x) is a solution of (1.19) which satisfies (1.21) and such
that

u(0, y1) # w0, y,),

then this solution u(t,x) cannot be a C? solution on the whole strip [0,+00) x
[y1, yal-

B) We can extend the preceding results also to weakly hyperbolic
equations of the form

un — (a(u)ux), — (b(u)ux), = 0.

This equation reduces to the system

u, = b(u)uy + vy
v = a(u)uy.
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The weakly hyperbolic condition is thus given by
b*(n) +4a(n) =0  VyeR,

and the characteristic roots A;(u), A2(u) are

—b(u) + /b2(u) + 4a(u)
7 .

Arguing in the same way as for the case b(u) = 0, we obtain the following:

1172(14) =

Theorem 1.8. Let ¢,a,b e C*(R), Y € C'(R) and assume that:
) a(0) = b(0) =0

ii) b%(n)+4a(n) =0 YyeR

if)  lim Jo /b*(n) + 4a(n)dn = oo

iv) there exists y;,y, € R with y, < y, and

(1.22) o(y:) =¥(y;) =0, i=1,2
(1.23) Jyz Y (x)dx # 0.
»1

Then the Cauchy problem

uy — (a(u)ux), — (b(u)ux), =0
{ u(0, x) = ¢(x) |
u(0,x) = (x)

does not admit a solution ue C*([0,+) x [y, ,]).

2. Formation of singularities along degenerate characteristic curves

In this section we show the formation of singularities for solutions of
weakly hyperbolic equations of the form

(2.1) Uy — a(uy )ty = f(uy) (t,x) € [0,+00) X Ry,

along degenerate characteristic curves.
We assume here that a, f € C*(R) satisfy:

(2.2) {“”20 WeR,  a0)=0, a"(0)=icR

F0)=0,  f"(0)=pueR.

Deriving equation (2.1) with respect to x, by the formal substitution v = u,,
we obtain

(2.3) U — a(V)vxy — @' (V)02 = £(0)0y.
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This equation is equivalent to the following system:

Uy = Wy
{ wy = a(v)vx + f(v),
which has locally Lipschitz continuous characteristic roots
Ai(v) = —v/a(v), A2(v) = v/a(v).

Then the characteristic curves x;(z, ) and x,(¢,ff) are uniquely determined
as solutions of the following Cauchy problems:

{x{ = Ai(v(z, x1)) = A{ux(t, X1))

x1(0,0) = a
{xg = A(v(t,x2)) = Aa(ux(t, x2))
x2(07ﬁ) :ﬁ

Let us now assume that there exists a characteristic curve x;(¢,«) such that,
for a solution u(¢,x) of equation (2.1), we have that

u(t,x1(t,0)) =0 Vi > 0.
Then

A(ux(t, x1(t,2))) = L1(0) = —4/a(0) =0 Ve = 0.

In this case the characteristic curve x;(t,a) = « is a straight-line in the (¢,x)-
plane orthogonal to the x-axis, and we call it a degenerate characteristic curve.
Remark that u,(0,%) =uy(0,2) =0 implies that wu,(f,a) =0 for every
t > 0, because of (2.2), (2.3).
Under the assumptions above, we can now prove, following an idea of
Saxton (cf. [S]), the formation of singularities for solutions u(¢,x) of equation
(2.1) in finite time T < ¢* defined by:

to /] 2 -1/2
(2.4) = J (— v Zuyt 20) dy,
uxx(())a) 2 3

where 7:=a"(0), u=£"(0) and ¢=(1/2)2,,(0,0) — (A/4)u%, (0, &) — (1/3)u, (0, ).
We have, indeed, the following:

Theorem 2.1. Let u(t,x) be a C* solution of the equation
(2:5) uy = alux)uxx + f (),

with a, f € C*(R) such that (2.2) holds true, with A > 0. Assume, moreover, that
there exists a degenerate characteristic curve xi(t,0) such that:
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ux(t,x1(¢,0)) =0 Vi>0

(2.6) Ux(0,0) > —‘% and  Uxy(0,0) > 0.

Then, for t* defined by (2.4), we have:

(2.7 lm w2, 21 (f, ) = 4o00.

t—(t*)”

Proof. Let us first reduce equation (2.5) to equation (2.3), by substituting
v to u,, as before.
Deriving then equation (2.3) we find:

(2.8) Vitx = A(0)Oxxx + 30" (V)0x0xx + a” (D)0 + £/ (V)0rx + f (0)02.

Along the degenerate characteristic curve we have that o(f,a)=
ux(t,x1(¢,)) =0 for all ¢+ >0, and hence equation (2.8) reduces, by (2.2), to:

(2.9) Ve (t, 0) = A3 (8, &) + pv(t, o) vt = 0.
Setting

w(t) = vx(t,2) = U (2, ),
we thus have to consider the Cauchy problem

w(t) = Aw(t) + pw?(r)  in [0,+c0)
(2.10) w(0) = wo = 1 (0, ) > —’%

w'(0) = w1 = (0, ) > 0.

