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On Black Hole Solutions of Second Order Differential Equations
with a Singular Nonlinearity in the Differential Operator

By

Jaroslav JaroS and Kusano Takasi

(Comenius University, Slovakia and Fukuoka University, Japan)

1. Introduction

Consider the singular ordinary differential equation

(A) (YT +ap” =0

where o >0, fe R are constants and ¢:[a,00) — (0,00) is a continuous
function.

By a solution of (A) we mean a positive function y defined on some interval
of the form J=11,T), a <t < T < oo, which is continuously differentiable
together with |y’|™ and satisfies (A) at every point of J. If J is the maximal
interval of existence of y, we say that y(r) is proper or singular according to
whether 7= o0 or T < 0.

The main objective of this paper is to examine the .structure of the set of
solutions of (A), both proper and singular, and to show that nonlinear equations
of the form (A) may have, along with proper and ‘usual’ blowing-up and extinct
solutions, also singular solutions of a new type that we call black hole solutions
because of their specific behavior at the right end-point of the maximal interval
of existence.

More precisely, by a black hole solution we understand a singular solution y
of Eq. (A) defined on some interval [fy, T), T < co, such that

. : 1
(1) thlio y(1) < and le;nio [y ()| = 0.
Such a solution is said to have a ‘zero black hole’ at 7T if lim, ,7_¢y(r) = 0 and
is termed a singular solution with nonzero black hole otherwise.

A simple example of a singular equation of the form (A) (with f = 0) which
really has black hole solutions is

@ Wy (351) o

where o« >1. For any given 7 >a and ¢>0, the function y(¢)=c+
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(T — 1)@ /% defined and positive on [a, T) is a decreasing solution of (2) with a
singularity of black hole type at T.

Similarly, for any ¢ > 0 the function y(t) =c¢ — (T — z)(“‘”/ * provides an
example of a ‘local’ increasing black hole solution of (2) which is defined and
positive in some sufficiently small left neighborhood of 7.

The qualitative behavior of the singular Emden-Fowler equation

(B) (p(0)y) +q(t)y P =0

and its generalization

(®) (p(O1y')*sgny") + q(t)y P =0

where p,q: |a,00) — (0,00) are continuous functions and « > 0 and § > 0 are
constants has been investigated in great detail by several authors; see, for
example, the papers [1-15]. However, according to our knowledge, the
singular equation (A) in our setting does not seem to have been the object of
any systematic investigation, and the present work was motivated by this
observation.

2. Classification of proper and singular solutions

We begin by classifying possible solutions of (A) according to their
behavior as ¢ approaches the right end-point 7 of the maximal interval of
existence.

A routine analysis together with the assumption of positivity of the co-
efficient ¢ shows that if y(7) is a (positive) solution of (A) defined on J =
[to, T), then y'(f) must be either strictly increasing or strictly decreasing on J.

Suppose first that y'(#p) > 0. Then, y'(f) > y'(t) > 0, t € J, so that y(¢) is
strictly increasing on J and the equation (A) can be written as

() + a0 =0, 1el.

In case y(¢) is a singular solution of (A) existing on [fo,T), T < o, the fol-
lowing two cases are possible: Either

I li 1) = li "=

() lim y(7) = oo, lim y'(r)= oo
or

. . ,
1) = oo.
() lim y(5) <o, lim y'(1) = oo

Usually a singular solution of (A) satisfying (I) is called a blowing-up
solution. We note that a singular solution satisfying (II) is a new type of
solution which has never appeared in any textbooks or research articles. We
will call a solution of the type (II) an increasing black hole solution of (A).

