Q_e"‘”%

;f Kobe University Repository : Kernel

R
S
4oge

PDF issue: 2026-10-06

Comparison Principle and Lipschitz Regularity
for Viscosity Solutions of Some Classes of
Nonlinear Partial Differential Equations

Kawohl, Bernhard
Kutev, Nikolay

(Citation)
Funkcialaj Ekvacioj, 43(2):241-253

(Issue Date)
2000-08

(Resource Type)
journal article

(Version)
Version of Record

(JaLCDOI)
https://doi.org/10.24546/0100500029

(URL)
https://hdl. handle.net/20.500. 14094/0100500029

KOBE
\j].\]\'l:lihl Y
J

%)



Funkcialaj Ekvacioj, 43 (2000) 241-253

Comparison Principle and Lipschitz Regularity for Viscosity
Solutions of Some Classes of Nonlinear Partial Differential
- Equations

By

Bernhard KawoHL and Nikolay KuTev

(Universitit zu Koln, Germany)

1. Introduction
In [KK1] we investigated the class of fully nonlinear elliptic equations
(1) F(x,u,Du,D’u) =0 in Q c R"

which are proper and strictly elliptic but not wniformly elliptic and not uniformly
proper. Under this main assumption we proved a strong maximum principle
for semicontinuous viscosity sub- and supersolutions of (1). However, the com-
parison principle given in [KKI1] is valid only when one of the semicontinuous
viscosity sub- or supersolutions is a piecewise C?> smooth function. In the pre-
sent paper we investigate only the class of autonomous elliptic equations

2) F(u,Du,D*u) =0  in Q
or degenerate parabolic equations
(3)  G(Du)u; + F(u,Du,D*u) =0 in Q= x (0,7T), with G(p) >0,

and show that under the same assumptions as in [KK1] an unrestricted com-
parison principle for semicontinuous viscosity sub- and supersolutions of (2) and
(3) holds. In other words, the C? assumption can be dropped. By means of
the Perron procedure this comparison principle guarantees existence of a unique
continuous viscosity solution to the Dirichlet problems

'(4) F(u,Du,D*u) =0 in Q, u=g on 0,
or
(5) G(Du)u; + F(u, Du, D*u) = 0 in Q,

u=yg on I':= (2 x{0}H)U (02 x[0,T])

provided (2) and (3) have a sub- and supersolution satisfying the boundary data.
If additionally a continuous viscosity solution is Lipschitz continuous on the
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boundary dQ or on I', then the solution is Lipschitz continuous in the whole
domain, i.e. regularity is inherited from the boundary to the interior of the
domain.

One motivation to consider this problem is to better understand so-called
interior blow-up phenomena as in [AF] and [G1]. In those papers the spatial
gradient of classical solutions of (3) blows up for a finite time at some interior
point and not on the boundary, while our results imply that blow up, once it
occurs, must happen on the boundary. Since all conditions of Theorem 6 below
are fulfilled in [AF] and [G1], except the properness (7) of operator (3), it is
clear that the wrong monotonicity of (3) with respect to u is responsible for the
interior gradient blow up in the counterexamples of Angenent, Fila and Giga.
Of course, nonproperness of (3) is by itself not sufficient for interior gradient
blow-up. It must be combined with some structural assumptions such as a
supergrowth of the lower order terms, as in [AG]|, [G1], in order to cause this
blow-up phenomenon.

Another reason to investigate the above problems is to relax the uniform
monotonicity condition (6)

(6) y(V—S)SF(I‘,p,X)—F(S,p,X)

for every r > s and for some positive constant y > 0 to the nonuniform case, i.e.,
when y = 0. Monotonicity condition (6) is a basic assumption in the general
theory of viscosity solutions, for the current state of art see [CIL], Sections [3, 9,
12].  Only in [J1, Thm. 3.1], [BM, Thm. 2.6] and [Tr3, Thm. 1.1] is y allowed
to be zero, but at the expense of replacing the degenerate ellipticity condition (9)
by a global uniform ellipticity condition and by an additional C(2)N C%!(Q)
regularity assumption of the sub- and supersolutions. As we show in Theorems
1 and 2 below, the comparison principle holds for semicontinuous sub- and
supersolutions of nonuniformly elliptic and parabolic equations (2), (3) without
the extra conditions in [J1], [Tr3]. In fact, in Theorems 5 and 6 we show that
continuous viscosity solutions of (2), (3) are Lipschitz continuous if they have
the same regularity on the boundary. This is a consequence of the comparison
results in Theorems 1 and 2.

