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Bounded Solutions of Quasilinear Hyperbolic Equations of 
Kirchhoff Type with Dissipative and Forcing Terms 

By 

Taeko YAMAZAKI 

(Senshu University, Japan) 

Introduction 

Let X be a complex Hilbert space with the norm II · 11- Let A be a self­
adjoint operator in X. Assume that A is positive, that is, min o-(A) = a-0 > 0, 
where o-(A) denotes the spectrum of A. For a 2 0, let X"' be a Hilbert space 
defined by 

with norm llxllx" = IIA"'xll-
First, we consider the initial value problem for the following abstract 

hyperbolic equation of Kirchhoff type with dissipation. 

(0.1) 
a2u 1/2 2 au 
at2(t)+m(IIA u(t)II )Au(t)+yat(t) =f(t), t 2 0, 

(0.2) u(O) = rp, !~ (0) = 1/1, 

where y is a positive constant, 

m(·) E C 1([0, oo)) and m(,1,) > 0 for every ,1, 2 0. 

We assume that 

We give two examples which satisfy our assumptions. 

Example I. Let Q be a domain in Rn with smooth boundary, in which 
Poincare's inequality holds. For example, 

( i) Q is a bounded domain with smooth boundary, or 
(ii) Q=(a,b)xRn-l fora,bER, or 
(iii) Q = Rn\UJEzn B,(J), where B,(J) is a ball centered at J with radius 

r for fixed r > 0. 
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For such a domain Q, we consider the initial boundary value problem 

(0.3) 
a2u 2 au 
at2 - m(l!Vullu)Llu + y at= f(x, t), XE SJ, t > 0, 

(0.4) 

(0.5) 

u(x, 0) = rp(x), 

u(x, t) = 0, 

au 
at (x, 0) = t/J(x), XE SJ, 

xEaSJ, t~0. 

To treat the above problem, we put X = L2(Q) and A= -LI with domain 
H 2(Q) n HJ (Q). It is well known that D(A 112) = HJ (Q) and IIA 112ull = 
l!Vullu, and that A is a positive self-adjoint operator. 

Example 2. We consider the Cauchy problem 

{ 
a2u 2 2 au 
at2 - m(IIVullu + llullu)(LI - l)u + Yai = f(x, t), 

au 
u(x, 0) = rp(x), at (x, 0) = t/J(x), x E Q. 

Let X = L2 (Rn) and A= -LI+ I with domain H 2 (Rn). It is well known that 

D(A 112) = H 1 (Rn) and IIA 112ull = IIVulli,2 + llulli,2, and that A is a positive 
self-adjoint operator. 

In non-dissipative case, we do not know the unique global solvability of 
(0.3)-(0.4) for arbitrary small initial data in H 00 , except for the special 
case m(x) 2 = (a1x + a2)-2 with positive constants a1 and a2. In this case, 
Pokhozhaev [9] proved the unique existence of global solutions of (0.3)-(0.5) 
with y = 0 and Q is a bounded domain in Rn for arbitrary initial data (rp, t/1) E 

H 2(Q) X H 1(Q). 
In the case that y = 0 and m(x) = x + 1, Greenberg and Hu [4] first 

showed the unique existence of a global solutions of (0.3)-(0.4) with f = 0 and 
Q = R for small initial data in H 2(R) x H 1 (R) satisfying some decay conditions 
with respect to x. D'Ancona and Spagnolo [2] improved the result of [4) for 
arbitrary Rn and general form m. (See also, Yamazaki [12)). D'Ancona and 
Spagnolo [3] showed the global solvability for (0.3)-(0.4) with perturbation 
for initial data with compact support, and especially treat the case IIJ(t) IIH1 = 
O(t-k) with some k > I as t----, oo. 

In case y > 0, Brito [ 1] showed the unique existence of global solutions of 
(0.1)-(0.2) withf = 0 for positive self-adjoint operators A, under the assumption 
that IIAr/JII + IIA 112fll is sufficiently small. Independently, Yamada [11) showed 
the unique existence of a global solution of (0.3)-(0.4) for Q = Rn, or 
(0.3)-(0.5) for a bounded domain SJ, under the assumption that llr/JIIH2 + 
llt/lllH1 + J0

00 llf(s)IIH,ds is sufficiently small for f E C([0, oo);H1). Ikehata and 
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Okazawa [6] proved a similar result for (0.1)-(0.2) under the assumption that 
(IIA¢11 + IIA 112 i/lll + J000 IIA 112/(s) lids) ( IIA 112¢11 + II i/111 + J0

