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On Stability of Solutions in Linear Autonomous Functional
Differential Equations

By

Jong Son SHIN', Toshiki NaIto? and Nguyen VAN Ming?

(*Korea University and **The University of Electro-Communications, Japan)

1. Introduction

Let R denote the real line and E an infinite dimensional Banach space with
norm |-|. If x:(—o0,b) — E, then the function x,: (—o0,0] — E,t € (—00,b),
is defined by x,(6) = x(t+6),0 e (—0,0]. We deal with the linear autono-
mous functional differential equation with infinite delay in the Banach space E:
(AL) d)iT(tt) = Ax(f) + L(x,).

The phase space # and some hypotheses in Eq. (AL) are demonstrated in
Section 3.

The aim of this paper is to investigate stability properties of the zero
solution for Eq. (AL). Recently, spectral properties of the generator of the
solution semigroup to Eq. (AL) were studied in [5] (see [6] for the complete
proof of these). Moreover, using these properties, authors analyzed the sta-
bility of the zero solution of some integro-differential equation. Note that the
manner employed in [5] is based upon a concrete equation. Also, the stability
properties of the zero solution for a special case of Eq. (AL) with finite delay
was discussed in [10]. Therefore, in this paper we present criteria on stability
properties of the zero solution to Eq. (AL) which is given in the general form.

The present paper is organazed with the following three parts. First of all,
we shall inverstigate stability properties in the general setting of Cp-semigroups
in Section 2, because the solution operators of Eq. (AL) form a Cj-semigroup
on 4. In general, there are two concepts for a general Cy-semigroup T'(¢) on
E:

(1) T(¢) is asymptotically stable if |T(¢)x| — 0 as t — oo for every x € E;

(2) T(¢) is uniformly asymptotically stable if ||7°(¢)]| — 0 as ¢ — oo.

If E is of finite dimension, these two concepts are equivalent. In general, if F
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is of infinite dimension, these two concepts are different from each other (see
[3, Examples 1.2, pp. 100-101] or [7, p. 5]). Hence, when E is of infinite
dimension, we shall give a sufficient condition to ensure the equivalence of these
two concepts. It is related to the condition that the growth bound is really
greater than the essential growth bound of the Cy-semigroup. Moreover, under
the above same assumption, we give a necessary and sufficient condition for the
stability of a Cy-semigroup. Next, we will apply the results obtained in Section
2 to find stability criteria of the zero solution for Eq. (AL) with uniform fading
memory space in Section 3. In particular, using the representation of the
resolvent of the generator of the solution semigroup to Eq. (AL) and properties
of the charactaristic operator we find a criterion on the stability of the zero
solution for Eq. (AL). Our approach follows closely that in [10]. Moreover,
we give a sufficient condition for the asynchronous exponential growth of the
solution semigroup to Eq. (AL) (see [7, 12]). Finally, the results obtained in
Section 3 are illustrated in an integro-differential equation in Section 4.

2. Stability properties of a Cjy-semigroup

Let T(¢) be a Cy-semigroup on E and A its infinitesimal generator
throughout this section. We consider an asymptotic behavior of T'(¢), which is
concerned with informations about its essential spectrum. To do so, we will
prepare the following lemma, which is easily shown by induction.

Lemma 2.1. If x belongs to the null space N((A— A)™),I being the
identity, then

k
T(t)x = e Z %(A —AD*x.

The growth bound w,(T), and the essential growth bound w.(T) of T(¢)
are defined by

ws(T) := lim log [T()] — inf’logHT(t)”’
1= t >0 t

0u(T) = tim AT W) _ ., logu(T (1)
t—00 t >0

where ||T(r)| stands for the operator norm of T'(¢) and a(7(¢)) is the measure
of non-compactness of 7'(¢) which is described by the Kuratowskii measure
of noncompactness of bounded sets in E (cf. [11]). Moreover, we define a
quantity @.(T) as
1
@.(T) = lim — loglims_,;— (T '(s)).

t—oo [
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Then we have that w.(T) < &.(T). In fact, if 0 <& < ¢, then

AT (1) <a(T(t—&))u(T(e)) < sup a(T(s)[T(e)l.

—e<s<t

Since ||T(t)]] is locally bounded for ¢>0, we have the inequality
we(T) < @.(T).

