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Multiplicity Results for a Semilinear Elliptic Equation with
Indefinite Critical Nonlinearity

By

Elliot TONKES
(Bond University, Australia)

1. Introduction

Consider the problem
(1) —Au = Jg(x)u+h(x)|lul* u in RV
u>0 on RV,

where N >4,2* =2N/(N —2) is the critical Sobolev exponent, and ue
DY2(RM). In this paper we investigate the influence of A(x) on the existence
of solutions to (1) for 4 >0 small. Throughout the paper, we assume the
following hold:

(G1) g(x) e LY?(RN)NL*(RY) is indefinite in sign but g # 0,

(H1) h(x) e C(RY)NL®(R") is nonconstant and indefinite in sign.
Further conditions supplement these restrictions. The requirements on g(x) are
used in [6] to analyse the associated linear eigenvalue problem. The inte-
grability requirements provide a compactness condition.

Problems such as (1) have captured interest since the seminal work of
Brézis and Nirenberg [4]. In particular, the difficulties associated with over-
coming a critical Sobolev exponent are discussed there. The concentration-
compactness principle (CCP) of Lions [17] and a CCP at infinity [2] are the
dominant ‘tools used in overcoming such difficulties.

Several papers have considered small perturbations and correlated the
number of peaks of a weighted nonlinearity with the number of solutions.
Examples in bounded domains are [8], [20], [10], and for unbounded domains
[16], [9], [26].

Without a perturbation term A[gu?, an early analysis of problem (1) is
contained in [13]. Certainly, the scenario of nonexistence of positive solutions
is discussed. The case when /(x) possesses a group symmetry is analysed in [2].
Reference [14] has deduced the existence of a least energy solution for A below
(or slightly above) the first resonance.

Suppose /(x) assumes k isolated global peaks, and assume that g(x) is
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positive and A(x) ‘flat’ at these locations. Huang [16] has recently derived that
there are at least k solutions to (1), which concentrate as the perturbation
coefficient A vanishes. Using a closely related technique, we remove the
constraint that maxima be isolated. As the coefficient 4 — 0, solutions con-
centrate somewhere in the set where A(x) assumes its maximum. These results
further improve on existing publications by allowing g(x) and /(x) to be in-
definite in sign, and allowing sharper estimates on the shape of A(x) near its
peaks. Contrasting with [16] the most important properties are deduced on a
manifold associated with 4 = 0. These results are then projected to a manifold
associated with small 1 > 0.

Let M = {xeR" :h(x)=|h||,}. For the subcritical problem, on an
unbounded domain, Musina [19] has located multiple solutions in H'(R™)
depending on caty;,(M). In Section 5 we show that a similar result extends to
the critical exponent.

2. Preliminaries

We seck weak solutions to (1) in the space D'?(RY), defined as the
completion of Ci° with respect to norm Vul)* = Jrv IVu|*dx and inner product
(u,vy = [pn VuVudx. Denote its dual as D~ L2(RY). By S we refer to the best
Sobolev constant for the continuous imbedding: DV2(R¥) — L¥ (R"):

S = inf J Vu|*dx
ue D2 Jlull+ =1 Jg¥

The minimiser is achieved by a unique family of functions (Talenti functions)

[23]. We express the L2 -normalised Talenti extremal function with scale factor

r as T,(x), that is

_ R
2 ) = o e,

Two particular cut-off functions defined here will be frequently utilised.
Let ¢® e C*(RMN,R) satisfy

(B) 0<¢Rx) <1, R =0if |x|<R, ¢(x)=11if |x|>R+1
Let ¢s(x0) € C*(RY,R) satisfy
) 0 <¢s(xo)(x) <1, [Ds(x0)(x)| < 4/9,

ds(x0)(x) =0 if |x — xo| > 6, ds(x0)(x) =1 if |x — xo| < J/2.

If xp is clearly understood, then it is not explicitly included.
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Weak convergence shall be denoted “—” while strong convergence is
represented by “~—”. The space of finite measures on R” is denoted .#(R").
Let RY U {0} be the one-point compactification of RY, and .#(R" U {0}) the
associated space of finite measures.
For a nonegative measurable function /(x), define the weighted Lebesgue
space Lf(R") by all measurable functions u which satisfy [~ /(x)|u|’dx < oo.
Critical points of the C! functional

I(u) = %JRN \Vuldx — %JRN g(x)uldx — ZL*JRN h(x)|u|* dx

correspond with weak solutions to the Euler equations (1). In the sequel, we
may omit the notation for the domain of integration which shall by default
be RY.

If u is a critical point of I, then so too is |u|. By familiar applications of a
Harnack-type inequality ([14], [21]), nontrivial critical points of I; may be taken
to be positive solutions.

Assume (G1) and consider the eigenvalue problem
(5) - —du=Jg(x)u, xeRY, |llim u(x)=0

X|— 0
Define a linear form on D'2(RY) by
Blu,v) :J g(x)uvdx.
RN
By the Riesz representation theorem, there is a bounded linear operator L such
that
Bu,v) = {Lu,v) Yu,v e Dl’z(RN).

Lemma 2.1. L is compact.

This is proved in [6] and consequently the existence of a principal positive
eigenvalue results. We set

-
(6) 0< i = sup fg(x)vz
vepr2\{o} [ [Vl

Then 4, is the principal positive eigenvalue of the eigenvalue problem (5) and
the associated eigenfunction ¢, is strictly positive by construction in [5].
Tertikas [24] has gained eigenvalue results similar to these with relaxed con-
ditions on g(x), however, we maintain the condition (G1) to take advantage of
compactness properties. If g~ # 0, then a first negative eigenvalue also results
[6]. We remark that g* e LY¥/?(R") suffices to attain the positive eigenvalue

[7].
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Drabek and Huang [14] provide impetus for the following convergence
result:

Lemma 2.2. Let u, —uy in D“"2(RY) and ¢ L* (R"). Let h(x)e
L®(R"). Then

jh<x>|un|2“2un¢ - jh<x>|uo|2“2uo¢

Proof. For ¢ e CP(R"), the proof is contained in [14]. We extend this
result to account for ¢ € L?". By density arguments, there exists ¢ € C5° (RM)
with ||¢ — ¢||,. < ¢ for any given & > 0 arbitrarily small. Now,