00 11/(s) lids) is sufficiently 
small, where A is a non-negative self-adjoint operator with compact resolvent 
and/EL 00 ([0,oo);X). (See also Ikehata [5].) On the other hand, Tucsnak 
[10] considered the initial boundary value problem for (0.3)-(0.4) with y = 0 
and f(t) = 0 on a bounded interval with a boundary condition u(O, t) = 0, 
axu(l, t) = -a81u(l, t) for a> 0, which has the effect of dissipation, and showed 
the unique existence of global solutions provided 11¢11H' + lli/lllH1 is sufficiently 
small. Ono [8] generalized the result of [10] for f E ni=O, 1 c 1-i([0, oo ); Hi) 
such that sup1::>oll/(t)IIH1 is sufficiently small. In the papers [1], [11], [5] and 
[ 6], they first obtain the estimate of IIA 1!2u(t) II + ll81u( t) II by assuming the 
boundedness of f0

00 llf(s)llds, (which means the decay of 11/(t)II as t------> oo,) 
and secondly obtain the estimate of IIAu(t)II + IIA 11281u(t)II by assuming the 
smallness of J0

00 IIA 1!2J(s)llds. In the papers [10] and [8], they adoted the 
procedure above, by using the boundary dissipation and the smallness of 
sup1>oll/(t)IIH1 instead of assuming the decay on f(t) as t------> oo. 

In this paper, without assuming the decay of 11/(t) II as t------> oo, we prove 
the estimate of IIAu(t)II + IIA 1i281u(t)II, by using the fact that this quantity 
dominates IIA 112u(t)II + ll81u(t)II if uo > 0. Then, from the estimate above, we 
deduce the unique global solvability. In this procedure, the condition u0 > 0 is 
essential. In fact, the results of this paper do not hold in general if u0 = 0, as 
we will show by some examples given later. (See Remark 2.) 

Theorem 1. Let ¢ E X1, i/1 E X1;2- If IIA¢11 + IIA 112 ifill + sup1:,. 0 IIA 112/(t) II 
is sufficiently small, then the initial value problem (0.1 )-(0.2) has a unique global 
solution u E ni=O,l, 2 C;((0, oo);X1-;;2). 

Furthermore, for every e > 0, we can take 61 ( e) and 62 ( e) such that 

(0.6) 

and 

(0.7) sup IIA 112J(t)II :S: 62(e) 
t::>O 

imply 

(0.8) 

for t ;:c: 0. 

Remark 1. The constants 61 (e) and 62(e) are defined by (1.3) in the proof. 

Remark 2. Since we do not assume that /EL 1([0,oo);X1; 2), the 
assumption uo > 0 is necessary for sup1>ollu(t)II < oo. In fact, if OE u(A), 
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then for every O < 0 < I and c > 0, we can construct examples f and 
u E C00 ([0, oo);D(A)) such that sup1>oll(I +A 112)f(t)II::;; c, llf(t)II = o(t-0 ) as 
t -----+ oo and that u is the unique solution of the linear wave equation 

(0.9) { 
cPu au at2 (t) + Au(t) + at (t) = f(t), 

OU 
u(O) = at (0) = 0, 

and satisfies limsupHoollu(t)II = oo. (The construction is given at the end of 
section 1.) 

Next we consider the above equation for t ER: 

(0.10) 

where m(,1.) and y are same as in the case of (0.1), and f E C(R; X1; 2). 

Nakao [7] showed the unique existence of small bounded global solutions 
of semilinear hyperbolic equations with dissipation on bounded domains, under 
the assumption that suptER J/+1 llf(s)lli,2ds is small. He also showed that the 
small bounded solution is periodic or almost-periodic if f is periodic or almost­
periodic. Ono [8] showed the unique existence of small bounded global solutions 
for (0.3)(t ER, y = 0)-(0.4) with the dissipative boundary condition considered 
by Tucsnak [10] (see above), under the assumption that sup1ERllf(t)IIH' is small. 
He also showed that the small bounded solution is periodic if f is periodic. 
Using the method by Nakao [7] and Theorem 1, we obtain the following 
theorem: 

Theorem 2. Let J2(·) be as in Theorem 1. There exists a positive number 
cJ > 0 such that, for every c E (0, cJ ), if 

