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Funkcialaj Fkvacioj, 43 (2000) 405-418

On the d’Alembert Type Functional Equation in Hilbert Algebras

By

Roman BADORA

(Uniwersytet Slgski, Poland)

1. Introduction

The classical d’Alembert’s functional equation has the form:

(1) Jx+y)+f(x=y) =2/ (x)f(y),

where x and y run over an Abelian group G and the unknown function f is
defined on G and assumes values in the complex field C. At present the theory
of d’Alembert’s equation is extensively developed (see, i.c. the references in [2]).
The basic result for the study of Eq. (1) in the scalar case is a result obtained by
Kannappan [8] (see also the monograph [1] by Aczél and Dhombres for results
and references). It says that every solution f # 0 of d’Alembert’s functional
equation (1) has the form:

() =30m(x) £ m(=x),  xeG,

where m : G — C is an exponential function, i.e. satisfies the following equation
m(x+y) =m(x)m(y),  x,yeG.

In particular, all non-zero bounded continuous solution of Eq. (1) on a locally
compact Abelian group G are represented by the formula:

f(x) =Rey(x), xedG

with some continuous character y of the group G (see Ger [6]). So, on the real
line, i.e. when G = R, all non-zero bounded continuous solution of Eq. (1) can
be expressed in the form: f(x) =cosax, x € R, where o is a real constant.
In the operator valued version of Eq. (1) let H denotes a Hilbert space and
let #(H) be the algebra of all bounded linear operators on H. A cosine
function on an Abelian group G with values in #(H) is amap f: G — Z(H)
such that f satisfies d’Alembert’s equation (1) and the following condition:

(2) F0)y=1

where 0 stands for the neutral element of G and I denotes the identity operator
on H.
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The cosine function on the real line are related to the Cauchy problem for
2nd order differential equation (see Fattorini [5]).

For matrices this problem was solved by Székelyhidi {15] and Rukhin [13]
for Abelian groups which are divisible by 2.

Chojnacki [2] and Stetkaer [14] (for a generalize functional equation)
proved that any uniformly bounded, normal, weakly continuous cosine function
f on a locally compact Abelian group G has the form:

() )= 5 (U() + U(x),  xeG,
where U is a strongly continuous unitary representation of G on H. Dis-
pensing with the normality condition Fattorini [4], Kurepa [9], and Stetkaer [14]
showed that there is an inner product on H, equivalent with the original one,
with respect to which the value f(x) is a hermitan operator, for all xe G. As
a consequence of the Stetkaer result [14], Theorem VIL.3, (containing also the
Dixmier theorem on a uniformly bounded representation of an Abelian group
on a Hilbert space [3]) we have that for every uniformly bounded cosine
function f : G — #(H) there exists an inner product on H, equivalent with the
original one, with respect to which f(x)* =f(—x), for all x e G.

As a continuation of these investigations in the present paper we examine
the following functional equation:

) S+ +/(x=y) =5 X))
for the function f fulfilling the following condition (compare with (2)):
(5) /O =1,

where f is defined on an Abelian group G with values in a *-algebra .«/.
Let us recall (see Rickard [12]) that a mapping u — u* of a complex
algebra .o/ onto itself is called an involution if

(6) W) =u

(7) (u+v) =u"+0%
(8) (u-v)" =v* - u*;
9) (o)™ = au*,

for all u, ve.o/ and aeC.

An algebra with an involution is called a *-algebra.

A U*-algebra |#*-algebra] is a complex inner product [Hilbert] space
which is at same time a normed [Banach| *-algebra and

(10) (uolw) = (vlu*w),  (uv|w) = (v]wu”),

for all u, v, we ..
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The purpose of this paper is determine the general (Theorem 1) and the
continuous (Theorem 2) solution of Eq. (4) under assumption (5). Moreover,
we describe the form of a continuous exponential function defined on a topol-
ogical group G with values in a s *-algebra in terms of unitary representations
of G (see Lemma 3).

The main results, Theorems 1 and 2, are formulated for an Abelian group.
A form of a solution of Eq. (4) in the non-commutative case is not known.