As mentioned in the Introduction, our main purpose here is to show that
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there does exist a class of equations of the type (A) which really admit black
hole solutions.
If y(2) is an increasing proper solution of (A), that is, if 7 = oo, then either
(ITII) lim y(¢) = oo, lim y'(f) = oo
t— o0 t—o0
or
(IV) lim y(#) = o0, 0 < lim »'(¢) < o0.
t— 00 t—00
We call y(t) a strongly increasing proper solution if it satisfies (IIT) and
a weakly increasing proper solution if (IV) holds.
It remains to examine the structure of the set of decreasing solutions of (A).
Thus, let y(¢) be a positive solution of (A) on J with y’(15) < 0. Then,
Y'(t) <y'(to) <0, teJ, and the equation (A) is written as

(=)™ +a(y@)’ =0,  1eJ.

Integrating the inequality y'(r) < y'(x) <0, t € J, we have

() < y(to) +y'(00)(t —10), e,

which shows that the interval J cannot be infinite. It follows that any positive
decreasing solution of (A) must necessarily be singular, in which case there are,
in general, three possibilities: Either
. . N
(V) lim y(0)>0, lim ()= —oo
or
. _ . e
(VD) lim () =0, fim y'(f)= o0
or
i 1)=0, — i "(t .
(VII)  lim y(1) =0, —co < lim y'() <O

A solution of the type (V) is referred to as a decreasing black hole solution,
while a solution of the type (VI) is termed an extinct solution of the second kind
(or a solution with a ‘zero black hole’ at T). Positive solutions of the type
(VII) will be called extinct solutions of the third kind.

We remark that by extinct solutions of the first kind we understand singular
solutions satisfying

. : !
lip, 20 =0 im0 =0
where 7" < oo is the right end-point of the maximal interval of existence which
may exist for equations of the form (A) with « < 0. Clearly, equation (A) with
o > 0 and positive ¢ cannot have extinct solutions of this kind.

3. Existence of black hole solutions

We begin this section by establishing ‘local’ existence of increasing black
hole solutions of (A), that is, singular solutions satisfying
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. B . o
(3) t_l)l;nﬁ0 yH)=¢>0 and z—l}}n—o y'(t) = o0

at the right end-point 7 of the maximal interval of existence.

Theorem 1. For any T > a and any ¢ > 0, Eq. (A) possesses an increasing
black hole solution defined on some interval [ty, T),a < ty < T, and satisfying (3)
at T if and only if o> 1.

Proof. (The “only if” part.) Let y(¢) be a positive increasing solution of
(A) defined on [ty, T), ty > a, and such that (3) is satisfied. Rewriting (A) as

(') +ay @) =0,  teln,T),

and integrating it twice from ¢ to 7, we obtain

Y(1) = UTqm(y(r))ﬂdr] o

t

and

) =c— J U )0 o T,

8

o

where we have used that (»'(#))™ — 0 as +— T —0. Using the inequality
y(to) < y(¢) if p <0, and the inequality y(¢) < y(T —0) = ¢ if >0, we have

I

which is possible only if a > 1.

(The “if” part.) Suppose that o >1. Let T >a and ¢ >0 be given
arbitrarily. Define ¢.(¢, T) = ming,77q(s),a <t < T, and choose a # € [a,T)
so large that

T —1/a
J q(r)dr} ds < o0

s

(4) g0, T) V(T - 1)@V < LRy
oo —1 )
if #<0, and
1+(5/%)
* —lja o— o C
®) g (10, T 7T — 1) < (5)

if #>0. Consider the set ¥ < Clty, 7| and the integral operator F:Y —
Clto, T] given by

[NSXIY

Y= {yeC[to,T]: < (1) SC,IG[ZO,T]}
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and

T —1/a
Jq(r)(y(r))ﬁdr] ds,  telt,T).

N

T

o=~ |

t

It is easily checked that (i) F(Y) < Y, (ii) F is continuous, and (iii) F(Y) is

compact in C[ty, T]. Thus, by the Schauder’s fixed point theorem there exists a
function y € Y such that y = Fy, that is

Tr T -1/«

== |] anoera] e el
t s

and differentiation of this integral equation shows that y(z), when restricted to

[to, T), is the desired increasing solution of (A) which satisfies (3).