We now prove that a C? solution w of (2.10) must blow-up in finite time.
To this aim we first show that if w e C?([0,+00)) satisfies (2.10), then w'(z) > 0
for every > 0. Recalling, indeed, that w'(0) =w; >0 we assume by con-
tradiction that there exists 6 > 0 such that

(2.11) Ww()>0 Vie[0,8), w'() =0.

Note that (2.11) implies that w(z) = wy > —u/A for every t e [0,6], and hence
w"” = w?(Aw+pu) =0 in [0,6]. Therefore w'(f) > w; >0 in [0,5], which con-
tradicts w'(6) = 0. A solution w e C?([0,+00)) of (2.10) must then satisfy:

(2.12) w(t)=w >0 Vi>0.

Multiplying the equation in (2.10) by w'(¢) and integrating from 0 to ¢ > 0
we obtain:

(2.13)
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where
1 A
c=wl—Twi g
We deduce that :
, A 2
(2.14) w'(t) = zw“(t) +§,uw3(t) +2c

because of (2.12).
Condition (2.12) implies also that we can integrate and obtain:

t I w(t)
N S v
l 4 wo l 4 2 3
(s)+ AW 3(s) 4+ 2¢ 57 —}—3,uy,+2c
Setting then
—+00
= J dy :

Uy (0, ) % 4 % 3
\/ 27 + L4 +2¢
we finally have that * < 40,

li )=
) =t

and hence (2.7) holds true. [J

Remark 2.2. 1f a"(0) = A= 0= pu= f"(0), then from (2.9) we deduce that
we may have only linear growth of v, (¢, o) = uy (2, o).

We can see throughout the proof of Theorem 2.1 that, in fact, we don’t
need the assumption a(y) >0, but only a(0) =4'(0)=0. In this case, if
a"(0) = A < 0 we cannot have blow-up of u(,x;(t,a)) because of (2.13).

Remark 2.3. Note that we can substitute conditions (2.6) by similar ones,
upon modification of the estimate (2.4) of the life-span of the solution.

Studying, indeed, the ordinary differential Cauchy problem (2.10), we find
that we can assume, instead of wg > —u/A and w; > 0, one of the following
conditions:

1/2
. K I 1 u
i) wo > T w > — \/_( w0+3 0+12/13)
1/2
" 7 P
ii) wo < =7, w1>\/—< w0+3w0+—ﬁ?> .
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Note also that similar conditions (with —u instead of ) can be obtained if
we want to prove that w(r) goes to —co (instead of +oo) in finite time.

2.1. Some generalizations

A) Similar results to that obtained for equation (2.1) hold also for the
weakly hyperbolic equation

(2.15) U — (a(u)uy), — (b(wuy), =0, (t,x) € [0,400) X R,,
for a,b e C?(R) such that
b (n) +4a(n) >0  VneR,
a(0) =5(0) =0
a"(0)=41>0, b'(0) = p.
Equation (2.15) is indeed of the form
Uy — a(W)uxy — a' (W)u — b’ (u)uxtt; — b(u)uy, = 0,

where u(0,a) = u,(0,a) = 0 implies u(z,«) =0 for every ¢ > 0.
Deriving the equation with respect to x, along the degenerate characteristic
curve we find

Uy = iui + 2ty for x = a,

because a’(0) =0 and u,(¢,0) =0 for every ¢ > 0.
Under suitable conditions on A, and the initial data u,(0, «), uy(0, ), we
thus have blow-up of u,(z,«).

B) We can obtain the same results as in Theorem 2.1 also for the
equation

(216) Uy — a(ta X, ux)uxx = f(t; X, ux):
if we substitute to (2.2) the following conditions on a, f € C2(R" x R?):

D2DFa(t,x,0) =0 for a,fe N with a+ <2 and B #2
ap(,x,0) =41>0
DDEf(1,x,0) =0 for o,fe N with o+ <2 and B #2
St x,0) =peR.

Deriving, indeed, equation (2.16) with respect to x, we find:

(2.17)

U — A (1, X, U YUx — Gy (1, X, 1 U2, — a(t, X, )y

= fx(tv xv ux) + f;/(t’ xa ux)uxxa
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and hence v = u, satisfies:
Vi — ax(t, %, 0)0x — ay(t, %, V)02 — a(t, X, 0)vxx = f(t,%,0) + £, (2, x, v)vs.
Deriving again with respect to x:
Vi = Axx (1, X, 0)0x + axy (1, X, v)v,zc + ax(t, X, 0)vxx + ay(t, x, v)vi + ay, (1, x, v)vi’
+ 2a, (1, x, V)UxUxx + (2, X, 0)0xx + @y(2, X, V) Uk + A(t, X, V) Vsx
+ fox(t,%,0) + fo (8, X, 0)0x + £, (8, X, 0)vx + (2, X, v)vfc.

