
Kobe University Repository : Kernel

PDF issue: 2026-10-06

Asymptotic Periodic Solutions for Linear
Differential-Difference Equations with N Delays
and Hopf Bifurcation

(Citation)
Funkcialaj Ekvacioj,43(2):193-212

(Issue Date)
2000-08

(Resource Type)
journal article

(Version)
Version of Record

(JaLCDOI)
https://doi.org/10.24546/0100500027

(URL)
https://hdl.handle.net/20.500.14094/0100500027

Hara, Tadayuki
Miyazaki, Rinko
Morii, Takayasu



Funkcialaj Ekvacioj, 43 (2000) 193-212 

Asymptotic Periodic Solutions for Linear Differential-Difference 
Equations with N Delays and Hopf Bifurcation 

By 

Tadayuki HARA, 1* Rinko MIYAZAKI2 and Takayasu Moru1 1 

( 1Osaka Prefecture University and 2Shizuoka University, Japan) 

1. Introduction 

In this paper we consider the linear differential-difference equations with N 
delays 

N 

(1.1) x'(t) = -pR(0) I>(t- rk) 
k=l 

where p is a real constant and R( 0) represents a 2 x 2 matrix 

( cos0 -sin0) 
sin0 cos 0 

with 101 :s n/2 and { rk} is an arithmetric sequence, that is, 'k = r + (k - 1 )/ 
with r;:::: 0 and / > 0 fork= 1,2, ... ,N and TN> 0. 

Recently, the authors [ 5] obtained the following result. 

Theorem A. The zero solution of (l. 1) is uniformly asymptotically stable if 
and only if 

p>O and 
• ( NI (n 101)) Slll --- --

p(,1 +rN) r1+rN 2 <~-l0I 
2 sin ( / (~ - 101)) 2 • 

TJ + 'N 2 

The purpose of this paper is to deal with the critical case of the above 
result, that is, p > 0 and 

(1.2) 
• ( NI (n 101)) sm --- --

p(r1 +rN) r1 +rN 2 =~- 101 
2 sin( / (~- 101)) 2 • 

TJ + 'N 2 

* Supported in part by Grant-in-Aid for Scientific Research 09640211 
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. 127n 
127n sm 1024 n · 

p= 256 ~, 0= 256, -r1 =0.5, -r2 = 1.0, ,3 = 1.5,(to,</i,t/l) = (0,-(t+3),2sm10t) 

sm 1024 

Fig. 1 

·when (1.2) holds, by a numerical simulation using the Runge-Kutta Method, 
we confirmed that (1.1) have asymptotic periodic solutions as the following 
Figure 1 shows. 

In case N = l (r1 = 1), the following result is obtained by Murakami [7] 
recently. 

Theorem B. Suppose that p = n/2 - 101 and O < 101 < n/2. Then any 
solution x( rp) of Equation (1.1) with initial function rp E C([-1, 0], R 2 ) at t = 0 
satisfies 

where 

exponentially as t ---, oo, 

<P(t) = ( co_swt sin wt), 
-smwt coswt 

OJ= { P, 
-p, 

B=(O OJ) 
-OJ O • 

0 > 0, 
0 < 0, 
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We give the explicit expressions of the periodic orbits of (1.1) and present 
an application about the characteristic equation of (1.1) having a pair of pure 
imaginary eigenvalues. In Section 5, we consider the nonlinear equation 

N 

(1.3) z'(t) = -pR(0) Lz(t- rk)[l - lz(t)l 2] 

k=l 

and show that a Hopf bifurcation occurs at some value of p and obtain the 
periodic solution explicitly. 

2. Preliminaries 

In this section we introduce the decomposition theory of the space C given 
by Hale [2, 3] and Lunel [3]. Suppose r ~ 0 is a given real number, R = 
(-oo, oo ), Rn is an n-dimensional linear vector space over reals with norm I• I, 
C([a, b], Rn) is the Banach space of continuous functions mapping the interval 
[a, b] into Rn with the topology of uniform convergence. If [a, b] = [-r, 0], we 
let C = C([-r, 0], Rn) and designate the norm of an element <p in C by 11</JII = 
sup_r<.9<ol</J(9)1- If T ~ 0 and x E C([-r, T],Rn), then for any t E [0, T], we 
let x1 EC be defined by x1(9) = x(t + 9), -rs 9 s 0. We consider a linear 
autonomous delay differential equation 

(2.1) x'(t) = Lx1 

where L is a continuous linear mapping from C into Rn. This hypotesis 
implies that there exists an n x n matrix 17( 9), -r s 9 s 0, whose elements are of 
bounded variation, normalized so that 17 is continuous from the left of (-r, 0) 
and 17(0) = 0, such that, 

For any given function <p EC, we say x(</J) is a solution of (2.1) with intial 
function <p at t = 0 such that x(<jJ)(t) satisfies (2.1) for t ~ 0 and x0(</J) = <p. 