Furthermore, the spectral radius r(7(¢)) and the essential spectral
radius 7.(T(¢)) are given as ry(T(¢t)) = exp(twy(T)) and r.(T(1)) = exp(tw.(T)).
Let p(4) be the resolvent set of A4, a(4) the spectrum of A4, P,(A4) the
point spectrum of A, E;(A) the essential spectrum of A, and set N,(4) :=
d(A)\E;(A4). The points in N,(A4) are called normal eigenvalues of 4. Recall
that, by definition, A is a normal eigenvalue of A if it is an isolated point of
a(A), the range R(A — Al) is closed and the generalized eigenspace M;(4) is of
finite dimension.

Then the following relations hold (cf. [11]):

(1) sup{RA: Lea(4)} < w,(T), sup{RA: e E;(4)} < w.(T)
and
ws(T) = max{w,(T),s(4)},

where
s(A) :=sup{Ri: e N,(4)}.

Put No(4) = {Ae Ny(4): RA =0} and R(u,4) = (u — 4)"".

Proposition 2.2. The following results hold true.
1) Assume that w.(T) < ws(T). Then there exist a A€ C and an xg €
N4 — ), xg # 0 such that RA = w(T) and

IT(0)x0| = ™ |xg], 130,

2)  Assume that w.(T) < ws(T) =0. Then the following statements hold.
(i) If R(u, A) has a pole of order 1 at p= A for all A € No(A), then there is
a constant H > 0 such that

|T(6)x| < H|x|, t=0, xekE.

(i) If there is a Ay € No(A) such that R(u, A) has a pole of order m > 2 at
U= Ao, then there exists an xo € E such that

|T(f)x0} — o0 as t— +4o0.

Proof. 1) Since w,.(T') < ws(T), it follows from Theorem 2 in [5] that
there is a g € N,(A) such that RAg = ws(T). Take an xo € N(4 — AoI),xo # 0.
By Lemma 2.1 we have T(f)xo = e®xy, and hence |T(¢)xo| = e™(T)|xo].
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2) From Theorem 2 in [5] we see that Ny(4) is finite; denote it by
{A1,42,...,2¢}. Let m; be the index of A, and set M; = N((4— 4I)™),
j=12,...,q9. Then E=M ® My, where M =M, @M, @,..., & M,, and
M, = ;IZIR((A — A4I)™). Let P; be the projection in E such that P,E = M,
(I—P)E=R((A—-AI)"); and set P=P +Py+---+ Py, Py=1—P.

(i) By Theorem 3 in [5] we have
2) | T(1)Pox| < Ke™|| Pol||x]

for some K >1 and ¢>0. Since Pixe M; and m; =1,1 < j <gq, it follows
from Lemma 2.1 that T(¢)P;x = e#'P;x. Noting that ®1; =0, we see that

(3) IT@OPx| < |Ppx| < ||Pjll Ix], 120, xek.
Combining (2) and (3) we obtain the following inequality
[ T(0)x| < |T(5)Px| + |T(2)Pox|

q
< D IT(0)Ppx] + |T(1) Pox]
=1

g

<

where H =3 L, ||l + K|[Po]|.

(i) Let j be an index such that R{u,4) has a pole of order m =2 at
u=4;. From the definition of M; we see that there is a xo € M; such that
(4 — 41" 'xo #0. Since m>2, it follows from Lemma 2.1 that

11,

m—1
t k
| T(£)x0| = ZE(A = A1) X0
k=0""
1 & 1 k
:tm_ ZW(A_}V]I) X0
k=0 """

— oo(t — o0).
Therefore the proof is complete.
We note that, for xo € D(4), T(t)xo is a solution of Eq. (AL) with L =0;
that is,

(A) —L = Ax(t).

Definition.

1) T(¢) (or the zero solution of Eq. (A)) is said to be stable if for any
&> 0 there exists a § > 0 such that if |x| <J,xe E, then |T(f)x| < e for all
1€ [0, ).
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2) T(t) (or the zero solution of Eq. (A)) is said to be asymptotically stable
if for any x e E,|T(f)x] — 0 as t — +oo0. '

3) T(¢) (or the zero solution of Eq. (A)) is said to be uniformly
asymptotically stable if ||T(f)|| — 0 as ¢ — +o0.

4) T(t) (or the zero solution of Eq. (A)) is said to be exponentially
asymptotically stable if there are an wy > 0 and a K > 1 such that

|T(6)x| < Ke™'|x|, t=>0, xekE.

