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Bounded Solutions of Quasilinear Hyperbolic Equations of
Kirchhoff Type with Dissipative and Forcing Terms

By

Taeko YAMAZAKI

(Senshu University, Japan)

Introduction

Let X be a complex Hilbert space with the norm || -||. Let 4 be a self-
adjoint operator in X. Assume that A is positive, that is, mina(4) = gy > 0,
where g(A4) denotes the spectrum of 4. For o> 0, let X, be a Hilbert space
defined by

with norm ||x||y = [|4%x]|.
First, we consider the initial value problem for the following abstract
hyperbolic equation of Kirchhoff type with dissipation.

2

00 S3O+mIA PP A +r ) =10, 120,
02) w0 =4, SO)=v,

where y is a positive constant,

m(-) e CY(]0, o0)) and m(d) >0 for every A= 0.
We assume that
S e C([0, 00); X1 2).
We give two examples which satisfy our assumptions.

Example 1. Let Q be a domain in R" with smooth boundary, in which
Poincare’s inequality holds. For example,
(i) £ is a bounded domain with smooth boundary, or
(ii) Q= (a,b) x R" ! for a,beR, or
(iti) @2 =R"\{J,.,~B:(J), where B,(J) is a ball centered at J with radius
r for fixed r > 0.
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For such a domain Q, we consider the initial boundary value problem

2
03 TEom(Wui)ay R =fen,  xeo, 150,
04) wx0) =40, D0 =), xel,
(0.5) u(x,t) =0, xed, =0

To treat the above problem, we put X = L?(Q) and 4 = —4 with domain
HYQ)NHN(Q). Tt is well known that D(4'/?)= H}(Q) and |4Y2u| =
|Vul| 2, and that A is a positive self-adjoint operator.

Example 2. We consider the Cauchy problem
o’ 0
S5 = m(Vulfa + [l )4 — Dutp5e =/ (x0),  xeR 1>0,

Ju

u(x7 O) = ¢(x)’ a(x7 0) = l//(x)v xeQ.

Let X = L?>(R") and A = —4 + I with domain H2(R"). It is well known that

D(AY?) = HY(R") and || 4"2u = \/||Vu)|?, + |ju|>, and that A is a positive

self-adjoint operator.

In non-dissipative case, we do not know the unique global solvability of
(0.3)-(0.4) for arbitrary small initial data in H®, except for the special
case m(x)2 = (a1x+a2)72 with positive constants ¢; and a;. In this case,
Pokhozhaev [9] proved the unique existence of global solutions of (0.3)—(0.5)
with y = 0 and Q is a bounded domain in R” for arbitrary initial data (¢,y) €
H?*(Q) x H(Q).

In the case that y=0 and m(x) =x+ 1, Greenberg and Hu [4] first
showed the unique existence of a global solutions of (0.3)-(0.4) with f =0 and
Q = R for small initial data in H?(R) x H!(R) satisfying some decay conditions
with respect to x. D’Ancona and Spagnolo [2] improved the result of [4] for
arbitrary R" and general form m. (See also, Yamazaki [12]). D’Ancona and
Spagnolo [3] showed the global solvability for (0.3)-(0.4) with perturbation
for initial data with compact support, and especially treat the case || f(¢)| 41 =
O(t™*) with some k > 1 as 1 — o0.

