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1. Introduction and the main result

In general theory of relativity the spherically symmetric equilibrium of a
gas is governed by the Tolman-Oppenheimer-Volkoff equation (TOV equation):

am 2

(1) dr —47”' p7
P o G(m +4rr3P/c?)
dr ~(p+ P/c) r2(1 —2Gm/c%r)

For the derivation of this equation, see [4], [5], or Chapter 23 of [3]. Here p is
the total mass density including the internal energy, m the mass in the sphere
with radius r, P the pressure, and r(>0) is a radial coordinate. The parameter
G is the gravitational constant and ¢ is the speed of light; they are positive
constants.

In this article, the pressure P is supposed to be a given function of p
satisfying the following assumption.

(A.0) P =P(p) is a sufficiently smooth function of p >0, P> 0,
0<dP/dp<c® for p>0and P—0 as p— 0.

Given the central density p, > 0 and the central pressure P, = P(p,) > 0
there is a unique (local) solution of (1) near » = +0 such that

>

(2) m — 0, P— P, as r— 0.

For a proof, see [2]. Let us denote by m = m(r;¢), P = P(r;¢) the solution for
P.=1/e

If we continue the solution P(r;e) to the right as long as possible, there
exists R = R(¢) < +oo such that P(r;e) \,0 as r " R(e). In order to guar-
antee the finiteness of R(e), we put the following assumption.

(A1) As p\,0, we have
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p dp -1
22 _ O(p?
Pap ' ("),

where y is a positive constant such that 4/3 <y < 2.

Under this assumption, we know that R(e) is finite for all &. For a proof,
see [2]. We put

R(e)
M(e) = rlig}g) m(r;e) = L A’ p(r; €)dr.

We are interested in the asymptotic behavior of the radius R(¢) and
the total mass M(g) as ¢\ 0. In order to study this, we put the following
assumption:

(A2) The ratio P/c’p tends to a limit o as p / +oo such that 0 < o < 1
and there is a monotone non-decreasing function w(x) such that

=0

Jlm(x)flf< o

0 X

S
c2p

and

Then the main conclusion of this article is as follows.
Theorem 1. As ¢ — 0, we have
(3) (R(e), M())" = (Rs,Ms)" + &"BJ (vloge)b + o(e"),

where Rs and Mg are positive constants, B is a non-singular matrix, J(0) denotes

the matrix
cos —sinf
sin@ cos@ )’
b is a non-zero vector, and

1+ 3o \/7—%420(0—‘068

Taltaw) T 411 )

This theorem claims that R(¢), M(e) tends to a limit Rs, Mg spirally as
¢ — 0. It isin [1] that this fact was first observed in an astrophysical context.
Our purpose is to give a mathematically rigorous proof of this observation.
Let us note astrophysical meanings of this fact. First the existence of the finite
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limit Mg of the total mass as the central density tends to infinity implies the
fact that the possible total mass of TOV-equilibria is bounded. This fact was
first noticed by S. Chandrasekhar for the stellar model of white dwarfs. In
other words, if we consider the stellar evolution of the initial mass beyond this
bound, then we can claim that this star cannot tend to an equilibrium as the
time passes and the star may turn to be a black hole. Secondly the fact that
R, M tends to Rs, Mg spirally implies that there are infinitely many different
equilibria with M = Mys. In other words, if we consider the stellar evolution of
the initial mass M, then we have an infinitely many candidates of the limits of the
stellar configuration as the time passes. Of course not all the equilibria can be
stable. Actually astrophysicists claim some classification of stability of these
equilibria. See e.g. [3], p. 48 or [7], Chapter 10. But mathematically rigorous
Justification of their analysis of nonlinear stability is beyond the scope of this
article. This problem is interesting but still open so far as the author knows.
Therefore the discussion of this article should be a preparation of the stability
analysis. The conclusion of [2] on the linearized stability is restricted but its
discussion could give some ideas concerning the difficulty of the stability problem.
We should note that a similar behavior of the (M, R)-diagram was observed in
[6] in the framework of the non-relativistic (Newtonian) theory.

As a concrete example of the function P(p) satisfying the assumptions
(A.0)(A.1)(A.2), we are keeping in mind the equation of state for neutron stars:

P=Kf(y), p=Kcg(y)

y q4 y
f) = L \/T—qqu, g(y) =3 L a1+ ¢2dg.