If x(</J) is the unique solution of (2.1) with initial function <p at t = 0, then 
the solution operator T(t) : C-+ C is defined by the relation 

X1(</J) = T(t)<p. 

Since the family {T(t) : t ~ 0} is the strongly continuous semigroup of linear 
operators on C, the infinitesimal generator A of T(t) can be defined and is 
given by 
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-r::; 8 < 0, 

(2.2) 

8=0, 

where D(A) is the domain of A. We let O"(A) denote the spectrum of A. Also 
we define N(A) to be the null space of A, the set of all ¢ E C for which Arp= 0, 
and R(A) to be the range of A. For a given A E O"(A), the generalized eigen­
space of A will be denoted by M).(A) is defined to be the smallest subspace of C 
containing all the elements of C that belongs to N((Al -A/) fork= 1,2, .... 
The dimension of M,JA) is called the algebraic multiplicity of A and the smallest 
integer k such that N((Al -A)k) = N((Al -A/+1) is called the ascent of A. 

Lemma 2.1. ([3, p. 198 and p. 207]) A is in O"(A) if and only if A satisfies 
the characteristic equation 

detLl(A) = 0, 

The infinitesimal generator A defined by (2.2) has only point spectrum of which 
elements are called the eigenvalues of A. For A E O"(A), the algebraic multiplicity 
of the eigenvalue A equals the order of A as a zero of <let L1 and the ascent k of 
A equals the order of A as a pole of ,1-1 such that 

where the symbol EB means the direct sum. 

Let C* = C([0,r],R1xn), and define the bilinear form (a,¢) for aE C*, 
rp EC as 

Then the formal adjoint operator A* of A relative to the bilinear form is given 
by 

{

- da(s) 0 < s < r 
ds ' - ' 

A*a(s) = 

(,a(-8)[d17(8)], s = 0, 



Asymptotic Periodic Solutions of DDE 197 

which satisfies (a,A</J) = (A*a,</J) for aED(A*), </JED(A). The formal adjoint 
operator A* has similar properties to those of A. Indeed, Jc in a(A) if and only 
if Jc is in a(A *), and dim MA(A *) equals to the multiplicity of Jc as a zero of 
deU(Jc). 

The next two lemmas are very impotant to obtain the explicit represent­
ation of the decomposition given by Lemma 2.1. 

Lemma 2.2. ((2, p. 175 and p. 177]) A function t/1 is in R((Jcl - Al) if and 
only if (a, t/1) = 0 for all a in N((Jcl - A)k) which coincides with functions </J of 
form 

-rs 9 s 0, 

where y = col(y1, ... , Yk) satisfies Aky = 0 with 

(

P1 P2 • • • Pk ) 
A = 0 P1 • • • Pk-I 

k . . . . ' . . . . . . 
0 0 P1 

J = 0, I, 2, .... 

Also, N( (U - A *l) coincides with functions t/1 of form 

k ( )k-j 
" -s A t/i(s) = ~pi (k - ")I e- s, 0 s s s r, 
J=I J • 

where /3 = (/31, ... ,f]k) satisfies /JAk = 0. 

Lemma 2.3. ((2, p. 177]) For Jc E a(A), let 'PA= col(t/11, ... , t/Jp) and <PA= 
(</11, ... ,</Jp) be bases for MA(A*) and MJc(A), respectively, and let ('PA,<t>A) = 
( ( t/1;, </11) ), i, j = 1, 2, ... , p. Then ( 'PJc, <!>A) is nonsingular and thus may be taken 
as the identity. The decomposition of C may be written explicitly as 

PA= MA(A) = {</J EC: </J = <!>Ab for some p-vector b}, 

QA= {</J EC: ('PA, </J) = 0}, 
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If A = { ,1,1, ... , Ap} is a finite set of eigenvalues of A, we let P,,i be the linear 
extension of the MAJ (A), AJ E A and refer to this set as the generalized eigenspace 
of A associated with A. In a similar manner, we define ~* as the generalized 
eigenspace of A* associated with A. 