In case y > 0, Brito [1] showed the unique existence of global solutions of
(0.1)-(0.2) with f = 0 for positive self-adjoint operators 4, under the assumption
that ||4¢|| + ||4'/%y| is sufficiently small. Independently, Yamada [11] showed
the unique existence of a global solution of (0.3)-(0.4) for € =R", or
(0.3)-(0.5) for a bounded domain @, under the assumption that ||¢| ;. +
Wl + Jo~ 1f ()|l zids is sufficiently small for f € C([0,00); H'). Ikehata and
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Okazawa [6] proved a similar result for (0.1)-(0.2) under the assumption that
(LAI+1A2wl+ 57 11AYf (s)lIds) (14"l + 1+ 7 11/ (s)llds) is sufficiently
small, where 4 is a non-negative self-adjoint operator with compact resolvent
and f e L*([0,00); X). (See also Ikehata [5].) On the other hand, Tucsnak
[10] considered the initial boundary value problem for (0.3)-(0.4) with y =0
and f(t) =0 on a bounded interval with a boundary condition u(0,¢) =0,
Oxu(1,t) = —odu(l, 1) for « > 0, which has the effect of dissipation, and showed
the unique existence of global solutions provided ||¢}|,2 + |||l is sufficiently
small. Ono [8] generalized the result of [10] for f e (),_o,C'7((0,c0); H')
such that sup,. || f(¢)||; is sufficiently small. In the papers [1],-[11], [5] and
[6], they first obtain the estimate of ||4'/2u(¢)| + [|0,u(1)|] by assuming the
boundedness of [;” ||/ (s)|lds, (which means the decay of ||f(¢)] as t— o0,)
and secondly obtain the estimate of || Au()|| + | 4/?0,u(z)|| by assuming the
smallness of [;° ||41/%f(s)||ds. In the papers [10] and [8], they adoted the
procedure above, by using the boundary dissipation and the smallness of
sup,sollf(#)|| ;1 instead of assuming the decay on f(¢) as ¢ — oo.

In this paper, without assuming the decay of | f(¢)]| as ¢ — oo, we prove
the estimate of ||4u(f)|| + |4'/20,u(1)||, by using the fact that this quantity
dominates ||4'2u(?)|| + ||du(t)|| if 6o > 0. Then, from the estimate above, we
deduce the unique global solvability. In this procedure, the condition gy > 0 is
essential. In fact, the results of this paper do not hold in general if oy = 0, as
we will show by some examples given later. (See Remark 2.)

Theorem 1. Let ¢p& X1, ¥ € Xiyo. If || Ag]| + A" 2Y + sup,oll 4"/ (1))
is sufficiently small, then the initial value problem (0.1)—(0.2) has a unique global
solution u e ﬂizmz Ci((0, 0); Xiip2)-

Furthermore, for every & >0, we can take 61(¢) and 6,(e) such that

(0.6) 141> + 114" 29> < 61(2)°
and

(0.7) sup 14" 2 (1)]| < 62()
imply

(0.8) [ 4u(@)|* + 14" ou()|* < &
for t > 0.

Remark 1. The constants 6;(¢) and d,(e) are defined by (1.3) in the proof.

Remark 2. Since we do mnot assume that feL'([0,00);X;5), the
assumption go > 0 is necessary for sup,.flu(f)|| < co. In fact, if 0ea(A4),
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then for every 0 <0 <1 and &>0, we can construct examples f and
ue C*([0,0); D(4)) such that sup,.ol/(I + 42 (1) <&, If(0)]| = O?) as
t — oo and that u is the unique solution of the linear wave equation

*u ou
W(l) + Au(r) +E(l) =f(1),
(0.9)
ou
u(0) = 5(0) =0,
and satisfies limsup,_, ||lu(f)|| = co. (The construction is given at the end of
section 1.)

Next we consider the above equation for 7e R:

u(1)
or?

where m(4) and y are same as in the case of (0.1), and f € C(R; X;)).

Nakao [7] showed the unique existence of small bounded global solutions
of semilinear hyperbolic equations with dissipation on bounded domains, under
the assumption that sup, g f,’“ £ (s)||72ds is small. He also showed that the
small bounded solution is periodic or almost-periodic if f is periodic or almost-
periodic.  Ono [8] showed the unique existence of small bounded global solutions
for (0.3)(re R,y = 0)—(0.4) with the dissipative boundary condition considered
by Tucsnak [10] (see above), under the assumption that sup,. g/ (¢)||;: is small.
He also showed that the small bounded solution is periodic if f is periodic.
Using the method by Nakao [7] and Theorem 1, we obtain the following
theorem:

(A u(0)|?) dut) + 40 — p),

(0.10) =

Theorem 2. Let 65(-) be as in Theorem 1. There exists a positive number
&1 >0 such that, for every ¢e (0,¢)), if

(0.11) sup [|[4'2£ ()| < d2(e),
teR

then (0.10) has a unique global solution ue mi:o,u C'(R; X\_;p) satisfying
(0.12) sup([[Au(0)[)? + 14" 20,(1)|)?) < e.
teR
This solution is unique in the class ue mi:o,l,z C'(R; X1_i12) satisfying
(0.13) sup(|| Au(1)||* + |4 Pou(1))?) < &].
teR
Furthermore, the mapping L : f — (u, d,u) defined above is uniformly continuous

on {f € C(R;Xyp)|sup,cgllAV2f(1)|| <Ia(e)} equipped with the topology of
C(R;X) to C(R; X, x X).
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In case fis time periodic, the next corollary follows immediately from the
uniqueness in Theorem 2.

Corollary 1. Let & and 0>(-) be as in Theorem 2. Let T be a positive
number. If f is time-periodic (that is, periodic with respect to t,) with period T
and satisfies

sup ||[4V2f(1)|| < dale)  for some ¢ < e,

0<i<T
then the solution u(t) given in Theorem 2 is time-periodic with period T.

In case fis X-almost-periodic with respect to #, the next corollary follows
immediately from the uniform continuity of the mapping L in Theorem 2.
Here, for a Banach space Y with norm || - ||y, the function f(f) € C(R; Y) is said
to be Y-almost-periodic with respect to ¢, if for every &> 0, there exists a
positive number ¢ such that every interval of length Z contains at least one point
7 for which

sup|lf(t+7) = f(D)lly <&

Corollary 2. Let ¢ and 5,(-) be as in Theorem 2. If f is X-almost-periodic
with respect to t and satisfies (0.11) for some ¢ < g, then the solution (u(t), d,u(t))
given in Theorem 2 is X, x X-almost-periodic.

1. The global existence

In this section we prove Theorem 1 and construct examples mentioned in
Remark 2.
By the assumption that mino(4) = gy > 0, we have

(L) x|l < \/LO__OHAI/ZXH = K| 42| for every x € D(4'/?), <K :\/%_0)

Yamada [11] showed the local solvability of (0.1)-(0.2), where 4 = —4
with domain D(4) = H*(R™). He used the Friedrichs mollifier in order to
obtain the estimate of ||u(?)| 2 + ||0:u(t)||;1. We invoke instead the spectral
projection associated with the general non-negative self-adjoint operator 4 and
apply the same method as in [11] to prove the following local existence result.

Theorem A ({11, Theorem I, Theorem 5.1]). For every T > 0, there exists a
positive constant To(<T) such that the initial value problem (0.1)-(0.2) has a
unique solution u € (\,_y , , C'([0, To]; X1_i2). The constant T, depends on 91l »

Wi, and [ 1£()]3, ,ds.
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Let T be a positive number and let u(s) be a local solution for (0.1)-(0.2)
on [0,7]. Then we define two functions of ¢ € [0, T7:

F(1) = m(|| A" u(@)|1") | du(@)|* + | 4"20(1))%,
G(1) = F(1) +yRe(4"2u(t), A'2ou(1)) + y—; 14" (1))

We define four functions on [0, o0);

() = min{ min, m(s?) 1], ) = (3+V2K2)41,

0<s<r 5 mo(r)
my(r) = max{ max m(s?), 1}, my(r) = max |m'(s?)].
0<s<r 0<s<r

If m3(r) # 0, then my(r)/m;(r)(e (0, o0]) is a non-increasing function and r?
is a strictly increasing function of r, respectively. Thus, there uniquely exists
& > 0 such that

ymp(Kep)

(1.2) Km3(K80)

_ 4.2
= 4.

We can now prove the following lemma.

