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Stellar Model of the Tolman-Oppenheimer-Volkoff Equation 

By 
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(Yamaguchi University, Japan) 

Dedicated to Professor Y oshinori Kametaka on his sixtieth birthday 

1. Introduction and the main result 

In general theory of relativity the spherically symmetric equilibrium of a 
gas is governed by the Tolman-Oppenheimer-Volkoff equation (TOV equation): 

(1) 
dm 2 
dr = 4nr p, 

dP _ -( / 2 )G(m+4nr3P/c2 ) 

dr - p + p c r2 (1 - 2Gm/c2r) • 

For the derivation of this equation, see [4], [5], or Chapter 23 of [3]. Here pis 
the total mass density including the internal energy, m the mass in the sphere 
with radius r, P the pressure, and r(> 0) is a radial coordinate. The parameter 
G is the gravitational constant and c is the speed of light; they are positive 
constants. 

In this article, the pressure P is supposed to be a given function of p 
satisfying the following assumption. 

(A.0) P = P(p) is a sufficiently smooth function of p > 0, P > 0, 
0 < dP/dp < c2 for p > 0 and P--, 0 asp--, 0. 

Given the central density Pc > 0 and the central pressure Pc = P(pc) > 0, 
there is a unique (local) solution of (1) near r = +o such that 

(2) m--, 0, P--, Pc as r --, 0. 

For a proof, see [2]. Let us denote by m = m(r; e ), P = P(r; e) the solution for 
Pc= 1/e. 

If we continue the solution P(r; e) to the right as long as possible, there 
exists R = R(e) :s; +oo such that P(r;e) ""0 as r / R(e). In order to guar­
antee the finiteness of R(e), we put the following assumption. 

(A.1) As p "" 0, we have 
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p dP -I p dp = y + O(pY ), 

where y is a positive constant such that 4/3 < y < 2. 

Under this assumption, we know that R(e) is finite for all e. For a proof, 
see [2]. We put 

JR(e) 

M(e)= lim m(r;e)= 4nr2p(r;e)dr. 
r---;R(,) O 

We are interested in the asymptotic behavior of the radius R(e) and 
the total mass M(e) as e "'-, 0. In order to study this, we put the following 
assumption: 

(A2) The ratio P / c2 p tends to a limit a0 as p / + oo such that 0 < a0 < 1 
and there is a monotone non-decreasing function w(x) such that 

and 

(3) 

JI dx 
w(x)-< oo 

0 X 

Then the main conclusion of this article is as follows. 

Theorem 1. As e --+ 0, we have 

where Rs and Ms are positive constants, Bis a non-singular matrix, J(0) denotes 
the matrix 

( cose -sine) 
sin 0 cos 0 ' 

b is a non-zero vector, and 

1 + 3ao 
µ=4(I+ao)' 

J1 + 42ao - a~ 
v=~-----

4(1 + ao) • 

This theorem claims that R(e), M(e) tends to a limit Rs, Ms spirally as 
e--+ 0. It is in [I] that this fact was first observed in an astrophysical context. 
Our purpose is to give a mathematically rigorous proof of this observation. 
Let us note astrophysical meanings of this fact. First the existence of the finite 
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limit Ms of the total mass as the central density tends to infinity implies the 
fact that the possible total mass of TOY-equilibria is bounded. This fact was 
first noticed by S. Chandrasekhar for the stellar model of white dwarfs. In 
other words, if we consider the stellar evolution of the initial mass beyond this 
bound, then we can claim that this star cannot tend to an equilibrium as the 
time passes and the star may turn to be a black hole. Secondly the fact that 
R, M tends to Rs, Ms spirally implies that there are infinitely many different 
equilibria with M = Ms. In other words, if we consider the stellar evolution of 
the initial mass Ms, then we have an infinitely many candidates of the limits of the 
stellar configuration as the time passes. Of course not all the equilibria can be 
stable. Actually astrophysicists claim some classification of stability of these 
equilibria. See e.g. [3], p. 48 or [7], Chapter 10. But mathematically rigorous 
justification of their analysis of nonlinear stability is beyond the scope of this 
article. This problem is interesting but still open so far as the author knows. 
Therefore the discussion of this article should be a preparation of the stability 
analysis. The conclusion of [2] on the linearized stability is restricted but its 
discussion could give some ideas concerning the difficulty of the stability problem. 
We should note that a similar behavior of the (M, R)-diagram was observed in 
[6] in the framework of the non-relativistic (Newtonian) theory. 