(0.11) sup IIA 112f(t)II::;; b2(c), 
tER 

then (0.10) has a unique global solution u E ni=O, 1,2 C;(R; X 1_;;2) satisfying 

(0.12) sup(IIAu(t)ll 2 + IIA 11201u(t)ll 2)::;; c. 
/ER 

This solution is unique in the class U E ni=O, 1,2 C; (R; X1-;;2) satisfying 

(0.13) sup(IIAu(t)ll 2 + IIA 112 01u(t)ll 2) < cf. 
tER 

Furthermore, the mapping L :ff-+ (u, o1u) defined above is uniformly continuous 
on {f E C(R; X1;2) I suptERIIA 1!2f(t) II ::;; b2(c)} equipped with the topology of 
C(R; X) to C(R; X1;2 x X). 
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In case f is time periodic, the next corollary follows immediately from the 
uniqueness in Theorem 2. 

Corollary 1. Let c1 and J2(·) be as in Theorem 2. Let T be a positive 
number. If f is time-periodic ( that is, periodic with respect to t,) with period T 
and satisfies 

sup IIA 112J(t)II s J2(c) for some c < c1, 
O<:,t<:,T 

then the solution u(t) given in Theorem 2 is time-periodic with period T. 

In case f is X-almost-periodic with respect to t, the next corollary follows 
immediately from the uniform continuity of the mapping L in Theorem 2. 
Here, for a Banach space Y with norm II • II y, the functionf(t) E C(R; Y) is said 
to be Y-almost-periodic with respect to t, if for every c > 0, there exists a 
positive number t such that every interval of length t contains at least one point 
r for which 

sup 11/(t + r) - f(t) 11 y s c. 
tER 

Corollary 2. Let c1 and J2(·) be as in Theorem 2. If f is X-almost-periodic 
with respect tot and satisfies (O.Il)for some c < c1, then the solution (u(t),01u(t)) 
given in Theorem 2 is X 1; 2 x X-almost-periodic. 

1. The global existence 

In this section we prove Theorem 1 and construct examples mentioned in 
Remark 2. 

By the assumption that mina(A) = ao > 0, we have 

for every x E D(A 112 ), (K - 1 ) - Fo . 

Yamada [11] showed the local solvability of (0.1)-(0.2), where A= -A 
with domain D(A) = H 2(Rn). He used the Friedrichs mollifier in order to 
obtain the estimate of llu(t)IIH2 + ll81u(t)IIH1· We invoke instead the spectral 
projection associated with the general non-negative self-adjoint operator A and 
apply the same method as in [ 11] to prove the following local existence result. 

Theorem A ([11, Theorem I, Theorem 5.1]). For every T > 0, there exists a 
positive constant T0 (s T) such that the initial value problem (0.1)-(0.2) has a 
unique solution U E ni=O, 1,2 Ci([0, To]; XH;2), The constant To depends on ll<ftllx1, 

llfllx112 and for llf(s)llii 12ds. 
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Let T be a positive number and let u(t) be a local solution for (0.1)-(0.2) 
on [O, T]. Then we define two functions of t E [O, T]: 

We define four functions on [O, oo ); 

mo(r) = min{ min m(s2), 1}, 
0<:;s<:;r 

m2(r) = max{ max m(s2), 1}, 
0<:;s<:; r 

m3(r) = max lm'(s2 )1-
0:o;s:o;r 

If m3(r) ¢. 0, then m0(r)/m3(r)(E (0, oo]) is a non-increasing function and r2 

is a strictly increasing function of r, respectively. Thus, there uniquely exists 
so > 0 such that 

(1.2) 

We can now prove the following lemma. 

Lemma 1. Let so be the positive number defined by (1.2) in case m3(r) ¢. 
0, and an arbitrary fixed positive number in case m3 (r) = 0. Let s be a positive 
number such that s s so. Put 

(1.3) 

Assume (0.6) and 

(1.4) 

If 

(1.5) 

for O s t s T, then 

(1.6) 

for Ost s T. 