[0 21— [ 20

- \ [ B8 = )+ [ (B0~ 0 a0}

+ W 2ot - 6)

(N+2)/2N

2)/2 7
2* + luol XN g — 6

< (1l oo (12t >

2*
n Hh(x><|um|2*—2um - |uo|2*‘2uo>«?\

As m — oo, the final term in this expression vanishes, and the first term can be
made arbitrarily small with improving approximations ¢ for ¢. |

3. Palais-smale condition
Let {u,} be a sequence in D"2(R") satisfying
Li(uy) — ¢ and  I(uy,) — 0 in D™H2(RY) as m — oo.

Such a sequence is called a Palais-Smale sequence at level ¢, abbreviated as a
(PS).-sequence. The functional I; satisfies the Palais-Smale condition at level ¢
(the (PS).-condition) if every (PS).-sequence is relatively compact.

Due to the critical exponent, we require the concentration-compactness
principle of P. L. Lions [17] to establish the (PS)-condition.

Proposition 3.1.  Let {u,} be a sequence in D“*(R"), weakly convergent to
u in DY2(RY) and such that '

(i) |Vin* — pu in A(RY), a non-negative measure

(i) |um|® — v in M(RY), a non-negative measure
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then there exists an at most countable index set J and sequences {x;} = R",
{},{vj} = (0, oo) jeJ such that

@ =" 450 v

(b) > |Vu? + > s WOy, and

(© v <u,
where O, is the Dirac measure assigned to point Xx;.

The notion of concentration at infinity, introduced in [2] and enhanced in
[11], is used to provide estimates for the components of the sequence which
escape to infinity. Later, this behaviour may be captured by the notation of
MR U {o0}), but this formulation expresses the result explicitly:

Proposition 3.2. Let {u,} = D"2(RY) be a sequence such that u, — u in
DV2(RY) and define

(1) veo = limg_o imsup, ., 1.z || dx,

(i) prop = impoo imSUP,, 0 [l r Vit | 2dx.
The quantities v, and py are well defined and satisfy

(@) Hmsup,._q [o |tml> dx = [v dv + ves,

(b) limsup,,_.., [~ \Vit|*dx = [n dp+ 1, and

© Sva” <y

A further result from [25] (Lemma 1.40) or [17] (Lemma L1 (iv)) indicates
that with particular energy, only a single concentration can occur:

Proposition 3.3. Suppose u,, — 0 in D"*(RY) and
V| — p in M(RY); | — v in M(RY)
with S|]v||2/2* = ||@ll. Then p and v concentrate at a single point.

Due to the elegance of concentration at infinity, we wish to prove
boundedness and compactness of (PS)-sequences using these tools. However,
some notational obstructions must be overcome to avoid imposition of the
stringent condition that lim,_,./A(x) exists, as in [11], [18] and [19].

From Propositions 3.1 and 3.2 any bounded sequence {u,} = D“2(R")
must satisfy

V> = 17+ 3 0 + syl =+ 3 w0 + v
where weak convergence is in the sense of .#(RY U{w}). Define ¢* in (3).
Proposition 3.2(i) defines v,,. Taking a subsequence if necessary, we may
assume Vo, = limg_, o lim,— o jRN ¢R|um|2 dx. Consequently, for a given se-
quence {u,,} we define h(c0) by the following relation:
11m lim Jh(x)¢R|um|2*dx = h(c0)ve.

R— o0 m— w0



218 Elliot TONKES

Thus, k(o) is a property of the sequence {u,} and represents an ‘average’ of
h(x) at infinity, weighted according to the way {u,} concentrates to infinity,
Clearly, |h()| < ||h||,, and if limjy_,h(x) exists then it corresponds with
h(o0).

Lemma 34. Let 0</)<A. Suppose that {u,} is a (PS)-sequence.
Then {u,} is bounded in DV2(RY).

Proof. Let {u,} be a (PS).-sequence. Then there is a sequence of real
numbers ¢, — 0 such that

Vil — ngurzf Jhl“mly 2 —em|[Vim|l,

1 A 1 .
§||Vum||2 — EJgufn _EJM”’”P =c+o(1).

Subtracting and using the Rayleigh characterisation,

1 A 2 1 ‘2 2 Em
(1)1l < 5 (19 = 2 ) = Sl + 00
Consequently, u, must be bounded in DV2(RY). [ ]

The Palais-Smale condition can be achieved for I, provided that 1 lies
within a range of values related to the first eigenvalue.

Chabrowski [11] provides a proof which is only valid for #>0 on R".
Although Drabek and Huang [14] achieve similar results, they neglect to provide
full analysis to eliminate the possibility of a weakly convergent sequence
concentrating at infinity.

Lemma 3.5. Define c*=(1/N)SY2||h||;V 22 Suppose 0< i< iy
Then I, satisfies the (PS).-condition for all ¢ < c*.

Proof. For the appropriate conditions on h(x), let A lie in the range
specified. Let {u,,} be a (PS).-sequence with ¢ < ¢*. Lemma 3.4 ensures that
U, is bounded in D"2(R"), and consequently for a relabelled subsequence
Um — g in DY2(RY).