As a concrete example of the function P(p) satisfying the assumptions 
(A.0)(A. l )(A.2), we are keeping in mind the equation of state for neutron stars: 

p = Kc 3g(y) 

Iy q4 
f(y) = 

0 
v/l+q2dq, g(y) = 3 I: q2v/l+q2dq. 

Here K is a positive constant. For this equation of state, we see 

dP 2 y2 
-=c--
dp I+ y 2 ' 

thus the assumption (A.0) holds. As p-----+ 0, we see 

where the term O(p 2 13

) is analytic in p2 13

, so ( A. l) holds with y = 5 / 3. As 
p-----+ +oo, we see 

c2 
p = 3p(I + O(p-1;2)), 

so (A.2) holds with ao = 1 /3. 
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2. Qualitative analysis for the case of constant P/p 

In this section we assume temporally that 

where a is a constant such that 0 < a < I. The solution of (1 )(2) satisfies 

4n 
m = 3 r3pc + O(r5), P =Pc+ O(r2 ) 

as r---+ +0, where Pc > 0 and Pc = c2apc. 
We introduce the variables 

(4) 

Then the equation (1) turns out to be 

dv1 1 
r-=~v2-v1, 

dr a 
(5) 

r dv2 = v2 ( 2 _ 1 + a v1 + v2). 
dr a 1 - 2v1 

We are consemed with the solution (v1 (r), v2 (r)) such that 

as r---+ 0. 
Let us investigate the behavior of ( v1 (r), v2 (r)) as r ---+ + oo. Considering 

the equation (5) in the domain { v1 < 1/2, lv2I < +oo }, we denote by (0, R) 
the right maximal interval of existence. Fixing r0 such that 0 < r0 < R, we 

introduce the variable s by 

s = s(r) = J' dr 
, 0 (1 - 2v1 (r) )r 

and the inverse function r=r(s),-oo <s< S. Putting v1(s) =v1(r(s)),v2(s) = 
v2 (r(s)), we have a solution of the plane dynamical system 

(6) 

dv2 = v2 ( 2 _ 1 + 5a vi _ 1 + a v2) . 
ds a a 
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Now the domain {v1 < 1/2, v2 > 0} is an invariant region to the system (6). 
Singular points in the closure of this region are: 

02 = (1/2, 0), ( 2a 2a2 ) 

Q = 1 + 6a + a2 ' 1 + 6a + a2 • 

The singular point 0 1 is a saddle whose separatrices are L1 = {0 < v1 < 1/2, 
v2 =0},L2 ={v1 <0,v2 =0} and the orbit E of the solution (v1(s),v2(s)). 
The singular point 0 2 is a saddle whose separatrices are L 1 and L 3 = { v1 = 1 /2, 
0 < v2}. The singular point Q is a stable focus whose eigenvalues are 

_ 1 + 3a + ✓7 + 42a - a2 J=T 
2(1 +a) - 2(1 +a) • 

Let us consider the behavior of E. It is clear that E is confined into the region 
{0 < v1 < 1/2, v2 > 0}. Put V(v1, v2) = v2 - Kv1 - K, where K is a sufficiently 
large positive number such that V(v1(0),v2(0)) < 0. We are going to show that 
V(v1(s),v2(s)) < 0 for all sE [0,S). Otherwise, there would exist the smallest so 
such that V(v1(s0),v2(s0 )) = 0. At this time, we see 