2. A general solution

We start with the following

Lemma 1. Let G be a group, let o be a *-algebra and let [ : G — o
satisfies Eq. (4). Then

1) f(=x)=f(x), xeG;

i) f(x)"=f(x), xeG;

(i) f(x+y)=f(y+x), x,y€G;

(i) f(x)f() =f»)f(x), x,yeG;

V) fx) =/ (x)f(0) =/(0)/(x), xeG.

Proof. Imserting x =0 and y = x to (4), we get
J&x) +f(=%) =2 (0)f(x)" = 2f (x) £(0)")" = (f(x +0) +f(x - 0))"
- 2f(x)*ﬂ xeq,

whence
(11) W) =f(x) +f(-x), xeG
and

H(-x) =f(-x) +f(x), xeG,
Therefore,

fR)T=f(x)",  xeG
and

Applying (i) to (11), we obtain
UYx) =/ +f(x) =2f(x), xegq,

which means that (ii) holds.
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Now, using (i) and (i), from Eq. (4) we have

SO+ +f(y=x)=2((WS()" =2 (x)f(»))"
=[x+ y)+fx=)" =fx+p)" +f(x=p)
=flx+y)+f(x=y) = (x+y) +f(=(y—x))
=f(x+»)+fy—x), xyeC

and condition (iii) holds.
Assertion (iv) results from (ii), (4), (iii) and (i). Indeed,

X)) =2 X)) =fx+y) +flx=p) =y +x) +[(=(y = x))
=f(r+x)+f(r—x) =26/ (x)"
=2 Wf(x), xyeG
Finally, substituting y =0 to (4) and using (i) and (iv) we infer that
JE)+/(x) =2f(x)1(0)" =2/ (x)/(0) = 2/(0)f(x),  x€GC,
which completes the proof.

Lemma 2. Let G be an Abelian group, let of be a *-algebra.  Assume that
[ G — of satisfies Eq. (4) and the following condition

(12) J)f(x)=£(0), xeG.
Then
fx+p)=f)f(»)" and f(x—y)=f)f(»)", xyeG.
Proof. Inserting y = x to (4) our assumption (12) implies that
F2x)+£(0) =2f(x)/(x)" =2/ (x)f(x) =2/(0),  x€G,
whence
(13) f(2x) = 1(0), xeG.
Moreover, taking x = x+y and y=x—y in (4), we have
A(x+y)flx=p)=12x)+[(20) =f(0) +f(0) =2/(0),  x,yeC.
Hence,
(14) f+n)fx=y)=f0), xreG

Let x,y e G be fixed. Then, from (12), (v), (ii), (14) and (13), we deduce
that
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fx+y) =SS ()
=f0)f(x+y) =f0)f(x)f ()
=[x =S (x =) f(x+y) =S x =) fx+ () (p)

= 7= 10 = £ =) (3@ )+ 5709 £0)

W(70) — L rex 4070 +f<y>f<y>>)

(10~
SIGCE ( #3/Cx 1) 110)))
<f (— 4310 +70)))

which yields that the function f satisfies the following functional equation:

fx+y) =0/,  xyedG
Moreover, the last identity with y = —y implies that
fx=y)=f0)f(=»)", xyedq.
This condition combined with (i) shows that
fx=y)=r0f(»"  xyed
and the proof is finished.
The main result of this part of our paper is the following

Theorem 1. Let (G,+) be an Abelian group and let f be a function defined
on G with values in a U -algebra o/ satisfying condition (5). Then f satisfies
Eq. (4) if and only if there exists a function m: G — of such that

(15) f0) = 3 (m(x) £ m(—x),  xe€G
and
(16) m(x+y) = m(x)m(y)”, x,y€G

(17) m(x —y) =m(x)m(y)" = m(y) ' m(x), x,yeG.
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Proof. 1If f satisfies (12) or f =0 then m =/ is a function having all
required properties.
Assume that

(18) f(a)-f(a) #(0),
for some aec G. Then directly from Eq. (4) and the Lemma 1 it follows that

f(2a) +£(0) =2/ (a) f(a)" = 2f(a) [ (a)

and
(19) f(2a) £ £(0).
We define the function g: G — =/ by
(20) g(x)=f(x+a)—f(x—a), xeG.