We remark that up forms a weak solution to (1) by an application of
Lemma 2.2. For ¢e C}(RY),

T un) 85 = | ViV = 2 s~ [l 2

N JVroqb - ijguoqﬁ — Jh|u0|2*_2uo¢ = 0.
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By Proposition 3.1 there exist measures x4 and v and an at most countable
set J, sequences of positive constants {u},{v;},j€J and a sequence
{x;} = R",jeJ such that relations (a), (b) and (c) are satisfied. Let x; be a
singular point of measures u and v and let ¢;5 = ¢5(xx) € CL(RY) satisfy (4).
Since I} (tm), umppsy — 0 as m — oo, we get

JRN Psdp — A Jg“i%dx - Jh%dv

} 1/2
< limsupJ ; Vit |th| |V B5]ddx < C(J u§|V¢6|2dx>
m—  JR RY

where C = sup,, - ;||Vun|. By the Hélder inequality,

2/2¢
a | warars [ | e
RY |x—xi|<d [x—xi| <0

2/2"
< 16w]2\,/N J |ug|* dx
|X—Xk|<5

where wy is the volume of a unit ball in RY. Letting 6 — 0 in (7) we deduce
that h(xk)vk = -

If h(x) <0 almost everywhere, then concentration is impossible: vr =
=0. For concentration to remain a possibility, 4(x;) must be positive, and
combined with (¢) of Proposition 3.1 we deduce that either (i) vx =0 or (ii)
vie > (S/h(x )Y /2. There must only be a finite number of local concentration
points for otherwise )~ ; is unbounded contradicting the fact that |[Vux|| < .
Hence, a sufficiently large ball contains all of the singular points of measure.

We now mollify at infinity to investigate the possibility of concentration at
infinity. Define ¢® e C'(R") by (3), and use Lemma 2.1 to reveal

2/N

(8) Jim lim sup J SRR ] > dx < h(0 )V,
‘ R—w ;oo JRY
(9) lim lim J R () || dx = 0.

R—00 m—o0 RN

Suppose that A(c0) <0. Then A()ve, <0 and there is no more to do, so
assume the contrary is true. Since {I](tn), Und=> — 0 as m — oo, equations
(8) and (9) imply that either (iii) vo, =0 or (iv) vy, = (S/h(oo))N/z. We now
show that v, = vz = 0 for each k.

Suppose v > 0 or v, > 0. Then for arbitrarily small ¢ > 0 and m large
enough,
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(uwmu S R R

c+ o> Luy) =

l\)l'—‘

hlum|** +0(1)

. 1 SN/Z 1 SN/Z

2

+) = —77 = —5 1+ o(1)
2 Wb ™ N )7

Jh|u0|2* +%zj:h(xj)vj +%h(oo)voo +o(1)

1 ‘1 SN/2 |
> | ST

which reveals that [Ajup|* < 0 since ¢ < c¢*.
However, uy forms a solution to (1), and so

j|Vu0l2 - /IJgug = Jh|u0|2* >0

where nonegativity results for A€ [0,4;] from the Rayleigh characterisation of
the eigenvalues.

This contradiction can only mean that vy = v, = 0, concentration is im-
possible and it follows simply that u, — uy in DH2(RY). [ |

4. Existence of multiple solutions

For sufficiently small values of A > 0, the shape of the graph of A(x) may
be responsible for multiple solutions.

Suppose that A(x) and g{(x) satisfy conditions (H1) and (G1), but further
impose restrictions (H2) and (G2). Define

M = {xe R : h(x) = [|hll.}.
Since A(x) is continuous, M is closed.

(H2) Suppose h(x)e C(RV)NL®(RY). For some integer k, suppose
M=\)* 5. For each 1 <j <k, assume y;, = I'; where I'; = RV is an open
=17 i<t J
bounded set satisfying

I'nlry=¢ for i # j,
max{h(x) : x e oI;} < |||l



Moultiplicity Results for a Semilinear Elliptic Equation 221

In the case that int(y;) = &J, we must further specify that there exists xo € y; and
constants ¢ > 1,¢; >0 and £ > 0 such that for |x — xo| < £,
|h(x0) — h(x)| < c1]x — xo>  if N=4
|h(xo) — h(x)] < ealx — x0/**°  if N>5
In the case that int(y;) # &, selecting any xo € int(y;) will suffice.
(G2) For the same xo € y; and # > 0 there exists a constant go > 0 such

that g(x¢) > go > 0 for all |x — xo| < Z.
The main result to be derived in this section is the following theorem:

Theorem 4.1. Suppose that (H2) and (G2) hold. Then there exists iy > 0
such that for each 1€ (0,4], problem (1) possesses at least k positive distinct
solutions u; ; satisfying
(10) Vi ol — Rl 2™ 26,

(11) o — [IAI S,

weakly in M(RYU{c0}) where a; €y; and 9, is a Dirac measure centred at
aj. If A=0, no nontrivial solutions exist with I;(u) < c*.

Define the Nehari manifold
(12) Ay ={ueD"? :u+#0,u),u) =0}

Analysis in much of this section concentrates on A4y. Towards the conclusion,

properties of A; are shown to closely resemble Ay for A small. Clearly 4, is

nonempty since for any u such that fhlulz* > 0, {I](tu), tuy = 0 for some ¢ > 0.

We now estimate inf I; on A; using the Brézis-Nirenberg estimates [4].
Introduce the truncated Talenti extremal function,

P (x0) (x)

(e+|x - x0|2)(N*2)/2

(13) up(x) =

where  ¢4(x9) is defined in (4). Note that u,(x) corresponds to
Pap(x0)(x)Te(x — xo) to within a constant.

Lemma 4.2. Assume N >4 and (G2), (H2) hold. For &> 0 sufficiently
small and 2 > 0, we have

*

SN/2 SN/2
sup ) (tv,) < = =c
D) < a7 T N

where v,(x) = ug(x) /|||,
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Proof. From Brézis and Nirenberg [4], we have

K; )
[V, | = gptO) if N23
K .
Il = 55+ O if N=3  and
K; )
W+ o(1) if N=5

2 _
el = Killoge| + O(1) if N =4
K5+ 0(31/2) if N=3

where K, K5, K3 are positive constants depending on N and S = K;/K>.
exists a unique number #. € (0, 00) such that

N2
Li(t,) = ntnzagdz(ws) = R&"L’zﬁi
where
Xe = JRN(|VU£|2—igv£2) and
Ve = thsz*.