-=v2 2---v1---v2 -K -v2-v1 (1-2v1) dV ( 1 + 5a 1 + a ) (1 ) 
ds a a a 

provided that K > 3a. Since V < 0, we see that E is confined into the bounded 
region D = {0 < v1 < 1/2, 0 < v2 < Kv1 + K}. Therefore S = oo. According 
to the Poincare-Bendixson's theory, the w-limit set of E, which is included in the 
closure of D, should be one of the following types: 1) a stable singular point; 2) 
a pathpolygon consisting of separatrices of saddle points; 3) a stable closed 
(periodic) orbit. First 2) is not the case, since the separatrix L 3 is unbounded. 
We are going to show that 3) is not the case. To do that, we introduce the 
variables 

a= log(l - 2v1), b = logv2. 

The equation turns out to be 

da a 2 b -=l-e --e 
ds a ' 

db I + a 1 + 5a a l + a b -=---+--e ---e 
ds 2a 2a a 

Thus 
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By the Bendixson's criterion, we know that there are no closed orbit in D. 

Therefore 3) is not the case, and 1) is the only possible case, that is, the orbit E 

tends to the focus Q. This implies that R=oo and (vJ(r),v2(r)) tends to 
(2o:/(1 + 6o: + o:2), 2o:2 /(1 + 6o: + o:2)) as r-+ +oo. 

3. Zone I (central core) 

Let us go back to the TOY equation with a general P(p) which satisfies 
(A.0)(A.1 )(A.2). We consider the unique solution of (1 )(2). Put 

p 
-2- = o:(x), 
C p 

1 X 
-=x=-=eX. 
P Pc 

We consider the solution for small e (large Pc)­
We can write the equation (1) as 

(7) 
dX 1 + o: VJ + v2 X 
r-------

dr - o: 1 - 2VJ ' 

dvJ 1 
r-=-V2-VJ, 

dr o: 

( 1 + 5o: 1 + o: ) v2 2---VJ ---v2 
dv2 o: o: 
r-=----------

dr 1 - 2vJ 

where 

and o: = c,:(x) = c,:(i;X). 
Since dX / dr > 0, X (r) is monotone increasing and admits an inverse 

function r(X), 1 < X < +w, with r(l + 0) = 0. Then Vj = J:"j(X; i;) = vi(r(X); i;) 

is a solution of the equation 

(8) dv1 c,: (v2 ) X- = -- - - VJ (1 - 2v1)/(v2 + VJ), 
dX 1 +ct c,: 

dv2 o: ( 1 + Sc,: 1 + c,: ) 
X- = --v2 2 - --VJ - --v2 /(v2 + vi), 

dX 1 +ct c,: c,: 
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where rt.= rt.(iX). The solution which we consider satisfies 

2rt.(i) 2 
v1 = (l + rt.(i))(l + 3rt.(i)) (X - 1) + O((X - 1) ), 

v2 = 3r1.(i)v1 + O((v,)2) 

as X ~ 1. 
Inversely, suppose (Vi(X), Vi(X)), 1 < X < Xa is a solution of (5) such that 

1 . 1 
7_;(1- X) s r7J(X) s C(l - X) < 2. 

Then by 

1 J x rt. I - 2 Vi ( X) dX l 
ogr= ----------+ ogr1, 

x1 1 + rt. Vi(X) + Vi(X) X 

we get a monotone increasing function r = r(X), 1 < X < Xa, such that 
r(l + 0) = 0, which has the inverse function X = X(r), 0 < r < ra. Then P(r) = 
I/iX, m = (c2 /G)rVi (X(r)) satisfies (2). On the other hand, if we put P = (c4 / 

(4nG))r-2 Vi(X(r)), then we get 

r dX r dP 
X dr p dr' 

that is, there exists C such that P = CP = C/X. We can choose X1 and r1 so 
that C = 1. Then (P(r),m(r)) is a solution of (1). This is unique. 