An inspection of the proof of Theorem 1 shows that if {p =a and T > a
are fixed and ¢ > 0 is chosen so that (4) (resp. (5)) is satisfied if f <0 and
o+ B #0 (resp. f>0), then the desired black hole solution is guaranteed to
exist on the entire given interval [a, T') and the above theorem can be restated as
the following ‘global’ existence result.

Theorem 2. Suppose that a+p #0. Then, for any T >a, Eq. (A)
possesses an increasing black hole solution defined on |a, T) and satisfying (3) for
some ¢ >0 if and only if a> 1.

Next we will show that the condition « > 1 from Theorems 1 and 2 is a
necessary and sufficient condition for equation (A) to have, for any T > a and
any ¢ >0, also a decreasing positive solution of black hole type.

Indeed, if T > a and ¢ > 0 are given arbitrarily and ¢ € [a, T) is chosen so
large that the expression on the left hand side of (4) is less than 25/%¢!+(F/%) if
p < 0, and less than ¢'*(#/%) if § > 0, then the set ¥ <= Clty, T] and the operator
F:Y — Clty, T|] defined by

Y={yeCltg,T]:c<y(t) <2ectety, T}
and

T —1/a
Jq(r)(y(r))ﬂdr} ds,  telt, T),

S

mo=ct| |

t

respectively, satisfy all the conditions of the Schauder fixed point theorem, so
that there exists a function y e Y satisfying the integral equation

ye) =+ j U q(r)(y(r))ﬂdr] el

t s
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which gives a decreasing black hole solution of (A) having at ¢t = T the singular
behavior

. B : A
(6) ,E};QO y#)=c>0 and z—l}%n—o y'(t) = —c0.

The necessity of the condition o > 1 for the existence of decreasing black
hole solutions can be proved similarly as in the proof of Theorem 1.
Thus, we have proved the following

Theorem 3. A necessary and sufficient condition for Eq. (A) to have, for any
given T > a and ¢ >0, a decreasing black hole solution defined in some left
neighborhood of T and satisfying (6) is o > 1.

Again, if we are interested in ‘global’ existence of decreasing black hole
solutions rather than in a ‘local’ one, the above result can be restated as follows.

Theorem 4. Suppose that oo+ f8 #0. Then, for any T > a, Eq. (A) has a
‘global’ decreasing black hole solution defined on |a, T) and satisfying (6) for some
c¢>0 if and only if o> 1.

From Theorems 1 and 3 we know that regardless of positivity or negativity
of the exponent § Eq. (A) always has decreasing and increasing black hole
solutions iff « > 1. It is natural to ask whether in this case (A) may have also
other singular or proper solutions, that is, we are interested in the problem of
coexistence of various kinds of proper and singular solutions appearing in the
general classification scheme presented in Section 2.

First we will show that if g € C'[a, 0),a > 1 and B < —1, then there are no
" other decreasing solutions of (A) except for black hole ones.

Indeed, let y(7) be any decreasing solution of (A) on J = [tp,T). Define
the function W[y|() by

o

= M e,

p+1
and suppose that o > 1 and < —1. We ecasily have

™ W)

d _4q'(1) 144
aW[J’](t) —m(y(f)) ; tel,
from which, noting that W{[y|(t) <0, teJ, and

q'(1) w44 wp_ 42 (0)
LDyt < -2 0 < LD il e
we find that
Liwbiol< ED ol res,
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where ¢’ (1) = max{q'(z),0}, which implies that

®) |wqyxw|s|w4menexp(Lf%%§Lb>, rel.
Thus,
o Ao swhimien([ L), e,

which precludes the possibility lim,_7_¢ y(¢) = 0, showing that y(f) must be a
black hole solution.
Thus, we have proved the following

Theorem 5. Suppose that qe C'la,0). If o> 1 and B < —1, then the
only decreasing solutions of (A) are black hole solutions.