Since along the degenerate characteristic curve x1(t,o) = o we have that
v(t,a) = ux(t,x1(t,0)) =0 for all >0, it follows that

v (t, ) = A3 (2, ) + (2, ),
which is equation (2.9) again. We thus have the following
Theorem 2.4. Let u(t,x) be a C* solution of the equation
(2.18) Uy — a(t, x, ux)uxx = ft,x,uy),

with a, f e C2(R* x R?) such that (2.17) holds true. Assume, moreover, that
there exists a degenerate characteristic curve x1(t,o) such that

ux(t, x1(t,0)) =0 V=0

Uy (0, 00) > —% and Uxxt(0,0) > 0.

Then, for t* defined by (2.4):

li(mr Ui (2, x1(2,0)) = +00.
t—(t*

Remark 2.5. As in Remark 2.2, we note that if a,,(s,x,0) =1 =0 and

Jm(t:%,0) = p =0, then we may have only linear growth of u.(,a).

3. Formation of singularities along non-degenerate characteristic curves

In this section we consider the weakly hyperbolic equation
(3.1 Uy — auy )y, = 0, (z,x) €]0,400) x Ry
with a € C?(R) such that

(3.2) a(0) =0, a(n) >0 VneR\{0}.

We also assume that for every R > 0 there exists a constant Cg > 0 such that:
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(3.3) d(n) = Cra(n)®’* for 0<n<R
(3.4) a'(n) < —Cra(n)®’*  for —R<n<0.

We consider the Riemann invariants

ux(t,x)

(3.5) I(t,x) = % (u,(t, x)+ Jo Va(ry)dn)
1 ux(2,x)

(3.6) r(t,x) = 3 (u,(t, x) — Jo \/a(r])dn>

which satisfy

(3.7) {b—dwfﬂhzo

re+ a(ux)l/zrx =0,

with initial conditions

16,311, 0)) = 1(0, ) = o)
(38) {r(t, x2(t, ) = r(0, ) = ro(B).

The assumption (3.2) implies, in particular, that the function

y—g(y) = Ly a(n)'dn
is strictly increasing and hence invertible.
By the definition of the Riemann invariants we can thus write
uy=g¢'1-r).
Setting then
k(@) = a(g™ (@))'?,
we have that ke C°(R)N C'(R\{0}) and from (3.7) we obtain the system

{l,-k(l—r)lx:O

(39) e+ k(I —1)re=0.

The characteristic curves xi(t,) and x,(t,a) are thus defined as the
solutions of the Cauchy problems

(3.10) {x{ = —a(ux(t,x1))"? = —k(I(t,x1) — r(t, 1))
x1(0,0) =«
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and

X = alu(t, %)) = k(U(t,x2) = r(1,x2))
X2 (Oaﬁ ) = ﬁ .
Remark 3.1. As in the previous sections, a(q)l/ 2 is a locally Lipschitz

continuous function and hence the characteristic curves x;(¢,a) and x,(¢,8) are
well defined.

Under the assumptions above, we shall now prove the following:

Theorem 3.2. Let a(n) € C*(R) satisfy:

1) a(0)=0, a(n) >0 Vg e R\{0}

ii) for every R >0 there exists Cr >0 such that (3.3) and (3.4) hold.
Let ¢ € C*(R) and y € C'(R) be two functions with compact support and not both
identically zero (or two periodic functions not both constant). Then a C?
solution u(t,x) of the Cauchy problem

{ Uy — a(uy )ty =0

(3.11) u(0, %) = p(x)

ut(oax) = IP(X)
must develop a singulatity in finite time.

Let u(t,x) be a classical solution of equation (3.1) and assume that there
exists a non-degenerate characteristic curve x1(t,a), namely that for some « € R

ux(t,x1(t,)) >0  Ve=0,
and hence
(3.12) a(us(t,x1(t,2))) >0  Ve=0.

We can then compute the infinitesimal compression ratio (0x1/02)(t,) in
the standard way. Following [M] and [KM]| we obtain that

k(lo(ar) — r(t, x1(z,0))) /?
(o () — ro(e)) '/

 kllo(@) = ro(@))"?
HM@—memmW“}

Since k(w) = a(g~(w))'/?, for w # 0 we have that

6x1

E(t’ OC) =

(3.13) {1 () L: k' (Io(2) — (s, %15, @)
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and hence, substituting in (3.13):

619 2w =9 (1 -5 ko) - o)
(g™ (o) — rls, i (5,00))
rae o)

where

k(lp(a) — r(2, x1 (1, 0))) /?
k(lo(ot) — ro(a))/?

We can then prove the following

y(t o) =

Lemma 3.3. Let u(t,x) be a classical solution of the Cauchy problem

(3.15) u(0,%) = p(x)

u(0,x) = (x),

where a, p € C*(R) and € C'(R) satisfy:
i) a(0)=0, a(y) >0 Yy e R\{0}
i) for every R >0 there exists Cg >0 such that (3.3) and (3.4) hold
i) ||p"]] L= gy < 400, W]l L= () < 400

Assume, moreover that there exzsts o € R such that

{ Uy — a(uy )y =0 in [0,+00) X Ry

(3.16) I(e) >0  and  uc(t,x1(t,0)) >0 Vt>0.