Lemma 1. Let & be the positive number defined by (1.2) in case ms(r) %
0, and an arbitrary fixed positive number in case msy(r) =0. Let ¢ be a positive
number such that ¢ <ey. Put

Assume (0.6) and

(1.4) sup 42/ (3)] < 02().
If

(1.3) lAu(OI + 4" o)) < &
for 0 <1< T, then

(1.6) (o) + |4 outo) <

for 0<t<T.
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Proof. We abbreviate 1, = m;(Key), for i =0,1,2,3. By the assumption
(1.5) together with (1.1), we have

(1.7) 14" 2u(r)|| < K||Au(?)|| < Ke < Key
for 0 <t < T. Thus,
(18)  wo<m(4"Pu(@®)’) <p,  and  |m' (|4 2u(®)])] < s

for 0 <t < T. This implies

1 1
(1.9) —F(1) < || Au(d)|]> + |4 2ou()|? < —F(1).
Hy o
We prove that
1 1
(1.10) S F() < G(t) < —F(0)
H

for 0 <t < T. From the estimate
1 Y
(111 (A" (), 4" Pu()] < F@) A Pulo)]| < 5 F (0 +5 1420,

it follows that
(1.12) G(t) = - F(1).

On the other hand, by using (1.9) and (1.1), we have

2
(113) 4 ulo)|” < K Au(o)* < (0.
0
It follows from (1.11) and (1.13) that
(1.14) G(1) < %F(z) + 9214 2u(r)])? < ﬂiF(z).
1

Inequalities (1.12) and (1.14) imply (1.10).
For every positive number N > gy = mina(A4), put

N
un(1) = E(NYu(t) = j dEQGYu(t), () = E(N)H(1),

4}

Yn(0) = E(N)Y()  and  fy(1) = E(N)f (1),
where 4 = f:;) AdE(A) is the spectral resolution of 4. Then

(1.15) uy € C}([0,T); D(47))  and  fy e C([0,T); D(47)),
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for every j > 0, and satisfies the following initial value problem;

o? d
(116) B m(|A (o) Aun(0) + y S = fult)  for 120,
ou
(1.17) un(0) = ¢y, a—jv(O) =Yy
We also put

Fu(t) = m(|4"*u(@)|1*) | dun (0)]|> + | 41200y (1)1,
| Gy (1) = Fn(f) + yRe(4uy(t), A2 0,un (1)) + VZ—Z 4 un (1))

Taking the inner product between (1.16) and Auy(¢), we obtain

d

(L18)  —

Gy (1) = 2m'(|4"u(1)]|*) Re(A4"?u(1), A0 ,u(t)) || Auy (£)||?
+ 2Re(A 20,y (1), AV fy (1))
+ 9> Re(42uy (1), A2 fy (1)) — yF(1).

Integrating both sides of

d d
GG (0) = 2 (1 G ) + S6x(0)).

we have

t
e,ulyt/ZGN(t) _ GN(O) — J ets/2 (/uéy GN(S) 4 % GN(S)>dS-
0

Inserting (1.18) in the right hand side of the above equality and letting N — oo,
we obtain

(1.19)  e*"2G(1) — G(0)
_ Jl ewﬂ{ 47 GG

+ 2m' (|| 4" 7u(s)||1?) Re(A4u(s), 4" du(s)) | Au(s) |

+2Re(A4"20,u(s), 411 (5))

R (), AV (9) = 7).
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By (1.5), (1.7), (1.8), (1.9) and (1.2), we have
m' (|| 4" 2u(s)|1*) Re(4'Pu(s), 4'20,u(s)) | Au(s)||?

