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Asymptotic Periodic Solutions for Linear Differential-Difference
Equations with N Delays and Hopf Bifurcation

By

Tadayuki HARA,'* Rinko Mivazaki® and Takayasu Morir!

(*Osaka Prefecture University and 2Shizuoka University, Japan)

1. Introduction

In this paper we consider the linear differential-difference equations with N
delays

N
(1.1) xX'(1) = —pR(0) Y x(t— 1)
k=1
where p is a real constant and R(#) represents a 2 x 2 matrix
cosf —sinf
sinf cosf
with |f| < /2 and {7;} is an arithmetric sequence, that is, © =7+ (k— 1)/

with >0 and />0 for k=1,2,...,N and 7y > 0.
Recently, the authors [5] obtained the following result.

Theorem A. The zero solution of (1.1) is uniformly asymptotically stable if

and only if
. NI T _ g
(Tl—l—rN)Sm 7+ TN §_|| V4
<=—10.

. / 7 2
sin (Tl o <§ — |0|>)

The purpose of this paper is to deal with the critical case of the above
result, that is, p > 0 and

(1.2) p(t1 4 tv) Sin('fl ]J\rUTN (g B '0')) _r_ 10].

wlm G-))

* Supported in part by Grant-in-Aid for Scientific Research 09640211

p>0 and L
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Fig. 1

"When (1.2) holds, by a numerical simulation using the Runge-Kutta Method,
we confirmed that (1.1) have asymptotic periodic solutions as the following
Figure 1 shows.

In case N =1 (r; = 1), the following result is obtained by Murakami [7]
recently.

Theorem B. Suppose that p=n/2—|0] and 0<|6| <n/2. Then any
solution x(¢) of Equation (1.1) with initial function ¢ € C([—1,0],R*) at t=0
satisfies

x(¢) — D;b exponentially as t — o0,

where

coswt sinwt P, g>0,
(1) = . , 0=
—sinwt coswt —p, <0,

0

= (5% 0)

b=(I+B)" (¢<0> | o7 l)R(9)¢(é)d6),
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We give the explicit expressions of the periodic orbits of (1.1) and present
an application about the characteristic equation of (1.1) having a pair of pure
imaginary eigenvalues. In Section 5, we consider the nonlinear equation

N

(1.3) 2(f) = —pR(0) D _z(t — w) [l — |z(1) ]

k=1

and show that a Hopf bifurcation occurs at some value of p and obtain the
periodic solution explicitly.

2. Preliminaries

In this section we introduce the decomposition theory of the space C given
by Hale [2, 3] and Lunel {3]. Suppose r >0 is a given real number, R =
(—o00,00), R" is an n-dimensional linear vector space over reals with norm |- |,
C(Ja,b],R") is the Banach space of continuous functions mapping the interval
[a,b] into R" with the topology of uniform convergence. If [a,b] = [—r, 0], we
let C = C([-r,0],R") and designate the norm of an element ¢ in C by ||¢|| =
sup_,.g<ol¢(¥)]. If T >0 and xe C([—r,T],R"), then for any ¢e€ [0,T], we
let x, e C be defined by x,{(%) =x(t+9), -r<9<0. We consider a linear
autonomous delay differential equation

2.1) x'(1) = Lx,

where L is a continuous linear mapping from C into R”. This hypotesis
implies that there exists an # x n matrix #(#), —r < 3 < 0, whose elements are of
bounded variation, normalized so that # is continuous from the left of (—r,0)
and #7(0) = 0, such that,

0
)= [ e, sec.

For any given function ¢ € C, we say x(¢) is a solution of (2.1) with intial
function ¢ at ¢ =0 such that x(¢)(¢) satisfies (2.1) for 1 > 0 and xq(¢) = ¢.

If x(¢) is the unique solution of (2.1) with initial function ¢ at ¢t =0, then
the solution operator 7(f) : C — C is defined by the relation

Since the family {7'(¢) : ¢ > 0} is the strongly continuous semigroup of linear
operators on C, the infinitesimal generator 4 of T(¢) can be defined and is
given by
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%(;), —r<9<0,
(22) A(9) =

| e, a=o0,

piay={sec|fectho=[ momo),

where D(A) is the domain of 4. We let 6(4) denote the spectrum of 4. Also
we define N(A4) to be the null space of 4, the set of all ¢ € C for which A¢ = 0,
and R(A) to be the range of 4. For a given 1€ g(4), the generalized eigen-
space of A will be denoted by M;(A) is defined to be the smallest subspace of C
containing all the elements of C that belongs to N((A — 4)%) for k=1,2,....
The dimension of M;(A) is called the algebraic multiplicity of A and the smallest
integer k such that N((Al — A)%) = N((M — 4)*™) is called the ascent of .