An analogous result holds also in the case of increasing singular solutions
of (A).

Theorem 6. Suppose that qe Clla,0) and —B<1<ao Then all

increasing singular solutions of (A) are black hole solutions.

Proof. Let y(f) be an increasing singular solution of (A) defined on J =
[to,T),a <ty < T < 0. Suppose that «>1 and f> —1, and consider the
function V{y|(r) defined by

10 VIO =20 A e e
Differentiating (10) and using (A), we see that
(i SVDI0 =0 G0, red,
Since V[y|(¢) > 0 on J, we have

20 Gy < £ 6 < L0vbio, e,
and from (11) we obtain
(12) Sviio < S viie,  res

Integration of (12) then yields

Wﬂ@ﬁmekm<[%
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which implies in particular that

q(1)

ﬂ—](y(t))ﬁ“ < Viyl(t) exp(JI mds), tel.

0 49(5)

The above inequality prevents y(¢) from blowing up at the right end-point of J,
and so all increasing singular solutions must be black hole solutions.

In the next theorem we will show that in the case o« > 1 and -1 < f < a
black hole solutions and extinct solutions of the second kind always coexist
for (A).

Theorem 7. Let o> 1 and —1 < < a. Then, for any T > a, Eq. (A) has
an extinct solution of the second kind defined-on [a,T).

Proof. Let T > a be given. Denote

¢« = min ¢(#),  ¢"= max ¢(1)

tefa,T) tela, T)
and put
o+ B\ [up+ ]
13 K= o U
(13) (oc — 1) [ o+ pf
Consider first the case —1 < f < 0 and define
Ko\ V/Hh) ay 1/ (@t+p)
(14) ¢ = <—*> and = (K ) .
q 9+

Since « > 1 and —1 < <0 imply ¢; < ¢y, we can define the set ¥ < Cla, T
and the mapping F: Y — Cla, T| by

Y ={yeCla,T]: (T — )V < y(1) < er(T — )V g e a, T]}

and

(F9) () = H

7

T -1/a
J q(r)(y(r))ﬁdr} ds, tela,T).
s

It is not hard to verify that (i) F(Y) = Y, (ii) F is continuous, and (iii) F(Y) is
compact in Cla, T]. Therefore, there exists a fixed element y € Y of F by the
Schauder fixed point theorem. This fixed element y = y(¢) satisfies the integral
equation

o0 = | ) U a(r)(310) | a el
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which implies that y(¢) is a solution of (A) on [a, T) and satisfies lim,_7_oy(?)
=0 and lim,,7_¢y'(f) = —oo. This establishes the existence of the desired
extinct solution of the second kind for (A).

Consider now the case 0 < ff < a. Define

(15) a= (KlaKz_ﬂ)“/(aLﬂz) and ¢ = (KZK[") @/ (=)

where K = (q*)fl/“K, K, = (q*)fl/“K and ¢, ¢* and K are as above. Then
¢ <c¢; and we can consider the set Y < Cla, 7] and the mapping F:Y —
Cla, T} given as in the first part of the proof concerning the case —1 < f < 0.
The rest of the proof is similar to that of the preceding case and is omitted.

Example 1. Consider the equation
(16) (™) +w =0

where o > 0, f € R and y > 0 are constants. According to Theorem 7, if o > 1
and —1 < f < a, then, for any T > a, Eq. (16) has an extinct solution of the
second kind defined on [a, T). Indeed, for any T > a, the function

(17) W(t) = (T — 1)@ D/h)
where

 Ja(l + ) ot g7V
(18) c= L}(OH—[}) . ] 7

is the extinct solution of the second kind of the equation (16).
Motivated by this example, we believe that the following conjecture is true.

Conjecture 1. For any T >a, Eq. (A) has an extinct solution of the
second kind defined on [a, T) if and only if

o—1

< 1.
o+ p

(19) 0<

In our next theorem we will show that there is a large class of equations of
the form (A) which admit no decreasing black hole solutions and no extinct
solutions of the second kind.