K
< /13—82F(s) <

Y
< ZF(s).
Ho 4 )

By using this inequality and (1.14), it follows from (1.19) that

e"""2G(1) — G(0)

< Jtewsﬂ(z Re(A'20,u(s), AV%f(5)) + y? Re(d?u(s), A1 (5)))ds.
0

This inequality together with (1.5) and (1.7) yields

"M G(1) - G(0) < (2+ KyD)e sup !IA‘/zf(S)PI%(e”‘y’/2~1).
1

0<s<T

Thus we obtain

2(2 + Ky3e
22K up 14"21(s))

(1.20) G1) < G(0) + MY o<ser

for every 0 <t < T. From (1.20) and (1.10), it follows that

2 4(2 + Ky*e
Fly < 2 ro)+ 22K G a2
My Hiy 0<s<T

for every 0 <7< T. This, together with (1.9), yields

lAu())? + 4 0u(0)]> < L F(o
Ho

2u 42 + Ky?)e
< 22 (ag)? + 14V LR Ky

sup [|4Y%f(s

0H1 Holry OSSET” Wl
for every 0 <t < T. Hence, by using the assumptions (0.6), (1.3) and (1.4), we
obtain inequality (1.6). [

Proof of Theorem 1. Let & as in Lemma 1. It suffices to prove the
conclusion for ¢ such that 0 < ¢ <¢y. Letd; and d, be as in Lemma 1, and
assume that (0.6) and (0.7) hold. By Theorem A, there exists a unique solution
u of (0.1)-(0.2) on [0, Ty] for some positive Ty.

We show that u satisfies the estimate (1.5) in Lemma 1 for 0 << Ty.
Assume that (1.5) does not hold for some ¢ < 7,. Put

(1.21) T =inf{0 < 1 < To|[[Au(t)||* + | 4" 20u(r)||* > &}
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Then, by the assumption (0.6) with ; < ¢ and the continuity of the solution, it
follows that 7% > 0 and (1.5) holds for 0 < ¢ < T*. Thus, by Lemma 1 with
T =T*, we obtain

2

(1.22) 4w + 4" 20u(0))* <

for 0 <z<T*. On the other hand, by the continuity, it follows from (1.21)
that || Au(T*)||* + ||4'/20,u(T*)||* = &2, which contradicts (1.22). Thus we have
an a-priori estimate (1.5). Hence, we obtain a global solution satisfying (0.8),
by the usual way with the aid of Theorem A.

Construction of examples for Remark 2.

Case 1 (0 is an isolated point of (A).) In this case 0 is in the point
spectrum of 4. Let §, be an eigenvector of 4 corresponding to the first
eigenvalue 0 such that ||¢y|| =1. Let g; € C*(]0, 00)) be a function such that

=1 for t > 2,
91(1){20 for0<r<1
€ [0,1] otherwise,

and that |gj(1)| <2 and |g/()]<3. Put u(t) = (¢/15)(t+ 1) g1(1)¢,
and f(f) = u'(¢t) + u"(¢). Then u(t) e C*([0,00); D(A4)) is the unique solution
of (0.9), and it is easy to see that |u(s)]]=e(t+1)""%/15 for 1> 2,
sup,.o[| (7 + A'2)f (1) = sup,o /(D) < & and || /()] = O() as 1 — oo,

Case 2 (0 is an accumulation point of 6(A).) We construct a function u()
such that lim, | 4%u(t)|| = o for every ae[0,1—6) and that u(¢) is the
unique solution of (0.9) with || /(1| = O(r™%). Take {4 €a(4)j=0,1,...} as
to satisfy the following;

1 A
Ay <1, Air1 < Zij, E(ﬂ.j) — E(EJ) # {0}.

where E is the spectral family associated with the self-adjoint operator 4. Take
¢; such that

2
¢, € E(4) ~E(—21) and  |[|¢;]| =1.
Let g> € C*([0,00)) be a function such that

=1 for2 <t<3
gz(t){zo fort<1, or t=>4,

€1[0,1] otherwise,
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and that |g}(7)] <2 and |gy(7)] <3. Put

[ee]

ut) =15 > W g (0,

=t
and f (1) = 02u(t) + Au(f) + du(r). We note that u(r) is expressed as

& .01 | 4
(1.23) u(r) = E’lj 92(4t)¢; if Z <t< /l_j’

u(t) =0 otherwise.