To estimate X,, we write

Agollu.||?
/Ingfdxz gollwe |15

|z %

to achieve

- (N-2)/2 3/2 :
1 [t < { JgnKse/ Ko + 0N D2) + 0H2) i NS
—2g0Kselloge| /Ky + O(e) if N =4

There

If N =4, then |h(x) — h(xp)| < c1]x — xo|? when |x — xo| < £, and this gives the

estimate:

Cel~(V/2)

Ve = h(xo) — 7 = h(xo) + O(e)
5

|t

for some constant C >0. If N >5, we use the inequality |h(x)— h(xo)| <

c1]x = x|*™ to obtain
Ve = h(xo) + O(e' ),

Combining these estimates, we get
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SNI2[1 — Ag(xo)Kse/ (KaS) + O(e3/%)|N/*

if N>5
(14) L) < Nh(xo)(N—z)/z[l+0(8(1+a)/2)](N—2)/2 i
lele) =
: SN2[1 — Ag(xo)Ksellogel/(K2S) + O(e)] 2 .
Nh(xo)(N—Z)/Z[l+0(8)](N;2)/2 . 1 —
Taking ¢ > 0 small, the assertion follows. -

In [14] and [16] it is assumed that |A(xo) — A(x)] = o{|x — xo|%) in B(xo,22),
where k=N —2. For N > 5, our conditions are sharper. No mention is
made in [14] or [16] of constraints on N, but we believe that they implicitly
assume N >4. The cases of N =1 and N =2 provide special cases of the
value 2*. For N =3, in the notation of Lemma 4.2,

K
X, = j Vo,? — zjgvf =Ky o) ok

where S = K;/K,. Since the terms involving & are of the same order, we
cannot deduce which dominates and we are unable to guarantee the existence of
a mountain pass path below the forbidden level. Following the traditions of
[4], for A sufficiently large the conclusions of Lemma 4.2 would follow.

The following lemma is developed analogously to results achieved by
Tarantello [22] and proves an ‘openness’ and a ‘smoothness’ property associated
with the manifold.

Lemma 4.3. Let ue A;. Then there exists ¢ >0 and a differentiable
function t : B(0,&) = DV 2(RY) s R with t(0) = 1 such that t(w)(u—w) € A; for
each w e B(0,¢&). Furthermore, '
A L T

IVul|* - 4 [ gu? = (2= = 1) [hlu)*

Proof. Define F:R x D“?— R by

(15) <1'(0), wy

F(t,w) = 1|V (u—w)||* — /lth(u —w)? — ! Jh(u —w)*

From the definition it follows that

2 _p

F(LO):HVuW-—AJguz—JhW
Ft,w) = [V (u—w)|)? - zjgw W@ )R jh(u —w)?

Fi(1,0) = |[Vul? —zjgtﬂ _ - 1)Jh(u|2* <0
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As a consequence of the implicit function theorem, it now follows that

’ o <Fw(1,0)aw> . IVMVW — iIQUW _ J”hlu|2*—2uw
(16) 1'(0),w) = ELO) Wl =7 g — @ — 1) Wl

Since u e A4;, it follows that the denominator in (16) is negative. By
contracting the manifold linearly towards the origin, 4, must be smoothly
deformable to segments of S' < DL2(R") and hence forms a manifold of
codimension 1.

Before proceeding to deeper analysis of the nature of I; on A;, we in-
troduce a functional to provide information concerning the extent of concen-
tration of a function.

Since we work in RY and since {I" j}}c:l is a finite collection of sets,
inf kdist(yj, ory) >4 > 0.

1<)<
Consequently there exists a function ; € C(R",[0,1]) such that

0 if x ey
V() = { 1 if xe RN\T;

For each ue DV2(R"), define f; as

2
a7 () — e oVl de

Jon [Vu|*dx
For small 6 > 0, define
(18) 43(0) = {ue 4o : B(u) <3}
(19) m§(9) = inf {Jo(u) : u € A3(6)}
(20) mg(8) = inf {Jo(u) : f;(u) = 6}

Lemma 44. Let 0 <A < Ay, {tm} = A4, and suppose that I;(uy,) — c #0.
Then there exists r, R > 0 such that r < lim,,_,.|[Vun| < R. No (PS), sequences
exist for ¢ <0. If A=0 then 2 = SN/2)||h|| V=272,

Proof. From the conditions on u,,

(21) ||Vum||2—,1jgufn—Jh|um|2* ~0,

1 s A, 1
(22) 31Vl =5 [ 02, = 5 [
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which reveals

%Jklumlz* =c+o(l).

This will provide an upper bound as

N(c+o(1)) = Jqum|2 -«/IJguz > <1 Ul%) Va2

Clearly ¢ < 0 is impossible. . For a lower bound,

(1 - %) Vi) < JIVum|2 - ngu;
1

B J’l|“m|2 < SR o IV

and consequently |Vu,| >r. If A1=0, the final assertion of the lemma
follows. |

Lemma 4.5. Given sufficiently small § > 0,

(23) mi(d) > c* +7

Sfor some small n > 0.

Proof. Suppose to the contrary of expression (23) that there exists
{um} = Ao satisfying f;(u,,) =6 such that Iy(u,) — ¢ < c*.
Let

o0 - (e )
SRV

So v, = suu,, satisfies

j V0l = (1] j ol

Since [ hlum|* < ||All,, [|um*" it follows that 0 < lims, =so <1. We now
show that so = 1. From our supposition,

1
¢ = lim Iy(u,) = lim NJIV“mIZ <c*

m—0

Thus

SN/Z

. 2 1 2+
lim J|Vum| —WllgrgOJh|um| < *—||h||(N_2)/2'

m— 0
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From Lemma 4.4,

lim {|Vign|® > ——%
" 1721l
Hence,
) SN/2 . o+ . 2
i WVl = s = Jim, [l < . Jim, [l

o _ . 2%
< [Vl oSN Tim (V|

N/(N-2)
= ||l oo S~/ <S;—z/22>/‘2> = %
1]l 1715

It follows that the chain of inequalities must be equalities, and so

(25) lim Jh|um|2* _ lim 1|h||wj|um|2*
Let Wy, = vm/||Umllp+> SO |[Wmll,» =1 and
2 “Vl’mlz _ IIV“mIZ a2/ f|VMm|2
|VWm, - 2 2/2* - ”h”oo 2% 2/2*
ol (f fun ") (WA o el )