6 ( ) = symo(Kso)m1 (Kso) 
2 8 16(2 + Ky2 ) 

sup IIA 112f(s)II s b2(s). 
0<:;s<:; T 

2 

IIAu(t) II 2 + IIA 112a1u( t) II 2 S 82 
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Proof We abbreviate µ; = m;(Kc0), for i = 0, 1, 2, 3. By the assumption 
(1.5) together with (1.1), we have 

(1.7) IIA 112u(t)II s KIIAu(t)II s Kc s Keo 

for O s t s T. Thus, 

(1.8) and 

for Ost s T. This implies 

(1.9) _!_F(t) s 11Au(t)ll 2 + IIA 112oiu(t)ll 2 s _!_F(t). 
µ2 µo 

We prove that 

(1.10) 

for Ost s T. 

it follows that 

(1.12) 

1 1 
-2F(t) s G(t) s -F(t) 

µI 

From the estimate 

1 
G(t) ~ 2F(t). 

On the other hand, by using (1.9) and (1.1), we have 

(1.13) IIA 112u(t)ll 2 s K 2 11Au(t)ll 2 s K 2 F(t). 
µo 

It follows from ( 1.11) and ( 1. 13) that 

(1.14) 

Inequalities (1.12) and (1.14) imply (1.10). 
For every positive number N > 110 = minrr(A), put 

uN(t) = E(N)u(t) = JN dE(A)u(t), r/JN(t) = E(N)rp(t), 
rro 

1/fN(t) = E(N)ijf(t) and fN(t) = E(N)f(t), 

where A = fer: AdE(A) is the spectral resolution of A. Then 

(1.15) 
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for every j 2 0, and satisfies the following initial value problem; 

(1.16) for t 2 0, 

(1.17) 

We also put 

2 

GN(t) = FN(t) + yRe(A 112uN(t), A11201uN(t)) + y2 IIA 112uN(t)ll 2. 

Taking the inner product between (1.16) and AuN(t), we obtain 

(1.18) :t GN(t) = 2m'(IIA 112u(t)ll 2) Re(A I12u(t),A I1201u(t))IIAuN(t)ll 2 

+ 2 Re(A l/201uN(t), A I/ZJN(t)) 

+ y2 Re(A 1!2uN(t), A 1l2JN(t)) - yFN(t). 

Integrating both sides of 

we have 

Inserting (1.18) in the right hand side of the above equality and letting N----+ oo, 
we obtain 

= L eMs/2 { µt G(s) 

+ 2m' (IIA 112u(s) II 2) Re(A 112u(s), A I1201u(s)) IIAu(s) 11 2 

+ 2 Re(A I12o1u(s), A l/2j(s)) 

+ y2 Re(A 112u(s), A 'i2J(s)) - yF(s) }ds. 
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By (1.5), (1.7), (1.8), (1.9) and (1.2), we have 

m' (IIA 112u(s) II 2) Re(A 112u(s), A 11201u(s)) IIAu(s) II 2 

S: µ 3KE/F(s) S: _4Y F(s). 
µo 

By using this inequality and (1.14), it follows from (1.19) that 

eµ 1Y112 G(t) - G(O) 

S: t eµ 1ysf2(2 Re(A 1l2a1u(s), A 112f(s)) + y2 Re(A 1!2u(s), A 112f(s) ))ds. 

This inequality together with (1.5) and (1.7) yields 

2 
eµ 1Y112G(t) - G(O) S: (2 + Ky2)c: sup IIA 112f(s)ll-(eµ 1Y1!2 - 1). 

05os5oT µly 

Thus we obtain 

( 1.20) 

for every Os; t:,;; T. From (1.20) and (1.10), it follows that 

F(t) S: ~ F(O) + 4(2 + Ky 2
)8 sup IIA 112f(s) II 

µI µI Y 05os5o T 

for every O S: t :,;; T. This, together with (1.9), yields 

11Au(t)ll 2 + IIA 11201u(t)ll 2 S: _!_F(t) 
µo 

519 

for every OS: t:,;; T. Hence, by using the assumptions (0.6), (1.3) and (1.4), we 
obtain inequality (1.6). D 

Proof of Theorem l. Let c:o as in Lemma 1. It suffices to prove the 
conclusion for c: such that O < c: S: c:0 . Let 61 and 62 be as in Lemma 1, and 
assume that (0.6) and (0.7) hold. By Theorem A, there exists a unique solution 
u of (0.1 )-(0.2) on [O, To] for some positive To. 