Lemma 2.1. ([3, p. 198 and p. 207]) A is in o(A) if and only if A satisfies
the characteristic equation

detA(2) =0,  A(A) =il — JO e*dn(9).

The infinitesimal generator A defined by (2.2) has only point spectrum of which
elements are called the eigenvalues of A.  For ) € a(A), the algebraic multiplicity
of the eigenvalue A equals the order of A as a zero of detd and the ascent k of
A equals the order of A as a pole of A™' such that

C = N((M — 4)*) @ R((AI — 4)"),
where the symbol @ means the direct sum.

Let C*= C([0,7],R™"), and define the bilinear form (a,4) for o e C*,
¢peC as

0 8
(2.) = 0)9(0) = | | "ol ~ )lan(ag(ac.

Then the formal adjoint operator A* of A relative to the bilinear form is given
by
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which satisfies (a, A¢) = (4*a, @) for a € D(A*), ¢ € D(4). The formal adjoint
operator 4* has similar properties to those of 4. Indeed, 1 in o(4) if and only
if 2 is in o(4*), and dim M;(A4*) equals to the multiplicity of A as a zero of

det A(4).

The next two lemmas are very impotant to obtain the explicit represent-

ation of the decomposition given by Lemma 2.1.

Lemma 2.2. ([2, p. 175 and p. 177]) A function v is in R((AI — A)%) if and
only if (o,0) =0 for all o in N((AI — A)*) which coincides with functions ¢ of

form
SV
¢(8):Zyj+17e , —-r<39<0,
Jj=0 )

where y = col(yy,...,y,) satisfies Ary =0 with

P P, ... P
0 Py ... P
Ak = . . . . )
o o0 ... P
. AD (4 . diA(A )
Py =Pi(3) = L;’, 49(2) = d;?, j=0,1,2,...

Also, N((Al — A*)k) coincides with functions r of form
W(s)—iﬁ (L)krje"h 0<s<r
2Py o UEE

where = (f,,...,P) satisfies fA, = 0.

Lemma 2.3. (2, p. 177]) For Aea(A), let ¥, = col(yy,...,y,) and ®; =
(¢1,-.-,9,) be bases for M;(A*) and M,(A), respectively, and let (¥, ;) =
(Wi 8)), 1,j=1,2,...,p. Then (¥;, ;) is nonsingular and thus may be taken

as the identity. The decomposition of C may be written explicitly as
p=9"+9%,  ¢lep, 4% e,
P=M,(A)={¢pe C:¢=D,b for some p-vector b},
0y ={¢eC:(¥,4) =0},
¢ =db, b= (¥ 9),
9% = 4"
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If A ={Ai,...,4,} is a finite set of eigenvalues of 4, we let P; be the linear
extension of the M; (4),4; € A and refer to this set as the generalized eigenspace
of A4 associated with 4. In a similar manner, we define P; as the generalized
eigenspace of A* associated with A.

Lemma 24. (2, p. 170 and p. 178]) Suppose that A is a finite set
{415+, 4y} of eigenvalues of A. If ® and ¥ are bases for Py and P}, rese-
pectively, (¥, ®) =1, then for any ¢ in C,

b= 4"+ 92,

P =M;(A) ={¢pe C:¢=db for some p-vector b},
O1={peC: (¥, ¢) =0}
¢ = (¥, 9).

Furthermore, the solution T (t)®b with initial value @b at t = 0 may be defined on
(—o0,00) by the relation

T(t)®b = de’b,

where F is defined by A® = OF.

For application of the theory of linear systems, we need to have an estimate
for the solutions on the complementary subspace Q;, and it is the following
theorem.

Lemma 2.5 ([3, p. 214]) For any real number f3, let A = A(f) = {Aea(A):
Re A > B} and suppose C is decomposed by A as C =Py ® Q4. Then, for any
y > 0, there exist positive constants K such that

1T (D)™ < Ke g%, <0,

IT(0)$2) < KeDM|ge4, 1> 0.

3. Characteristic equation

In this section we consider the roots of the characteristic equation of (1.1).