Theorem 8. Suppose that g€ C'la,0). If0<a <1 and B> —1, then the

only possible decreasing solutions of Eq. (A) are extinct solutions of the third
kind.

Proof. Let y(t) be a positive decreasing solution of (A) on J = [ty, T).
From Section 2 we know that this solution must necessarily be singular, that is,
T < .
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Assume that 0 <« <1, #> —1 and define the function W[y|(f) by (7).
Then we have

(20) — W) <

which implies that

1) W) < W{y]uo)exp(J

From (7) and (21) it follows that

o t

1—ua

1y 1 4’ (s)
(=y'(0) " < Wyl(n) exp ds), 1eJ,
0 905)
which precludes the possibility lim,_7—q y(f) = — oo, showing that y(f) must be
an extinct solution of the third kind.

As our last theorem in this section shows, there is a class of equations of
the form (A) for which the extinct solutions of the third kind (with arbitrarily
prescribed extinction points) do really exist.

Theorem 9. Suppose that —1 <f <0 and o+ #0. Then, for any
T > a, Eq. (A) has an extinct solution of the third kind with [a, T) as its maximal
interval of existence.

Proof. Let T >a be given arbitrarily. Put ¢* = max,c,779(f) and
choose ¢ > 0 satisfying

1 o+p -
- *Tﬂ+1 <1- 3
gr1¢ 1 =1-2
Let Y denote the set
Y={yeCla,T|:c(T—1) <y(t) <2c(T —-t),tea,T|}
and define the integral operator F: Y — Cla, T] by

(Fy) (1) = j 207+ j a(r)(5(r) | e el

t N
It is easy to verify that F is continuous and maps Y into a compact subset of Y.
Therefore, by the Schauder fixed point theorem, F has a fixed element y in Y.
Clearly, this fixed point y = y(¢) satisfies

Y1) = J |20+ j )30 | s el

t s
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and differentiation of this integral equation shows that y(¢), when restricted to
[a,T), is an extinct solution of the the third kind of (A) with extinction point at
t=T. This completes the proof.

4. Existence of blowing-up solutions

Now we turn our attention to. the set of increasing singular solutions of
Eq. (A) which satisfy (I). Our first aim is to establish conditions guaranteeing
the existence of such solutions with arbitrarily prescribed (finite) blow-up points.

Theorem 10. Suppose that 0 <o <1 and |f| < a«. Then, for any T > a,
Eq. (A) has a positive solution defined on [a, T) which blows up at T.

Proof. Let T >a be fixed arbitrarily. As in the proof of Theorem 7,
denote g. = min,c|, 7)¢(?) and ¢* = max,c, 77 and put

(R

With this K define the constants ¢; and ¢; by (14) or (15) according as f < 0 or
p=0.

Denote by Cla, T) the locally convex space of all continuous functions on
la, T) with the topology of uniform convergence on every compact subinterval
of [a,T), and consider a closed convex subset Y of Cla,T) given by

(22) Y ={yeCla,T):c)(T — 1) D/h
<y(t) < (T — )" VPt e fa, T},

Let F:Y — Cla,T) be the integral operator defined by

i1

T —1/a
(23) (Fy)(t) = (T — @)D/ J U q<r><y<r>>ﬂdr] s, tela,T).