Remark. The following statements are equivalent.

(i) ws(T)<0.

(i) 7T(¢) is uniformly asymptotically stable.

(iii) T(¢) is exponentially asymptotically stable.
The inequality 7,(7T(¢)) = (" < ||T(¢)|| holds for ¢ > 0 from the definition of
the growth bound wy(7T): (ii) implies (i). The other implications are trivial.

Theorem 2.3. Assume that w.(T) < ws(T). Then the following statements
are equivalent.

1) T(t) is asymptotically stable.

2) T(t) is exponentially asymptotically stable.

3) For any A€ P,(A4),RA is negative.

Proof. We will derive the assertion 3) from the assertion 1), because the
other parts are obvious. To do so, it suffices to show that the inequality
ws(T) < 0 holds. Assume, for a contradiction, that ws(7T) = 0. Since w.(T) <
ws(T), from the assertion 1) in Proposition 2.2 it follows that there exist a A e C
and an xo € N(4 — Al},xp # 0, such that R4 = w,(T) and

e M xy|,  if wy(T) >0

IT(t)xol = { Ixol, if w,(T) = 0.

This contradicts the assertion 1). Hence the proof is complete.

Remark. 1f w.(T)=w,(T), then, in general, the two concepts of
asymptotic stability and exponential asymptotic stability for Cy-semigroup 7'(¢)
are different. Of course, if T(¢) is a Cy-compact semigroup, these two concepts
are equivalent, because w.(7) = —oo0.

Theorem 2.4. Assume that w,(T) < ws(T) =0. Then the following state-
ments are equivalent.

1) T(¢) is stable.

2) Each 1€ No(A) is a simple pole of R(u,A).

Proof. From the assumption we see that Ny(A4) consists of finite normal
eigenvalues of 4. Hence if Ay e No(A4), then Ay is a pole of R(u, A) ([11,
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Proposition 4.11]). We will prove the assertion 2) from the assertion 1). Now,
assume that the assertion 2) does not hold. Then there is A9 € No(A4) such that
R(u,A) has a pole of order m >2 at u= 4. From the assertion 2) (ii) in
Proposition 2.2 there is an xg € E such that |7T(f)xp| — o0 as ¢ — oo, which
contradicts the assumption. The remainder are easily shown by Proposition
2.2.

We note that T(r) is stable if and only if there is an M > 1 such that
|17 <M for all ¢e]0,0).

3. Stability of the zero solution in Eq. (AL)

In this section we will apply the results obtained in the previous section to
Eq. (AL). Let # be a Banach space consisting of some functions mapping
(—00,0] into E; the norm in 4 is denoted by |-|. For a complex number A
and for an x € E we define a function ¢, ® x: (—00,0] —» E by (& ® x)(0) =
e*x, e (—0,0]. We assume that the phase space % satisfies the following
axioms (B-1,2,3).

(B-1) If a function x:(—00,0+a) — E is continuous on |5, +a) and
Xy € A, then

(i) x;,€% for all tefo,0+a) and x, is continuous in 7€ [g,0 + a);

(i) Hx(0) < x| < K(t — o) sup{|x(s)| : 0 <5 < 1} + M(t — 0)|x,]|
for all ¢ € [0,0 + a), where H > 0 is constant, K : [0, «0) — [0, c0) is continuous,
M :[0,00) — [0, 0) is locally bounded and they are independent of x.

(B-2) If {¢"} is a Cauchy sequence in %, and if the sequence {¢"(9)}
converges to a function ¢#(#) uniformly on every compact interval of (—o0,0],
then ¢ lies in 4 and lim,_.|¢" — ¢| = 0.

(B-3) There exists a constant y, such that ¢; ® xe # for R4 >y, and
x € E, and that

lleall == sup{le; ® x| : x € E, |x| < 1}

is finite for each A with ®1 > y,, and bounded for R4 >y, for some y, > y,.
We introduce the trivial Cy-semigroup S(¢) on & defined as

#(0) t4+6>0

1S(0)¢1(0) = { dt+0)  t+60<0,

and denote by B its infinitesimal generator. Let Sy(7) be the restriction of S(¢)
to the subspace %y = {¢p € #: ¢$(0) =0}. We call the constant y, in (B-3) the
abscissa of the exponent of the space #. Then vy, < w,(So) = @.(So) (cf. [5],
[6]). Let Cpo be the set of continuous functions mapping (—o0,0] into E, with
compact support. The following axiom for # is used later on.