Then the solution u(t,x) must develop a singularity in finite time.
Proof. Let M > 0 such that

(3.17) 0"l 2o Ry + W ll oy < M-

Assumptions i) and ii) imply, in particular, that

y 1/2
lim g(y) = lim J a(n) /dnz—i-oo,
0

y—+o y—+o
and hence there exists a constant R > 0 such that
0 <uy(t,x1(t,0)) =g (lo(a) — r(t, x1(t,))) <R V>0,

since (3.17) implies that also l(a) and r(f,x;(f,a)) = r(t, x2(2,&)) = ro(&) (for
some & € R) are bounded. By (3.3) we can thus find a positive constant Cg
such that
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a' (g7 (o) — r(t, x1(1,@)))
a(g=*(lo ) — r(t, x1(t, @))))**
Then from (3.14):

>Cr>0 vt > 0.

6)(1

5y (b <700 oz)(l - @k(zo(a) - ro(oc))l/cht).

It follows that there exists 7" >0 such that (0x;/du)(t,a) >0 in [0,7) and
(0x1/0a)(T, ) =0, since

() k(lp(2) — ro(2))/* > 0

by (3.16).
Therefore, having
(3.18) L(t,x1(2, ) -%(l, a) = l§(a) > 0

by (3.8), we can affirm that

lim'sup /(2, x1(¢,®)) = +o0,
t—T-

from which we deduce that the solution u(¢,x) must develop some singularity
for t < T along the characteristic curve x(t,«). [

By the same arguments we can prove also the following lemma, where we
substitute to condition (3.16) (of Lemma 3.3) similar ones:

Lemma 3.4. Assume that conditions i), ii), and iii) of Lemma 3.3 hold, and
that one of the following conditions is satisfied:

(3.19) a) Ip(0) <0  and  ux(t,x(t,0)) <0 V=0
(3.20) b) r(B)>0 and  u(t,x2(t,)) >0 Vt=0
(3.21) c) ry(B)<0 and  u(t,x2(t,5)) <0 Ve=0.

Then a classical solution u(t,x) of the Cauchy problem (3.15) must develop a
singularity in finite time.

Proof. 1If condition a) is satisfied we can follow the same proof as in
Lemma 3.3 using condition (3.4) instead of (3.3).

If condition b) or ¢) holds, we can again follow the same proof employing
the infinitesimal compression ratio

0x2 ~ ’ tk!
2 0. =709 (1 -8 |,

(15, x2(5,)) — ro(B))
505, B) ds)
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for

1/2
) = K22 )
k(lo(B) — ro(B))

Let us now prove, following an idea of [KK], that if Jj(a) > 0 or rj(a) >0
(resp.: Ij(x) <0 or ry(a) < 0) and u,(0,0) >0 (resp.: ux(0,a) < 0), then the
characteristic curve is non-degenerate until u(z,x) is a regular solution of the
Cauchy problem (3.15). It will follow that conditions (3.16), (3.19), (3.20) and
(3.21) can be weakened by requiring the condition on the sign of u, only at the
initial time 7 = 0.

Lemma 3.5. Let u(t,x) be a classsical solution of the equation (3.1). Then
conditions

(3.22) Ig(a) > 0, uy(0,0) > 0
imply
(3.23) ux(t, x1(t,0)) >0 vt = 0.

Similar results hold also for the other cases considered in Lemma 3.4.

Proof. Let (3.22) be valid, assume by contradiction that there exists ¢ > 0
such that

(3.24) uy (7, x1(7,2)) = 0, ux(t,x1(t,0)) >0 Vtel0,7),

and let us give an estimate of (d/df)u,(t,x(z,«)) in a left neighbourhood of 7 in
[0,7).

Along the characteristic curve x;(t,), by (3.5) and (3.8) we have, for
0 <t <1t (where u.(t,x1(¢,a)) >0 and hence (0x;/dx)(¢,a) is well defined):

u(t, x1(t,00))
J a(n)"/ 2d77>

(3.25) 20} (@) :a% (u,(t, x(La) + |

5,
= utx(ta X1 (ta O‘)) : _a)':;l (t7 OC)

+ uxx(t’ X1 (t, O()) : % (t7 OC) : a(ux(tv xl(t’ OC))) 1/2’

and, moreover, by (3.10):

dx1

W(Za O()

= (£, x1(8, ) — unx (2, x1(2, 00)) - a(ux(2, x1(2,)))

(3.26) ditux(t, x1(2,00)) = v (2, 21(8, &) + vy (8, %1 (2, 00)) -

1/2
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Substituting (3.26) in (3.25):

(3.27) 2y(a) = %22— (t,0) -%ux(t, x1(t,0))

+ 2a(uy (1, %1 (£, 0))) 2 - U (1, x1 (1, ) -%’;l(z, ®).

Let us now remark that (0x;/dx)(t,«) > 0 for every ¢e€[0,7) and, more-
over, if u(t,x) is a classical solution of equation (3.1), then there exists a
constant ¢g > 0 such that

(3.28) (2, x1(2,00))] < co Vte|0,1]
and
(3.29) luw(t, x1(t,0))| < co Ve [0,7].