Lemma 2.4. ([2, p. 170 and p. 178]) Suppose that A is a finite set 

{AI, ... , Ap} of eigenvalues of A. If IP and lfF are bases for P,,i and ~*, rese­
pectively, ('P, <P) = I, then for any rp in C, 

rp = rppA + rpQA l 

P,,i = M)JA) = {rp EC: rp = <Pb for some p-vector b}, 

QA= {,PE C: ('P,rp) = 0}, 

rppA = <fJ(l/f,rp). 

Furthermore, the solution T(t)<!Jb with initial value <Pb at t = 0 may be defined on 
( - oo, oo) by the relation 

T(t)<!Jb = <fJeF1b, 

<fJ(9) = <fJ(0)eF9 , -r::::;; 9 :s; 0, 

where F is defined by A<fJ = <PF. 

For application of the theory of linear systems, we need to have an estimate 
for the solutions on the complementary subspace Q;" and it is the following 
theorem. 

Lemma 2.5 ([3, p. 214]) For any real number {J, let A= A(fJ) = {,1, E o-(A): 
Re ,1, > fJ} and suppose C is decomposed by A as C = P,,i EB QA- Then, for any 
y > 0, there exist positive constants K such that 

II T(t)rpPA II ::::;; Ke(fi+y)tllr/JPA II, 

IIT(t)rpQAII::::;; Ke(fi+y)tllr/JQAII, 

3. Characteristic equation 

t::::;; 0, 

t ~ 0. 

In this section we consider the roots of the characteristic equation of (1.1). 
Let C = C([-rN, 0], R2) and x(rp) denote the unique solution of (1.1) with 

the initial function rp in Cat t = 0. For the (1.1), the infinitesimal generator A 
of the solution operator T(t) is given by 
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l drp(a) 
-y;;-, 

Arp(a) = N 

-pR(0) 8,p(-i-k), (J = 0. 

Let C * = C( [ 0, i-N], R I x 2), and define the bilinear form ( ljJ, rp) for 1/J E C *, rp E C 
as 

Then the formal adjoint operator A* of A relative to the bilinear form is given 
by 

l dijJ(s) 
--y;-, 

A *ijJ(s) = N 

-p 8 i/J(i-k)R(0), 

0<ss;i-N, 

S= 0. 

which satisfies ( 1/1, Arp) = (A *i/1, rp). 
The characteristic equation of (1.1) is given by 

N 

(3.2) detLl(2) = 0, L1(2) = 21 + pR(0) L e-,lrk. 

k=I 

In order to obtain the explicit expression of periodic orbits, we need to 
show that (3.2) has a pair of pure imaginary eigenvalues and decompose the 
space C by the the generalized eigenspace associated with those eigenvalues. 
Indeed, using Theorem 2.1 in [6], we can obtain the following lemma. 

Lemma 3.1. Suppose that the following equality stands: 

(3.3) 

If 0 < 101 < n/2, (3.2) has a pair of simple roots ± iwo and the remaining roots 

have negative real parts, and if 0 = 0, (3.2) has a pair of double roots ± iwo and 

the remaining roots have negative real parts, where w0 = (n - 2101)/(i-1 + i-N)-

Proof This is a special case of the example given in [6, Case 1 in Section 
4]. And (3.3) is just the same as the condition of Theorem 2.1 (ii) in [6]. 
Therefore, if 0 < 101 < n/2, p0(2) = 0 has a simple root iw and the remaining 
roots have negative real parts, where 
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{ 

20-n 

W = 'iJ +,N' 

20+n 
- 'iJ + 'N' 

0 > 0, 

0 < 0, 

N 

Pe(Jc) =Jc+ pe;e L e-l,k. 
k=I 

If 0=0, p0(Jc)=0 has a pair of simple roots ±i(n/(,1+,N)) and the 
remaining roots have negative real parts. 

On the other hand, we can easily see that 

and 

Here X is the complex conjugate of any complex number Jc. Therefore we can 
obtain the assertion of Lemma 3.1 immediately. □ 

Remark 3.1. From the same argument of Lemma 3.1 in [5], we have (3.3) 
and (1.2) are equivalent. 

