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Positive Decreasing Solutions of Systems of Second Order
Quasilinear Differential Equations

By

Tomoyuki TANIGAWA

(Fukuoka University, Japan)

0. Introduction

This paper is concerned with systems of second order quasilinear differ-
ential equations of the type

(p(®)]y'1*'y") = p(t)]z)* 'z
A
) { @@/ = (o),

where o, f, 4 and u are positive constants, and p(t), ¢(¢), ¢(¢) and Y (¢) are
positive continuous functions defined on [a, ), a = 0.

By a solution of (A) on |a, ) we mean a positive vector functions (y, z)
which have the property that y, z, p|y’|*'y’ and q)z’' |/Hz’ are continuously
differentiable on [a, o) and satisfy the system (A) at every point of [a, ).

Our objective is to study the existence of positive decreasing solution of
(A), that is, those solutions (y,z) of (A) whose components y and z are both
positive and decreasing on [a,00). There are two possible cases: either both
components y, z are positive on [a, c0) or there exists a finite 7" > a such that

y(#)>0 and z(z) >0 on [a,T) and y(#)=1z(t)=0 on [T,o0).

In the former case (y,z) is called a decreasing proper solution of (A), and in the
latter case (y,z) is called an extinct singular solution of (A).

The question of existence of extinct singular solution for (A) is discussed
in Section 1. The main result therein is Theorem 1.1 which asserts that the
differential system (A) possesses an extinct singular solution if of > Au.
Sections 2 and 3 concern the existence of positive decreasing proper solutions
for (A). Motivated by the previous papers [2,4] on single differential equations
of the form

(B) (@Y1 = o)y,

we take up the two cases:
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(0.1) Jw(p(z))‘l/“dtzoo and Jw(q(z))—l/ﬁdzzoo
and
(0.2) Jm(p(t))_l/“dt<w and Jm(q(t))‘l/ﬁdt< 0,

and examine if the system (A) admits the following two types of decreasing
proper solutions (y,z) of (A):

(I-1) lll)n% (1) = const > 0, tll)r?o z(#) = const > 0,
and
(II-1) tlim y(t) =0, tlim z(1) =0

in case the condition (0.1) holds, and

(I-2) lim 2 = const > 0, lim 20 = const > 0,
f—oo 7'((1‘) t—o0 p([)
and
o) .oz(n)
(Tr-2) im =% Ao =0

in case the condition (0.2) holds, where =(r) and p(f) are defined by

0

[e¢]
03 w0=] wo) a0 = o) e rza
t t

A solution of the type (I-1) or (I-2) is called a moderately decreasing solution or
a moderately decaying solution, while that of the type (II-1) or (II-2) is called
a strongly decreasing solution or a strongly decaying solution. The cases (0.1)
and (0.2) are studied separately in Sections 2 and 3, respectively. In each of
them we first establish necessary and sufficient conditions for the existence of
moderately decreasing solutions or moderately decaying solutions of (A), and
then present sufficient conditions for (A) to possess strongly decreasing solutions
or strongly decaying solutions.

The motivation of the present work is to extend some of the results [2,4]
obtained for the single quasilinear differential equation (B).

Because of the generality of the functions p(r) and ¢(r) in (A) our results
for (A) can be applied to derive nontrivial information about the existence of
positive radial solutions of systems of quasilinear partial differential equations of
the type
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div(|Du|"*Du) = f(|x]) o] v
(C) - n—-2 _ u—1
div(|Dv|" "Dv) = g(|x])|ul*""u,

in exterior domains E, in RY, N > 2 where m> 1, n>1, A> 0 and u>0 are
constants, D denotes the gradient operator (8/dxi,...,0/dxy), E; = {xe RY :
|x| > a}, and f(r) and g(¢) are positive continuous functions on [@, o), a > 0.
The results thus obtained for (C) are presented in Section 4.

1. Existence and nonexistence of extinct singular solutions

In our recent paper [4] we have proved that in case o > A the single
differential equation (B) possesses an extinct singular solution, while in case o <
A the equation (B) admits no extinct singular solution. An extension of this
result to differential systems of the form (A) is given below.