Let us mention a few words about the method of viscosity solutions of
M. Crandall and P.-L. Lions, which is crucial in the present paper. We work in
the class of continuous viscosity solutions. This allows us to focus our attention
only on their Lipschitz regularity, disregarding any further (C' or C?) smooth-
ness. In this way we can separately investigate the Lipschitz and classical
regularity of viscosity solutions. This is important in the fully nonlinear sit-
uation, because there are different reasons for the lack of Lipschitz resp.
classical regularity.

Finally let us recall that interior and global Hélder estimates of viscosity
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solutions of (1) as well as of their gradient was proved in [Trl], [Tr2] under
stronger assumptions than in the present paper, namely, global uniform ellipticity
of (1) and global sublinear growth conditions for F(x,r, p, X) with respect to the
p-variables, see [Tr2, Thms. 2.1 and 2.3]. The intermediate case of Lipschitz a
priori estimates for viscosity solutions of (1) was done in [B1], where the author
extended the classical Bernstein method for C2-smooth solutions to continuous
viscosity solutions. However, the assumptions in [B1, Thm. 1] hold for (2)
under some stronger structure conditions than in our Theorem 5. They are for
example satisfied when the operator F is uniformly proper, i.e. when (6) holds.

As for degenerate parabolic equations, the standard reference on viscosity
solutions is [CIL, Ch. 8], in which G =1 and thus the important condition (6)
holds without loss of generality. There are also treatments of special degenerate
equations [CGG, GGIS, ES, IS, OS], and we shall explain them in more detail
after Theorem 2. There is little overlap between their results and ours. Other
investigations on degenerate parabolic equations (in which G depends on u and
not on Du) were done in classes of weak solutions. They were motivated by
nonlinear filtration problems for instance in [AL, K, S] or from medical appli-
cations [M], and they lead to elliptic-parabolic equations as well.

2. Main results and definitions

Let us give precise assumptions and recall some definitions. We call the
operator F(r,p,X) in (2) and (3) proper if

(7) F(s,p,X) < F(r,p, X) for every s <r,

s,reR and (p,X)eR"x S™

Here S" denotes the space of all symmetric n x n matrices.
Further on we suppose that (2) is locally strictly elliptic, i.e.

(8) ik trace(X — Y) < F(r,p,Y)— F(r,p,X)

for every X = Y and every |r|, |p|, ||X], Y]l <K and for some positive
constant Ax depending on K. Note that (8) defines a class of nondegenerate
elliptic and parabolic equations, which includes the mean curvature operator.
However it does not include the explicitly degenerate ones, such as the p-
Laplace operator, for which the more general degenerate ellipticity assumption

for every X > Y with X, Y € S” and every (r,p) € R x R", holds.
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As for the regularity of F and G in (2) and (3), we assume throughout that
F(r,p,X) and G(p) are continuous functions of all their variables, and locally
Lipschitz continuous in the p variable, i.e.

|F(r,p, X) — F(r,q, X)| < Bk|p — q|

(10)
|G(p) — G(¢9)| < Cklp— 4]

for every. |r|, |p|, lq], |X|| £ K and for some positive constants Bx and Cgk
depending on K.

Definition 1. Suppose F € C(R x R" x S") satisfies (7) and (9). An upper
semicontinuous function # € USC(L2) is a viscosity subsolution of (2) if F(u(xo),
p,X) <0 for every xp € Q and for every (p,X) € Jé’*u(xo). Here the second
order superjet Jé”’u(xo) is defined as the set of those (p, X) € R" x S" for which
u(x) < u(xo) + {p,x — x0) + <X (x — x0), x — x0>/2 + o(|x — x0|?) as x — xq.

Analogously the definition of a lower semicontinuous viscosity supersolution
ve LSC(Q) is given by means of the opposite inequality F(v(y,),q,Y) > 0 for
every y, € Q and for every (g, ¥) € J3 "v(y,), where I3 o(yy) = Jé’Jr(—u(yo)).