We show that u satisfies the estimate (1.5) in Lemma 1 for O S: ts; To. 
Assume that (1.5) does not hold for some ts; To. Put 

( 1.21) 
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Then, by the assumption (0.6) with o1 s 13 and the continuity of the solution, it 
follows that T* > 0 and (1.5) holds for O s t s T*. Thus, by Lemma 1 with 
T = T*, we obtain 

(1.22) 
2 

11Au(t)ll 2 + IIA 11201u(t)ii2 s ~ 

for O s t s T*. On the other hand, by the continuity, it follows from (1.21) 
that 11Au(T*)ll 2 + IIA'l201u(T*)ll 2 = 132 , which contradicts (1.22). Thus we have 
an a-priori estimate (1.5). Hence, we obtain a global solution satisfying (0.8), 
by the usual way with the aid of Theorem A. 

Construction of examples for Remark 2. 

Case l (0 is an isolated point of a(A).) In this case O is in the point 
spectrum of A. Let rp0 be an eigenvector of A corresponding to the first 
eigenvalue O such that llr/Joll = 1. Let g, E C00 ([0, oo )) be a function such that 

fort :::C:: 2, 
for Ost s 1 
otherwise, 

and that lg;(t)ls2 and lg;'(t)ls3. Put u(t)=(13/l5)(t+l) 1- 0g1(t)rp0 

and f(t) = u'(t) + u"(t). Then u(t) E C00 ([0, oo);D(A)) is the unique solution 
of (0.9), and it is easy to see that llu(t)11=13(t+1) 1- 0/15 for t:::C::2, 

SUP12co II (I+ A ' 12 )J(t) II = sup12co llf (t) II < 13 and Ill (t) II = o(t-0 ) as t ---+ oo. 

Case 2 (0 is an accumulation point of a(A).) We construct a function u(t) 
such that limHoo IIA au( t) II = oo for every rx E [0, 1 - 0) and that u( t) is the 
unique solution of (0.9) with llf(t)II = o(t-0 ). Take {Aj E a(A)lj = 0, 1, ... } as 
to satisfy the following; 

Jco s 1, 

where Eis the spectral family associated with the self-adjoint operator A. Take 
rp1 such that 

and 

Let g2 E C00 ([0, oo)) be a function such that 

for 2 st s 3, 
for t s 1, or t ;:::: 4, 
otherwise, 
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and that lg~(t)I s 2 and lgf(t)I s 3. Put 

and f(t) = o;u(t) + Au(t) + o1u(t). We note that u(t) is expressed as 

(1.23) 

u(t) = 0 otherwise. 

l"f 1 4 - < t< -J1 - - J1 ' 

521 

Here we remark that for each t ~ 0, there exists at most one j satisfying 

(1.23). Hence, we have u E C00 ([O, oo ); D(A) ), and u is the unique solution 

of (0.9). Moreover, we easily see that IIAP+1u(t)II s s/12, IIAP01u(t)II s s/6, 

IIAPo;u(t)II s e/4, for every /J ~ 0 and IIAu(t)II = o(t-0), lloiu(t)II = o(t-0) 

and llo;u(t)ll=O(t-0- 1). Hence, fEC00 ([0,oo);D(A)), ll(I+A 112)f(t)llss 

and llf(t)II = O(t-0) as t-+ oo. 
On the other hand, for every ), we have 

II A"u(3-) II=~ 11/40-1 Ao:¢11 > ~ra}co:+0-1 
J1 12 1 1 - 12 1 • 

Since AJ-+ 0 as)-+ oo, the above inequality yields that limsupHoollA"u(t)II ~ 

lilllj_,oollA"u(2/J1)II = oo, for every a E [O, 1 - 0). 

2. Bounded solution on R 

In this section, we prove Theorem 2. 
Following the method in the proof of (3.14) in Nakao [7], we prove the 

following lemma, where llw(t)lltri(Dl + llo1w(t)lli-2(D) in [7] is replaced by Hu 
defined by (2.2) below. 

Lemma 2. Let Bo be as in Lemma 1. There exists a positive number 

e1(Seo) such that the following holds for BE (O,e1). Let To be an arbitrary fixed 

real number. Let u be the solution of 

(2.1) a2u( t) + m( IIA lf2u( t) II 2)Au( t) + y ou(t) = f (t) 
at2 at ' 

t ~ To. 

satisfying (1.5) for t ~ To, and let v be a solution of (2.1) with f(t) replaced by 

g(t) and satifying (1.5) for t ~ To. 

Put w = u - v, h = f - g and 

(2.2) 
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Then the following estimate holds for t ?: T; 

where C1 and C2 are positive constants which will be defined by (2.17) in the 

proof 

Remark 3. We can put i:1 = min{ i:o, i:2, 1:3, 1:4}, where 1:2, 1:3 and 1:4 are 
defined by (2.11 ), (2.14) and (2.16), respectively. 