Theorem 1.1. Suppose that
(L.1) off > A
Then, for any T > a, the system (A) possesses a singular solution (y,z) such that
y6)>0 and z(t)>0 on |0, T) and yt)=z()=0 on [T,o).
Proof. Let k and / denote the positive constants

fla+1)+Ap+1) l_oc(ﬂ+1)+,u(cx+1)
off — Au ’ N aff — Au

Define the positive constants K, K>, L; and L, by

P VO A VO A
"Tr\1+a) 2T k\1+al)

oo L(v/e l/ﬂ 1, L(¥ /e v
TI\T k) I \U+ k)

where we have used the notation

f* = max f(¢), f.= min_ f(1).

tela, T) tela,T)

(1.2) k=

(1.3)

Letting

(1.4) = (K1Lf/oc)aﬂ/(aﬁfiu), ¢y = (KZL;/OC)zxﬁ/(aﬁﬁiﬂ)’
dl - (LlKiu/ﬂ)mﬁ/(aﬂi}tﬂ), dz = (Lszl“/ﬁ)dﬂ/(ocﬂ-lﬂ)
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and noting that K; < K, and L; < L, implies ¢; < ¢; and d; < d», we consider
the set % < Cla,T] x Cla, T] consisting of all vector functions (y(¢),z(f))
satisfying

(15) a(T-0)f<y(t)<e(T—0)F, &(T-0' <z2() <d(T-1), telaT],

and the mapping % : % — Cla, T] x Cla, T] defined by

(16) F(3.2)(0) = @), #3(0),  telaT),
where

T T 1/a
(L.7) a2 = | [<p<s>>"‘J <o(r><z<r>>ldr] ds,
and

T T 1/
(1.8) 500 = | {(oz(s))—‘j v/(rxy(r))”dr] ds.

As is easily verified, (y,z) e % implies that
Kid["™(T — )% < %2(¢) < Kod/*(T — 0¥,
Lic!™(T 1) < #y(t) < Lye/"(T - 1), tela,T)

Since from (1.3) and (1.4) we have Kid; e _ el K>d, e ey Llc"/ﬁ d; and
Ly /P = =d,, we see that F(y,z)e¥. Thus F maps ¥ into itself. Let
{(u(2),za(1))},2; be a sequence of vector functions of % converging to
(¥(2),2(¢)) uniformly on [a,T] as n — oo. Then (y,z) € % and it can be shown
with the help of the Lebesgue convergence theorem that % (y,,z,)(f) converges
to #(y,z)(f) uniformly on [a,T] as n— oo. This shows that & is a con-
tinuous mapping. Finally, using (1.5), (1.7) and (1.8), we find that

% 1/a
=01 < ($25) -

(o ><>|_(‘”/"*) ST -7, el

from which it follows that the set # (%) is compact in Cla, T] x Cla, T].
Thus, Schauder’s fixed point theorem applies and there exists a vector
function (y,z) € % such that (y,z) = #(y,z), that is,
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T

0 = | [(p(s))'l J w(r)(z(r))ﬂdr]l/ads,

t

(19) T T 1/8
0 = | [w»“j w<r><y<r>>“dr] ds,  tefaT)

t s

Differentiating the system of integral equations (1.9), we see that (y(¢),z(z)) is
a solution of (A) on [a, T] which is positive on [a, T) and decreases to zero as
t— T —0. Continuing y(f) and z(¢) on [T, 00) by letting y(¢) = z(¢) = 0 there
provides a desired extinct singular solution of the system (A). This completes
the proof.

Theorem 1.2. If off < Ay, then the system (A) has no extinct singular
solution.

Proof.  Assume to the contrary that the system (A) has an extinct singular
solution (y,z) such that

(1.10) y(r)>0, z(¢)>0 on [aT7) and »(t) =z(t) =0 on [T, )

Integrating (A) from ¢ to T gives

PO~y (1) = j o(s) () ds,  g(t)(~2' (1) = j W(s) (y(s))"ds,

which implies that

o<~/ = (o[ ¢<s><z(s>>*ds)l/a,

1/8
w<s><y<s>>”ds) el T).