Finally, a continuous function in £ is a viscosity solution of (2) if it is both
a viscosity sub- and supersolution of (2).

The definition of viscosity sub- and supersolutions of parabolic equations
(3) is the same as for elliptic equations (see for example section 8 in [CIL]) and
we omit it.

Theorem 1 (Elliptic comparison principle). Suppose 2 = R" is a bounded
domain and F € C(R x R" x S") satisfies (7), (8) and (10). If ue USC(Q), ve

LSC(Q) are bounded viscosity sub- and supersolutions of (2) then u < v on 0Q
implies u < v in Q.

Theorem 2 (Parabolic comparison principle). Let Q =« R" be a bounded
domain and F € C(R x R" x §"), Ge C(R"), G(p) = 0 satisfy (7), (8) and (10).

If ue USC(Q), ve LSC(Q) are bounded viscosity sub- and supersolutions of (3)
then u(x,t) < v(x,f) on I' implies u<v in Q.

All assumptions in Theorem 1 are sharp as the following counterexamples
show. If the strict ellipticity condition (8) fails then it was proved in [IR] that
the equation

| Du(x)| = |x]

in the unit ball with zero boundary data has infinitely many Lipschitz viscosity
solutions which violate the comparison principle. [CH] gave a different counter-
example of an equation which degenerates in an isolated point and has more
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than one viscosity solution with the same boundary data, violating again the
comparison principle.

If condition (7) does not hold, i.e. the operator is not proper, then simple
counterexamples are provided by the eigenfunctions of every linear elliptic
equation.

Finally, an example illustrating the necessity of the Lipschitz continuity in
(10) was given in [BDD] by the equation

—Au—|Dul/" =0 in B={]x]<R}<R",, u=0 on dB

for me (0,1). The above problem has one trivial and one nontrivial classical
solution violating again the comparison principle.

Remark 1. As in [KK1] we can relax the Lipschitz regularity of F and G
in the p variable at those points P := (r, p, Y) where the modulus of ellipticity is
better than the Lipschitz one in (8). More precisely, suppose that

(8" oy, p(Ax trace(X — Y)) < F(r,p,Y)— F(r,p,X)

for every fixed P= (r,p,Y) and every X > Y and |r|, |p|, || X]], | Y|| < K and
for some positive constant Ax depending on K. As a modulus of continuity the
real function w; p(s) satisfies the usual conditions wy p(s) € C[0, ), w1, p(s) >
wy, p(t) for s > ¢ >0 and w; p(0) =0. Note that the special choice w; p(s) =
turns (8’) into the usual local strict ellipticity condition (8).

In this case we can relax (10) to the weaker condition (10’)

|F(r,p,Y) — F(r,q,Y)| < w2, p(Bklp —ql)
|G(p) — G(q)| < w3, p(Ck|p — 4l),

i.e. for every fixed P = (r,p, Y) and every |r|, |p|, |9, ||Y]| < K there are some
positive constants Bg and Cx depending on K, such that (10’) holds. Here w; p
and w; p are some moduli of continuity with ; p dominating w; p and w3 p in
the sense that w p(s) > max{ws p(s),ws p(s)} in [0,s) for some positive s.

If (8') and (10’) hold for (r, p,Y) in a neighborhood of the nullset of F,
then the results in Theorems 1 and 2 remain true. The proofs are virtually
identical, except that now the previous Lipschitz moduli w;(s) =s, i=1,2,3,
need to be adjusted in a straightforward way.

Typical examples illustrating the above case are ~(Au)1/ >4 f(u,Du) =0 or
—(Au)'® = (4u — 1)' + f(u, Du) = 0 with appropriate f.

Let us note that Theorem 2 does not cover the level set formulation of
mean curvature flow

(107

1y — |Du|div<|—g%|) =0,
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see [GGIS], [ES] and the references therein, nor the (more general) singular
parabolic equation

u, — div(|Du|"*Du) =0,  for ge(1,2),

see [IS], [OS]. For these equations we have

G(p) = |P|2_q, F(p,X)= trace{ <I+ (g—2) p|§|>2P)X}7

and F(p,X) is discontinuous at p=0. In [GGIS] this difficulty was
overcome using a continuous extension of F(p, X) at (0,0), while in [IS], [OS] a
new definition of viscosity solutions was suggested. As in [KKI1] we could
cover even the case when F(r,-, X) has discontinuities on some set Ny with »-
dim. Hausdorff measure zero, if we are willing to redefine F on Ny in a
suitable way. Since this would only complicate the exposition, we will not
pursue this issue any further in the present paper.