On Stability of Solutions 329

(C) If a uniformly bounded sequence {¢"(€)} in Cp converges to a
function ¢(#) uniformly on every compact set of (—c0,0], then g% and
lim,—.|¢" — 4| = 0.

If the phase space # satisfies the above axiom (C) and F is an infinite
dimensional space, then 7, < w.(So) = @05(So) < @We(S) = wy(S) and 0 < w,(S)
(cf. [9]).

According to [2], we have the following facts for the phase space 4 with an
additional axiom (C):

(1) 4 is a fading memory space if and only if Sp(¢) is asymptotically
stable.

(2) # is a uniform fading memory space if and only if Sy(¢) is expo-
nentially asymptotically stable.

Let #=Ex ¥, be the quotient space with respect to the seminorm
defined by

0
I =160)1+ | elp0))a0

for a measurable function ¢ : (—c0,0] — E such that e7"?|$(8)] is integrable on
(—00,0]. Then this space is a Banach space satisfying (B-1,2,3), y is the
abscissa of the exponent, and ©.(Sp) = @s(Sp) =y. If y <0, then # is a
uniform fading memory space (cf. [2]).

We assume that Eq. (AL) always satisfies the following hypotheses
throughout this section:

(H-1) A:D(A) c E — E is the infinitesimal generator of a Cp-compact
semigroup 7T(¢),t >0, on E;

(H-2) L:% — E is a bounded linear operator.
From the hypotheses (H-1) and (H-2) we see that a mild solution of Eq. (AL)
through (0,4), ¢ € 4, exists uniquely on [0, co0) (cf. [6], [8]). Denote by u(¢) or
u(t,¢) this mild solution. It has the following properties:

(i) uy=¢ e and u is continuous on [0, c0).

(i) u(f) = T(0)4(0) + J; T(t— )L(u)ds, ¢ 0,

Define the solution operator Ur(t) on 4 by
(UL()g)(0) =u(t+0.4),  Oe(—o,0]

By using the axioms of the phase space, we see that Uy (?) ’is a Cy-semigroup on
%. In the particular case that L =0, Uy(¢) is given by

T(t+ 0)¢(0) —1<0<0

(Uo(1))(0) = { #(t+0) 0<—t.
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Denote by 4; and A, the infinitesimal generators of Up(¢f) and Up(t), re-
spectively, and set Kr(¢) = UL(t) — Up(2).

To characterize the point spectrum P (A7) of Ay, we will use the char-
acteristic operator A(4) given as

(4) A(Myx = (Al — A — Ly)x, x e D(4),

where Lyx = L{¢; ® x). It is a closed linear operator which is well defined for
RA > 7. '
The following two lemmas can be found in [5], [6], [9].

Lemma 3.1. If RA>y,, then Ae P,(AL) if and only if the null space
N(A4(R)) is nontrivial.

Since the original semigroup 7(¢) is a Cp-compact semigroup on E or
L: % — E is a compact operator, K; () is a compact operator for # > 0. This
implies that «(UL(f)) = «(Up(t)) for ¢>0. From this we can obtain the
following estimate of the essential growth bound of U().

Lemma 3.2. If the phase space & satisfies the axiom (C), then
@(Up) = 0. (UL) < @e(So).
Put
P,(A)={ie C:RA >y, and N(4(1)) is nontrivial},

Po(d) = {A e P,(4) : RL =0},

D= {ue C:Ru>au(So)},  D° = D\(Pa(4)UP,(4)),
D={ueC:Ru>aS)},  D-=D\(Ps(4)UPs(A)),
C°={ueC:Ru>y}, and C° = C\(P;(4)U Ps(A4)).
Using Lemma 3.2, we have the following result.

Theorem 3.3. Let the phase space B satisfy the axiom (C). Assume that
@¢(So) < ws(Ur). Then the following statements are equivalent.

1) The zero solution of Eq. (AL) is asymptotically stable.
2) The zero solution of Eq. (AL) is exponentially asymptotically stable.
3) For any L€ P,(4),RA is negative.

Proof. From the assumptions in the theorem and Lemma 3.2 it follows
that @.(Up) = 0e(UL) < @e(So) < ws(Ur). Therefore, Theorem 3.3 follows
from Theorem 2.3 and Lemma 3.1.
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Remark. Let the assumptions of Theorem 3.3 be satisfied. Then the
phase space 4 is a uniform fading memory space, if the zero solution of Eq.
(AL) is asymptotically stable.