Now we approximate the solution V(X, i) by the solution va(X) of (8) 
when rt.= rt.(0) = rt.a constantly. Of course 

a 2~ 2 
vi = (1 + rt.a)(l + 3rt.a) (X - 1) + O((X - 1) ), 

as X ~ l. In order to fix the idea we assume 

1 3 
2rt.a s rt.(iX) s 2rt.a 

for is ia and 1 s X s Xa. We shall show the following 

Proposition 1. For any X1 > 1 there exists i, > 0 such that 

(9) IV(X;i) - va(X)I s C(X -1) sup lrt.(iS) - rt.al, 
l<;S<;X 

for O < i; s i, and 1 s X s X1. 

Proof Put 
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Then we get an equation 

where 

1 (_3(l+ao) l+ao) 
A=--- 2 2ao 

1 + 3ao 3 1 - ao 

and g(X, W) is continuous in 1 s X s Xo and I WI s K(X - 1), where K is an 
arbirarily fixed positive number and 

lg(X, W)I s M(la1(X)I + IW(X)I), 

where a1 (X) = a(i:X) - a0 . So we are led to the integral equation 

(10) 

where U(X) is the fundamental matrix of the linear equation 

dU 1 
X-d =--1AU. 

XX-

Since the eigenvalues of A are O and -1 /2, we have 

Let us denote the right-hand side of the integral equation (10) by TW(X), 
where W(X) is a continuous function of 1 s X s a and I WI s 0K(X - 1) with 
a sufficiently small positive number 0 specified later. Then we have 

ITW(X)I s MM'a 112 Glla1ll(X -1) +~0K(X - 1) 2), 

where lla,ll=sup1:c;s:c;x1 1a(i:X)-aol- Then ITW(X)ls0K(X-1) provided 
that Ila, II and a - 1 are small. Then there is a solution W such that I W(X)I s 
qa,ll(X -1) provided that (2/5)MM'a 312K0 < 1. Since V = v0 +Wis the 
unique solution, this completes the proof. 

4. Zone Il (transition layer) 

Let us consider the approximation of V(X; i:) as x = i:X is large. 
If a(x) = a0 identically, then the system (8) has the singular point v = 

b8 = (b1, b2 ), where 
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b1 - 2()(o 
-l+foo+()(l' 

As shown in Section 2 we know that V0 (X) tends to bs as X----+ +oo. By 
Proposition 1, we know that V(X; i:) is near to v0 (X) as e is small. Therefore 
V ( X; i;) is near to b s if x / i; = X is sufficiently large and e is sufficiently small. 

We put 

v = bs + Y, 

and rewrite the system (8) as 

(11) 
dy 

x dx = fo(x) - A(x)y + h(x, y), 

where f 0(x), A(x) are continuous functions of Os x s 1 and h(x, y) is a 
continuous function of O s x s 1 and IYI s J which is a rational function of 
y. In fact 

so 

lfo(x)I s Cl()((x) - ()(ol, 

and 

IA(x) -A(O)I s Cl()((x) - ()(ol 

with 

A(O) = ( >o(l L,) -!~ ) 
(l+()(o) 2 l+()(o 

The eigenvalues of A(O) are µ ± vv'=T with µ, v of Theorem 1. Since O < 
()(o < 1, we see µ > 0 and v > 0. Then we shall apply the following 

Theorem 2. 