Integrating the above inequality from ¢ to 7, we have

T

0=y < | (<p(s>>—1 J w(r)(z(r»*dr)l/“ds

t

(1.11) . . s
0=z = [ (o) VOO0 ) & celaT)

t N

Since y(z) and z(t) are decreasing on [a,T), we see from (1.11) that
(112) (0 < @)D, =) < )" ¥@),  telaT),
where @(¢) and ¥(¢) are defined by
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From (1.11) we easily obtain

) (p(0)FH00E < 2y (P (1)) M7,
1.13
()PP < (D)) P (1),  telaT).

We let t > T —0. The left hand sides of (1.13) tend to oo because of the
assumption off < Au, while the right hand sides of (1.13) approach zero. This
contradiction proves that (A) cannot have an extinct singular solution.

Example 1.2. Consider the differential system

(171" ") = alk — Dk*z)* 7'z
1.14
9 { (121712 = B — IF ||y,

on [0, o0), where 4 and g satisfy (1.1) and k and [ are given by (1.2). It is clear
that k> 1 and /> 1. According to Theorem 1.1 the system (1.14) has an
extinct singular solution. One such solution is given by (y(1), (1)) = (T — 1)*,

(T = 1))

2. Existence of positive decreasing proper solutions

This section is devoted to the study of positive decreasing solutions of (A)
existing on the entire interval [, c0). We begin by assuming that the functions
p(t) and ¢(¢) in (A) satisfy the condition (0.1), and direct our attention to the
two types of positive decreasing solutions (y,z) of (A) on [a,0) such that

(2.1 tlim y(t) = const > 0, tlim z(f) = const > 0
and
(2.2) tlim y(H) =0, tlim z(#) = 0.

A solution (y,z) satisfying (2.1) or (2.2) is called a moderately decreasing
solution or a strongly decreasing solution of (A).

Let (y,z) be a positive decreasing solution of (A) on [a, ). We notice
that the system (A) for this (y,z) is written as
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{ (=) (=¥ (1))*) = 9(1)(z(1))*

(2.3) N

(=g()(=2' ()" =v(O(@D)*, t=a
We assert that

(2.4) lim p(r)(—y'(1))" = lim q(t)(~2'(2))" =0.

In fact, if’ lim p(O)(—=y'(1)" =k >0, then

POy @) =k or —y'())=kV*(p1)"* >4,
and integrating the last inequality gives

t

W(t) - yla) < k' J () Vids,  t>a.

a

Letting ¢ — oo in the above and using (0.1), we have tlirglo y(t) = —oo, which

contradicts the assumed positivity of y(z). Consequently, we must have

lim p(O)(—y'(1))* =0. Similarly, it is shown that tlinomo q(0)(=z' (1) =o.
Integrating (2.3) from ¢ to oo, we obtain in view of (2.4)

—y'(1) = [(p(t))_lj <0(S)(Z(S))AdS]l/<x

(2.5) ’

[ee]

) 1/
—z'<r>=[<q<r>>*j np(s)(y(s))*‘ds] . isa

t

One more integration of (2.5) yields the following system of integral equations
for a moderately decreasing solution (y,z) of (A):

H0 = 3+ [ [<p<s>>“ | ¢<r>(z<r>>*dr}l/“ds
(2.6)

9 0 1/p

() = =0+ | o)™ | w00y a| s iz

where y(c0) = tlim y(¢) and z(w0) = tlim z(t). On the basis of (2.6) one can
— 00 — 0

characterize the existence of moderately decreasing solutions of (A).

Theorem 2.1. Suppose that (0.1) holds and that off # lu. There exists a
positive decreasing proper solution (y,z) of (A) satisfying (2.1) if and only if

2.7) | [(pu))“ | w(s)ds]l/“dr <o

a t
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and

o o /B
(2.8) J [(q(t))*lj W(s)ds] dt < oo.
a t
Proof. (The “only if” part) Suppose that (A) has a moderately decreasing
solution (y,z). Integrating (2.3) twice from ¢ to co and using (2.4), we obtain
(2.6). Naturally, two repeated integrals in (2.6) must converge for all ¢ > a.
This fact combined with (2.1) implies that both (2.7) and (2.8) are satisfied.
(The “if” part) Suppose that (2.7) and (2.8) are satisfied. Choose ¢ > 0
and d > 0 so that

(2.9) Jw [(p(t))_l fo ga(s)ds]l/adl < (2d) e
and
(2.10) Jw [(q(t))_l fo tp(s)ds]l/ﬂdt < (2¢)"*4.