Lemma 3.4. For ie C°, the inverse A(J)™" exists as a bounded linear
operator, and it is analytic for A.

Proof. Let AeC°®. Since R(A,A4) exists, we can write as A(1) =
(I — LyR(4,A))(AI — 4). Suppose that (I — L,R(A,4))y=0. Since 1€ p(4),
y= (M —A)x for some xe D(A); hence A(A)x=0. Since A¢ P,(Ar), it
follows from Lemma 3.1 that N(4(1)) = {0}; hence x=0. This implies
y =0, which shows that one does not lie in P,(L;R(A,A4)). Since T(z) is a
Co-compact semigroup, R(4,4) is compact. This implies that L,R(1, 4) is
compact, and that ¢(L;R(4, A))\{0} consists of the point spectrum. Hence one
lie in p(L3R(A,A)). Therefore, I — L;R(A, A) is a bijection on E, and A4(4)
maps D(A) onto E. Since it is one to one for A ¢ P,(4), the inverse a7
exists as a bounded linear operator on E onto D(A4) from the closed graph
theorem. It is indeed given by

A = R4, A — L;R(A, A)) ™"

Set F(A) =1—L,;R(4,A4), and let pe C°. Then there exists an r > 0 such
that if |A—pul <r, then Ae C°. Define G(1)= (F(A) — F(n)/(A—p) for
|[A—u <r,A#u and G(u)=F'(x). Then G(2) is analytic, and

F(2) = F(u) + (A= WG(2) = F(u)(I + (2 — W F (1)~ G(2)).
Thus, it follows that
0
F)™ =Y (—(A—=m)"(F(w) ' GA)"F ()™
n=0

if |4 — y| is sufficiently small. Hence F(4)™' is analytic. As a result, 4(1)~" is
analytic for 4Ae C°.

The formula (5) in the following lemma was already given on a narrow
domain in [5]. To discuss the stability for Eq. (AL), we need to extend the
domain where it holds.

Lemma 3.5. Let the phase space # satisfy the axiom (C).
1) Assume that @.(So) < ws(Ur). For each e D°,

(5) R(A, ALY = R(A, A + &, @ A(W)'L(R(2, Ao)Y), Y eB.
2)  Assume that @.(S) < ws(Uy). For each 1€ D\Py(A4),
(6) R(2, Ao)y = &; @ R(4, A)Y(0) + My, Ve,
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where
My = R(2, B)Y — 4", ® Y(0).
3) Assume that &.(S) < min{w,(Us),ws(UL)}. For each e D_,

(7) R(A, ALY =& ® A(2) ' ((0) + LIMp)) + My, Y e .

Proof. 1) From the proof of Theorem 3.3 we have w.(UL) < @.(So) <
ws(Ur). Moreover, the abscissa y, of the exponent of the phase space 4%,
.(So) and wy(Sp) are related as yy < @.(So) = w;s(Sp). Let ¢ be any number
such that 0 <e < wy(Ur) — @.(Sp). Put D°(e) ={ue C: Ru>w.(So) + ¢}
and D°(e) = D°(e)\(P,(4)UP,(4)). In view of the relation (1), we see that
P;(Ap) and P,(Ar) consist of at most finite normal eigenvalues in D°(¢). Of
course, Py(A) = P;(Ap) and P,(A4r) = P,(4), because of Lemma 3.1. Hence,
R(2,A4),R(4,Ap) and R(A, A) are holomorphic in D° (¢), and so LR(4, 4y) and
LR(A,A4;) are also holomorphic in D°(¢). On the other hand, A(1) is well
defined on D° (¢). Let A€ D°(e). Then the inverse A4(4)~" is a bounded linear
operator, because of Lemma 3.4. Using the above facts and the proof in [6,
Theorem 4.2], we have

(8) R(A, AL)Y = R(A, o) + &, ® R(A, A)L(R(A, AL)Y), Ve,
and

©) A()R(Z, A)L(R(A, AL)Y) = L(R(Z, Ao)y), ¥ eB.
Hence the relation (9) becomes

(10) R(%, A)L(R(Z AL)) = A(D)'L(R(, Ao), Y€,

By substituting (10) into (8), we can see that the relation (5) holds for all
AeD°(g). Since ¢ is arbitrary, the proof of the assertion 1) is complete.