(E) 

Let the equation 

dy 
x dx = fo(x) - A(x)y + f 2(x, y) 

satisfy the following assumptions, (HO): f0 (x) is continous in O s x s a and 



480 Tetu MAKINO 

lf0(x)I s Cw(x), 

where w(x) is a monotone non-decreasing continuous fonction of x z O such that 

w(x) z 0, w(O) = 0 and 

Ia dx 
w(x)- < +oo; 

0 X 

(Hl): A(x) is continuous in Os x s a and 

IA(x) - A(O)I s Cw(x) 

and the eigenvalues of A(O) areµ± vvCT withµ> 0 and v > O; (H2): h,(x, y) is 

continuous in Os x s a and IYI s t5 and admits a power series expansion in y of 

the form 

f2(x, y) = L h1, (x)y{1y£2' 
i,+}2?:.2 

where fAx) are continuous in Os x s a and 

with 

Then there is a change of variables 

(T) y = Po(x) + P1 (x)z + p2(x, z) 

which reduces (E) to 

(F) 
dz 

x dx = -A(O)z. 

Here p 0(x), P1 (x) and p2 (x, y) enjoy the following properties: (PO): p 0(x) is 

continuous in O s x s a' and 

(Pl): P 1 (x) is continuous in Os x s a and 

where I is the identity matrix; (P2): p2(x) is continuous in Os x s a' and lzl s 6 1 

and admits a power series expansion of the form 
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where p J ( x) are continuous in O s x s a' and 

Moreover the change of variables 

(TO) 

reduces 

(EO) 
dy 

x dx = -A(O)y + h(x, y) 

to (F). 

A proof of this theorem will be given in Section 6. Applying this theorem 
to the equation (11) there is a change of variables of the form (T) which reduces 
(11) to the equation (F). We can rewrite 

( 12) 

where v = vs(x) = bs + p0 (x) is a particular solution of (11) such that vs(x)------, 
bs as x------, 0. A solution (Ps(r),ms(r)) of the TOY-equation (1) coorresponds 
to this vs ( x) and 

(13) 

as r------> +0. Of course, by (A.l), there is a finite Rs such that pS(r) ~ 0 as 
r / Rs. 

Let us solve (12) as 

(14) 

Then the solution v( x; i;) is characterized by the initial condition 

where 

Choose X2 so large that 
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which is possible since v0 (X) -+ b 8 as X-+ +oo. Taking £2 > 0 sufficiently 
small, we have, for O < c s; c2, 

since v8 (x)-+ b 8 as x-+ 0. Then we can substitute b(i;) into (14) to define c(i;) 
by 

(X2)-A(O) c(i;) = P1 (cX2)-I b(i;) + q2(cX2, b(i;)). 

Then the solution of (12) 

gives the solution v(x;c), therefore we get 

Proposition 2. There are sufficiently large X2 and sufficiently small £2 and 
x2 such that the expression 

holds as long as 

Here c(i;) is continuous in i; ;:c: 0 and 

5. Zone III (surface) 

Let us introduce the variable u by 

Ir dP 

u = op+ P/c2 • 

Here we use (A.I). Then we can rewrite the TOY-equation (1), by taking u as 
the independent variable, as 

( 16) 
dr r2(1 - 2Gm/c2r) 

du G(m + 4nPr3 /c2)' 

dm 4nr4p(I - 2Gm/c2r) 

du G(m + 4nPr3 / c2) 

Here p and P are considered as given functions of u ;:c: 0 such that p = P = 0 as 
u = 0. The right-hand side of the equation (16) is continuous in u ;:c: 0, r > 0, 
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m > 0 and analytic in r and m. We note 

(17) r = c2(4nG)-l/2 plf2(v2) 112, 

m = c4G-1(4nG)-1/2p1/2v1(v2)1/2_ 

Let us denote by (rs(u),ms(u)) the solution of (16) which corresponds to 
the singular solution Ps(r). This solution exists on u 2 0. We denote by u0 

the value for x2 of Proposition 2. Let Rs = rs(O), Ms = ms(O) be the radius 
and the total mass of the singular solution. We denote by (r( u : s), m( u; s)) the 
solution of (16) which is generated by v(x; s), say the solution of (1)(2). We are 
going to investigate the behavior of R(s) = r(0; 8) and M(8) = m(0; 8) as 8------> 0. 