Proof First, we assume that i: s i:o. Since the assumption (1.3) and (1.4) 
are used only for the proof of (1.6) at the end of the proof of Lemma 1, 
estimates except (1.6) in the proof of Lemma 1 also hold for u and v. We also 
abbreviate µ; = m;(Ki:o), for i = 0, l, 2, 3, as in the proof of Lemma 1. 

(2.4) 

We have 

82w(t) 2 8w(t) 
--+m(IIA1I2u(t)II )Aw(t) +y--

8t2 at 

= (m(IIA 1I2u(t)ll 2) - m(IIA 112v(t)ll 2))Av(t) + h(t), 

Taking the inner product between (2.4) and 8w(t)/8t, we have 

(2.5) 
l d 2 

2 dtHu(t) + Yll81w(t)II 

= m' (IIA I12u( t) 11 2) Re(A I12 u, A 11281u(t)) IIA 112w(t) 11 2 

t?: To. 

+ (m( IIA 112u(t) II 2) - m( IIA I12u(t) 112)) Re(Av(t), 81w(t)) 

+ Re(h(t), 81w(t)). 

Since u and v satisfy (1.5) and (1.7), we have 

(2.6) lm(IIA'f2u(t)II2 - m(IIA'f2v(t)ll2)I 

= lm'(0IIA'f2u(t)ll2 + (1 - 0)IIA1;2v(t)ll2)I IIIA'f2u(t)ll2 - IIA'f2v(t)ll2I 

s µ3(IIA1;2u(t)II + IIA1;2v(t)ll)IIA'f2w(t)II s 2Kµ3i:IIA1f2w(t)II, 

for t?: T0 . By using (1.5), (1.7), (1.8), (2.6) and the Schwarz's inequality, we 
have from (2.5) that 

(2.7) 11 :tHu(t) + Yll81w(t)ll 21 

s Kµ3i:2IIA lf2w(t) II 2 + 2Kµ3i:2 IIA lf2w(t) II ll81w(t) II 



Bounded Solutions of Quasilinear Hyperbolic Equations 

+ i ll81w(t)ll 2 + f llh(t)ll 2 -

:::; C~82 IIA 1I2w(t)ll 2 + ~ ll81w(t)ll 2 + f llh(t)ll 2 , 

where 

Thus we have 

for t ~ T0 . Integrating the above inequality over [t, t + 1], we obtain 

J
t+l 4Jt+I 

:::; Hu(t) - Hu(t+ 1) + C3;;2 IIA 1I2w(s)ll 2ds+- llh(s)ll 2ds 
t y t 

= yB(t)2, 

and therefore, 

(2.8) 

Thus, there exist t1 E [t, t + 1/4] and t2 E [t + 3/4, t + 1] such that 

(2.9) (i=l,2). 

Taking the inner product between w(t) and (2.4), we have 

(2.10) :tRe(w(t), 81w(t)) - ll8iw(t)ll 2 + m(IIA 1I2u(t)ll 2)IIA 1I2w(t)ll 2 

+ y Re( w(t), 81w( t)) 

= (m(IIA 1I2u(t)ll 2) - m(IIA 1I2v(t)ll 2)) Re(A 112w(t), A 1l2v(t)) 

+ Re(w(t), h(t)). 

Assume moreover that 

(2.11) 

523 
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and 

Then by using (1.1), (2.6), (1.7) for u and v, (1.8) and Schwarz's inequaity, we 
have from (2.10) that 

m(IIA If2u(t) 112) IIA If2w(t) 112 

d 
:S -C4 dtRe(w(t), 81w(t)) + Csll81w(t)ll 2 + C611h(t)ll 2. 

Integrating the above inequality over [t1, t2], and using (2.8) and (2.9), we obtain 

(2.12) f 12 m(IIA 112u(s) 11 2) IIA 112 w(s) II 2 ds 
11 

Estimates (2.8) and (2.12) together yield 

Thus, there exists a t* E [t1, t2] such that 

(2.13) Hu(t*) :S 8C4B(t) mfx llw(t;)II + 2(Cs + l)B(t)2 + 2C6 r llh(s)ll 2ds. 