Here we remark that for each 7> 0, there exists at most one j satisfying
(1.23). Hence, we have ue C*([0,);D(A4)), and u is the unique solution
of (0.9). Moreover, we easily see that |4 u(r)|| <e/12, ||4P0u(r)| <e/6,
| 420%u(t)|| < ¢/4, for every =0 and |Au(?)|| = O(), |du(r)|| = ot %)
and [32u()] = O(~0-1). Hence, f e C=((0,00);D(4)), II(I+AYV)f ()] <e
and ||f(2)]| = O(t7%) as t — 0.

On the other hand, for every j, we have

)

Since 4; — 0 as j — oo, the above inequality yields that limsup, . ||4%u(?)|| =
im0 ||[A%u(2/%;)|| = oo, for every ae[0,1 —0).

-1 g s & g-agare-t
\_12||/1j A%\ = 122 Aj .

2. Bounded solution on R

In this section, we prove Theorem 2.

Following the method in the proof of (3.14) in Nakao [7], we prove the
following lemma, where ||w(t)||i[01(9) + H@W(t)niz(m in [7] is replaced by H,
defined by (2.2) below.

Lemma 2. Let & be as in Lemma 1. There exists a positive number
e1(<&o) such that the following holds for e € (0,e1). Let Ty be an arbitrary fixed
real number. Let u be the solution of

*u(r)
or?

ou(t)

(2.1) -

+m(|| 4" 2u(0)|*) Au(t) +y

=/, =T

satisfying (1.5) for t = Ty, and let v be a solution of (2.1) with f(t) replaced by
g(t) and satifying (1.5) for t = T.
Put w=u—v, h=f—¢g and

(2.2) H,(t) = m(|| A 2u(@)| )14 2wl + 20w
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Then the following estimate holds for t > T;

t+1
(23) G max H(s) < Hy(t) — Hy(t+1) +C2J (s)]| s,
I<s<t+1 t
where Cy and C, are positive constants which will be defined by (2.17) in the
proof.

Remark 3. We can put & = min{ey,&,¢3,84}, where &, ¢ and & are
defined by (2.11), (2.14) and (2.16), respectively.

Proof. First, we assume that ¢ < g. Since the assumption (1.3) and (1.4)
are used only for the proof of (1.6) at the end of the proof of Lemma 1,
estimates except (1.6) in the proof of Lemma 1 also hold for # and v. We also
abbreviate u; = m;(Kgg), for i =0,1,2,3, as in the proof of Lemma 1.
We have
o*w(1) ow(t)

ot

= (m(|A2u(D)||) — m(4"0(0)|2) do(t) + h()), ¢ > T,

(2.4) +m(| A" u(0)||*) Aw(r) + y

Taking the inner product between (2.4) and ow(¢)/dt, we have

S H0) + o)

(2.5)
= m/ (|| 4" 2u()]|*) Re(4"Pu, 420 (1)) | A" 2w (o))
+ (m(|| 4" 2u(0)[1?) = m({|4"2u(1)[|?)) Re(Av (1), dw(r))
+ Re(h(t), d,w(1)).
Since u and v satisfy (1.5) and (1.7), we have
(26) |m(|l4"u(®)]|” = m(|l4" 0 (2)|1*)]
= |m' (04" Pu(D)]|1” + (1 = O] 4 2o() )] 4 u(0)]|* — 4" 2o(2)||]
< 1i5(| 42 u(@)|| + | 4" Po(0) )[4 Pw(0)]| < 2Kpse]| 4 w(2)]],

for t > Tp. By using (1.5), (1.7), (1.8), (2.6) and the Schwarz’s inequality, we
have from (2.5) that

1d

@Y S HO o]

< Kt || 4" w(0)|* + 2K | A" Pw(D)|| ow(0)|
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y 2, 2 2
+ oo (o) +;Ilh(1)l| ~

2
< C3T‘9|\A1/2w(t)|l2 2o +§uh<r>uz,
where

4K2 2.2
C3=2(Ku3+—~———f36>.