However, for the following version of the mean curvature flow equation

(11) u— 1/ 1 + |Dul* div \/—L = H(u, Du),
1 + [Dul?

see [H], [OU] and their references, Theorem 2 gives immediately a comparison
principle for viscosity sub- and supersolutions.

Corollary 1. Let Q = R" be a bounded domain, and let H(r, p) € C(R x R")
be locally Lipschitz in the p variables and nonincreasing with respect to r. If

ue USC(Q), ve LSC(Q) are bounded viscosity sub- and supersolutions of (11)
then u(x,t) <v(x,t) on I implies u<v in Q.

This result might already be known, but we could not find it in the literature.
There are comparison principles for weak Lipschitz solutions in [G] or for
weak solutions from the class L*((0, T); W!(Q)) in [H], [OU], but none in the
class of semicontinuous viscosity solutions. The advantage of our comparison
principle lies in its applicability to the Perron method, which leads to existence
results for equations without divergence structure.

As a consequence of the general comparison principle formulated in
Theorems 1 and 2, we get immediately by means of Perron’s method the
existence of a continuous viscosity solution to the Dirichlet problem (4) resp.
(5), (see [12]). To this end we recall the definition of the upper and lower
semicontinuous envelopes u* and u, of u.
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u'(x) := lim sup{u(y)ly e @,y — x| < r}
u.(x) = lim inf{u(y)|y € @,y — x| < 7}

Theorem 3 (Existence). Suppose Q — R" is a bounded domain, g € C(0R2)
and F € C(R x R" x S") satisfies (7), (8) and (10). If ve USC(Q), w e LSC(Q)
are viscosity sub- and supersolutions of (2) such that v, = w* =g on 08, then

there exists a continuous viscosity solution u € C(Q) of (2). Moreover v <u<w
in Q and in particular u= g on 0RQ.

Theorem 4. Suppose that all assumptions of Theorem 2 hold and that
ge C(QUTI). Ifve USC(Q), we LSC(Q) are viscosity sub- and supersolutions
of (3) such that v.(x,t) = w*(x,1) on I, then there exisis a continuous viscos-

ity solution ue C(Q) of (3). Moreover v<u <w in Q and in particular u= g
on I.

Finally, another consequence of the comparison results in Theorems 1 and 2 is
the Lipschitz regularity of the continuous viscosity solution of (2) or (3)
provided they are Lipschitz continuous on the boundary Q2 or I

3

Theorem 5 (Lipschitz regularity). Suppose Q = R" is a bounded domain
and F € C(R x R" x S") satisfies (7), (8) and (10). If ue C(Q) is a viscosity
solution of (2) which is Lipschitz continuous on 09 with Lipschitz constant L, i.e.

(12) |u(x) —u(y)] < Ljx — y|

for every x € 0Q, yeQ (or equivalently for every (x,y) e d(Q x Q)), then u is
Lipschitz continuous in Q with Lipschitz constant L.

Theorem 6. Suppose that all assumptions of Theorem 2 hold and that u(x,t)
€ C(Q) is a viscosity solution of (3) such that u(x,t) is Lipschitz continuous at
I with Lipschitz constant L, i.e. |u(x,t) — u(p,s)| < L{|x — y|* + |t — s>}/ for
every (x,t) eI and (y,s)e Q.

Then u(x,t) is Lipschitz continuous in Q x [0, T) with Lipschitz constant L.