a

An elementary computation shows that, for any ye Y and te[a, T),
(Fy)(¢) < e (T — a)(dfl)/(wrﬁ) + (c-ﬁq )_I/MK[(T _ t)(a—l)/(a+ﬂ) (T - a)(fxfl)/(wr/f)]
< s
< (ciﬁq*)fl/aK(T _ t)(a—l)/(d+ﬁ) =o(T — t)(f%*l)/(fﬁﬁ),
where i=1if >0 and i =2 if f<0, and
(Fy)(1) > ¢y(T — a)(d—l)/(wﬂ) + (c'»/jq*)_l/“K[(T _ t)(a—l)/(H/f) —(T - a)(oc—l)/(wr/i’)]
_ i
> (Ciﬁq*)*l/“K(T _ Z)(“*l)/(wrﬁ) = (T - t)(otfl)/(w-/f)’

where i=11if f# <0 and i =2 if § > 0, which implies that F maps Y into itself.
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It can be shown in a routine manner that F is continuous on Y and F(Y)
is relatively compact in Cla,T). From the Schauder-Tychonoff fixed point
theorem it follows that F has a fixed element y in Y. Differentiating the
integral equation y = Fy, we see that this fixed element y = y(¢) is a solution of
(A) which is positive on [a¢,7) and blows up as ¢ approaches T —0. This
completes the proof.

From the results of the preceding section we know that there are no
blowing-up solutions for Eq. (A) if ge Clla,0) and —f < 1 < o, while The-
orem 10 says that there always exists a blowing-up solution for Eq. (A) if
0<a<1 and |f] <o A question now naturally arises: What happens for
blowing-up solutions in the remaining cases for « and f? A partial answer to
this question is given by the following theorem.

Theorem 11.  Suppose that g€ C'la,0) and 0 < o < 1 and p < —1. Then
there are no increasing singular solutions of Eq. (A).

Proof. Let y(t) be an increasing solution of (A) defined on J < [a, ).
Consider the function V[y|(¢) defined by (10). In this case V[y](z) <0, teJ,
and we have

d g 7.0
@ Gio =00 < Lo, e,
which implies that

25) 7BIo) < vblwlen( [ L)

for teJ. In particular

o

(26) -

1y ]-a gL (s)
00 < Vblwlewn( | Eas), ey,
) q(s)
which prevents y’(r) from tending to +oco at a finite point of J. Therefore, y(¢)
can be neither a blowing-up solution nor an increasing black hole solution.

We close this section with an example and a conjecture.

Example 2. Consider again the equation (16) with a constant coefficient y.
Theorem 10 ensures the existence of blowing-up solutions in the range 0 < o <
1, |Bl <o As easily seen, if

o—1

(27) o+ pf

<0,
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which is obviously satisfied if the conditions of Theorem 10 hold, then the
function y(#) given by (17) provides an example of finite time blow-up for the
equation (16). '

The following conjecture has been motivated by the above example.

Conjecture 2. For any T > d, Eq. (A) has a solution defined on [a,T)
which blows up at 7 if and only if (27) is satisfied.

5. Existence of increasing proper solutions

Our final task is to study the problem of existence (and nonexistence) of
proper solutions of the equation (A) which, as mentioned in Section 2, can be
partitioned into two subclasses according to whether (III) or (IV) is satisfied.

One can characterize the existence of an increasing proper solution of type
(IV) for the equation (A) as the following theorem shows.

Theorem 12. The equation (A) has a weakly increasing proper solution if
and only if

(28) Jwﬁﬂﬁﬂ<c0

Proof. (The “only if” part.) Assume that (A) has a weakly increasing
positive solution y(¢) on [a,c0). Integration of (A) on [t,0), t > a, gives

()™ = (5'(1) ™+ j 4(s)(¥(s))ds = 0,

t
or

[ce]

—1/a
(29) y'(r):[<y'<oo>>—“+j q(s)(y(s))ﬂa’s} . isa

which implies in particular that

1

(30) JOO q(s)(y(s))ﬂds < oo, {>a.

t
Since y’(00) = lim,, y'(¢) = lim, o [y(f)/t] = const >0 by (IV), there are
positive constants ¢, ¢; and # > a such that

(31) at<y()<et,  tzn.