By Proposition 2 and (17), we see 

(r(uo;s),m(uo;s))T = (rs(uo),m(uo))T + Qo8A(O)c(s) +q0 (8A(O)c(8)), 

where Q0 is a non-singular matrix and qo(Z) is an analytic function of Z of the 
form L1J1a2:2 gJZJ. 

Then by the usual theory of regular perturbations, we have the following 

Proposition 3. There is a sufficiently small 83 such that 

(18) (r(u;8),m(u;s))T = (rs(u),ms(u))T + Q(u)8A(O)c(s) +q(u,8A(O)c(8)), 

for O s us uo and O < 8 s 83. Here Q(u) is a non-singular matrix which is 
continuous in O s us u0, and q(u, Z) = O(Z2) is continuous in O s us u0 and 
IZI s 63 and analytic in Z. 

Putting u = 0 in (18), we get the desired expression (3). This completes the 
proof of Theorem 1. 

6. Proof of Theorem 2 

In this section we give a brief skech of a proof of Theorem 2. We use the 
following notations. £JB(a, w) is the set of continuous functions rp(x) of Os x s 
a such that 

llrplla,w = inf{Cllrp(x)I s Cw(x) for Os x s a}< +oo. 

d(a, b, w) is the set of continuous functions rp(x, y) of O s x s a and IYI = 

max(IY1 I, IY2I) s b such that 

rp(x, y) = L rpJ(x)yJ, 
IJla2:2 

rpAx) - (f)J(O) E £JB(a, w), 

L (lrpJ(O)I + llrpJ - (/JJ(O)lla,w)blJI < +oo. 
IJla2:2 
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We put 

Jµw(x) =[µI: w(!;,)!;,µ-ldt,, 

Jµw(x) = xµ r w(!;,)Cµ-ld!;,. 

The proof of Theorem 2 is devided into three steps. 

Lemma 1. There is a solution y = p0 (x) of (E) in 88(a 1, Jµw ). 

Proof Putting 

A(x) = A(x) - A(O), 

g(x, y) = fo(x) - A(x)y + f2(x, y), 

we solve the integral equation 

(19) 

We can assume 

l/0 (x)I s Mw(x), 

for Os x s a, IYI s b, and 

IA(x)I s Mw(x), 

for O s ts 1. Consider the set Q of continuous functions rp(x) of O s x s 
a'(sa) such that ll<JJlla' = supo<x<a'lrp(x)I s 0. Then it is easy to see 

ITrp(x)I s M(2MJµw(x) +}M02)-

Since Jµw(O) = 0, we can find sufficiently small a' and 0 such that IIT<JJlla' s 0. 
Applying the fixed point theorem, we see that there is a solution <p of (19) in Q. 

It is easy to see 

where we note Jµw s w/ µ, since w is non-decreasing. QED 

Lemma 2. If the equation 

(E2) 
dy 

x-= -A(x)y 
dx 
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satisfy the assumption (Hl), then there is a change of variables 

(T2) y = P1(x)z 

which reduces (E2) to (F) such that 

P1 (x) - IE [1jj(a2, low). 

Proof The equation which P1 (x) shoud satisfy is 

(20) 

We can assume that A(O) = diag(J1, J2), where A1 = µ - vvCT, A2 = µ + vvCT. 
We put 

Then the equation (20) turns out to be 

(21) 
dp11 

x dx = -a11p11 - a12P21, 

(22) dp21 11 
x dx = -a21p11 + (2vv -l + a22 )p22, 

(23) dp12 11 
x dx = (2vv-l - a11)P12 - a12P22, 

(24) dp22 
x dx = -a21p12 - a22p22. 

From (21)(22), the equation for q = P2i/ p 11 is 

(25) dq 11 2 
x dx = -a21 - 2vv - lq + a12q . 