2) Using Lemma 4.3 in [6] and the same argument as above, we can easily
prove the assertion 2).

3) Combining the assertion 1) and 2), we have that for e D_.

R(4, Ao)¥ + &2 ® 4(2) " L(R(4, Ao))
= & ® R(4, AW(0) + My + &, ® 4(A) ™ L(ex ® R(4, A (0) + M)
= My + &3 ® (R(2, AW (0) + 4(2) " (La(R(2, AW (0)) + L(My)))
= My + &, ® (7)™ (M — 4 — L) R(4, A)y(0)
+ L (R(4, )Y(0)) + L(M))

= My + & ® A(2) ™ (Y(0) + L(Ma)).
This is the desired result.
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Remark. The formula (6) is already found in [1], which is the finite delay
case with phase space of continuous functions. Our result is an extension to
the infinite delay case with the abstract phase space.

Proposition 3.6. Let the phase space # satisfy the axiom (C).

1) Assume that @.(So) < ws(Ur). Let JAge (P(A\Ps(A)ND°. If
A(/l)_] has a pole of order n at Ay, then R(A,AL) has a pole of at most order n
at Ap.

2) Assume that @.(Sp) < min{w(Up),ws(UL)}. Let Ay € (Ps(A)\Ps(4))
ND. Then A(A)"" has a pole of order n at )y if and only if R(A, AL) has a pole
of order n at Ay.

Proof. The assertion 1) is easily shown by the relation (5). The assertion
2) is shown by combining the relation (7) and the fact that the map iy —
Y (0) + L(My) is surjective, cf. the proof of [1, Proposition 3.4].

The following is an immediate result of Proposition 3.6

Corollary 3.7. Let the phase space # satisfy the axiom (C).  Assume that
@e(S0) < ws(UL). Let Ay € (Po(A)\Ps(A))ND°. Then Xy is a simple pole of
A7 if and only if it is a simple pole of R(A,Ay).

Using Corollary 3.7 and Theorem 2.4, we have the following result.

Theorem 3.8. Let the phase space # be a uniform fading memory space.
Assume that P,(A) N Py(4) = &, and ws,(U) =0. If each J. € Py(A) is a simple
pole of 4 (,u)fl, then the zero solution of Eq. (AL) is stable.

Recall that a Cy-semigroup H(¢) on E is said to have asynchronous ex-
ponential growth with intrinsic growth constant Ay € R provided there exists a
rank one projection Py in E such that lim,o, e %' H(f) = Py (see [7, 12]). Put
Poy(4) = {ue Py(4) : Ru=sup{RA: L€ Py(4)}}. Then the following result
holds.

Theorem 3.9. Let the phase space # satisfy the axiom (C). Assume that
@e(So) < ws(UL) and that Ay € R satisfies the following conditions:

1) Poo(4) = {A} and iy belongs to the resolvent set of A.

2) o is a simple pole of A(J)™'.

Then the solution semigroup UL(t) of Eq. (AL) has asynchronous exponential
growth with intrinsic growth constant Ay € R.

The proof follows immediately from Proposition 2.3 in [12] (or Theorem
3.6.2 in [7]), Lemma 3.1, Lemma 3.2 and Corollary 3.7.
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4. An example

Let E=L%*([0,7],C), the set of square integrable functions on
[0,7]. Consider the equation

(11) u'(t) = Au(t) + b Jt e~ u(s)ds,

where A is defined as Af =f" for f e E such that f is continuously differ-
entiable, the derivative f’ is absolutely continuous, f” € E, and that f(0) =
f(@)=0. It is well known that 4 is a closed linear operator with dense
domain. It is self adjoint, the spectrum of A4 consists of only point spectrum
A=-n?, n=12,...,R(A,A) has a pole of order 1 at these points, and
|R(4,4)| < 1/|A+1| for RA > —1. Hence 4 is the infinitesimal generator of a
Co-semigroup T'(¢) such that |T(¢)] <e! for +>0. Furthermore, T(¢) is a
Co-compact semigroup.
Set

0
L(¢) = bJ_ ep(0)db.

Then we have that |L(¢)| < |b]||4|| for g€ E x Z_.. Hence, we will take % =
E x &_, as the phase space of Eq. (11). We note that if ¢ > 0, then & is a
uniform fading memory space. The solution semigroup of Eq. (11) and its
infinitesimal generator are denoted by Up(z) and A, respectively.