It follows that there is a constant ¢; > 0 such that

axl

(3.30) a_oc(t’ )| < Vte [0,1).

Indeed, from (3.10) we have that

d 0x; __ 0 1/2
(3.31) E%(t, o) = a(xa(tl,c(t,xl(z‘,z)z)))

_ 1 du(tx(t,)
2 aux(t, %1 (1, 2))) "/

5 - Uxx(, X1 (2, @) -E(z‘, o).

From (3.28) we can estimate

a,(ux(t7 X1 (tv O()))
RGO R

where L is the Lipschitz constant of \/a(y) for || < co.
Then from (3.29) and (3.31) we have that

0
< Ley %

(¢,2)

1 d oxi Vie [0,1),

3;5070,0‘)

from which (3.30) follows.
From (3.27) we can thus find 6 > 0 such that

(3.32) dituX(t’ x1(t,a)) >0 Vte[t—4,1),

since [j(a) >0, 0 < (0x1/00)(t,a) < c1 and a(ux(t,x1(t,2))) — 0 as ¢t /7.
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But (3.32) contradicts (3.24), so that (3.23) holds true.
We can argue in the same way for the other cases considered in Lemma
34. O

From Lemmas 3.3, 3.4 and 3.5 we can finally write:

Corollary 3.6. Let u(t,x) be a classical solution of the Cauchy problem

u(0, x) = p(x)
(0, x) = ¥(x),

where a,p € C*(R) and € C'(R) satisfy:
i) a(0)=0, a(n) >0 Vy e R\{0}
ii) for every R >0 there exists Cr >0 such that

{ Uy — a(ty )y =0 in [0,+00) X Ry

a'(n) = Cra(n)®*  for 0<n<R
d(n) < —Cra(n)®*  for —-R<7<0

iii) ¢"ll pogmy < 00, W]l Loy < Ao0-
Assume, moreover, that there exists o € R such that at least one of the following
conditions is satisfied:

(3.33) A) I(x) >0 or ry(a)>0, and  uy(0,0) >0
(3.34) B) () <0 or ry(a) <0, and  uy(0,0) <O0.

Then the solution u(t,x) must develop a singularity in finite time.
We are now able to prove Theorem 3.2:

Proof of Theorem 3.2. 1If one of conditions (3.33) or (3.34) holds true, then
the thesis follows from Corollary 3.6. Otherwise, the following two conditions
must be satisfied:

(3.35) {’6(“) ig if 1,(0,2) >0

I§(a) if u:(0,0) <0
and

ro(B)y <0 if uc(0,8) >0
{ré(ﬁ) >0 if u(0,B) <0.

We now use the assumption that at least one of the two initial data ¢ or ¥
is not identically zero and has compact support (or is non-constant and
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periodic). This means that at least one of the two Riemann invariants /y(«) or
ro(a) is non-constant and attains its maximum and minimum over R.

Let us then assume, for instance, that /y(«) is a non-constant function, and
prove that

(3.36) max (o) = max lo()
and

(3.37) mgn hhio) = mzin Io(e),
where

2 ={xeR:uy0,x)=0}.
Let oy € R with
10(060) = malg( l()(ot).
Assume that
et ={xeR:u(0,x) >0}

There exists then a maximal interval (¢/,0”) = 2t with o' ,0” € X and
ap € (o',a”). From (3.35) we deduce that

L) <0 Vae(a,a")
and hence
ha") = b(ag) = max Io(),
re. o' €2 is a maximum point for lp(«) on R.
We can argue in a similar way if
a2 ={xeR:u 0,x) <0}

Therefore (3.36) holds true, and similarly also (3.37) holds true.
We can thus find «;,a; € R such that

(3.38) ux(0,00) = u(0,00) =0
and

n}tjn l()((x) = l()(OC]) < 10(062) = I’Ill?_x lo(ot).

It follows that [j(a;) = [j(x2) =0 and hence, for each i=1,2:
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ux(0,a)

\/a(n)dn)

14
0= lo(ot,-) = E % (u,((), tx) + JO

o=0;

_ %(u,x(O, o) + 1 (0, 07)a(ux (0, ) /2)

1
= iutx(oa d,’)

because of (3.38).
We have thus found o, a; € R such that:

ux(0,0) = 0.  i=1,2
{ u(0,0) =0,  i=1.2
(0, 00) — u,(0,01) = 2(lp (o) — lp(er1)) > 0.

Since condition (1.20) of §1 is automatically satisfied because of
assumptions i) and ii), by Theorem 1.7 we obtain that the solution u(¢,x) of
the Cauchy problem (3.11) cannot be a C? solution on the whole strip
[0,4+00) X [a, o]

The same conclusion holds if the non-constant Riemann invariant is ro(«)
instead of /p(®). This completes the proof. []

4. Local existence of smooth solutions

In this section we give some local existence results for weakly hyperbolic
equations of the same kind as those considered in the previous sections.