Let C = C([~1x,0], R?) and x(¢) denote the unique solution of (1.1) with
the initial function ¢ in C at t = 0. For the (1.1), the infinitesimal generator 4
of the solution operator 7'(¢) is given by
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4(s)

do -ty <0 <0,

A¢(G’) = N
“pRO)S (—w), =0,
k=1

Let C* = C([0,7y],R'*?), and define the bilinear form (i, ¢) for ¥ € C*, e C
as

G.1) (4,9) = ”ZL W(E+ T ROHE)dE

Then the formal adjoint operator A* of A relative to the bilinear form is given
by

—dlp(s), 0<s <1y,
ds
A™Y(s) = N
P WEIRO),  s=0.
k=1

which satisfies (y, A¢) = (4*Y, ¢).
The characteristic equation of (1.1) is given by

(3.2) det4(2) =0,  A(i) = AL + pR(0) i e~
k=1

In order to obtain the explicit expression of periodic orbits, we need to
show that (3.2) has a pair of pure imaginary eigenvalues and decompose the

space C by the the generalized eigenspace associated with those eigenvalues.
Indeed, using Theorem 2.1 in [6], we can obtain the following lemma.

Lemma 3.1. Suppose that the following equality stands:

S ()L

If 0 < |0) < =/2, (3.2) has a pair of simple roots +iwy and the remaining roots
have negative real parts, and if 0 =0, (3.2) has a pair of double roots +iwy and
the remaining roots have negative real parts, where wy = (n —2/6|)/(t1 + tn).

Proof. This is a special case of the example given in [6, Case 1 in Section
4]. And (3.3) is just the same as the condition of Theorem 2.1 (ii) in [6].
Therefore, if 0 < |6 < n/2, py(4) =0 has a simple root i and the remaining
roots have negative real parts, where
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20 —
T 8>o,
Ty + TN
“TY 204
— n, 0 <0,
T+ TN
and

N
po(A) = A+ pe®? Z e M,
k=1

If 0=0, py(A)=0 has a pair of simple roots +i(n/(7; +17y)) and the

remaining roots have negative real parts.
On the other hand, we can easily see that

det 4(2) = py(4)p_g(4)

and

p_g(4) =P0(Z)-
Here /. is the complex conjugate of any complex number A. Therefore we can
obtain the assertion of Lemma 3.1 immediately. []
From the same argument of Lemma 3.1 in [5], we have (3.3)

Remark 3.1.
and (1.2) are equivalent.

4. Explicit expressions of asymptotic periodic solutions

We have shown that there exists a pair of pure imaginary eigenvalues in
the critical cases. In this section we will give the explicit expressions of periodic
orbits of asymptotic periodic solutions by decomposing of the space C.

First, when 0 < |f] < n/2, we obtain next theorem.

Theorem 4.1. Suppose that 0 < |6| < n/2 and

. NI i3
s1n< (—— |¢9|)>
plt1+1N) 71+ 1 \2 _E_|g|
sin ! T 10| 2 .
71+ 1y \2

Then, the solution x(¢) of (1.1) with initial function $ € C at t =0 satisfies

xi($) — D1, exponentially as t — oo,

where
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A

I

~ | T~

~_ |

cos 1277rt sin 12771:[
" 256 256 —1.49952
Q0b=1 g 1277 ( 0.65028 )
—Sin ﬁt Cos 256
Fig. 2
-2|6
. u7 g > 07
coswo  Sinwo Ty + TN
¢1 (O‘) == . w =
—sinwae  coswo n —2|6|
- 0<0,
Ty + v
N
bi=(+B) pzj T(& + DRO)$(E)dE),
k=1
N 1
=P D ie=1 Tk €08(0 + 0Tk 3 (11 + )
B =
1
) (11 + wv)w —p SNt cos(0 + wry)

Figure 2 is the periodic orbit @;(#)b; of the asymptotic periodic solution in
Figure 1 calculated by Theorem 4.1.