Applying (i) we derive

g(x)+g(-x)=f(x+a)—f(x—a)+f(-x+a) - f(—x—a)
=f(x+a) - flx—a)+f(—(—a+x)) - f(=(a+x))
=f(x+a)—f(x—a)+f(-a+x)—fla+x)
=flx+a)—flx—a)+f(x—a)—f(x+a)
=0, xeq,

whence,
(21) g(x) = —g(—x), xeG.

Now we shall prove two following conditions which describe the con-
nections between f and g

(22) fx)9(y) +9(x)f(») =9(x+»), xryeG

and

23)  g(x)9(y) = (fQa) =/ ON(f(x+») ~f(x =), X yeG

In fact, for fixed x, y € G, from Eq. (4) and (i) we have

2(f(x)g(y) +9(x)f ()
=2 (x)f(y+a)=2f(X)/(y—a) + 2 (x+a)f(y) - (x - a)f(y)
=fx+y+a)+fx—a-y)—fx+y—a)—f(x+a-y)
+fx+a+y)+fx+a-y)—fx—aty)—flx—a-y)

=2(f(x+y+a)—f(x+y—a)
=2¢g(x+ ).
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Further, from Eq. (4) and (v) we infer that
29(x)g(y) =2(f(x+a) = f(x—a)(f(y +a) —f(y — a))
=2 (x+a)f(y+a) -2f(x+a)f(y—a)
—Yx—afy+a+flx-a)f(y-a)
=fx+y+20)+f(x—y) = f(x+y) = f(x =y +2a)
—fx+y) —fx—y=2a)+f(x+y—2a)+f(x—))
=fx+y+2a)+f(x+y—2a)— (f(x—y+2a)
T/ (x—y—=2a)) =2f (x+3) +2f (x - )
=2 (x+»)f(2a) = 2f (x =)/ (2a) = 2f (x +y) + 2f (x — y)
=2(f(2a) = fON(f (x+y) = f(x =)
The last two identities combined with (i) and (21) imply that
(24) —f(x)g(y) +g(x)f(y) =9(x-y), x,yeC
and
25)  —g(x)9(y) = (f(2a) =f(ON(S(x =) =f(x+y),  x,yeC.
Let us also observe that
(26) S(0) #0.

Indeed, if f(0) =0, then from (v) we deduce that f(x) =f(x)/f(0) =0, for all
xe G (then m=f =0).

Now, applying successively (5), (4), (ii) and (i), we derive the Gram de-
terminant of the elements f(2a) and f(0)

0 < G(f(2a), £(0))
= (f(20)| £ (2a))(f(0)1(0)) — (S )|/ (O) (S (0)]./ (2a))

= (fa)lfRa) SO ~ (fRa)lf(0))(£(0)|/(2a))
= (2f(a)’ = f(O)2f (@)* - 1 (0))
—(2f(@)* = F(O)/(O)(f(0)|2f (a)* — £ (0))
= 4(f (@I (@?) = 2(f(@)*[£(0) = 2(f(0)\f (@)*) + (£(0)| £ (0))
— 2/ (@11 (0)) = (fOLF O O)Lf (@) = (£(0)[£(0)))

=4 £(@)* = 2(f @)/ (@) F(0)) = 2/ (@) f(0)| f (a)) +
- QU @I/ (@) f(0)) = D2(f(a) f(0)|f(a) = 1)
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= 4[|/ (@)?)]* = 4(f (@) (@) + 1 = Qf (@) (@) = DR(f(@)]f (@) - 1)
=4|/(@’1P = 4@+ 1= QlA@) - DRl @l = 1)
= 4|1 (@)’ = 41 f @) + 1 =41/ @I* + 4l f (@) — 1
<0, x,yeG.
Hence,
G(f(2a), £(0)) =0,

which means that f(2a) and: f(0) #0 are linearly dependent. Conse-
quently, there exists e C such that

f(2a) = Bf(0).

Therefore f(2a) —f(0) = (f—1)f(0). and by (19) we. infer that f—1 #0.
Moreover, condition: (ii): yields: that. fie R. Let

; 1
(27) 20% = 1

Then ae R or aeiR.
After these auxiliary calculation. we define the function m: G — o/ as
follows

(28) m(x) =1 (x) + ag(x), xeG.