Remark 2. An easily checkable sufficient condition for the Lipschitz
continuity of u on the boundary 42 is the existence of a Lipschitz sub- and
supersolution v,w e C%1(Q) of (2) such that v=w =g on 4Q. Analogously,
the same remark applies to the parabolic equation (3). However, in the present
paper we do not discuss when the Lipschitz assumptions of Theorems 5 and 6
are satisfied. In fact, sometimes they are violated and there is a boundary
gradient blow up, see [FL} or [KK0]. The reasons for such a phenomenon
are quite different from those for interior gradient blow up. In general they
originate from the geometry of the domain, from boundary data and the
nonlinearity of the equation.
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3. Proofs of the main results

The proof of Theorems 1 and 2 uses the same idea of doubling the number
of independent variables as in the proof of the comparison principle for
uniformly proper operators, i.e. satisfying (6) (see for example [CIL-Thm. 3.3]).
However, to overcome the difficulties that (2), (3) do not satisfy the important
condition (6) but the weaker one (7) we need some different barrier technique
inspired by [KK1].

Proof of Theorem 1. Suppose that the claim in Theorem 1 is not true
and sup{[u(x) — v(x)]| x € Q} = M > 0. Without loss of generality we assume
that for some positive r, R we have Q < {r < |x| < R}. For every o >1 we
consider the function

$(x, ) = u(x) — v(y) — ofx — y|2/2 + e A2
on Q x Q. Here the positive constant § = f(«) > 0 is chosen sufficiently large,

so that the following inequalities hold

Sl{p[e—lflxlz/l + | De P2 4| D P < 1,
Q

(13) max{ar?lg, 2Bk R} < r*igp,
n+an*ple P2 < pr )2,
and the constants Ax, By are defined in (8), (10) for K = (81n* +2R)o+

sup|u| +sup|v|. It is clear from the upper semicontinuity of ¢(x,y) that

sup ¢(x,y) = ¢(Xu, yy) =My =M >0 for some Xx,,y, € Q.
xQ
Moreover, as in [CIL, Lemma 3.1], it is easy to check that
D) ax,—pl° =0
(14) B as o — 0.
i) x4y, —zeR, M,—u(z)—v(z)=M

Since u(x) — v(x) < 0 for x € 9Q it follows that z is an interior point of 2, z € Q,
so that x,, y, are also interior points of Q, x,, y, € @, for all sufficiently large
values of o > o9. Moreover, (14) ii) guarantees that

u(x,) —ov(y,) =0  for o> ap.

We fix now o > ag. From Theorem 3.2 in [CIL] for the function ¢(x,y) and
¢ = 1/o there exist matrices X, Y such that

B2 =2, 22—
(OC(X(X - yoc) +thxe d “I /27X) € J.Q +u(x0€)7 (OC(X,X - yot)7 Y) € JQ v(yo:)v
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where
X 0

(15) —(a+ | 4INI < <A+ 4%
0 -Y

and

ol + B —aol 2
= — poBlxl" /287
A < ol ol ), B=fe {I - fxs @ x4}
Since

Az/a_2<aI+B+B2/2a —ocI—B/Z)

—ol — B/2 ol

from (13), (15), multiplying the left side of (15) from the right and from the left
with the vectors (e;, e;), (e,-,el-)T, e;=(0,...,1,...,0) with 1 at the ith place and
summing i from 1 to n, we get the two estimates

(16)  [uCa)l, [0()], e — 3,) + Beae P2, (o — )1, 1 X1, Y

< (81n* + 2R)« + sup|u| -+ sup|v)|

(17) trace(X — Y) < trace(B + B*/«)
< B Pxal*2(yy — B|x,|? + dn*piePr/7)
< —ﬁz(r2/2)e'ﬁ|x“|2/2.

Now, Definition 1 and (7), (8), (10), (16), (17) give us the following impossible
chain of inequalities for K = (81n* + 2R)a + sup|u| -+ sup|v|

0 > F(u(x,), 2(xx — 3,) + xae 5"/, x)
> F(0(3,), 4(xu — %), X) — BxBlclePPel"/2
> F(u(3,), a(xy — 3,), ¥) + ixfrrie P=l12 2
— BgfBRe P12
>0

which proVes Theorem 1.

Proof of Theorem 2. Since (5) is degenerate and G can vanish, it is not
possible to apply [CIL, Thm. 8.2]. In fact u, can not be recovered from (5).
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Therefore we follow the idea in [OS, Thm. 3.1] for an analogue of [CIL, Thm.
8.2] in the degenerate setting. Suppose that suplu(x,?) —v(x, )] = M > 0.