Proof of Theorem 4.1. Notice that we use (3.3) instead of (1.2) in the

proof.
Let A = {iw, —iw}. First we will give a basis for the eigenspace of A

associated with 4. From Lemma 3.1, we know that +iw are simple eigen-
values, that is, the order of +iw as zeros of detA(4) is 1. Since

1 A+pcosOS N e psin@3 ) e
detA(A) \ —psindS N e A4 pcos@Y e

A7) =
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the order k of /1 as a pole of 47!

from Lemma 2.1,
A= tiw. Noticing that

(4) is less than or equal to 1.
we compute a basis of N((4—ADN) for k=1 at

Thus,

- -2
cos (Eﬁ) = sin|4], sin (%) = cosf and T +TN = Tk +TN—k+1

for k=1,2,...,N, we have
N .
A(iw) = iowl + pR(6) Ze"“”"

k=1

N N
= pR(0) Z cos Tk + i(col —pR(0) Z sin arck)
k=1

k=1
1 N
=7PR(O
k=1

N

(cos wty + cosWTy_g+1)

< I — —pR Z sin w1y + sina)rN_kH))

k=1

1 B
= EPR(B) Z 2cos

k=1 2

1 S
+z<wl—§ (9)Z2s1n<

k=1

= pR(#)cos (M) i cos

k=1

+ i(col — pR(6) sin(

= pR(6) cos <7z _22|9|> i cos

k=1

71+ TN

il(n n-206, SR(O)si (n—22|0|)z

=220 Gnj1R(o) +

OT + OTN k41

N
(Cm-'k + CUTNk+1> cos (COTk — CUTN—k+1>

2

OT — OTN k41

7 —2|0|

3 > cos( 3
(w(fk —ZTN—k+1)>
) kNl COS( T — TN k+1)>>

<Tk TN k41 ( |6|))
71+ TN

al cos (Tk TN—k+1 ( ) 0I>)

P T+ TN

(I — cosOR(0))

71+ TN T1+TN

)
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o SinH(cosH —sin 6 +i<1—cos20 sin 6 cos ¢
a sin@ cosf —sinfcosf 1—cos?f
— wsing cosO+isinf@ —sinf+icosf
- sinf —icosf cosf+isinf

. 1 ]
:we’gsin0< . l).
—i 1

Since 4(1) = 4(%), we also have

A(—iw) = we sin@(t_ _ll>

From Lemma 2.2, for A = tiwm,

. 1 +i
(4.1) A1=P1=wei’asin0<_. ‘1),
Fi 1

X 1 . ,
and y satisfying 4;y=0 are y= <+i)' Thus, the basis of eigenspace

associated with A is

d(0) = <l,>eiw" and ¢,(0) = <_1i>e_iw” for —ty <o <0.

)

We define a new basis for eigenspace P; associated with A as

—sin wo

h(0) =3 0) +d) = (S ),

$(0) = 3:61(0) = (o) = e )

COS wa

Then we have

= R(—w0) for —ty <o <0.

o1 = (6,8 = (

coswo  sinwo
—sinwo  cos wo

Also, p satisfying fA4; = 0 are (1, Fi). Thus, the basis of eigenspace of 4*
associated with 4 as

Yi(s) = (1,i)e™™ and ;3(s) = (1, —i)e™  for 0 <s5<1y.

We define a new basis for eigenspace P associated with A as
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* 1 7% * .
Yi(s) = 5( {(s) +¥;(s)) = (cosws, —sin ws),

2(s) = —z—l(lﬁl( 5) = ¥3(s)) = (Sinws,cos‘wS)-
Then we have

cosws —sinws

v = i) = ( ) = Rws)

sinws  ¢os ws

We will decompose C by eigenspace Py. From (3.1), we have

(¥, @) = pZJ_ V(& + ) R(O) Dy (£)dE
N
—p j (& + 7)) R(O)R(-wE)de
k=1
N (0
=1—pzj R(@(& +70) +0 - w)de
k=1"Y Tk ’
N 0
= I—pZJ R(0 + oty )dé
k=1"Y"Tk
1 0 N
0 1 —

Il
TN TN

O -

3 Z T cos{f + wtr) —1i sin(0 + wry)
p e sin(0 + wtr) 1 cos(f + i)

n -S. S
-8 =S, /)’

_— O

where

N N
S.=p Z vcos( +wr) and S;=p Z 7% sin(8 + wti).
k=1 k=1

Notice that 8+ wty = —(60 + @Tty—k+1) F 7, then we have

(4.2) sin(f + wry) = sin( + wTty_j11).
As we can see in the proof of Lemma 3.1, 1 = —iw satisfies py(1) = 0, which
yields
N
(4.3) Im py(—iw) = —w+p Z sin(6 + wr) = 0.