TS N ([ IV H
- ”h”oo |Vum| P 2/2*
(Nl oo [

1-(2/2%)
2/2* 2 * *
e (j|\7um| ) 200

gV 1-(2/2%)

2/2* *_ *

< |h) <4||h|[(N2)/2) 20702 o)
0

Consequently

lim ||Vw,,||* < Ss2?7-2/2
m— o

However, ||Wn|,- = 1, and as an implication of the Sobolev imbedding theorem,
sm — 1 and w,, must be a minimising sequence for S. In accordance with
Propositions 3.1 and 3.2, w,, — wo weakly in D2(RY) and

|VWm|2 - |VW0|2 + Z/‘jaxj t U w* — |W0|2* + Zviéxj T Voo,
jes Jes
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weakly in the space .#(R"U{o0}). Thus,

[ v

= [[VwolI® + llull + teo = S(lIwo
> S(Iwoll3: + IV +vee)* =8

Consequently, Proposition 3.3 implies that only one term can be nonzero and
only one of (A), (B) or (C) can hold (where |v|| =>_;c;v):

(A) |wollp« = 1;|Iv]l = 0;ve, = 0 (compactness),

(B) wo=0;||v|]| = 1;v, =0 (local concentration),

(C) wo=0;||v|| = 0;v, =1 (concentration at infinity).

Suppose that (A) holds. Then wy= T,(x—xg), a Talenti extremal
function. However, h(x) # constant, and so

Wl > [ ool

providing a contradiction to (25).

Suppose that (B) is true. Then by Proposition 3.3, w, must concentrate at
a single point, say ¥ = R", and weakly in .#(R") the following convergence
result holds:

2 2
lvwml — S§05; ‘Wm| — Js.
By the definition of weak convergence to measures,

f‘p IV m| — lim f‘p |VWm|

o= 1 ) =
i P ) = e T T A W

= y;(%)
and consequently X e I';\y;. But

n}i_x}gojh(xﬂwmlz* = h(Z) < ||All,,

again contradicting (25).
Suppose that (C) holds. Then u,, = S and |ju|| = ||v|| = 0. Define ¢* as
in (3). Then

6= lim B;(u,) = li I%IV o = lim M —Ho _y

m— oo m—»oo “VW “ R—o0 m—>oo “VWm“ S

Since ¢ is small, this provides a contradiction.
In light of these contradictions, it is_impossible for inf{ly(u) : §;(u) =} <
c* and so there exists # > 0 such that mj > ¢* + 7. ]

For each j,1 <j<k, such a &/, and #/ exist, satisfying (23). Let 6 =
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inf{0/,1 < j < k}, and assign # analogously. Henceforth omit the § references
in definitions (18)—(20).

We now apply the above-derived bounds associated with the Nehari
manifold Ay to 4, by showing that for sufficiently small 4, and with a restriction
to bound ||Vu||, the two sets have a small separation distance. The lemma
above has shown that Io(u) > ¢* +# for u on {ue Ap: f;(u) =J}. Retain this
notation for # in the sequel

On the set Ag,Io(u) = N7||Vu|*. Hence there exists a number R, oy =
[N(c* +1)]"/? such that if ||Vul| > R, then Ip(u) > ¢* +7.

Define a submanifold of AJ by:

(26) ALC = {u EAJ IVull < Revsy}-

To see A} ™ is nonempty, we note 5 > 0. Let u, = 5,0, € Ay where v, is from

Lemma 4.2 and
(N-2)/4
5 = ( “V”6| > .
Jh(x |Ua|

By estimate (14), with A =0,Ij(u;) — ¢* < c*+n as ¢ — 0.
Lemma 4.6. For each ue Aé’c*w there exists s;(u) >0 such that

s (wyue Ay and

SUp, ¢ geon [ a(s:.()u) — To(u)| < &(4)

where &(2) — 0 as 2 — O uniformly for ue AP,

Proof. For each u € Ay the existence of s;(u) > 0 such that s;(u)u € 4; is
guaranteed. Indeed, s;(u) is expressed in
|Vul|® — 2 ] gu?

[

For ue AP it follows that ||Vu| < R,-,,. An upper bound for Io(u) in
A<M follows from definition (26), that is, sup{lo(u) : u € A* <. Asa

(27) s (u)* 7 =

consequence of Lemma 4.4, ([ hlu|>) V2 = |\Vul| > r>o0.
Now
2 2 2
s(u)? 7 = ]IVu|l2 —A fguz* =1-2 Jgu

By the Sobolev inequality, and Lemma 4.4

A 22 Ao
1 __S 1||g||N/2Rc g = < s5;(u) <l ‘f‘;S l”gHN/zRf*w'
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A
vl =5 [

2 20"
z( g llaRe ) [0 - g ol

Hence

Li(sa(u)u) =

Similarly,

i ) 2/(2*-2) 2 )
o) < (14 SglollaRl, ) [0+ g lolaR

Consequently, I;(s;(#)u) can be made arbitrarily close to Iy(u) by selection of
small values of 2. The bound &(4) holds uniformly over all ue A)° *" as a
consequence of the uniform bound ||Vu| < R.-,. [

With s,(u) defined in (27), we now define the set A{’C*“’ c A/{ as follows:
AP = {ue Ay Fve AP with u = s;(v)v € 4}
As a corollary to Lemma 4.3, the following will be required:

Lemma 4.7. Let 1(-) be defined as in Lemma 4.3. For each ue A}
there exists a 0* > 0 such that for each w e DV2(R") with |Vw|| < 6%, it holds
that t(w)(u —w) e A}

Proof. Consider S;(u) = s;(u)u as a mapping from Ay to A4;. For each
0 <A< Ay, expression (27) shows that S; is a one-to-one continuous map
between the two manifolds.

Let ue A7 %", Then there exists a unique v € 4"° ™ such that S;(v) = u.
Let A" be a relatively open neighbourhood of v in Ag’c*‘L” . Consequently
S;(A) is a relatively open neighbourhood of u in A;.