Directly from: (i) and (21) it follows. that m. satisfies (15).
Further,. if o € R, then using (ii), (22), (23) and (4): we obtain

f(x) +ag(x)(f(¥) + eg(p)”
S(x) +og(x)(f () +ag(y))
()S(¥) + 2”g(x)g(y) + ol £ (xX)g(y)+ g(x) f(¥))

(f(x42) + 1 (x =) +a?(£(2a) = FO) ([ (x + ) = f(x ~ )

= S p) +S (=) + 5+ 9) —f (e =p) +ag(x+)

= m(x+ y), x, y € G,

which ends the proof in this case.
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If w€ iR, then from (iv} and the definitions of m and g we have

m(x)m(y)" =m(y)'m(x), ¢ yeG.

Moreover, repeating the arguments used in the proof of the last identity, with
(22) and (23) replaced by (24) and (25) we get (17), which completes the proof
of the first part of the theorem.

The proof of the converse statement relies on a direct verification that
Eq. (4) holds and is therefore: omitted.

3. A continuous solution

In the present section, (G, +) stands for topological group. A form of the
continuous solution f of Eq. (4) we shall describe in terms of representations: of
the group G. At this place we recall some definitions used in the sequel.

By a representation of a topological group G in a Hilbert space H we mean
a map Z from G into the space ¥ (H).of all continuous linear operators defined
on H onto H such that

A(x+y) = ROR(Y), xyeG
and
R(0) =1Iy.
A representation Z is said continuous if for each vector u e H the map
Gax—A(x)ueH

is continuous.

A vector up € H is called a cyclic vector of a representation % if the space
clLin{Z(x)up : x € G} coincides with the whole of H. Here and later an the
symbol Lin 4 designates the linear space spanned by a set 4 = H, whereas cl
stands for the closure operation in the norm topology of H.

To find a form. of continuous solutions of Eq. (4) we start with the
following result of the type proved by Naimark in [10] (Chap. VI, Sect. 30,
Theorem 1) for positive definite functions.

Lemma: 3. Let {(G,+) be a topological group and let # be a H *-algebra.
Suppose that m: G — H is a continuous function. Then m satisfies the following
Sfunctional equation

(29) m(x+y) = m(x)m(y), x,ye@G

if and only if there exists a continuous representation # of a group G in the space
Ao = clLinm(G) with the cyclic vector uy =m(0) such that
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(30) m(x) = R(x)up, xe@G
and
(31) R(x)u = R(x)uou, x € G, ue A.

Proof- Suppose that there exists a representation # and a vector uy such
that formulae (30) and (31) hold. Then we have

m(x+y) = Rlx -+ )y = R)A(Y)uo = REIm(y) = R(x)uom(y)
—mx)m(y),  xveG,

which means that m defined by (30) satisfies Eq. (29).
Conversely, assume that m is a solution of Eq. (29). Then, for x € G, we
define L(x): # — # as follows:

L(x)u := m(x)u, ue .
The operator L(x) is linear and continuous. Moreover, the map
Goax— L(x)ue #,

for all ue #, is continuous since the function m is also.
Let us observe that

L(x)u = m(x)u = m(x + 0)u = m(x)m(0)u
= L(x)upu, xeG, ueH
and
L(x+ p)u = m(x + y)u = m(x)m(y)u = m(x)L()u
= L(x)L({y)u, x,ye@G, ue K.

Now we put # :=clLinm(G) and, for each fixed x € G, we define an
operator Z(x) in #, by

R(x) 1= L(x)| 5,-
Then Z%(x), for x € G, is a linear continuous operator on #, and the map
Gax— R(x)ueH

is continuous, for all u e #%.
Moreover,

A(x)(Linm(G)) < Linm(G).
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Indeed, if u € Linm(G) and » admits the expansion