Such a choice of ¢, d is possible because of the assumption «ff # Au. Let &
denote the set of all vector functions (y,z) € Cla, ) x Cla, o) such that

(2.11) c<y(t)<2c and d<z(f)<2d for t>a.

Clearly, % is a closed convex subset of the Fréchet space Cla, o) x Cla, o)
with the usual product metric topology. Define the mapping % : % — Cla, )
x Cla, o0) by

F»2)() =90, #y(1),  (»,2) e,
where ¢ and # are the integral operators given by

@) w=c+| [<p<s>>“ | o0 (z(r))idr]l/“ds,

© o) 1/8
(2.13) Hy(t)=d+ Jt {(q(s))_1 J l//(r)(y(r))”dr] ds, t>a.

Using the conditions (2.9) and (2.10), we see that (y,z) € % implies
c<Gz(t) < 2c, d< #y(t) <2d, t>a,

which shows that # maps % into itself. Let (y,,z,) €%, n=1,2,..., be a
sequence converging to (y,z) € % in the topology of Cla, ©) x Cla, ). Then,
with the help of the Lebesgue convergence theorem it can be shown that
F (¥,,2n) converges to F(y,z) in the same topology, which ensures that the
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mapping & is continuous. Next, for any (y,z) € % we have from (2.11), (2.12)
and (2.13)

1/a
0<—(42'(0) = [@(z)) IS *ds}

t

< oy [( . ds]l/oc

1/
os—wy)'(z):[(q(r))‘lj V) ”ds]

0

< (2c)” [(q(t))’l J n//(s)ds]l/ﬁ, t>a,

t

from which it readily follows that the set # (%) is a relatively compact subset of
Cla, ©) x Cla, o).

Thus all the hypotheses of the Schauder-Tychonoff fixed point theorem are
satisfied, and so there exists an element (y,z) e % such that (y,z) = #(y,2),
which satisfies the system of integral equations

s =c+ [ oo [ w(r)(z(r))ids]l/ads
(2.14)

() =d+ | [<q<s>>‘1 | w(r><y<r>>”dr]l/ﬂds, (>a

Differentiating (2.14) twice, we conclude that the vector function (y,z) is a
moderately decreasing solution of (A) on the entire interval [a,00) such that
y(00) =c¢ and z(wo) =d. This completes the proof.

Theorem 2.2. Suppose that (0.1) and (1.1) hold. If (2.7) and (2.8) hold,
then there exists a positive decreasing proper solution (y,z) of (A) satisfying (2.2)

Proof. Choose #; > a so that

(2.17) fo [(p(t))*1 Lw (0(S)dS]l/ddt <27
and
(2.18) [ |@or | w(s)ds]l/ﬂdt < oulh

For every ne N let %, denote the set of functions (y,z) e Clty, o) x
C[tg, 00) satisfying
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<z(f) <2, t> 1,

S|
S |-

(2.19) < y(1) <2,

and consider the mapping %, : %, — Clty, 00) X Clty, o0) defined by
(2.20) Fu(,2) = (Gnz, #2Y),  (9,2) € Wy,
where

e 9=+ [ Joo [ oiora]

t s

1 o [ 1/8

@1 )=+ | @) [vonora] e e
t s

Applying the Schauder—Tychonoff fixed point theorem, we can show that there

exists a fixed point (y,,z,) of %, in %,, which gives rise to a sequence of

moderately decreasing solutions of (A), {(»,,zx)},—,, defined on the interval

[to, 0). Since (y,,z,) satisfies

e o=+ [ oo [ o0 <zn<r>>idr}wds,

e a0 =+ [ [wr? [Cvomera] iz
and
R S G ljooco el
© /8
(2.26) —z/ (1) [ - w ”ds} , =1

we see that the sequence {(1,(¢),z.(¢))},—; is uniformly bounded and lo-
cally equicontinuous on [f,o0), so that there exists a subsequence of
{(9,(0),24(2))},—; which converges to a limit function (y,(¢),z.(¢)) uniformly on
compact subintervals of [y, c0). It is easy to verify that (y,(r),z.(r)) satisfies

ey =] e | o) (z*<r>>idr]wds,

t N

t s

(228) z*<r>=j°o[<q<s>>1 mer)(y*(r))ﬂdr]l/ﬂds’ >0

which shows that (y,,z.) is a solution of the system (A) on [fg, 00).
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It remains to prove that y (z) >0 and z.(r) >0 on [fp, ). Because of
(1.1), Theorem 1.1 guarantees the existence of an extinct singular solution
(yr(8),zr(r)) such that