Combining (30) with (31) yields

c.ﬁj sPq(s)ds < oo,

i
141

where i=1if §>0 and i =2 if f <0, which verifies the truth of (28).
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We observe upon integration of (29) that any weakly increasing positive
solution y(¢) defined on [a, c0) satisfies the integral equation

t

w0 —1/a
(32) y(t)zy(a)+H<y'<oo>>“+j q(r)(y(r))ﬁds} i, iza

a
(The “if” part.) Suppose that (28) holds. Let f < 0. Choose positive
constants y, > 0 and #; > 0 so that

o I
) [ (3o gmte-) atode = @2~ 1™,

a

which is clearly possible. Let Y denote the set

(4)  Y={yeCiao):yotymli—a) <) <yot+mlt-a)za)

and define the mapping F: Y — Cla, o0) by

t

3 0=+ [ || )0 | Ph iza

The inequality (33) can be used to show that F maps Y into itself. It can be
routinely verified that F is a continuous mapping and that F(Y) is relatively
compact in Cla, 00). Therefore the Schauder-Tychonoff fixed point theorem
applies and there exists an element y € ¥ such that y = Fy, which satisfies

t 0 —1/a
0 s0=n+[ [ [Canon e| e cza
a s

(Note that (36) coincides with (32): y, = y(a), n; = y'(c0).) Diflerentiating
(36), we conclude that y(r) is a positive increasing proper solution satisfying
y'(c0) =#,. Hence y(¢) provides a desired weakly increasing solution of (A).
This completes the proof in the case f < 0.

The proof in the case >0 is a slight variation of the procedure used
above with

s 0]
|G e =@ atode < @* = 1y,
a
replacing (33), and is omitted to avoid the repetition.

The next theorem concerns strongly increasing solutions of Eq. (A), that is,
the proper solutions y(#) satisfying lim,_., y(f) = oo and lim,_, y'(f) = co.

Theorem 13. Suppose that there exist constants qi,q» >0 and o € R such
that ‘ ‘
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(37) qi1t° < q(t) < g2t

Sor all large t.  Moreover, let either (i) 0 > —1 and 6 +1 < —f < a; or (ii) o <
—1 and one of the following three cases holds:

a) 0<—p<a,

b) 0<f<a<-0-1,

c) 0<f<—-0o—-1<u.
Then Eq. (A) has a strongly increasing proper solution.

Proof. Let t; > a be so large that (37) is satisfied for 1 > ;. Put

a+p [_a(ﬁ+a+l)}l/“

L:
o—0—1 a+p

and define
e = (Loc/qz)l/(ﬁﬁ), ¢y = (L“/ql)l/(“+ﬂ),
if f <0, that is, the case (i) or (ii)(a) holds, and
o = (LI oy = (L Py,
where Li = (q2) /*L and L = (q1) "L, if >0, (ie., (ii)(b) or (ii)(c) is
satisfied). Then ¢; < ¢; and we can define the set ¥ by
Y ={yeClt,o): et VD < (4} < epfto DI04 ¢ > ),

which is clearly a closed convex subset of the locally convex space C[f1, )
equipped with the topology of uniform convergence on compact subintervals of
[t1,00). Define the integral operator F: Y — C[f;, ) by

t oo —1/a
(38) (Fy)(t):cltﬁ""”"l)/(”ﬁ)JrJ J q(r)(y(r))ﬁdr} ds, t>1.

1 LJs

From (37) and (38) we see that, for any ye Y and ¢ > 1,

t
(F) () < exdy " VD (g [

il

0 —1/a
J ,a,,ﬂ(a—ﬂ—l)/(wﬁ)dr} ds

s

_ Cltgzx—o—l)/(aﬂ-ﬁ) + (ciﬂql)—l/oth(fx—a—l)/(ochﬁ) _ (clpql)71/%4@—0-1)/(“/3)

< (ci[fql)71/06Lt(a7¢771)/(oc+ﬂ) — 6,2[(06——071)/(064—,3)’
where i =2 if f<0 and i=1if >0, and

°e —1/a
J poBa-o D/ g g

S

t
()0 2 entf VD (el | [

n

> (L) VAL e VD) — ¢ o) (oth),
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where i =1 if f <0 and i = 2 if # > 0, which implies that Fy € Y, and hence F
maps Y into itself.