0
Without loss of generality we can assume that Q « {x e R"|0 < r < |x| < R}.
For every fixed « > 1 and sufficiently small y > 0 we consider in Q the function

o Bl Y 4
(p(x,y,t,s)=u(x,t)—v(y,s)—§(|x—y|2+(t—s)2)+e A [/Z_E_T—S’

where the choice of £ is almost the same as in (13). The additional terms
y/(T —t) and y/(T — s) eliminate a possible maximum of ¢(x, y,¢,s) at the top
of Q. The rest of the proof is almost the same as the proof of Theorem 1
above. It uses some auxiliary statements from the proof of Theorem 3.1 in [OS]
instead of [CIL, Thm. 8.2], and we will only sketch it. If ¢ attains its positive
maximum M, at (x,, y,,%,,5,), we can show as in Propositions 3.2, 3.3 and 3.4
of [OS] that |x, — y,| — 0, |ty — $.] — 0 as & — co uniformly in y € (0,y,) and
p=p,, where y,>0 and pf,>0. Moreover, (x,,t,) and (y,,s,) are
interior points of @ for every a> oy uniformly in ye (0,7,). Applying
Theorem 3.2 in [CIL] and Corollary 3.6 in [OS] to the function ¢(x, y,s, ) and
setting ¢ =1/a we conclude that there exist matrices X, Y € S" such that

(Qt(édﬁ ;705)7 ¢x(ézxa ’70()’ X) € 927+u(£0€)7 (Qs(éa? ’70{)’ ¢y(éﬂt7 770{)’ Y) € g 7_0(1106)

where @(x, y,1,5) =3 (ke =y + (1= 9)") = e P24 T—i T and ¢, =

(Xa t4), 1y = (V,,84). Moreover we have

4 7

U]+ 0la)| + olte = sal 4 T

2
+ Blxale P2 X + | Y| < d(o, 7,7, R, T)

with a positive constant d independent of f > f§,, and the following inequality

holds.
X; 0 5
(0 —Yl)SA+A /o

T T
Here X = a ’ , Y1 = bk for some a,beR, /,keR" and 4 =
t X k Y

<‘pff(éw 77«) ¢fﬂ(éaa 7701)

ds’?f(fmmx) dsfm(émna)
inequality, as in Theorem 1, we get the estimate

) where &= (x,1), n=(y,s). From the above

trace(X — Y) < —p2(r2/2)e Pl /2,

Now from the definition of viscosity sub- and supersolutions and the assumptions
of Theorem 2 we have for fixed «, y and large § and K =d(a,y,r,R, T) the
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following impossible chain of inequalities
2
0 > G(a(xx — 3,) +ﬁxae-/ﬂx“| /2)[05(105 —su) + /(T = toc)z]

— G(a(xx = y)) [0t — 50) = ¥/(T — Sa)z]

+ F(u(xy, ty), 0{xq — y,) + /)’xae_ﬁlx“lz/z,X)
- F(U(yomsﬂf)’ oc(xa - yzx)) Y)
> Axfirie Pl 2 _ By pRe P2 _ gCy pRe P12

> JxfPrre 2 — (d + 1)BR(By + Cy)e P2
>0

-which proves Theorem 2.

As for the proof of Theorems 3 and 4, it follows immediately from the
Perron’s procedure because of the unrestricted comparison principle, i.e.
Theorems 1 and 2, for semicontinuous viscosity sub- and supersolutions of
(2) and (3) (see for example [I2] or [CIL, Sec. 4]).

Proof of Theorem 5. Since (2) is translation invariant, if u(x) is a viscosity
solution of (2) in Q, then for 4 € R" the function v(x) = u(x — k) is a viscosity
solution of (2) in £ :={xeR"|x—heQ}. Now from (12) it follows that
lu(x)—v(x)| <L}kl on 8(2N ;). In particular u(x)<v(x)+L|h| on o(QN Q).
Thus from the comparison principle, Theorem 1, u(x) < v(x) + L|h| in QN &y
By the same argument v(x) — L|k| < u(x) in QN £y, so that |u(x) — v(x)| < L|A|
in QN ;. Note that we have used the fact that v + L|A| is a super- resp. sub-
solution of (2). Since # was arbitrary, Theorem 5 follows.

The proof of Theorem 6 is the same as the proof of Theorem 5, and we omit it.
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Forschungsgemeinschaft (DFG).
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