Here K is a positive constant. For this equation of state, we see
ar _ 5, )’
A
dp 1+ 2

thus the assumption (A.0) holds. As p — 0, we see

K2/3
P = ?PS/S(I +0(p*)),

where the term O(p?/3) is analytic in p*3, so (A.1) holds with y = 5/3. As
p — +00, we see
2
P==p(1+0(p7'"),

so (A.2) holds with oy = 1/3.
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2. Qualitative analysis for the case of constant Pfp
In this section we assume temporally that
P= czacp,
where o is a constant such that 0 < « < 1. The solution of (1)(2) satisfies

4r

TP+ 07, P=Pot O

n =

as r — +0, where p, >0 and P, = c*ap,.
We introduce the variables

Gm

G
=== vy = 47z—4r2P.
ctr c

(4) vl

b

Then the equation (1) turns out to be

dU] 1

(5) rdr:&vz—vl,
r@_v 2~1+0601+v2
ar o 1-—2v/"

We are conserned with the solution (vi(r),v2(r)) such that

v = 4?7Tc—Gzpcr2 + 0(rY), vy = 4nC—Gzo(pcr2 + 00
as r — 0.
Let us investigate the behavior of (v;(r),v2(r)) as r — +oo. Considering
the equation (5) in the domain {v; < 1/2,|v;| < 4+o0}, we denote by (0,R)
the right maximal interval of existence. Fixing ryp such that 0 <ry < R, we
introduce the variable s by

d dr
r (1 —201(r))r

and the inverse function r = r(s), —0o < s < S. Putting v;(s) = v1(r(s)), b2(s) =
v2(r(s)), we have a solution of the plane dynamical system

s:s(r)=J

dv 1

(6) d—;z <&v2—1)1>(1—201),
dvy ( 1+ 50 1+« )
— =10 2 — U] — Uy ).
ds o o

We note 1(s) ~ (4nG/c?)pe*,ta(s) ~ (4nG/c*)ap.e® as s —» —c0.
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Now the domain {v; < 1/2,v, > 0} is an invariant region to the system (6).
Singular points in the closure of this region are:

20 202 >

0, =(0,0), 0, = (1/2,0), Q:(1+6o(+o(271+606+062

The singular point O; is a saddle whose separatrices are L; = {0 < v < 1/2,
v =0}, Ly = {v1 <0,v, =0} and the orbit E of the solution (#(s),D:(s)).
The singular point O, is a saddle whose separatrices are L) and L; = {v; = 1/2,
0 < v}. The singular point Q is a stable focus whose eigenvalues are

1+ 3« VT 4+ 420 — o?
- + vasy
20 +a) = 21+ )

Let us consider the behavior of E. 1t is clear that E is confined into the region
{0 <v; < 1/2,v, >0} Put V(v,v) =v;— Koy — K, where K is a sufficiently
large positive number such that ¥ (;(0), 52(0)) < 0. We are going to show that
V(01(s),02(s)) < 0 for all s € [0,S). Otherwise, there would exist the smallest s
such that V(91(sp),02(s0)) = 0. At this time, we see

dv 1 1 1
_:1,72(2— +50‘01— +al}z>—K(—l)2‘-Ul)(l—21)1)
o o4 o

ds
< (202 —KGUZ - vl>>(l — ) = ((3 —§>uz —K>(1 —20) <0

provided that K > 3a. Since V' < 0, we see that E is confined into the bounded
region D={0<v; <1/2,0<v, < Kvy +K}. Therefore S = o00. According
to the Poincare-Bendixson’s theory, the w-limit set of E, which is included in the
closure of D, should be one of the following types: 1) a stable singular point; 2)
a pathpolygon consisting of separatrices of saddle points; 3) a stable closed
(periodic) orbit. First 2} is not the case, since the separatrix L3 is unbounded.
We are going to show that 3) is not the case. To do that, we introduce the
variables

a = log(l — 2vy), b =logu,.

The equation turns out to be

da 2

1= a__ < b

ds A

b 1+a 1+5¢ , l+a,
ds 20 + 2u € o €

Thus
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0da 0db_ ., 1+ua

Gads Tbds . ¢ s

e’ < 0.

By the Bendixson’s criterion, we know that there are no closed orbit in D.
Therefore 3) is not the case, and 1) is the only possible case, that is, the orbit £
tends to the focus Q. This implies that R = oo and (v;(r),v2(r)) tends to
(20/(1 + 60+ a?), 202 /(1 + 60+ 0?)) as r — +o0.