If B(u,e)NA; = Si(A), then choosing any we DL2(RY) with ||Vw| <&
means that #(w)(u —w) € S;(/"). Consequently, #(w)(u—w)e A}, n

Define
= inf{I,l(u) jue A/{’Cw”}

As a consequence of Lemma 4.2, for each A > 0 it follows that mﬁ <c*. In
accordance with the technique developed in [8], the following proposition
produces a locally coercive geometry on the manifold A;.

Proposition 4.8.  For each 1 € (0, )] there exist sequences {v],} = A’ e
Jj=1,...,k such that v}, > 0 and I,(v},) — m; and I](v}) — 0 in D1 2(RN)
m — 0.
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Proof.  Following [8], let T; denote the boundary of Aﬁ’c*‘”’ . That is,
Y= {si(wued;:ue A},
Bi(u) <J and ||Vu| = Re-1,; or
Bj(u) =9 and [[Vul| < Re-yy}
Then A7 = A} UY,.
As a corollary of Lemma 4.5, there exists Ag > 0 such that for each

0 < A <o, Ii(u) > c* + (n/2) for each ue ;.
According to Lemmas 4.2 and 4.5,

=inf{li(u) 1 ue AP} <inf{l(u) : ueY;}.
Let {v},} = 47" be a minimising sequence for mJ. Replacing vJ, by v/ |
if necessary, we may assume that v/ (x) >0. By application of Ekeland’s

variational principle [15], for each 1 <j <k, there is a sequence {u},} = AJ<*"
such that :

28) {W,;) < L)) <ml+(Ufm), |V~ o)) < 1/m
I(uf)) < Li(w) + m~ |V (w — )|

for every we A7 and w#u/. In the sequel, omit the subscript j for

brevity, denoting u/, as u,,. From Lemma 4.7, for each u, there exists 0,, and

a function f,(w) defined on B(0,6,) = DV2(R") such that 1, (w)(u, —w) e

AP Let 0 <0< 6,,ueD"? with u#0 and set wy = Ou/||Vu||. For m
fixed, consider vg = t,,(wg)(um — wg). Since vy eAﬁ’c by (28) we have

4(00) ~ Ty 2 |V (09 — )|
Applying the Taylor expansion reveals
i tn), o0~ > + 01V (25— ) 2 —- [V (25— )|
Consequently,
), =+ (1 0) = 1)t = w0)>
2~ V(o9 = ) + oV (00 — ),

and hence
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(29) L (), —woy + (tm(wo) — V)T (thn), thn — Wo)
1
Z ——|[V(vg — tm)ll + 0([IV (vg — um)1]).

Since <{I(vg), tm(wo)(tm — wa)» = 0, equation (29) impiies that

tm(WQ) —

(30) <I,{("‘Wt>7 —wp) + tm(Wo) : <I/{(UM) - 11/(00)7 b (Wo) (U — W) >

> —-nl;uvw — )]l + 0 (I (v — ).

Rearranging expression (30) gives

(31) <1£(um),ﬁ> < m%HV(u@—um)u +o<”_‘7_(”0_;“m_)”>

L) =1

Since ||V (vg — um)|| < 0+ Cltm(wg) — 1| and by (15),

<I,{(“Wl) - I/{(UH);“m — Wa).

tn(w0) = 1) _ ot
lim =L < e 0))]+ €

for positive constants C and C independent of § and m. Allowing 0 — 0 in
(31), it follows that vy — u, in D2 and Ij(vg) — I](um) as 6 — 0 and con-
sequently

(32) (B o) <

Inequality (32) yields that ||Z](tm)||p-1. — 0 as m — co. Since ||V (v], —uf,)||
— 0 as m — oo, it must be that |I;(v})||p-12 — 0 as m — co, providing the
conclusion. [ |

Proof of Theorem 4.1. For each j,1 < j <k, Proposition 4.8 dictates that
there exists 1} >0, such that for each 0 < A < Jj there exists a minimising

sequence {u/} = A" with I;(u)) — mj and I(u) — 0 in D-H2(RV).
Lemmas 4.2 and 4.5 imply that

ml <c* <inf{l(u):ueX;}, j=1,....k

By Lemma 3.5, I, satisfies the (PS).-condition for all ¢ < ¢* and conse-
quently a subsequence of u/, is strongly convergent in D2 to, say, uj, a weak
solution to (1). Distinction between the solutions is guaranteed since the sets
A7 are disjoint for small J.
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It remains to show that the solutions converge in measure. Fix 1 € (0, 4).
Later we shall take the limit A — 0t. For each such A > 0, there exists a (PS)-
sequence, {u{c‘} < A{’”*‘L” . We have derived that the (PS)-sequence is strongly
convergent to a solution: u] — ul{' € A/{’C“"’. Recall firstly that by Lemma 4.4,
||Vu/{ || is bounded from below over all small 2 and that for 4 =0, we have a

specific bound. Let

"o (Iuhuww{

and set v] =sju]. Then v] satisfies

[ weii = [1al.1o;

As previously (see Lemma 4.5) we may derive

N
j JIVuj )
2*

2%

lim | |Val]* = lim | ||A]||v]|> v
(33) Jim [l = i [ =

and s,{ — 50 €(0,1]. Set w{ = v/{/||v£

5.. Then

, : Ceny
JWWﬂz = ||| (JIVuﬁlz) (s)) 2D/,

Hence sj = 1 and lim;_o+ [|Vw]|*> = S. Following the proof of Lemma 4.5, w’
must satisfy one of (A) compactness, (B) local concentration or (C) concen-
tration at infinity. Similarly, alternatives (A) and (C) may be eliminated
immediately. Thus, option (B) remains the only possibility and |Vw/{ |> — S65,
and lw/{|2* — 0z weakly in .#(R") as A — 0*, for some ¥eI;. From ex-
pression (33),

S iy J|Vuj|2 — lim (sf)—2*||uf||2*Jh(x)|wf|2*
|22 a0t AT e allze A

1 Sh/2 N
= Tl o ")

which proves that x e y;.