From (2.7), it follows that 

ldd Hu(t)I :S 3yll81w(t)ll 2 + C382 Hu(t) + ~ llh(t)ll 2 -
t µo Y 

Hence, by using (2.8), (2.13), and that llw(t)II :S (K/#o)Hu(t) 112 , we have 

max Hu(s) 
t:s;s:s;t+I 
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Thus, assuming furthermore that 

(2.14) 

we obtain 

where 

This implies that 

(2.15) 

( 4C ) Jt+I + Y/ + Cs 
I 

llh(s) II 2 ds. 

Assuming moreover that 

(2.16) 8 < /l!i;(= 84), 

we obtain (2.3) from (2.15) by taking 

(2.17) and 

This completes the proof. D 

Proof of Theorem 2. Let so and 1:1 be as in Lemma 2. 

525 

[Existence.] Let 1:::::; 1:1, and assume that (0.11) holds. Consider the 
following equation; 

fort~ -n, 
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By Theorem 1 with initial time -n instead of 0, there exists a solution Un 

satisfying estimate (1.5) for t 2 -n. Nakao [7] obtained a bounded solution as 
the limit of the sequences un, by using the compactness of the operator 
A-1. Since A-1 is not necessarily compact under our assumption and since the 
definition of the solution is different from [7], we prove that the sequence 
converges to a solution by another method. Fix an arbitrary number t. Put 

for t 2 n 2 max{ -t, O}. Since the solutions Un and Ut satisfy estimate (1.5) for 
t 2 -n, we obtain by Lemma 2 with h = 0 that 

for every non-negative integer N such that N :,::; t + n. Hence 

for every non-negative integer N such that N :,::; t + n. Taking N such that 
t - l + n :,::; N :,::; t + n, we obtain 

IIA 112 (un - Ut)(t)ll 2 + ll81(Un - Ut)(t)ll 2 :,::; :~t:!;2 (1 + C1)-n+l-i, 

for every t 2 n 2 max{l - t, O}. This implies that {(un(t), 01un(t))ln 2 
max{l - t, O}} is a Cauchy sequence in X 1; 2 x H. Since this fact holds for 
every fixed t, there exists a pair of functions (u00 (t), v00 (t)) such that 

lim un(t) = u00 (t) in X1;2, 
n----tOO 

and lim 01un(t) = v00 (t) in H, 
n----too 

for each t ER. From this fact and the boundedness of (un(t), o1un(t)) in 
X1 x X1;2, it follows that (un(t), o1un(t))----+ (u00 (t), v00 (t)) weakly in X1 x X1;2, 
for each t ER. Thus, (u 00 (t), v00 (t)) E X1 x X1;2 for every t ER. Therefore, 
for every to ER, the local solvability implies the existence of a solution ii of (0.1) 
on [to, to+ e] (e > 0) such that ii(to) = uoo(to), 01ii(to) = voo(to). From (2.5) 
with u = ii, v = Un and h = 0, we have 

where C is a constant and 

Therefore, we have 
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(2.18) 

for to s t s to + i. Since limn_, 00 Hn (to) = 0, the inequality (2.18) implies that 
limn_, 00 Hn(t) = 0 for every t E [to, to+ e), and therefore 

Uco(t) = u(t) and for to s t s to + i. 

Since t0 is arbitrary, this fact implies that u00 is a solution of (0.10). From the 

fact that Un satisfies the estimate (1.5) for t ::C: -n, it follows that the limit u00 

satisfies (0.12). 
[Uniqueness and Continuity.] Let f, g E C(R; X1;2) satisfy (0.1) for some 

B < s1, and let u and v be solutions of (0.10) for f and g satisfying (0.13) 
respectively. Then, Lemma 2 yields 

(1 + Ci)Hu(t) S Hu(t - 1) + C2 sup [[f(t) - g(t)[[, 
tER 

for every t ER. Repeating this estimate, we obtain 

Hu(t) S (1 + C1)-N Hu(t- N) + C2 (t(l + C1)-J) ~~E [[f(t) - g(t)[[ 

= (1 + C1)-N Hu(t- N) + CC2 (1 - (1 + C1fN) sup [[f(t) - g(t)[[ 
I /ER 

for every positive integer N. Since u and v satisfy (0.13), we have 

supN>O Hu(t - N) < CIJ. Thus, the above inequality yields 

C2 
Hu(t) S -C sup [[f(t) - g(t)[[, 

I /ER 

and therefore 

This implies the uniqueness if we take f = g, and the uniform continuity of the 

mapping L. □ 
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