4. Explicit expressions of asymptotic periodic solutions 

We have shown that there exists a pair of pure imaginary eigenvalues in 
the critical cases. In this section we will give the explicit expressions of periodic 
orbits of asymptotic periodic solutions by decomposing of the space C. 

First, when O < 101 < n/2, we obtain next theorem. 

Theorem 4.1. Suppose that O < 101 < n/2 and 

Then, the solution x(</J) of (1.1) with initial function <ft EC at t = 0 satisfies 

exponentially as t -----+ oo, 

where 
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( 
127n . 127n ) 

<P t b = cos 256 t sm 256 1 (-1.49952) 
1 ( ) 1 . 127n 127n 0.65028 

-sm 256 t cos 256 t 

Fig. 2 

( ) = ( coswa sinwa) 
<P1 (J • ' -sm wa cos wa 

1 ) 2(r,+rN)w 

-p I:,/:, Tk cos(0 + WTk) 

Figure 2 is the periodic orbit <P1 (t)b, of the asymptotic periodic solution m 
Figure 1 calculated by Theorem 4.1. 

Proof of Theorem 4.1. Notice that we use (3.3) instead of (1.2) in the 
proof. 

Let A = {iw, -iw }. First we will give a basis for the eigenspace of A 

associated with A. From Lemma 3.1, we know that ±iw are simple eigen­
values, that is, the order of ± iw as zeros of <let LI (A) is 1. Since 

p sin 0 I:,f:=1 e-lrk ) 

/4 + p COS 0 Lf:=I e-:hk 
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the order k of A as a pole of ,1-1 (A) is less than or equal to 1. Thus, 
from Lemma 2.1, we compute a basis of N((A - Ul) for k = I at 
A = ±iw. Noticing that 

cos(''-] 101 ) = sinl01, 

for k = I, 2, ... , N, we have 

N 

Ll(iw) = iwl + pR(0) 1:e-iwrk 

k=I 

= pR(0) t coswTk + i( wl - pR(0) t sinwTk) 

I N 

= 2pR(0) L(coswTk + coswTN-k+I) 
k=I 

= ~pi(0) t2cos(WTk + ;TN-k+I) cos(WTk - ;TN-k+l) 

+ i( wl - ~pR(0) t2sin(WTk + ;TN-k+I) cos(WTk -;TN-k+I)) 

= pR(0) cos ( w(T1; TN)) t cos ( w(Tk -;N-k+I)) 

+ { wl - pR(0) sin(w(Ti; TN)) t cos(w(Tk -;N-k+I))) 

= pR(0)cos(n - 2101) f cos(Tk - TN-k+I (~ - 101)) 
2 k=I TJ + TN 2 

±i(n - 2101 I - pR(0) sin(n - 2101) t cos(Tk - TN-k+I (~ -101))) 
T] + TN 2 k=I T] + TN 2 

n - 2101 n - 2101 
= -- sinl0IR(0) ± i--(I - cos0R(0)) 

T] + TN T] + TN 
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( . 0 (cos0 -sin0) ·( l -cos2 0 = w sm . + 1 
sm0 cos0 -sin0cos0 

sin0cos0)) 
1 - cos2 0 

. 0 ( cos 0 + i sin 0 -sin 0 + i cos 0) 
= OJ Sln . 

sm 0 - i cos 0 cos 0 + i sin 0 

·0 ( 1 i) =we' sin0 -i 1 . 

Since Ll(X) = Ll(Jc), we also have 

-i) 
1 • 

From Lemma 2.2, for A = ± iw, 

(4.1) A P +i0 • 0( 1 I = I = we- sin - . 
+1 

±i) 
1 ) 

203 

and y satisfying A1y = 0 are y = (~J- Thus, the basis of eigenspace 

associated with A is 

for -TN :,:; a:,:; 0. 

We define a new basis for eigenspace .P,,i associated with A as 

1 A A ( cos (JJ(J ) 
ifJ1 (a)= -2 (r/J1 (a)+ r/J2(a)) = . , 

-smwa 

Then we have 

sin wa ) ( ) = R -wa 
cos (JJ(J 

for -TN :,:; a:,:; 0. 

Also, /J satisfying fJA 1 = 0 are ( 1, + i). Thus, the basis of eigenspace of A* 
associated with A as 

for 0 :,:; S :,:; TN. 