Suppose 4 =0, and {u,} is a (PS)-sequence for Iy with 0 # ¢ < c*.
Lemma 4.4 gives ¢ = ¢*. Following the proof to Lemma 4.5, lim,,_, fh]um|2*
= limy—oo||Al o, [ |lum|*".  Again one of (A), (B) or (C) occurs. Since condition
(H1) expresses that #(x) # constant, option (A) is easily eliminated so u, — 0 in
DUV2(RM). [ |
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Remark 4.9. We remark that our results do not contradict the achieve-
ments in [2]. Referring to their paper, replace the group G with the identity
mapping. Then the condition imposed in [2] Theorem 1 becomes

J h(x)S™M VT (x — a)| dx = SN/,
RN

for some real r and a. However, Holders inequality dictates [ |7T,(x — a)|* <
||h||,S~2/?".  Equality can only be achieved in the limit r — 0. Hence, results
in [2] are truly dependent on group symmetries, and do not elicit solutions
below the first forbidden level c*.

Remark 4.10.  Suppose that y; is a simply connected open set. An open
problem concerns where inside of y; does the solution concentrate? A delicate
play-off occurs between the influence of /(x) outside of y;, and the effect of g(x)
over RY. Suppose we further restrict g(x) to be continuous with a unique strict
maximum on the interior of y;.

We query whether the influence of g(x) dominates, and that as A — 0, does
Vs |* — SV2||R|E 25, in MRV U{o0}) where max, g(x) = g(X)? Inves-
tigations to date have not revealed the truth of this hypothesis.

Indeed, suppose that g(x) < 0, except a small neighbourhood A" of X € y;,
where g(x) > 0. As a preliminary investigation, one wonders whether the
solution must concentrate inside .A".

5. Category and multiplicity

In this section, we follow [19] and postulate that the Lusternik-
Schnirelmann category of

M= {xeR": h(x) = ||}

provides an estimate of the number of solutions. Several publications [19], [12]
have demonstrated that an investigation of the nonlinearity extends the mul-
tiplicity results due to the the topology of the domain [1].
Introduce the stronger condition on g(x) and clarify the condition on A(x):
(G3) Suppose that g e LY2NL®(RY) and g(x) > go > 0 for all xe M.
(H3) Suppose he C(RM)NL*(RY), and there exist constants o > I,
c1 >0 and # > 0 such that for |x — x| < £, each xo e M,

|h(xo0) — h(x)| < c1]lx — xo|*  if N=4
Ih(x0) — h(x)| < c1lx—x|*™  if N>5

Suppose that for x outside of a sufficiently large ball By, h(x) < ||4||,, — ¢ for
some ¢ > 0.
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With conditions (G3) and (H3), the set M is compact and for any J > 0
there exists a set

M;s = {xeR" : dist(x, M) <6}

We denote by catp;, (M) the Lusternik-Schnirelmann category of the set M
n M,;.

Suppose Y is a closed subset of a topological space X. Recall that the LS
category of Y in X, caty(Y) is the least integer ¢ such that Y can be covered
by o closed subsets A,...,4, of Y such that for all i, 4; is contractible in X.
For more details on category, see [25].

The main theorem of this section is the following:

Theorem 5.1.  Suppose h(x) and g(x) satisfy (G3) and (H3). Let 6 > 0 be
arbitrarily small. Then there exists o > 0 such that for each 1 € (0, Ag], problem
(1) possesses at least catp,(M) solutions.

Firstly we show that as the perturbation coefficient 4 diminishes, any
function for which the energy lies below ¢* must assume a concentrating form.
Define the set

(34) A7 ={ued;: Li{u) <c*}.

Proposition 5.2. Let A, be a positive sequence with 2, — 0. Let u,, € Az‘m.
Then for a subsequence, again indexed with m, there exists a sequence of points
{xn} in RY and a sequence of real numbers {r,} such that x, — xo € M and

rm— 0 with
g \(-22
VI u, — (W) T, (x—xm) || —0,

g\
”'”‘(nhn > Lo 3¢ = )

Proof. As previously (Lemma 4.5),

— 0.

2*

2 _ SN/ZHhH(o(Z)_N)ﬂ

lim ||Vun|? = lim Jhlum
mM— 0 m— 0

Define s,, as in (24). and set v, = suy,.  As previously, we derive that s, —
so € (0,1]. Define wy, = vyu/||Umll,.. It follows that

2
2 2/2* f|Vu | *_ *
V3wl = 1412 T Iu'"z*)m* < 52222
oo |¥m
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Hence lim,,HooHVme2 = sg/ NS and so so =1 and w,, is a sequence providing
the best Sobolev constant. We infer from Lions’ work, in particular [17]
Theorem I.1 and Corollary 1.1 that the sequence w,, is compact to within
translation and scaling and sign. Without loss of generality, in the sequel we
assume w,,(x) > 0. Thus there exists a sequence of positive real numbers {r,,}
and points in R", {x,,} such that

V(Wi — T,,,(x — xm))|| — 0, lwm — T, (X — Xm)

2% 0.
We now show that r, — 0. Following the working in Lemma 4.5, we
have that ’

m— o0

) imy [l = Jim, i [l = .

Further, w,, — wo weakly in DY2(RY). Since [|Vwpul| — S, Proposition 3.3
dictates that, following Lemma 4.5, only one of (A) compactness, (B) local
concentration or (C) concentration at infinity may occur.

Suppose that (A) occurs. Then for a subsequence w,, — wo = T,(x — Xo)
in D12 for some xo € RY,r > 0. But h(x) is nonconstant, and [|A||wol>" >
[A(x)|wo|* contradicting (35).

Suppose that (C) occurs. From the definition of the large number Q € R
in the condition (H3), and from the definition of concentration at infinity,

me,,,]z*dxzj B e w2 dx + o(1)
RV RM\By

< sup |h(x)|J [win|* dx + o(1)
Ix|>Q R™\Bg

< (Al — &) +o(1)

providing a contradiction to (35).

Subsequently, (B) is the only valid option. For local concentration to
occur, we must have r, — 0 as VT, (x—X)| — S6x,|T,.(x — %) —6x in
AM(RN U {o0}).