3. Zone I (central core)

Let us go back to the TOV equation with a general P(p) which satisfies
(A.0)(A.1)(A.2). We consider the unique solution of (1)(2). Put

We consider the solution for small ¢ (large P.).
We can write the equation (1) as

dX 1+a Ul—i-UzX

7 “_
) YT T T
r@—lv v
dr o’ "
( 1+ Sa 1+ )
vl 22— v — %)
4o _ i @
dr 1 -2y ’
where
G,
01222-7, 02:4nFrP,

and o = a(x) = a(eX).

Since dX/dr >0, X(r) is monotone increasing and admits an inverse
function r(X),1 < X < +o0, with r(1 +0) = 0. Then v; = V;(X;e) = v;(r(X);¢)
is a solution of the equation

(8) X%-——i—j—_;(ej—vl)(l—-21,71)/(1)2+1)1),

dvy o < 1+ 5a 1+«

Eﬁmp vy — U2>/(U2+Ul)a
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where o = a(eX). The solution which we consider satisfies

2u(e)
(1 4+ ofe))(1 + 3ale))

vy = 3a(e)o; + O((01)?)

v = (X = 1)+ 0((x - 1)*),

as X \ 1.
Inversely, suppose (Vi(X), V2(X)),1 < X < Xy is a solution of (5) such that
1 1
—(1 - <VX)<C(l-X)< .
SI-X) <V <Ci-X) <y
Then by

— +logry,

lor~r « 1-2(X) dx
& e T+ Vi(X) + 1a(X) X

we get a monotone increasing function r=r(X),1 <X < Xp, such that
r(1 4 0) = 0, which has the inverse function X = X (r),0 < r < ry. Then P(r) =
1/eX,m = (¢*/G)rVi(X(r)) satisfies (2). On the other hand, if we put P = (¢*/
(4nG))r2V,(X(r)), then we get

r dX o dP

X d&r  Pa’
that is, there exists C such that P = CP = C /X. We can choose X; and r; so
that C =1. Then (P(r),m(r)) is a solution of (1). This is unique.

Now we approximate the solution V(X,e) by the solution V°(X) of (8)
when o = a(0) = oy constantly. Of course

20(0
(14 09) (1 + 309)

V= X —D+o(x -1, V5 =3l +0()?

as X \, 1. In order to fix the idea we assume
1 3
5% <oafeX) < 5%
for e<e and 1 < X < Xy. We shall show the following

Proposition 1. For any X| > 1 there exists ¢ > 0 such that

©) [V(X5e) = VO(X)| < C(X — 1) sup |a(eZ) — o,

1<E<X
for 0<e<eg and 1 <X < X;.

Proof. Put
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Then we get an equation

aw 1

where
1 3(14ap) 1+4oag
A= - 2 20(0
14 3a —30p 1

and g(X, W) is continuous in 1 < X < Xp and |W| < k(X — 1), where x is an
arbirarily fixed positive number and

lg(X, W)| < M(|aa (X)| + W (X)),

where o;(X) = a(eX) —o9. So we are led to the integral equation

: X
(10) W(x) = j U UE) (5, W(E))

[x]| %

?

where U(X) is the fundamental matrix of the linear equation

du 1

Yo ~xy-1

AU.

Since the eigenvalues of 4 are 0 and —1/2, we have

B X(5-1)\"?
ux)uE) M (o —2) .
vuE < M (557
Let us denote the right-hand side of the integral equation (10) by TW(X),
where W(X) is a continuous function of 1 < X <a and |W| < 0x(X — 1) with
a sufficiently small positive number 6 specified later. Then we have

|TW (X)| < MM'a'/? @ llog [ (X — 1) +§0x(x - 1)2>,

where ||| = sup; .z y, [¢(eX) — ao|. Then |TW(X)| < 6x(X —1) provided
that ||lo;| and @ — 1 are small. Then there is a solution W such that |W(X)| <
Cllou||(X — 1) provided that (2/5)MM'a’?k0 < 1. Since ¥V = VO + W is the
unique solution, this completes the proof.

4. Zone II (transition layer)

Let us consider the approximation of V(X;e) as x =¢&X is large.
If o(x) =0 identically, then the system (8) has the singular point v =
bS = (b1, b,), where
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20(0

b=,
! 1+6oco+oc§

b2 = (Xobl.