To this aim we recall the Theorem of Nash and Moser, referring to [H] for
more details:

Theorem 4.1. (NASH-MOSER) Let #, 4 be tame spaces, W an open subset of
F, and P: W — % a smooth tame map. Assume that the equation DP(u)h =k
has a unique solution h = VP(u)k for all ue W and k € %, and that this map
VP: W x9% — F is smooth tame. Then P is locally invertible, and the local
inverse map is smooth tame.

4.1. Local existence for the equation u, — (a(u)uy), =0

In this subsection we prove, following [M1] and {M3], the existence of a
unique local solution u(t,x) e C*([0,T) x R,) of the Cauchy problem

uy — (a(u)uy), =0
4.1) { u(0,x) = ¢(x)

(0, %) = ¥(x),
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for smooth initial data ¢,y with compact support, and for a real analytic non-
negative function a(y).

Remark that a real analytic function a € &/(R) has only finite order zeros,
and hence only a finite number of zeros in any compact subset of R. We can
thus prove, (see Proposition 2.2 of [M3]), that it is not restrictive to assume a(7)
of the form

aln) =n*ag(m)  VneR,
with ¢ € N\{0} and gy € C*(R) such that
(4.2) ag(n) >0 VneR.

The idea of the motivation of such a reduction is that we can ““localize” the
Cauchy problem in a neighbourhood of each zero of the real analytic function

a(n).
Remark 4.2. 1t can be showed, indeed, that we can assume a € C*(R)
with only zeros of finite order, instead of a e «/(R), for proving the local

existence of a unique solution of the Cauchy problem (4.1) (see Theorem 4.5 in
the following).

We also note that since we are looking for local solutions, and since the
initial data ¢,y € C;°(R) are bounded, the local solution will be also bounded
and hence it is not restrictive to assume that there are two positive constants
Ao, Ag such that '

0< it <ap(y) <4 Vi € R,

instead of (4.2).
For the sake of simplicity we shall study here only the case g = 1, since the
generic case ¢ € N\{0} can be treated by the same arguments.

Theorem 4.3. Let ¢,y € C°(R) and consider
a(n) =n’ao(n),  neR,
for ap € C*(R) which satisfies, for some positive constants Ay, Ay:
0<).0£d0(17)$/10 YneR.

Then there exists T >0 such that the Cauchy problem

uy — a(u)uxy = a'(u)u?

(4.3) u(0,x) = p(x)
u(0,x) = Y(x

has a unique local solution ue C*([0,T) x R).
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Proof. Existence
We first remark that for every ¢ >0

(4.4) suppu(t, -) = (supp ¢ Usupp ).
Indeed, if xo € (¢supp ) N (€supp ), then v(t) = u(t,x) satisfies:

v"(8) = F(t,v)
(4.5) { v(0) = p(x0) =0
v(0) = () = 0,
where the C® function F(z,v) is given by
F(t,v) = a(v)uxx(t, x0) + a’ (0)u(t, x0).

From the classical uniqueness theorem for the Cauchy problem (4.5) we
obtain that v =0 since F(£,0) =0, and hence xo € ¥suppu(z,-), and (4.4) is
proved.

We are thus led to search a solution u(t, x) of the Cauchy problem (4.3) of
the form

(4.6) u(t, x) = p(x)g(t, x) + Y (x)h(t, x),

with smooth functions g,% which satisfy the initial conditions
g(O,x) =1, gt(()’x) =0
h(0,x) =0, hi(0,x) = 1.

Condition (4.4) allows also to consider our Cauchy problem as a periodic
Cauchy problem in R,, that is we can assume ¢,y to be two smooth 2z-periodic
functions and search a C* solution u(z, x), 2z-periodic with respect to x. This
will be useful in the following.

For simplicity we write here ao = ap(pg + ¥h) and

H = p(x)g(1, x) + Y (x)h(t, x).
Substituting (4.6) in our equation
Uy — U aoUxx = 2uagu’ + ulahu?

we thus obtain:
0gu + Why — H?ao(9,9 + 0gx + ¥ h + Yhy), = 2Hao(p,g + 0gx + Y. h + Why)*

+ Ha)(pog + 0gx + Wh + Yhy)?,

ie.
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09t + Why — pH*aggxx — WH aohss

— 9gHay(¢.g + 20.9x) — pgHao (Y ch + 29 hy)
— YhHay(9. g + 20.9x) — YhHao(Yxch + 2 chy)

= 2Hay(p.g + V.h)* + 4Hao(p,9 + W) (pgs + Yhy)
+ 2Hao(pgx + Whe)* + pgHag(p.g + 0gx + Wk + Yhy)?
+ YhHay(p.g + pgs + Vih + Phy)

= 2a0pg(psg + ¥:h)* + 2a08h(p.g + ¥ h)°
+ 4Haopgx(¢.9.+ ¥h) + 4Haoyhx(pcg + Y h)
+ 2Haop(pg? + Wghy) + 2Haoy (Wh2 + pg.chy)
+ 0gHag(9.9 + 0gx + Wih + ¥he)® + YhHay(0,9 + 0gx + Yih + Yh)*.