It remains to show that x,, — xo € M. Since concentration at infinity has
been disallowed, {x,,} is a bounded sequence and has a convergent subsequence.
Suppose that x,, — xo ¢ M. Then h(x) < |||, and jh(x)|wml2* — h(xp) pro-
viding a contradiction.

We now express the derived properties of w,, in terms of u,. For each
dm € (0, o), um € A ={ued;, : I, (u) <c*}. For each i€ (0,4, the set A;
is a bounded set, and so u, = C,,w,, where C,, is bounded from below and
above by positive real numbers.
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As A, — 0, we have |Vw,||> — S and ||w.||Z = 1. Further, |Vu,|> —
SNA|p|EM/2 and |u|2. — (S||A)I;1)Y?. Combining these,

o(1) = |V (tm — (S|IAlI )N 22 w,0)]

giving
1V (1t = (SURIZ) W22, (x = x0)) | = 0. =
From (H3), we know M < By. Define

L for x| < Q
fol) = { (/O for x| > Q.

Define ‘a ‘barycentre’ a of u e DV2(RY) by:

Je cQ|Vu| dx.
1Vul?

Recall from (27) the definition of s;(u).

In the following, we wish to take advantage of the estimates derived in [4]
and expressed in (14). Accordingly, we work with a truncated Talenti function.
We introduce the truncator ¢,(x() as defined in (4). Consider s;, expressed in
(27) as a mapping from D“2(R") to 4;.

Define @, : RY — DY2(RV) as

Dy (x) = 5u(Pa(x0) Tr, (x — X0)) P (x0) Te, (x — Xo).

As A — 0, the function &;(x) concentrates and this allows the working to
neglect the ¢, (xo) function (formally the estimate is contained in the proof to
Lemma 1.1 in [4]).

From the estimate (14), with xo € M, we may discern that for fixed A > 0
there exists ¢ > 0 such that I(tv,) < ¢*. This relationship between 4 and ¢ can
be expressed as follows (using the more stringent restrictions imposed in the case
N =4). Let g =exp(—b/4). There exists suitable » > 0 and 4> 0 such that
for 0 < 4 < 4 and for xoeM,

o(u) =

sup L (15 (x0) Te, (x — x0)) < ¢”.

=0
Now,

(1- i) 1V (x0) oy (= x0 )11
1) Thda(0)” Ty = x0) 7

< 51($a(x0) Ty (x = x0))* 2

< (HMIQIIN/z) IV [$ (x0) T, (x — x0)]ll”

S ) Jh(x)pa(x0)” T, (x = x0)*
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Accordingly there exists A > 0 such that for 0 < A < 4,5:(dz(x0) Ts, (x — X0)) is
bounded from below and above by positive constants uniformly for all xo € M.
As A — 0,

®,(x) —» 0 in Ly (R")  and ae. in R,
(36) V&, (x)* — SV2A|E M5, in MRV U{n}),
(37) |0,(x)>" — (SIS, in RV U{oo}).

Lemma 5.3. As A— 0,

(i) a(@y(x)) = x+ o(l) uniformly for all x € By,

(i) @,(x) e d; and L(P,(x)) =c* +o(l) for all xe M;
(iii) sup{dist(a(u), M) :ue A;} — 0.

Proof. Part (i) follows simply from (36). To see (ii), use (36) combined
with (37). Since A[ g(x)®;(x)> >0 as A—0 we have, (abbreviating
si($a(x0) Te,(x — x0)) as s3),

. 2 _ 2
tim [V (0 = i [ (x)@4(4

= M|V (e (x0) T, (x — x0)) |
= lims" Jh(x)«ﬁﬂ(xo)z*ml(x — x0)|*
= limsiS = limsi'||A]],,
S (N=2)/2
= limsz(—)
=0 = \J[All,
Thus,

lim I,(2;(x)) = }%%J Vb, (x)|°

(N-2)/2
~lim + (ﬁ‘) [ P tdate0) 7 x5 P

To prove (iii), take a positive sequence A, — 0. Let wneA; . By
Proposition 5.2, we have for a subsequence (again indexed with m), r,, — 0 and
Xm — X0 € M such that |u, — T, (x — xn)] — 0 in DV2(RY). By continuity of

O(('),



238 Elliot TONKES

_ L@V’

) =
_ 2
- ”iiﬁ‘?‘ﬂﬁf’; >T|C'2")' +0(1) = Lo(x0) + (1)
But since xo € M < By, {p(x0) = xo. [ ]

Proof of Theorem 5.1. Set d > 0. For A > 0 sufficiently small, we remark
that for all xe M, Lemma 4.2 shows that

D) (x) € 4]
From Lemma 5.3, for 1 > 0 sufficiently small,
lae(Da(x)) — x| <6 for all x € By;
a(u)e M5  for all ue ;.
We claim that
The map « o @, is homotopic to the inclusion M — M;.
To see this, simply consider the homotopy
H(t,x) = x + t{a(P,(x)) — x).
We have
dist(o#(¢,x), M) < | D, (x) — x| <0

for every xe M and r€[0,1]. That is, # :[0,1] x M — Ms;.
‘Recall that I; satisfies the (PS).-condition for each ¢ < ¢*. By Lusternik-
Schnirelmann theory, to prove Theorem 5.1 it suffices to show that

(38) cat(A,;{) > caty, (M).
Denote by @, the restriction of @, to M, thus
@, M AL

Suppose Ay,..., 4, is a closed covering of A; such that for every i, there exists
a homotopy H;:[0,1] x 4; — A; with

H;(0,u) =u for ue 4, and
Hi(1,.) =constant for i=1,...,0.

Set C; = @;!(4;). Then C; is closed in M for all i and M < U,Ci. To show
(38), we need only show that C; are contractible in Ms. To achieve this, use
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the homotopy 4; : [0, 1] x C; +— Mj; defined by
hi(t, x) = oH;(t, @;(x)). |

Remark 5.4. We anticipate that the condition (G3) is excessive. Given
0 >0, let caty,(M)=0. We postulate that a sufficient requirement on g(x)
be that for some # >0, g(x) >go>0 for all |x—x;| <R where x; €%,
i=1,...,0 are contractible sets and U;lfgi is a closed covering of M.
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