Since a21 E[1jj(a,w), it is easy to see that (25) has a solution in [1jj(a',J0w). 

Substituting this into (21 ), we get 

dp11 
x dx - (-a11 -a12q)PJ 1, 

which has the solution 
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Then p 11 (x) -1 E !14(a',Jµw), and Pzi = qp 11 E !14(a',Jow). The same argument 
can be applied to the couple of equations (23)(24). QED. 

Lemma 3. If the equation 

(E3) 
dy 

x dx = -A(O)y + g(x, y) 

satisfies the assumption (H2), then there is a transformation 

(T3) y = z+p(x,z) 

with p E d(a3, b3, Jµw), which reduces the equation (E3) to (F). 

Proof The equation for p(x, z) is 

(G) 

We assume A(O) is diagonal. A power series 

p(x, z) = L Pk(x)zk 
jkj ?c2 

is substituted to (28). Then we have the equations 

where 

(k, A) = k1A1 + k2A2, 

hk = Hk(g;, PJ) (2 s i s k, 2 s j s k - I) 

We determine Pk by solving (G-k) under the boundary condition 

(B-k) l = 1, 2, 

where a' is a fixed number, 0 < a' s a and Akt = (k, A) - At. 
By the induction on k, we see that hk and Pk belong to C[O, a'] and satisfy 

Pk1(0) = hkt(O)/Ak/, 

IIPk1fla1 S llhk1lla1 /µ(lkl - 1). 

In fact the solution of (G-k)(B-k) is given by 

Pki(x) = -1:; (x/a'/'kl - r (x/()Ak/hkt(() d((. 
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Putting M = I + 1 / µ, we consider the equation 

Y1 = z, +ML lloJ1lla 1 yi 
111;;,:2 

which has a convergent power series solution 

Y, =Z1+ L Mk1zk_ 
lkl;;,:2 
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Then we see IIPkilla' ~ Mk1, that is the power series LPk(x)zk is convergent. If 
we put 

pN (x, z) = L Pk(x)zk 
lklc:;N 

then pN satisfies 

(26) x :xpN = (-A(O) + ( A(O)z, :z) )PN +hN, 

where hN = Llkl_,:;Nzk_ As N--+ oo, the right-hand side of (28) uniformly tends 
to 

(-A(O) + ( A(O)z, :z) )p + g(x,p(x,z)). 

Hence x ( a p /ax) exists and satisfies ( G). 
We shall show that p E d(a', b', Jµw) if a' is small. To do that we put 

Pk(x) = Pk(x) - Pk(O), 

9k(x) = Ok(x) - Ok(O) 

Take a' such that 

By induction we see 

where 

llh1ll1"w ~ clkl - ~)µ + 1 + 1) 11hk1llw+l"w' 

llhk1llw+Ji'w ~ Hk(lga(O), 1Pi0)1, ll§ullw, llfJ)l1"w), 
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We have used 

We consider the equation 

0 0 '"' 0 • Y1 = Z1 + M ~ l9Jl(O)l(Z )1 , 

1112-2 

and its power series solution 

and the equation 

yo - zO + '"'Mo (ZO)k I - I ~ kl , 

lkl:c::2 

Y/ = z} +ML (lgJl(O)I + IWAa,,w)(Y1)1 

Iii :c:: 2 

and its power senes solution 

Then we see 

This completes the proof. QED. 

It is easy to prove Theorem 2 by combining the above Lemmas 1, 2, 
3. Here we note &J(a,J0 (w+Jµw)) c&J(a,J0w) and d(a,b,P(J0w+w)) c 

d(a, b,Jµw + Jaw). 

Remark. Even if o:(x) is analytic in xa, a being a positive index, the usual 
Briot-Bouquet theory cannot be applied because of the inconvenience of the 
small divisor, that is, IJ0a - }1A1 - ]2A2I can be infinitely small. Also we note 
that the transformation (T3) depends on the choise of a', so it is not unique. 
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