It is then sufficient to solve, in a neighbourhood of supp¢Usuppy, the
following system:

[ 9u — H?aog.x — gHao (95,9 + 20.9x) — gHao (Y .1 + 20 hy)

= 2a09(9,9 + ¥h)* + 4Haogx (9.9 + Y.h)
w + 2Haog(9gx + Why) + gHag(9,9 + pgx + Y h + Why)®
hu — H?aohyx — hHao (9,9 + 20,9x) — hHao (Y, h + 24 )

- 2a0h(¢xg + th)z + 4Ha0hx(¢xg + lpxh)

+ 2Haoh(Yhy + 9g5) + hHay(p.g + 0gx + b + Yhy) .
Setting U = (Z), system (4.7) is equivalent to the following:

U, — H?ayUy + HAU, + BU =0
4.8 1
(48) U0,x) = (o)’ U,(0,x) = <(1)>

where 4 = A(x,U,U,) and B= B(x,U) are 2 x2 smooth matrices; more
precisely:

A= A(0%,0"y, U, U,)  with 0<a,f<1

B=B(0%,"y,U)  with 0 <o,f<2.
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Note that system (4.8) is weakly hyperbolic and the Levi condition is
satisfied because
2
|DyA(x, U, MYVI|* < cay,

for some positive constant ¢, when g¢,4 and their first-order derivatives are
bounded in R* x R. Therefore, we can argue as in [M1] and prove its local
solvability using the Nash-Moser theorem (Theorem 4.1).

To this aim we set J = R/2nZ for the 1-dimensional torus, and consider
the tame spaces (cf. [H], [M1]):

F ={ve C*¥[0,T); C*(T)) : v,(0,x) = 0}
x {ve C*([0,T]; C*(T)) : v(0,x) = 0}
and
g = (C°([0,T}; C*(9)))* x (C*(7))?,

with T > 0 to be chosen in the following.
We then consider the non-linear map

P F -9
defined by
P(g,h) = (Pi(g,h), P2(g, h),9(0,x) — 1, h(0,x) — 1),
with Py, Py : F — C([0,T];C*(7)) given by:
Pi(g,h) = gu — H?aogxx — gHao (9.9 + 20,9x)
— gHao(Ych + 20 ) — 2a09(p.9 + Y1)’
—4Haogx (9 g + Yh) — 2Haogx(pgx + Yhs)

— gHal (9.9 + 9gx + Y h + Yhy)
and
Py(g,h) = hy — H?aghy, — hHag(p,.9 + 20,9x)
— hHay( b + 20 hy) — 2a0h(p,g + ¥ h)°
— 4Haohx (9.9 + Y h) — 2Haoh(pgx + Yh)
— hHal(p.g + 0gx + W oh + Yhy)>.

The map P defined above is smooth tame, being composition of differential
operators, which are all smooth tame (cf. [H]).
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We define now (go, ko) € F by

t2
g0(1,x) = 1+ 5 {ppss0(0) + 205a0(0) + 9035 (9)}

and
ho(t,x) =1,

and set

P(go,ho) = (P1(go, ho), P2(go, ho),0,0) := (z1(2, %), 22(¢, x), 0, 0).
Note that
z1(0,x) = 22{(0,x) =0 VxeJ.

To prove the existence of a local solution U(t,x) of (4.8) it is enough to
prove that the image of P contains a neighbourhood of P(go,h9) in 4. As a
matter of fact, every neighbourhood of (z(¢,x),22(¢,x),0,0) in & contains
elements of the form (Z,(z, x), (2, x),0,0) with

z1(t,x) = Z(t,x) =0 V(t,x) €]0,0] x 7,
for some J>0 small enough. On the other hand, if P(g,h) =
(z1(2, x), 22(¢, x),0,0), then U = (g) is a local solution of (4.8) in [0,0) x 7.

h
(We shall choose T =9).

In order to show that the image of P contains a neighbourhood of P(gq, /o)
in ¢, we now use the Nash-Moser theorem and prove that P: # — % is locally
invertible in a neighbourhood of (go, ko) in &.

To this aim we first compute the Fréchet derivative DP(g, h) of P in (g, h):

P(g + ¢k, h+¢el) — P(g, h)
£

DP(g, h){k, I} = lim
= (DPy(g,h){k, I}, DPy(g, h){k, 1}, k(0,x),1,(0, x))
with
DPy(g,h){k, 1} = ki — H?apk, + HAk, + HBL + Mk + NI
and
DPy(g,h){k, I} = I, — Haglo + HAk, + HBI, + Mk + NI,

where A, B, M,N, A, B, M,N are polynomial functions of ap,ay and of g,h, 0,y
together with their partial derivatives of order less or equal than 2.
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Equation
(4.9) DP(g,h){k,I} = q

is then a weakly hyperbolic equation which satisfies the Levi condition on the
coefficients of the first order terms.

We can thus prove, as in [M1], that equation (4.9) has a unique solution
(k,I) for every (g,h) in a suitable neighbourhood W of (go,ho) in & and for
every g€ 9.