We define a new basis for eigenspace P-:i_ associated with A as 
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tft;(s) = 1(f;(s) + fi(s)) = (cosws, -sinws), 

t/ti (s) = - ;/ f; (s) - f i (s)) = (sin cos, cos cos). 

'I'*= (t/t*, t/t*) = (c~scas -sincas) = R(cas). 
1 2 • smws cosws 

We will decompose C by eigenspace P,i. From (3.1), we have 

where 

N N 

Sc= p L 'k cos(0 + cork) and Ss = p L 'k sin(0 + cark)-
k=I k=I 

Notice that 0 +cork= -(0 + ca,N-k+I) + n, then we have 

(4.2) sin(0 + cork) = sin(0 + WTN-k+d-

As we can see in the proof of Lemma 3.1, Jc= -ica satisfies p0 (Jc) = 0, which 
yields 

(4.3) 
N 

Imp0(-ica) =-ca+ p L sin(0 +cork)= 0. 
k=I 
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Thus, 

N 

(4.4) Ss = p L Tk sin(0 + wrk) 

Hence, 

k=l 

N 

= 1P L(rk sin(0 + wrk) + TN-k+I sin(0 + wrN-k+1)) 
k=l 

l N 
= 2p L(rk + 'N-k+I) sin(0 + wrk) 

k=l 

l N 
= -p(r1 + TN) L sin(0 + wrk) 

2 k=l 

1 
= 2(r1 + rN)w. 

So we define a new basis 'P for ~• by 

'P·= ('P*,<P1)-1'P* = (I +B1)-1'P*, 

and we have 

Therefore, by Lemma 2.3, any rp E C can be written as 

,P = rppA + ,PQA, 

where 

b1 = ( 'P, rp) = 'P(O)rp(O) _pt rTk 'P( <; + ,k)R( 0),p( <;)d<; 

= (I+ B1)_, (1(0) _pt rTk (I+ B,)-1<P[ (<; + ,k)R(0)rp(<;)d<;) 

,PQA = ,P _ ,PpA. 

205 
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When -TN ::::;; a < 0, we have 

A<P1 a = - . ( ) d ( COSW(J 

da -smwa 
sinwa) (-wsinwa wcoswa ) 
cos W(J - -w cos W(J -w sin W(J 

= ( co_swa sinwa) ( 0 w) = <fJ,(a)F 
-smwa coswa -w 0 

where F = ( _ow ~). When a = 0, we also have 

N N 

A<P1 (0) = -pR(0) L <P(-Tk) = -p L R(0 + WTk) 

k=I k=l 

= (-p I:,f=l cos(0 + WTk) p I:,!, sin(0 + WTk) ) 

-p I:,!1 sin(0 + WTk) -p I:,!, cos(0 + WTk) 

by using (3.3). Hence, from Lemma 2.4, we have 

.._....., 00 (-l)k(w(t+a))2k+l) 
L.,k=O (2k + 1)! 

.._...,oo (-l)k(w(t+a))2k 
L.,k=O (2k) ! 

( 1 0) ( cosw(t+a) sinw(t+a)) 
- 0 1 -sinw(t + a) cosw(t + a) 

for -TN ::,;; (J::,;; 0. 
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This means that T(t)<l>1 = <l>1r. Also, from Lemma 2.5, taking fl< 0 suffi­
ciently close to 0, for y such that J = fl+ y < 0, there exists a positive constant 
K such that 

Consequently we obtain 

smce 

exponentially as t --+ oo 

II T( t)q,QA II = II T(t)( q, - q,PA) II = II T( t)q, - T(t)q,PA II 

= II T(t)q, - T(t)<l>1b1 II 

= II T(t)q, - <l>1rbll --+ 0 exponentially as t--+ oo. □ 

When 0 = 0, we obtain the following theorem. 

Theorem 4.2. Suppose that 0 = 0 and 

Then, the solution x( ¢) of (1.l) with initial function q, E C at t = 0 satisfies 

where 

( ) ( coswa 
<!>2 (J = 

0 

-a 

n 

B2 = 2 
0 

0 

exponentially as t --+ oo, 

sinwa 0 

0 COSOJ(J 

n 
0 0 -

2 
-a 0 0 

n 
0 -a -

2 
0 

n 
2 

-a 

n 

n 
w---­

- TJ +TN' 

a= p LTkcoswrk. 
k=I 
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In the proof, the only difference from the proof of Theorem 4.1 is the 
dimension of the generalized eigenspace ~ of A associated with A is 4 since 
±iw are double eigenvalues from Lemma 3.1. 