(32) U= Zaim(x,-),
i=1
for some «; € C and x;€G, i=1,...,n,ne N, then

R(x)u = L(x)u =m(x)u = Zn: ozm(x)m(x;)
i=1

n
= Z oym(x + x;) € Linm(G).
i=1

Whence, the continuity of L(x), x € G, imply that
R(x)(Ho) = Ho.
To the proof that #(x) is surjective, for every x € G, first we observe that
R(0) = Ly,
Indeed, for u € Linm(G) of form (32), we have

n n n
L(O)u =m(0) > am(x;) =Y am(0)m(x;) = > am(0 + x;)
i=1 i=1 i=1
=U.
Therefore, L(0)|inm(G) = 1#|Linm(G)> and so
A(0) = L(0)] 4, = Ly

Let xe G be fixed. For ue #, we put v:=m(—x)u= R(—x)u e #.
Then

R(x)v = m(x)v = m{x)m(—x)u = m(0)u = L(0)u = u

which means that %#(x) is surjective.
Next, setting up := m(0), we infer that

m(x) = m(x+ 0) = m(x)m(0) = m(x)uy = R(x)uy, xe G,

which yields (30).
Moreover,

R(x)u = m(x)u = m(x + 0)u = m(x)m(0)u
= R(x)upu,

for all xe G and u € .
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The fact that uy is a cyclic vector of the representation % follows directly
from (29) and from the definition of ), which guarantee that
clLin{Z(x)uy : x € G}
= clLin{m(x)uo : x € G} = cl Lin{m(x)m(0) : x € G}
= clLin{m(x + 0) : x € G} = clLinm(G)
= H#.
Thus the proof is finished.
Now we return to the case of Abelian group G and to study of Eq. (4).

Theorem 2. Let (G,+) be a topological Abelian group and let # be a H#*-
algebra.  Suppose that f: G — A is a continuous function satisfying condition
(5). Then f satisfies Eq. (4) if and only if there exists a continuous representation
R of a group G in the space #y = clLinf(G) with the cyclic vector uy = f(0)
satisfying

(33) RX)R(y)" = R(NAx)",  xyeQC,

(34) R(X)u=R(x)uou, x€G, ueH.

and

(35) R(x)" =R(x), xeG o AX)=R(x)"', xeG
such that

(36) flx) = % (R0 + R(—uy),  xeG.

Proof. From Theorem 1 we have that the function f is form (15), where
m: G — # satisfies (16) or (17). Moreover, m is continuous (see the proof of

Theorem 1).
If m satisfies (16), then putting y =0 we get
(37) m(x) = m(x)m(0)" = (m(0)ym(x))" = m(x)", xeG.

Hence m satisfies Eq. (29) and from Lemma 3 we have the existence a con-
tinuous representation # of a group G in the space #y = clLinm(G)=
clLinf(G). with the cyclic vector uy = m(0) = f(0) satisfying (30) and (31).
Moreover, by (37) and (29), we have
m(x)ym(y)” =m(x+y) =m(x+y)" = (m(x)m(y))"

—m(ym(x)",  xyeG.



On the d Alembert Type Functional Equation 417

Therefore, # satisfies (33), and by. (10) and (37), we infer that
(Z(x)ulv) = (m(x)ulv) = (ulm(x)"v) = (ulm(x)v)
= (ul%(x)v),
for all xe G and u,ve #). As a result we obtain that
R(x)" = R(x), xeG,

which ends the proof in this case.
Similarly, if m satisfies (17), then

m(x)" =m(x —0)" = (m(x)m(0)")" = m(0)m(x)" = m(0 — x)
=m(—x), xegG.

Whence m satisfies equation (29) and we can use Lemma 3 to describe a form of
m. By (17), the representation £ satisfies (33). ‘Moreover, # is a unitary
representation of G, i.e.

Indeed, from (10) and (17) we get
1Rl = (Rl R(x)u) = (m(xyulm(x)u) = (m(x)*m(x)ulu)
= (m(x — x)ulu) = (m(O)ulu) = (A(0)u|u)
= (ulu) = ||ull?,

for all x € G and u € #,, which completes the proof of this part of our theorem.
To verify the converse statement of Theorem 2 one only needs to perform a
simple calculation (see the proof of Lemma 3) which we omit here.

We can also study measurable solutions of Eq. {(4). Some remarks to this
problem are included in Jarai [7].
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