Thus we have

d 4
S0 + 1@ < G4 w0+ 7 ),

for t > Ty. Integrating the above inequality over [t,7+ 1], we obtain

t+1
y J loaw(s)]|ds

t

+1 4 t+1
< Hu(0) — Hy(t +1) + Csé? J .||A1/2w<s>uzds+;j h(s) 1 2ds
t

t
= yB(1)*,
and therefore,

(2.8) rl ll6,w(s)||%ds < B(1)*.

t
Thus, there exist # € [t,£+ 1/4] and £, € [t +3/4,¢+ 1] such that
(2.9) 0w (t:)]| < 2B(t) (i=1,2).
Taking the inner product between w(¢) and (2.4), we have

210) S Re(w(r), (1) — o (D> + m(l4" (o)) |4 2w (o)

+ yRe(w(t), 0w(1))
= (m(||4u()))*) — m(||4"o(1)]1*)) Re(A4"2w(1), 4'/2u(2))
+ Re(w(), h(r)).

Assume moreover that

Vi
(2.11) s<2K\/‘;T3(= &),

523
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and put

1 2K?ue?) ! 2K?%p? CiK*
C4:<_—¢> : Cs:C4<le y>, and  Co=——.
2 Ho Ho Ho

Then by using (1.1), (2.6), (1.7) for u and v, (1.8) and Schwarz’s inequaity, we
have from (2.10) that

m(| A4 Pu()|?)] 4" 2w (D))
d

< = Ca—Re(w(r), 2w(n)) + Cs||ow(D)||> + Cs||h(0)||*.

Integrating the above inequality over [1,, #;], and using (2.8) and (2.9), we obtain

(2.12) Jtzm(||A1/2u(S)IIZ)IIA”ZW(S)szS

t

< 4CuB(1) max (1)) + CsB(1)” + Cy J h(s) | 2ds.

n

Estimates (2.8) and (2.12) together yield

4] 1%}
J H,(s)ds < 4C4B(1) max [w(z)|| + (Cs + 1)B(5)* + C(,J ||e(s) || *ds.
I3t 131

Thus, there exists a ¢* € [¢1, f;] such that

5]
(2.13)  H,(1") < 8C4B(t) max [w(t)]| + 2(Cs + B()" + 2C6J 1h(s)|2ds.
i 4
From (2.7), it follows that

Cie?
< 3pllamw(n)? + =
Ho

d
%Hu(l)

Hence, by using (2.8), (2.13), and that [|jw(?)|| < (K/\//TO)HM(I)l/z, we have

Hy(1) + 3 TR

tgnslél;il H(s)
C 2 4 +1
< Hu (1) +39B(0)* + 2% max Hu(s)+~J lh(s)||ds
My t<s<t+l yJe
32K2C2 5
< ﬂ +2(Cs + 1) + 3y | B(2)
0

C362 1 4 t+1 3
+ < m +§>  max H,(s) + <2C6 +;> Jl [1A(s)I|"ds.
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Thus, assuming furthermore that

Ho
(2.14) e < 2C3(_ ),
we obtain
t+1
max  H,(s) < C;B(1)* + CgJ ()| ds,
1<s<i+1 ;
where

1 Ge?\ ' /K202
C7:<—— 38) < 4+2(C5+1)+3y>7
2 Ky

This implies that

(2.15) ,Mnax H,(s) < T(Hu(l) - H,(t+1)) + ” ,max H,(s)
4C t+1
+ (—27+ cg> J 1h(s)||ds.
Y ¢
Assuming moreover that
TH
2.1 +/ =
( 6) &< C3C7( 84)’
we obtain (2.3) from (2.15) by taking
y  Cse? 4 7G
2.17 C=—-+- and C=—+"—.
217) R =S4 12

This completes the proof. []

Proof of Theorem 2. Let g and ¢ be as in Lemma 2.
[Existence.] Let ¢<¢, and assume that (0.11) holds. Consider the
following equation;