As shown in Section 2 we know that V°(X) tends to b5 as X — +oo. By

Proposition 1, we know that V(X;e) is near to V°(X) as ¢ is small. Therefore

V(X;e) is near to b5 if x/e = X is sufficiently large and ¢ is sufficiently small.
We put

v:bs+y,

and rewrite the system (8) as

(i P ) — ARy + )

where fy(x), A(x) are continuous functions of 0 <x <1 and f(x,y) is a
continuous function of 0 < x <1 and |y| <J which is a rational function of
y. In fact

i) = (2= 00 ) (1= 20001+ ),
o) = s ba (2= - 2 ) ),
SO
()] < Clofx) — 0],
and
[A(x) — A(0)] < Cla(x) —
with
1 1
2 2a

A(O) = 060(1 + 50(0) oo
(1+a)® 14

The eigenvalues of A4(0) are u + vv/—1 with g, v of Theorem 1. Since 0 <
op <1, we see £ >0 and v> 0. Then we shall apply the following

Theorem 2. Let the equation

(®) B fo() ~ A + (5, )

satisfy the following assumptions, (HO): fy(x) is continous in 0 < x < a and
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|fo(x)| < Ca(x),
where w(x) is a monotone non-decreasing continuous fonction of x > 0 such that

o(x) = 0,w(0) =0 and

J” dx
o(x)— < 4o0;
0 X

(H1): A(x) is continuous in 0 <x < a and
[A(x) — A(0)] < Ceo(x)

and the eigenvalues of A(0) are u + vW—1 with u > 0 and v > 0; (H2): f,(x, y) is
continuous in 0 < x < a and |y| < and admits a power series expansion in y of
the form

f2(x7 y) = Z fjlfz(x)y{lyé'z’
Jith=2
where f;(x) are continuous in 0 < x <a and
1/5(x) = f1(0)] < Croo(x)

with

Z(|fJ(0)[ + oVl < 0.

Then there is a change of variables
(T) y = po(x) + P1(x)z + pa(x, 2)
which reduces (E) to

(F) x% = —A(0)z.

Here py(x), Pi(x) and p,(x,y) enjoy the following properties: (PO): py(x) is
continuous in 0 < x <d’ and

X

po()] = Clx j (&) de;

0

(P1): Py(x) is continuous in 0 < x <a and

X

Pi(x) — 1] < C’J (&) d,

0

where I is the identity matrix; (P2): p,(x) is continuous in 0 < x < a’ and |z| <6’
and admits a power series expansion of the form
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_ N1
Pz = > pia(0zzf,
St =2
where p;(x) are continuous in 0 < x <a’ and

a

0 X

|ps(x) = ps(0)| < C; (wa(é)fldé + x"J a)(é)&’”dé) .

Moreover the change of variables

(T0) y=z+pl0,)
reduces

(E0) & = A+ ()
to (F).

A proof of this theorem will be given in Section 6. Applying this theorem
to the equation (11) there is a change of variables of the form (T) which reduces
(11) to the equation (F). We can rewrite

(12) = vS(x) + Pi(x)z + pa(x, 2),

where v = v5(x) = b5 + po(x) is a particular solution of (11) such that v5(x) —
bS5 as x — 0. A solution (PS(r),m%(r)) of the TOV-equation (1) coorresponds
to this v¥(x) and

pS . s c?
(13) P>(r) ~ ?&Ebzr , m>(r) ~ —G~b1r

as r — +0. Of course, by (A.l), there is a finite Rs such that PS(r) \, 0 as

r/‘ Rs.
Let us solve (12) as

(14) z=Pi(x)" (v - 05(x) + g2(x, 0 — 05 (x)).
Then the solution v(x;¢) is characterized by the initial condition
v—05(x) = b(e) at x = ¢eXs,
where
b(e) = V(Xa;e) — v5(eXa).
Choose X, so large that

5/
V(X)) - b5 < T
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which is possible since V°(X) — b as X — +oo. Taking & > 0 sufficiently
small, we have, for 0 < ¢ < ¢,

b(e)| < |V (Xase) = VO (X)| + 0% (eX2) — b5| + [VO(Xz) — 5| <,

since vS(x) — b5 as x — 0. Then we can substitute b(e) into (14) to define c(e)
by

(X2)*Ve(e) = P1(eX2) ™' be) + 2(6X2,b(s)-
Then the solution of (12)
z = (x/e) "Ve(e)
gives the solution v(x;e), therefore we get

Proposition 2. There are sufficiently large X, and sufficiently small ¢ and
xy such that the expression

(15)  o(xe) = 05(x) + Pr)(/e) " Ve(e) +pal, (x/e) " Oe(e))
holds as long as

0<x<ix, X) < x/e 0<e<e.
Here c(¢) is continuous in ¢ >0 and

c(0) = lim x*O(¥O(x) —b%) 0.

x—+00

5. Zone III (surface)
Let us introduce the variable u by
B JP dp
N 0o p+ P / c?’
Here we use (A.1). Then we can rewrite the TOV-equation (1), by taking u as
the independent variable, as

dr (1 -2Gm/c?r)
du  G(m+4nPr3/c?)’