(2.29) yr(t) >0 and zp(f) >0 on [t,T)
and yp(t) =z7(t) =0 on [T,0)
for any T > t. Clearly, (y;(¢),zr(¢)) satisfies

(2.30)  yr(0) = JT [(1!7(5"))1 JT <ﬂ(r)(ZT(r))ldr]1/ads,

t s

T T 1/
@3 == [(q<s>>‘j w<r><yT<r>>”dr] ds, it T].

t §

We claim that
(2.32) Vo(&) > yr(t) and  z,(7) > zr(¢) on [t, T]

for every n € N. To verify this by contradiction assume that (2.32) fails to hold
for some ne N. Then, neither of the two inequalities in (2.32) can be true,
because is one of them, say y,(f) > yp(f) would hold on [f, T], then, com-
parison of (2.24) and (2.31) would imply that z,(¢) > z7(¢f) on [#, 7). So, there
exist £; and #, in [fy, T) such that

Yaltr) = yr(n) and  y,(6) > yr(r)  on (4,T],
zy(t2) = z7(t2) and z,(¢) > z7(¥) on (f,T).

If 1 = 15, then y,(¢f) > yr(¢) on (%, T], and this implies, in view of (2.24) and
(2.31), that

0=z,(t2) — zr(t2)

> j (el j w<r><yn<r>>“dr]l/ﬂds

153 s

- JT {(Q(S))—1 JTtﬁ(V)(yT(r))”dr}l/ﬁds >0,

1) S
which is a contradiction. Likewise, if #; < ¢, then (2.23) and (2.30) generate
the contradiction: 0 = y,(#;) — yr(¢1) > 0. Therefore (2.32) must hold for all
neN and we see that y,(f) >0 and z.(¢#) >0 on [f,T). Since T > ¢y is

arbitrary, we conclude that (y,,z.) is a positive proper solution of (A) existing
on [fy,o0) and satisfying (2.2).
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In order to complete the proof we have to show that the solution (y,,z.)
constructed above can be extended to the entire interval [a,c0). To this end,
we continue (y,,z,) to the left of # as a solution of (A), and let J be the
maximal interval of existence of this continuation, again denoted by (y,,z.).
Assume that J does not coincide with [a, c0). We then have J = (9, o0) with
a <1y <ty and

. . . ot *_
t~1>11'1(‘)1}r0 y*(t) - t—l>lz'Ig-ll-O p(t)( y*(t)) o0,

(2.34)

. EET ) B _
Jim 2,(0) = lim | g(0)(~z/(1))’ = co.

Define the functions u(z) and v(f) by

(235)  w(®) = p(1)(-y.(1)* and o(r) = q()(-2(1)’,  teJ

which, in view of (A), satisfy

(2.36) —u' () = p()(z(1))* and —v'(r) = () (y.(6)%, tel.
Integrating (2.36) from 7 to fy and using the equations

iy

2.(0) = y.(t0) + j ()™ u(s)) Vs,

!