2
T s ()2 A + 720D~ ) for ez
uy(—n) =0, %(—n} =0.
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By Theorem 1 with initial time —n instead of 0, there exists a solution u,
satisfying estimate (1.5) for t > —n. Nakao [7] obtained a bounded solution as
the limit of the sequences u,, by using the compactness of the operator
A~'. Since 47! is not necessarily compact under our assumption and since the
definition of the solution is different from [7], we prove that the sequence
converges to a solution by another method. Fix an arbitrary number ¢z. Put

Hy (2) = m([| 4" Pun (1)) A2 (10 = ) (O 41105 (0 — 100)]7,

for / > n > max{—¢,0}. Since the solutions u, and u, satisfy estimate (1.5) for
t > —n, we obtain by Lemma 2 with 4 =0 that

(1+ C)VHy (1) < Hy (1 — N) < mui(Ke)é?,
for every non-negative integer N such that N <¢+n. Hence

mi(Ke)e?

42y = )OI + oo — w0 < T 228

1+c)™
for every non-negative integer N such that N <r+n. Taking N such that
t—1+n<N <t+n, we obtain

(Ke)e?

1Aty — ) O + 1120t — ur) (O] < ™

1 —n+1-t
mo(Ke) LT

for every />n>max{l —10}. This implies that {(u,(t),0:u,(t))|n >
max{l —¢,0}} is a Cauchy sequence in X;, x H. Since this fact holds for
every fixed 7, there exists a pair of functions (us(?),v,(2)) such that

lim u,(f) = u(2) in Xy, and lim du,(f) = v (t) in H,

n—0o0 H— 0
for each te R. From this fact and the boundedness of (u,(t),0:u,(f)) in
X1 % Xy, it follows that (u,(1), Oiun(t)) — (Ueo(2),v00(7)) weakly in Xy x Xj),
for each 1€ R. Thus, (un(1),v0(f)) € X1 x Xy for every te R. Therefore,
for every ty € R, the local solvability implies the existence of a solution # of (0.1)
on [tg,t9+&] (£>0) such that #(ty) = ux(to), G:ii(ty) = v (to). From (2.5)
with u =%, v=u, and A =0, we have

d - -
— <
L0 < CA),

where C is a constant and
H,(2) = m(| Aa() ) A2 @ — un) (£)]17 + 1101 — un) ()]

Therefore, we have
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(2.18) H,(1) < e H,(t)

for 19 <t <ty+4& Since lim,_. H,(tg) =0, the inequality (2.18) implies that
lim,_.o, H,(t) = 0 for every te€ [ty, % + &), and therefore

U (t) = u(t) and Vo () = 0:ti(t) for to <t<ty+é

Since ty is arbitrary, this fact implies that u., is a solution of (0.10). From the
fact that u, satisfies the estimate (1.5) for ¢ > —n, it follows that the limit wu,
satisfies (0.12).

[Uniqueness and Continuity.] Let f,g e C(R;X,/,) satisfy (0.1) for some
e<e, and let u and v be solutions of (0.10) for f and g satisfying (0.13)
respectively. Then, Lemma 2 yields

(1+CH,(1) < H, (1= 1)+ G sup £ (2) = g(Dll,

for every e R. Repeating this estimate, we obtain

N
H,(1) < (1+ C) " Hy(t = N) + & (}:(1 + Cl)j> sup 17(2) = g(@)
= te

:a+cgwmﬁ_NH{%u—u+qy%ggwm—gmu

for every positive integer N. Since u and v satisfy (0.13), we have
Supy-o Hu(t — N) < co. Thus, the above inequality yields

H,(0) < Csup () = 0],

and therefore

1412 u = o) (0)1 + 0, — v sup [ (2) = 9(2)]]-

G
)“2 -G mg(Ka) /eR

This implies the uniqueness if we take f = g, and the uniform continuity of the
mapping L. [J
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