We can prove routinely that F is continuous and F(Y) is a relatively
compact subset of C[f1,00). Therefore, the Schauder-Tychonoff fixed point
theorem guarantees that F has a fixed y € Y, giving rise to the desired strongly
increasing solution y(r) of (A).

Useful information about the structure of the set of proper solutions of (A)
can be obtained by examining the Lyapunov-like function V[y|(7) defined by
(10), as the following two theorems show.

Theorem 14. Suppose that qe Clla, ), o < 1 < —B and that

“q\. (1)
(39) L "0 dt < 0.

Then, all increasing solutions of (A) are weakly increasing proper solutions.

Proof. From Theorem 11 we know that the conditions g € C'[a, c0) and
o < 1 < —f prevent (A) from having increasing singular solutions. Thus, if y()
is an increasing solutions of (A) defined on J = [#y, T), to = a, then T = o, i.e.
p(f) must necessarily be a proper solution.

Consider the function V{y|(¢) defined by (10). Then, as in the proof of
Theorem 11, V[y](t) <0 on J and we obtain (26) for all reJ. If (39) is
satisfied, then, in view of (26), y'(¢) cannot tend to oo as t — oo, which implies
that all positive increasing proper solutions are necessarily weakly increasing
proper solutions.

Theorem 15. Suppose that qe C'la,0) and —f <1 < a. If, moreover,
(39) and

(40) Jim sup 1 g(1) =

t—0o0
hold, then there are no proper solutions of Eq. (A).

Proof. Let y(t) be an increasing proper solution of (A) defined on J =
[to, 0), to = a. Consider again the function V[y|(¢) defined by (10) which, in
this case, is strictly positive on J and satisfies

“1) VIyl(r) < VIy)(to) exp <J: %ds)
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for 1> t. Since an increasing proper solution y(¢) of (A) is necessarily un-
bounded and grows to infinity at least as fast as a constant multiple of ¢ as
t — oo, there is a constant ¢ > 0 such that y(¢) > ¢t for t > . We then have
from (41)

Fan

() < VD) < V[y]<z0>exp( j qq(()) ds), (>0

whence, using (39) and (40) we reach a contradiction in the limit as ¢t — oo.

Example 3. The results obtained in this section will now be illustrated by
the example

(42) (1™ + y°yF =0, t>a>0,

where o > 0,8,0 € R and y > 0 are constants.

Applying Theorem 12, we obtain that (42) has a weakly increasing proper
solution if and only if f < —o— 1.

For equation (42) the condition (39) is satisfied if and only if ¢ <0 and
" Theorem 14 then shows that all increasing solutions of (42) are weakly
increasing proper solutions if ¢ <0 and a < 1 < —f.

If, in addition to ¢ < 0, the conditions —f < 1 < a and f+ o+ 1 > 0 hold,
then, according to Theorem 15, there are no proper solutions of the equation
(42).

Finally, we apply Theorem 13 to conclude that any of the conditions (i),
(ii)(a)—(c) is sufficient for the existence of a strongly increasing proper solution
of (42). Indeed, an elementary calculation shows that the function y(#) given
by

where

a—o—1
o+ p

7

y OC—}—[)) o —1/{e+p)
=T

is a strongly increasing proper solution of the equation (42) if

a—og—1

(43) o+ p

>1,

which is clearly satisfied if any of the four conditions of Theorem 13 holds.
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We end with a conjecture motivated by the gap between (43) and the
conditions of Theorem 13.

Conjecture 3. Suppose that there exist constants g;,¢> > 0 and o € R such
that (37) holds for all large . Then Eq. (A) has a strongly increasing proper
solution if and only if (43) is satisfied.
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