(16)

dm _ Anrp(l — 2Gm/c*r)
du  G(m+4nPr3/c?)

Here p and P are considered as given functions of # > 0 such that p = P =0 as
u = 0. The right-hand side of the equation (16) is continuous in u > 0,7 > 0,
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m > 0 and analytic in r and m. We note
(17) r=c2(4nG) PP (1),
m = c*G ' (4nG) 2 P2y (0y) V2.

Let us denote by (rs(u),ms(u)) the solution of (16) which corresponds to
the singular solution PS(r). This solution exists on u > 0. We denote by u
the value for x, of Proposition 2. Let Rg = rs(0), Ms = mgs(0) be the radius
and the total mass of the singular solution. We denote by (r(u: €),m(u;¢)) the
solution of (16) which is generated by v(x;¢), say the solution of (1)(2). We are
going to investigate the behavior of R(e) = r(0;¢) and M (&) = m(0;¢) as ¢ — 0.
By Proposition 2 and (17), we see '

(r(uo; €), m(uo; )" = (rs(uo), m(uo)) " + Qoe™Vc(e) + go(e"Ve(e)),
where Qy is a non-singular matrix and ¢o(Z) is an analytic function of Z of the

form 37;.,9:27.
Then by the usual theory of regular perturbations, we have the following

Proposition 3. There is a sufficiently small e; such that
(18)  (r(wse),m(u;e))" = (rs(u),ms(w)” + Q)e?Vc(e) + qu, e Oc(e)),

Jor 0<u<uy and 0 <e<e3. Here Q(u) is a non-singular matrix which is
continuous in 0 < u < uy, and q(u,Z) = O(Z?) is continuous in 0 < u < uy and
|Z| <03 and analytic in Z.

Putting u = 0 in (18), we get the desired expression (3). This completes the
proof of Theorem 1.

6. Proof of Theorem 2

In this section we give a brief skech of a proof of Theorem 2. We use the
following notations. %(a,w) is the set of continuous functions ¢(x) of 0 < x <
a such that

19,0, = inE{Cllp(x)] < Cox(x) for 0 < x < a} < +o0.

</ (a,b,) is the set of continuous functions ¢(x,y) of 0 < x<a and |y| =
max(|y;|,|¥.]) < b such that

p(x,y) =Y 0s(x)y’,

=2
91(x) — 9;(0) € #(a, ),

> Uos0)] +llos = 050l ,)8" < +o0.
|J]=2



484 Tetu MAKINO

We put

X

Juo(x) = x“”J w(f)f/k]df,

0
0

Jro(x) = x“J w(E)EH1deE,

X

The proof of Theorem 2 is devided into three steps.
Lemma 1. There is a solution y = po(x) of (E) in %(ai,J,m).
Proof. Putting

A(x) = A(x) — 4(0),

g(x, y) :f()(x) - A(X)y +f2(x7 y):

we solve the integral equation
(19) o) = Tolx) = | (/2 V(e piee e
We can assume

fox)] < Mo(x),  [A(x)| < Mo(x),  |/(x,y)] < M|y
for 0 <x<a,l|yl <b, and

140 < Mr#

for 0 <r<1. Consider the set Q of continuous functions ¢(x) of 0 < x <
a'(<a) such that ||¢||, = supy<,<|@(x)| < 6. Then it is easy to see

|To(x)| < M <2MJ#co(x) + j—tM02> .

Since J,w(0) = 0, we can find sufficiently small ¢’ and € such that ||Tgl|, < 6.
Applying the fixed point theorem, we see that there is a solution ¢ of (19) in Q.
It is easy to see

(1+0)M?
ollar, g < 1= 260/

where we note J,w < w/u, since @ is non-decreasing. QED

Lemma 2. If the equation

(E2) Y_ Ay

xdx¥
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satisfy the assumption (H1), then there is a change of variables
(T2) y = Pi(x)z
which reduces (E2) to (F) such that
Pi(x) — I € %(ay, Jyw).
Proof. The equation which P;(x) shoud satisfy is

P, _

(20) X o=

—A(x)P; + P1A4(0).