The characteristic operator 4(4), given by (4), now becomes

0

A f =af —Af bJ dof  feD(4), RA>—c
If we set (A1) = A —b/(c + A) for RA > —c, then we can write 4(1) = h(A)] — A.
Moreover, the equation h(A) = —n? has the roots x, = [—(c +n?) —v/D]/2,

A = [—(c+n?) +v/D]/2, where D = (c+ n?)* — 4(cn® — b).
Define a curve b = y(c) in the c-b plane by

_Jo fore<1
xe) = —(c-1)?%/4  fore>1,

and divide the c-b plane into the subregions as
I, : b > y(c), -0 < ¢ < 0, I, : b < y(c), c>1,
II3 : b < x(c), c<l.

The following result can be found in [5].
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Lemma 4.1. The abscissa of the exponent of the phase space %, and the
growth bound and the essential growth bound of Uy become as follows:

Cbe(SO) = we(SO) = ws(SO) = COe(UL) = —Cc=7,

l] lf (C, b) € Hl
ws(UL):{_(C+1)/2 if (¢,b)ell,
—c if (¢,b)els;.
Proposition 4.2. 1) The zero solution of Eq. (11} is exponentially
asymptotically stable if and only if ¢ >0 and b < c.
2)  Assume that (¢,b)elIl, and ¢>0. The following statements are
equivalent.
(i) The zero solution of Eq. (11) is asymptotically stable.
(i) The zero solution of Eq. (11) is exponentially asymptotically stable.
(i) b<ec.
3) Assume that (c,b)eIl,. Then, the zero solution of Eq. (11) is
asymptotically stable if and only if it is exponentially asymptotically stable.

Proof. The assertion 1) was obtained in [5]. If (¢,b) € ITy, then —c < ;.
This implies the inequality w.(Ur) < w(U), because of Lemma 4.1. If b < c,
then A; is negative. Hence the assertion 2) follows from Lemma 4.1 and
Theorem 3.3. Since (¢, b) € II,, we have ¢ > 1, from which it follows that the
inequality w.(UL) < wy(UL) holds. Thus Theorem 3.3 implies the assertion 3).

The following result was already shown in [5] and its proof is strongly
dependent on the concrete form of Eq. (11). In contrast with it, our manner is
based on Theorem 3.8.

Proposition 4.3. Assume that ¢ > 0. Then the zero solution of Eq. (11) is
stable but not asymptotically stable if and only if b= c.

Proof. Assume that the zero solution of Eq. (11) is stable but not
asymptotically stable. Since ¢ > 0, it follows from 1) in Proposition 4.2 that
b>c. If b>c, then 43 >0. Thus e*' < ||U(f)|| — o as t— oo. Hence
b=c.

Next, we assume that b =c¢. Then A; =0. Thus we have —¢c = w,(UL) <
ws(Ur) =0 from Lemma 4.1. Of course, P,(4)NPy(4d;)= . For the
characteristic operator A4(4) = A(A)] — A, we see that N(4(4;)) # {0}, and
Py(Ar) = {A&1}. Moreover, since T(z) is a Cyp-compact semigroup, there exists
an &,0 < g < o,(UL) — ®.(Sy) such that 4; is a unique pole of A(,u)‘1 within
H(g) :={ueC:Ru=> —¢}.
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Finally, we shall show that 1; is a simple pole of A(x)™'. Set g(w) =
R(w,4). Then g(h(z)) = 4(z)"" and h(0) = —1. Since g(w) has a pole of
order 1 at w = —1, we have g(w) = g(w)/(w + 1), where §(w) is holomorphic at
w=—1 and §(—1) #0. Hence we have

_9(h(z)) _§(h(z))(z+¢)
S h@)+1 z(z4e+ 1)

g(h(2))

from which g(h(z)) has a pole of order 1 at z=0. Thus A4i(=z=0) is a
simple pole of A(z)™'. Therefore the proof of the theorem follows from
Theorem 3.8.

Proposition 4.4. Assume that b=c>0. Then the solution semigroup
UL(t) of Eq. (11) has asynchronous exponential growth with intrinsic growth
constant 0 € R.

The proof follows immediately from Theorem 3.9 and the proof of
Proposition 4.3.
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