)

2.(0) = z.(to) + j (g(s)) ™ (u(5)) P,

t

which readily follow from (2.35), we obtain

14}

to A
o(s) [Z*(IOH'J (q(r))“/ﬁ<v<r>>“”dr] ds,

S

u(t) = u(t0)+J,

(2.37)

)

v(t) = v(to)+J V(s) [y*(to)-i-r) (p(r))l/a(u(r))l/ocdr] ds, te (7o, 1)

t s

Noting that u(f) and v(z) are decreasing on (7g,%)] we see from (2.37) that

fo )

u(t) < u(lo)+J

1 a

A
o(s) [Z*(fo)‘F(U(S))I/ﬂJ <q(r>>‘”ﬂdr] s,

(2.38)

fo

fo H
W(s) [y*<ro>+<u<s>>”°‘ | <p<r>>—”°‘dr} ds, 1 (z )

a

(1) < v(to)-i-J

t

which clearly implies that
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fo

u(f) < wo +J 1) + p(0(s)) Y Hds < wo + clCo + p(u(2)) V)

1

4}

o(1) < wo + J 2(9)[Co + p(u(s)) V¥ ds < wo + ¢lCo + p(u(1)) /4],

t

(2.39)

te (‘L'(), lo},
where we have put

wo = max{u(ty),v(f)}, o = max{y,(t),z(t0)},

p=max{ | (o) as. |t as},

10 =max{p(0.¥(0}, o= | x()ds
From (2.39) it follows that

u(t) < wo + cllo + p(wo + c(o + pu(1))/*)") A1

(2.40)

(1) < wo + clCo + p(wo +c(Go + p(o(0) 1)) )
for t e (1o, %]. Since l =4 —-l L, <1 (2.40) shows that both u(¢) and
o 70, lo]- oc /3 B all ﬁ .

v(?) must remain bounded as ¢ — 7o+ 0. This, however, is a contradiction to

(2.34) which implies llmou(t) = hni 0v(t) = oo. Therefore, J must conincide
t + =7

with [a, 00), and we conclude that (A) has a strongly decreasing solution existing
on the entire interval [a, o).

Example 2.1. Consider the differential system

{ ( ~mt|y Iot—l /) _ 2ae—(2a-l)tzl7

(2.41)
(eP|P'2) = 2pe@Fmtyr 1>,
where «, §, A and y are positive constants. The condition (0.1) holds for this
system. Simple computation shows that the conditions (2.7) and (2.8) are
satisfied if « > A4 and § > p. Note that the last inequalities imply (1.1). From
Theorems 2.1 and 2.2 it follows that if « > A and f > u, the system (2.41)
possesses a moderately decreasing positive solution (y,,,z,) such that
lim y,(f) =c¢ and llim Zu(t) = d
— 00

1—00
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for any given positive constants ¢ and d, as well as a strongly decreasing positive
solution (y,,zs) such that
tl_ly; »(6)=0 and tlirg) z4(2) = 0.
We notice that (2.41) has a solution (e™,e™), which is a concrete example
of a strongly decreasing solution. No requirement on ¢, f, 4 and u such as
(1.1) is necessary here.

3. Existence of decaying positive proper solutions

Let us turn our attention to positive decreasing proper solutions of the
system (A) in which p(z) and ¢(r) satisfy the condition (0.2). Extensive use is
made of the decaying functions z(f) and p(z) definded by

(3.1) n<r>=jt°°<p<s>>'”“ds, p(t)zjﬂq(s))‘”ﬂds, (>a.

Our purpose here is to examine the existence of a positive decreasing proper
solution (y,z) of (A) such that either

(3.2) im 20 = const > 0, lim 20 = const > 0
=0 71(1) =0 p(f)
or
.y . z(p)
: —r= lim —=% = 0.
(3.3) hm =% m oy =0

A solution of (A) satisfying (3.2) or (3.3) is called a moderately decaying
solution or strongly decaying solution, respectively.

Let (y,z) be a moderately decaying solution of (A) on [a, c0). Integrating
(2.3) from ¢ to oo, we have

[ee]

50 = oy (r+ | w(s)(z(swds)]l/a,

(3.4) ’

o0

2= (a0 (¢ + | w<s><y<s>>”ds)}w, (= a,

where #. and { are positive constants given by

t

z

—~

)
(1)

n = — lim (p() "y (1) = lim 20 £ =~ lim (g(0))*2'() = lim

t— 0 t—0o0 n(l‘) t—o t

)
~—

Integration of (3.4) from ¢ to oo then yields
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0

) (ne+ [ o) (z(r))idr)}l/“ds,

s

0 = |

t

(3.5) . . s
0= ") (¢4 [Cvooora)] e iz

t

Naturally, letting # = { =0 in (3.5), we obtain the integral equations for a
strongly decaying solution of (A).