k=1
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Thus
N
(4.4) Se=p Y tesin(0 + o)
k=1
1 X
=5P Z(rk sin(0 + i) + Tv_k41 SIN(0 + wTN_411))
k=1
| X
5 Z (T + Tv—k+1) SIn(6 + cwo1z)
k=1
1 N
= Ep(—[l +1N) Z sin(@ + wty)
k=
1
=5 (1 + 7).
Hence,
N 1
1 0 P i Tk cos(0+wty) -—E(n—HN)w
(’1'*,4151):(0 1) =I+B,.
=(11+1¥)0 pzljjzl 7k cos(f+wty)
2 v

So we define a new basis ¥ for P; by
= (v, o) W =1+ B)'Y
and we have
(P, &) = ((P*, &) ¥, @) = (¥*, ) (¥*, @) = I.
Therefore, by Lemma 2.3, any ¢ € C can be written as
$=¢" + 9%,
where

™ = @by,

N
bi = (¥,4) = P(0)4(0) pzj V(& + T R(O)4(E)de

—_

k
N 00
=({+B) ( pZJ (I+B)'&T ¢+ rk)R(O)qi(é)dé)
1

4o =4 9"
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When —7y <o <0, we have

coswo  sinwo ) ( —wsinwoe  wcoswo >

d
AP ((c) = — . .
(o) do \ —sinwo coswo —wCcoswo —w sin wo

_ < Cos Wa sinwa)( 0 co> — &\(0)F

—sinwo  CoS wo —w 0

where F = ( 0 cg) When o =0, we also have
N N

AD(0) = —pR(0) Y D(—) = —p y_ R(0+ wwr)
k=1 k=1

B ( —p Y cos(0+ wti)  pYp sin(0 + wri) )
—p i sin(0 +wti)  —p i cos(6 + wrk)

—Cos <+ E) sin <+ E)
= 2 2 X pi cos <——Tk Y a <E — |9|>>
. ( n) < n) o utwy \2 .
—sin cos

+3 +3

-2 -2
0 i”_+2|9| 1 0 0
T T
_n—2|6 0 1 -0 0
F— 0
Ty + TN

by using (3.3). Hence, from Lemma 2.4, we have
[T(t)®1](a) = D1(0)eef™ = @, (0)eF

Fk
—(t+ o)
< k!

= @1(0)

NgE

=
Il

" t+o 2k " t+o 2k+1
o DRCNE A i o
=@

kot + 0)) ! x (0t + 0)*

—2io(=1) TkF >eo(=1) Tl
(10 cosw(t+o) sinw(t+o)
N (O 1> (—sina)(t—i—a) cosw(t—i—a))

= &y(t+ o), for —ty <o <0.
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This means that 7(r)®; = &;,. Also, from Lemma 2.5, taking f <0 suffi-

ciently close to 0, for y such that 6 = f+ y < 0, there exists a positive constant
K such that

IT()g% | < Ke |44,  t=0.
Consequently we obtain
7 x($) — Dy:b exponentially as 1 — oo
since
IT(D)¢%) = I T(1)(¢ — $™)|| = | T ()¢ — T(2)$™ |
= 1T(0)¢ — T(6)P1bi|
= ||T(t)¢p — D1,6| — O exponentially as 1 — co. []
When 0 =0, we obtain the following theorem.

Theorem 4.2. Suppose that 0 =0 and

sin( N n)
p(t1+1n) T +1n 2 7

. < ) n)_z'
sin =
71+ 1tn 2

Then, the solution x(¢) of (1.1) with initial function ¢ € C at t = 0 satisfies

x(¢) — Dby exponentially as t — o0,
where
coswa sin wo 0 0 n
¢ == =
() < 0 0 coswo sincoa)’ T+’
1 -1 N 0
b= (50+8) (o100 -p3 [ ol +minciic).
k=17
n
—a I 0
a 5 0
— g —a 0 0 n
By = z | a=p T COS Ty
0 0 —a 3 =1
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In the proof, the only difference  from the proof of Theorem 4.1 is the

dimension of the generalized eigenspace By of 4 associated with A is 4 since
+iw are double eigenvalues from Lemma 3.1.