5. Hopf bifurcation 

In this section, we consider the following nonlinear equation 

N 

( 5.1) z'(t) = -pR(0) I:z(t- rk)[l - lz(t)l 2] 
k=I 

( cos0 -sin0) n where p is a real constant, R(0) = . 0 0 with O < 101 < -2 , z = 
sm cos 

( ;: ) , lzl 2 = z? + z?, { rk} is an arithmetric sequence, that is, Tk = r + (k - 1)/ 

with r ~ 0 and / > 0 for k = I, 2, ... , N. 
In [4], the author studied the equation (5.1) with N = 1 and r1 = 1 and 

gave a conjecture. Related to the conjecture, we consider the equation (5.1). 
In the case 0 = 0 and N = 1 where r 1 = 1, next two theorems are known 

[3, pp. 347-348, Theorems 5.1 and 5.2]. 

Theorem C. (5.1) has a Hopf bifurcation at p = n/2. 

Theorem D. If p > n/2, then (5.1) has a nonconstant periodic solution. 

In Section 3, we have shown that the characteristic equation of the lin­
earized equation of (5.1) has a pair of pure imaginary eigenvalues when 

(5.2) 

holds. Here, define p0 as p satisfying (5.2), that is, 

Let us introduced a parameter µ as p = p(µ) = p0 + µ in (5.1), that is, 

N 

(5.3) z' (t) = -(p0 + µ)R(0) L z(t - rk) [l - lz(t)l 2]. 
k=I 
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In this case by numerical simulations, we have confirmed that (5.3) has a 
periodic solution in the neighborhood of origin for sufficiently small µ > 0 as 
Figure 3 shows. 

. 7! 

7! Sill 12 7! 
Po = 3----:----n, µ = 0.005, 0 = 6, r1 = 0.5, r2 = I, r3 = 1.5, 

sm 4 

(t0 ,,p,ijl) = (o,-0.15cos!Ot,-(o.25- 3t0)) 

Fig. 3 

This indicates that (5.1) has a Hopf bifurcation at p = p0 . In fact, by the same 
method in [l, p. 299], we can show that the bifurcatipn is supercritical. We will 
obtain the periodic solution explicitly. 

From Lemma 4.10 and Remark 4.12 in [8, pp. 110-116], the radius r of the 
orbitally asymptotically stable periodic solution of (5.1) is given by 

where 

rx'(p0 ) = Re d~(p) I , 
p P=Po 
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Noticing that 

we obtain 
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N L cos(0 + wrk) = 0 and 
k=l 

A= -SsW 

S} + (1 - Sc)2. 

Also, we calculate the value of a'(p0 ) by taking a derivative of 

N 

P+(J) = A +pew L rke-2'k = 0 
k=l 

at p0 , where A is a continuous function p. From 

and 

we have 

dJ 
dp 

Since J(p0 ) = -iw is a root of P+(A) = 0, 

a'(p)=Re :~1- =Re {p(l-pe;0~f:=1'ke-2'k)}I _ 
P-Po P-Po 

=Re 

S,w 
2 • 

Po(S; + (1 - Sc) ) 
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Therefore, the periodic orbit of (5.1) is given by 

-Sswµ S} + (1 - Sc) 2 

Po(S} + (1 - Sc)2) -Ssw 

Theorem 5.1. (5.1) has a Hopf bifurcation at p = p0 and a stable periodic 

orbit. And it is approximated as p(t) ~ fE(c~st ). V Po smt 

Using the Runge~Kutta Method, Figure 4A illustrates a solution of (5.1), 
which tends to a periodic solution, with the same parameters in Figure 3 and 

a new initial condition (t0 ,ip,i/J) = (0,0.075+-fo,0.025cos30t). Figure 4B 
shows the periodic orbit in Figure 4A calculated by Theorem 5.1, which is the 

0.015sinn ~(co_ st)· orbit p(t) ~ 
nsin - smt 
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Fig. 4A 

X2 
0.13 

-+--------+--------1~X1 
0.13 

Fig. 4B 
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Note that, from figures, we can observe the coincidence of the periodic orbits in 
Figures 3, 4A and 4B. 
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