485

We can assume that A(0) = diag(4;,42), where 4y = u—vv/—1, 1, = u +vv—1.

We put

A(x) = (/11 +a(x) apz(x) )
a1 (x) do+an(x) )’

pu(x) pi(x)
Pi(x) = .
pa(x)  px(x)
Then the equation (20) turns out to be
dp

(21) Xd—; = —anpi — anpa,
dpa V1

(22) X~ = —anpu + v =1+ an)pn,
d,

(23) x% = 2vwW—-1—an)py, — annpn,
d,

(24) x% = —anpiz — anp»n.

From (21)(22), the equation for g = py/p,; is

d
(25) xd_;]c = —ay —2vwW—1q+ apqg?.

Since ay; € #(a,w), it is easy to see that (25) has a solution in %(a’, Jow).

Substituting this into (21), we get

dpi
XE — (—an —ang)pyy,

which has the solution

pulx) = exp(— J:(all + a129)d5/5>~
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Then py;(x) — 1 € #B(a’, Jyw), and p,; = qpy;, € B(a’, Jow). The same argument
can be applied to the couple of equations (23)(24). QED.

Lemma 3. [If the equation

(E3) D 4O +glx,y)

satisfies the assumption (H2), then there is a transformation
(T3) y=z+p(x,z)
with p € o/ (a3, b3, J'w), which reduces the equation (E3) to (F).

Proof. 'The equation for p(x,z) is

0 0
(©) <X;a;;— (Az,g))p — A(O)p + g(xz + p).
We assume A(0) is diagonal. A power series

2= 3 pulx)t

k| =2

is substituted to (28). Then we have the equations

(G4) (3 + A = 06 ) =
where
(k,2) = kidi + kaAa,
he = Hi(g;, p;) 2<i<k2<j<k-1)
We determine p, by solving (G-k) under the boundary condition
(B-k) puld) =—ha(0)/da,  1=1,2,

where a’ is a fixed number, 0 < a’ <a and Ay = (k,4) — A
By the induction on k, we see that /i and p, belong to C[0,a’] and satisfy

Pi(0) = hya(0)/ Aga,
1Piallar < Ml /(|| = 1).
In fact the solution of (G-k)(B-k) is given by

pul0) = =2 (xfay - [ /0 )
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Putting M =1+ 1/u, we consider the equation

Yi=Z+MY lgjll, Y’
[7]=>2

which has a convergent power series solution
Yi=2Z+ Y MuZ"
|k|>2
Then we see || py|l,, < My, that is the power series 3 py(x)z¥
we put

pY(x2) = Y plx)z*

k| <N

then pV satisfies

(26) x%pN = (—A(O) + (A(O)z, %))ﬂ + Y,

is convergent.
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where AV = 2okl< v 2%, As N — oo, the right-hand side of (28) uniformly tends

to

(-4 + (4000 52) ) + ot plx.2).

Hence x(0p/0x) exists and satisfies (G).

We shall show that p e &/(a’,b’, J*w) if @’ is small. To do that we put

Pi(x) = pi(x) = pe(0),  hie(x) = hue(x) — hye(0),
Gr(x) = gr(x) — 9k (0)
Take a’ such that

ol + [ell, < 1.

By induction we see

. 1 -
Pl juew < (W+ 1) Wkt oo oo

Wkt s < Hi19(0), 12O, Gt 1671 )

where

Hk(A/iaxj;Divdj) = Hk(AX't +Di7xj +dj) - Hk(XVij)
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We have used

o) = = e () %

X

We consider the equation

Y =2Z)+ MY lgu0I(Z°,
lj1=2

and its power series solution
0 0 0 70\ K
Y, =2 +2Mkl(z) ;
k=2

and the equation

Y =2} + MY (950 + 19 lla )Y
li1=2

and its power series solution

k
Y=zl + > Mzh"
k| =2

Then we sec
Basll ey < My — My,
This completes the proof. QED.

It is easy to prove Theorem 2 by combining the above Lemmas 1, 2,
3. Here we note %(a,Jo(w+ Juw)) = B(a,Jow) and o (a,b,J*(Jow + 0)) =
o (a,b, JFo + Jyw).

Remark. Even if a(x) is analytic in x?, o being a positive index, the usual
Briot-Bouquet theory cannot be applied because of the inconvenience of the
small divisor, that is, |jyo —ji4; — jad2] can be infinitely small. Also we note
that the transformation (T3) depends on the choise of @', so it is not unique.
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