5. Hopf bifurcation

In this section, we consider the following nonlinear equation

2(t =)L = |z(1)|’]

Mz

(5.1) Z'(t)y = —pR(0
k:l
cosf) —sinf

where p is a real constant, R(8) = (sin 0 cosd

) with 0<|9|<g, z=

z . . . .
( 1>, |2|* = 22 + 22, {w} is an arithmetric sequence, that is, 74 = 7+ (k — 1)
22

with t >0 and />0 for k=1,2,...,N.
In [4], the author studied the equation (5.1) with N =1 and 7; =1 and
gave a conjecture. Related to the conjecture, we consider the equation (5.1).
In the case § =0 and N =1 where 7; = 1, next two theorems are known
[3, pp. 347-348, Theorems 5.1 and 5.2].

Theorem C. (5.1) has a Hopf bifurcation at p = n/2.
Theorem D. If p > =/2, then (5.1) has a nonconstant periodic solution.

In Section 3, we have shown that the characteristic equation of the lin-
earized equation of (5.1) has a pair of pure imaginary eigenvalues when

(5.2) p(t1 +ov) Sin(n TTN (g—lé’!)) Z_ 19

. [ i3 )
sm(f1 T (E — |0]))

holds. Here, define p, as p satistying (5.2), that is,

(n - 20) sin(n e (%— ""))
(01 + Tz)sin(T1 TTN (g - |0|>) .

Let us introduced a parameter u as p = p(u) = py + 4 in (5.1), that is,

Po =

(5.3) 2(6) = =(po + WRO) S (0 = )1~ |2(0)7).

N
k=1
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In this case by numerical simulations, we have confirmed that (5.3) has a
periodic solution in the neighborhood of origin for sufficiently small x> 0 as
Figure 3 shows.

I

%=§ 12ﬂ=0mi0:%n=0ifr:LQ:Li

sing,
W¢W:@¢MMmmr@ﬁ—%»

Fig. 3

This indicates that (5.1) has a Hopf bifurcation at p = p,. In fact, by the same
method in [1, p. 299], we can show that the bifurcation is supercritical. We will
obtain the periodic solution explicitly.

From Lemma 4.10 and Remark 4.12 in [8, pp. 110-116], the radius r of the
orbitally asymptotically stable periodic solution of (5.1) is given by

where

di(p)
dp

o'(pg) = Re

¥
P=Po

2 N N |
A= @g()j—y—(lzlt)jsi))_z) <(1 -S.) ;cos(ﬁ + wtg) — S5 ; sin(@ + a)rk)> .



210 Tadayuki Hara, Rinko Mivazaxi and Takayasu Moru

Noticing that

N N
Zcos(ﬁ +wt,) =0 and Z sin(f + wty) = 2,
k=1 =1 Po

we obtain
A= __SVS“’Z
Ssz + (1 - Sc)

Also, we calculate the value of o’(p,) by taking a derivative of
N
p(4) = A+ pe® Z e P =0
k=1
at py, where 1 is a continuous function p. From

1 _pelazl_kefﬂfk d_p+ elezefl‘rk — 0
k=1

k=1
and

we have
ﬂ B A
dp ™~ p(1 = pei? S e )’

Since A(py) = —icw is a root of p (1) =0,

dA

o'(p) =Re dp

= Re { m /IN : }
e p(l = pe® 4y ke M)

P=Po

_R —iw
) {,00(1 ~ poe® i, Tkeim")}
~iw

- Re {p(l - (Sc+iSs))}

. —i(1 = S)w + Ssw
po((1=8:)* +52)

o SLYCD

(S (=807




Asymptotic Periodic Solutions of DDE 211

Therefore, the periodic orbit of (5.1) is given by

o/ (0)p
“V 4
B —S,cou S2 4 (1-8.)%
Po(S2+ (1 - 50)%) —Sw
e
Po

Theorem 5.1. (5.1) has a Hopf bifurcation at p = p, and a stable periodic

. o . 1 [ cost
bit. And it i roximated as p(t) ~ ,[—[ . .
orbi s app ed as p(1) ‘/p()(Slnt)

Using the Runge-Kutta Method, Figure 4A illustrates a solution of (5.1),

which tends to a periodic solution, with the same parameters in Figure 3 and

a new initial condition (f,¢,V¥) = (0,0.075+{5,0.025¢c0s30s). Figure 4B
shows the periodic orbit in Figure 4A calculated by Theorem 5.1, which is the

. T
O.OISSmZ cos
sint /°

orbit p(f) ~ —
7sin 15

‘)
0.13

Fig. 4A Fig. 4B

a1

0.13
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Note that, from figures, we can observe the coincidence of the periodic orbits in
Figures 3, 4A and 4B.
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