We can also prove, as in [M1], that the map

VP: W X% — F
((g:h),q) = (k1)

is smooth tame.
Then, by the Nash-Moser theorem, P: F — ¢ is locally invertible and
hence the Cauchy problem (4.8) has a local solution U = (i)
This proves the existence of a local solution u(z,x) of (4.3) of the form

u(t, x) = p(x)g(t, x) + Y (x)h(z, x).

Unigueness )

We shall finally prove that this is the unique smooth solution of the Cauchy
problem (4.3) in [0,7) x R.

Assume by contradiction that v(¢, x) is another smooth solution of (4.3) in
[0,T) x R. Then u(¢,x) and v(t,x) satisfy the system:

{ uy — a(u)uxy = a'(u)u?

(4.10) Vi — a(0)vex = @' (v)02,

Setting w = u — v, and writing

a(u(t, x)) — a(v(t, x)) = (u(t,x) — v(z, x)) - a(t, x)

and
d'(u(t, x)) — a'(v(t,x)) = (u(t, x) — v(t, x)) - bz, %)
for two smooth functions @(z,x) and b(t,x), from (4.10) we obtain:
Wa = a()Wsx — (a(u) — a(v))vux = a' () (u — v3) + (a' () — a'(v))0}.
Therefore

Wy — a(U)Wyy — wa(t, X)vxx = a'(u)wy(ux + vx) + wl;(t, x)vfc,
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ie.
(4.11) Wy — a(U)wyx — a'(W)é(t, x)wx — d(t, x)w = 0,
for two smooth bounded functions &(z,x) and d(t, x).

Recalling that a(u) = u?ag(u) and u = pg + wh = H, equation (4.11) is of
the form:

wi — Hagw, — Hé(t, x)w, — c?(t, x)w=0,

for a smooth bounded function é(t, x).

This equation has a unique solution w(t, x) € C*([0,T) x R) (see [M1], and
in particular Theorem 2.1).

Since w(0,x) =0 and w,(0,x) =0, we finally have that w(s,x) =0, ie.
v(t,x) = u(t,x) = p(x)g(t, x) + Y(x)h(t,x). O

Remark 4.4. Following the proof of Theorem 4.3 we also see that the
solution u(¢,x) of the Cauchy problem (4.3) has the special form:

u(t, x) = @(x)g(t,x) + Y(x)h(t, x)
for two smooth functions g, 4.

As we already noticed at the beginning of this subsection, Theorem 4.3 can
be generalized to the following:

Theorem 4.5. Let ¢,y € C°(R) and ae C*(R) with only zeros of finite
order and such that a(n) = 0 for all e R. Then there exists T > 0 such that the
Cauchy problem

u(0,x) = p(x)
u (0, %) = ¥(x)

has a unique local solution ue C*([0,T) x R).

{ uy — (a(u)uy), =0

4.2. Local existence for the equation u, — a(z, x,uy)ux, = f(2, X, uy)

In this subsection we consider the Cauchy problem

Uy — a(t7 X, ux)uxx = f(ta X, ux)
(4.12) { u(0,%) = p(x) € C3 (R)

(0, x) = ¥ (x) € G°(R)

and state the existence of a unique local smooth solution under some suitable
assumptions on the coefficients a, f (see Theorem 4.6 below).

The proof will be omitted since it is very similar to that of Theorem 4.3.
We also refer to [M1] (see Remark 1.2).
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Theorem 4.6. Let ¢,y € CP(R) and a, f € C*(R* x R?) such that:
i) a(t,x,n) =ai(t,x,n)ax(n) with ax() =0 for every ne€ R and

0<iy<a(t,x,n) <Ay  on bounded subsets of R* x R%;

i) the function a(n) has only zeros of finite order;
111) fx(t7x7 77) =0 lf az(”) =0, f(ta X, 0) =0
iv) the following Levi condition is satisfied:

£, (2, x, > <ca(t,x,n)  V(t,x) e R* x R, 1 bounded

for some constant ¢ > 0.
Then there exists T > 0 such that the Cauchy problem (4.12) has a unique local
solution ue C*([0,T) x R).

As a particular case, we have:

Corollary 4.7. Let ¢, € CX(R) and a,f € C*(R" x R?) of the form:
a(t,x,n) = n¥ao(t, x, 1) V(t,x,7) € R" x R*
fxm) =n"folt,x,n)  V(t,x,n) e R* x R,

for some q,N e N\{0} with N = q+ 1, where ay and f, are smooth functions
which satisfy, for some positive constants ly, Aop:

0 < Ao <ao(t,x,n) < Ao V(t,x,7) € R" x R?
lfo(t,x,n)| < Ay . ¥(t,x,n) e Rt x R*.
Then there exists T > 0 such that the Cauchy problem
Uy — a(t, X, Uy )t = f(2, X, )
u(0,x) = ¢(x)
(0, %) = ¥(x)
has a unique local solution ue C*([0,T) x R).

Remark 4.8. Corollary 4.7 may apply, in particular, to equation (1.19) of
§1, to equations (2.5) and (2.18) of §2 (with ¢ = 1), and to equation (3.11) of
§3.
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