The existence of a moderately decreasing solution for (A) can be char-
acterized as the following theorem indicates.

Theorem 3.1.  Suppose that (0.2) holds and that off # iu. Then system (A)
has a positive decreasing proper solution (y,z) satisfying (3.2) if and only if
oo o0
(3.6) J o(D)(p(0) dt < 0 and J V() (x(2))dt < .

a a

Proof. (The “only if” part) In deriving (3.4) we found the convergence of
the integrals

ee]

jwca(sxz(s))*ds and [ )06

t i

for all £ >a. This fact combined with (3.2) implies the truth of (3.6).
(The “if”” part) Suppose that (3.6) holds. Choose # and ¢ so that

(3.7) jw p(1)(p(0) di < (2% — ")~ and

a

| T W0y d < 2~ 1) n) "

a

Denote by # the set of all vector functions (y,z) € Cla, ) x Cla, ) such that

(3-8) nu(t) < y(6) <2qn(r),  Lp(t) <z(1) <2p(r),  t=2a,

and let & denote the mapping

(3.9) F (o) (1) = (9z(0), £y(1)),  (»,2)e¥,
where 4 and # are defined by

6100 w0 =[ | (4] qo(r)(z(r»*dr)}wds,

a1y 0= e (@[ w<r><y<r>>”dr)}l/ﬁds, (>a
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It can be shown that (i) & map % into itself, (ii) & is a continuous
mapping, and (iil) & (%) is a relatively compact subset of Cla, ) x Cla, ).
Therefore, by the Schauder—Tychonoff theorem, there exists a fixed element
(y,z) e ¥ of &, which satisfies the system (3.5) of integral equations for ¢ > a.
Hence (y,z) is a moderately decaysing solution of (A) defined on [a, 0) and
satisfying tlgg y(8)/n(¢) =#n and tlirglo z(t)/p(t) = . This completes the proof.

Theorem 3.2. Suppose that (0.2) holds. If (1.1) and (3.6) hold, then the
system (A) possesses a positive decreasing proper solution (y,z) satisfying (3.3).

Proof. Choose fy > a so that

(3.12) | ot oty ar <270
and
(3.13) Joo V() (r(0))#di < 21,

For every ne N let %, denote the set of functions (y,z) e Clty, o0) X
Clty, o0) , satisfying

(3.14) a0 <2, a0 <) <20, 120

and consider the mapping %, : %, — Clty, 00) x Cltg, 00) defined by
(315) ‘%l(yvz) = (gnzv %y), (y,Z) € %y,

where

616) G =| o) (o | co(r)(z(r))‘dr)}l/ads,

s

a1 = [ [ (o [ voroea)] ez

t s
It can be verified without difficulty that the Schauder—Tychonoff fixed point
theorem applies to %,, giving rise to a sequence of moderately decaying sol-
utions of (A), {(1,(?),z.(f))},_,, defined on the interval [fp, 0). The sequence
is clearly relatively compact in Clty, o) x C[t, o0), and hence it contains a
subsequence converging to a limit function (y,(?),z.(¢)) in Clty, 00) x C[to, o).
Since (y,(?),z,(¢)) satisfies
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1/a

619 w0 = oo (| o) )|

s

19 a0 = a5+ [ o) sz

it follows that

620 w0 =[ oo [ o0 <z*<r>>idr]l/ads,

s

o © /8
6y 0= e [y e iz
$

which shows that (y,,z,) is a solution of the system (A) on {t, ).

The positivity of (y,,z.) on [fy, 00) is verified in the same manner as in the
proof of Theorem 2.2. The condition (1.1) is required to prove this.

In order to complete the proof it suffices to continue (y,,z.) as a solution
of (A) to the entire interval [a,c0). The procedure is exactly the same as that
mentioned in the proof of Theorem 2.2.

Example 3.3. The above results will be illustrated by the example

(3.22) § (Cosha) Iy 7!y = el (1 o e 2ty
' ((cosh2)?|2)P~12")" = pat-Pelw2r(1 + e 2)P 1|ty 120,

where a, 8, 2 and p are positive constants. Clearly, p(z) = (cosh#)” and ¢(¢) =
(cosh 7)” satisfy (0.2) and the corresponding functions n(t) and p(z) (cf. (3.1)) are
given by n(f) = p(f) =n — 2tan"!e’, 1 > 0. In calculating the integrals in (3.6),
we can use 2e¢~ in place of z(f) and p(¢), since tlim e'n(t) = tlim'e’p(t) =2, and
— 00 — 00
regard the functions
¢([) - a21M“6(172)1(1 + e—2t)oc—1 and lp(t) :ﬁzl—ﬂe(;ﬁZ)t(l +e—2t)/3—1

to be positive constant multiples of e*~2" and e(#~2* respectively. Taking
these facts into account, we find that (3.6) certainly holds.

Theorem 3.1 then implies that if of # Ay, then for any given constants
n >0 and { > 0, the system (3.22) has a moderately decaying solution (y,,, z,,)
such that

}L% e'y,(t)y=n and tlingo e'zu(t) =¢>0.

A concrete example of such solutions is (¢7/,e*). Applying Theorem 3.2, we
see that, if (1.1) holds, then there exists a strongly decaying solution (y,,z;) of
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(3.22) such that

lim ey, (¢) = lim e'zy(¢) = 0.

—0 t—00

4. Application

We will show that the above results for (A) can be applied to the study of
positive radial solutions to systems of partial differential equations of the form
(C) in an exterior domain E,, a > 0.

A radial function (u,v) = (¥(}x|),z(|x|)) is a solution of (C) in E, if and
only if (y(1),z(t)) satisfies the ordinary differential system

1) (Y = )
- N2 = gy, 2z,
which is a special case of (A) with a=m—1, f=n—1, p(t) = q(t) =tV 1,

p(t) = tN71f (1) and Y(r) = " 1g(¢). Tt is assumed that m > 1, n> 1, 1> 0,
u>0 and f(f) and g(¢) are positive and continuous on [a, 0).
First, we have the following statement from Theorem 1.1 applied to (4.1).
I. Suppose that

(4.2) (m—1)n-1)> A

Then, for any fixed b, b > a, there exists a positive radial solution (u,v) of (C)
which is positive on E(a,b) = {xe R" : a < |x| < b} and satisfies

(4.3) u(x) =v(x) =0 on S, ={xeR" :|x| =b}.

We now restrict our attention to the following special case of (C)

D) {div(|Du]m_2Du) = |x| Fjo*

div(|Do|" 2 Do) = |x| " |ul*'u,

k and / being constants, and examine the existence of positive radial solutiions
of (D) defined on E, in the case where

(4.4) N>m and N >n.

In this case p(t) = q(7) = t"~! satisfy the condition (0.2), and the functions
n(t) and p(r) in (3.1) reduce, respectively, to

(4.5)  n(t) = N—“; ~(N=m)/(m=1) p(t):;:;z—<N—")/<"*1), t>a.

The condition (3.6) for ¢(7) = t"=1=% and y(¢) = "1~/ reads as follows:
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(4.6) Jw o()(p(D) i< o & k> Nﬂ%,
4.7) r@ VO di< o & 1> N—%.

Theorem 3.1 regarding the moderately decaying solutions of (A) yields the
following result for (D).

II.  Suppose that (m—1)(n —1) # iu. If (4.4), (4.6) and (4.7) hold, then
there exists a positive radial solution (u,v) of (D) on E, satisfying

(4.8) |l‘im |x| Y=/ m=1y(x) = const > 0, ]llim x|V /4=y x) = const > 0.
X|— 00 X|—00
We present via Theorem 3.2 sufficient conditions for (D) to have a positive
radial solution (u,v) such that

(4.9) lim |x| V=D (x) = 0, lim |x|[N=/=Dy(x) = 0.
[X|—c0 |x|—c0
III.  Suppose that (4.2), (4.4), (4.6) and (4.7) are satisfied. Then, (D) has
a positive radial solution (u,v) on E, satisfying (4.9).
The results of Section 2 could also be applied to formulate two propo-
sitions, analogues of the above II and III, for the elliptic system (D) in the case
where

N<m and N <n.

We notice here that the qualitative study of elliptic systems of the type (C)
slightly different angles has been made in the papers [1,3,5].
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