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1. Introduction 

This paper is concerned with the small data scattering and blow-up for the 
wave equation with a cubic convolution 

(1.1) 

Here u is a real-valued unknown function, Vy= Alxl-y, A ER, 0 < y < n and * 
denotes the convolution in the space variables. 

In the nonlinear scattering theory the asymptotic behavior for large time is 

studied from the point of view of the existence of asymptotically free solutions. 
The existence of an asymptotically free solution means that the wave keeps 

on going to spatial infinity, its local energy decays to zero and the effect of a 

nonlinear term is negligible for sufficiently large time. Under some situations, 

however, it is possible that the effect of a nonlinear interaction term causes 

waves which blow up in a finite time (see [26]-[27]). Thus it is quite interesting 

to determine sharp conditions which guarantees that all solutions under con­

sideration are asymptotically free as t--+ +oo. In this paper we study the small 

data scattering and blow-up problem for the equation (1. 1 ). Our main 

theorems show that, in the case of n = 3, the scattering operator is defined 
in a neighborhood of zero in the Hilbert space Xx Y (defined below) for 

2 < y < 2 + 1 /2, and there exist blow-up solutions even for small data for 

0 < y < 2 and A < 0. 
Here we shall refer to the previous results on the scattering and blow-up 

for (1.1). Mochizuki [17] studied the low energy scattering and showed by 

employing the space-time mixed norm estimate due to Pecher [19] that the 

scattering operator can be defined as a mapping from a neighborhood of zero in 

if1 x L2 into if1 x L2 for the case y = 4 < n. When the requirement that the 

data be arbitrary within a neighborhood of zero in if1 x L 2 is dispensable, 
Mochizuki and Motai [ 18] proved by making use of the classical LP - L q time 

decay estimate of Strichartz [29] that the allowed values of y are extended to 
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2 + 2/3(n - 1) < y < n. One of the main purposes of this paper is to show that 
the allowed values of y can be reduced to two (limit excluded) when n = 3. As 
for the blow-up, when Jc < 0, the nonexistence of global solutions was shown by 
Perla Menzala and Strauss [16] for some large data. The key point of our 
blow-up theorem is that, in the case of n = 3, Jc < 0 and O < y < 2, there exists a 
case where the nonexistence of global solutions occurs even for small data. 

Our method of the proof of scattering is to solve the associated integral 
equation by the contraction mapping principle. For the purpose we make use 
of a variant of the classical LP - Lq estimate of Strichartz (3.9), the generalized 
Strichartz estimates and the infinitesimal generators of the Lorentz group and 
the dilation operator. We also employ the Li-Zhou inequality (3.13) to estimate 
the convolution Vy* u2(= cw-(n-r)u2 ,w = vCA). The Li-Zhou inequality has 
an advantage over the Hardy-Littlewood-Sobolev inequality in the respect 
that we can take into account the difference of behaviors of solutions near the 
characteristic cone and away from it. 

As for the proof of our blow-up theorem, we analyze non-negative, radial 
solutions. After taking into account the basic fact that, for radial solution u, 
Vy* u2 is reduced to the special form (see (6.6)), we shall be on the same lines as 
in [8], [ 6], [22] and [21] to show the blow-up. As far as the author knows, this 
theorem is the first one showing the blow-up of solutions for small data to the 
equation (1.1). 

Finally, we give three comments. First, in a similar (in fact, slightly easier) 
way, it is possible to prove that, in all higher space dimensions n ?: 4, the 
scattering operator is defined in a neighborhood of zero in a suitable Hilbert 
space when 2 < y :s; 3. This is an improvement of the above-mentioned result 
of Mochizuki and Motai. However, such a result would be out of propor­
tion to the present interest because our blow-up theorem is limited to the three 
space dimensional case. Thus, in the present paper we refrain from considering 
the scattering problem in higher space dimensions. Secondly, the low energy 
scattering for the Klein-Gordon equation with a cubic convolution was studied 
in [16], [17], [18], [25]. Finally, the three space dimensional nonlinear wave 
equation with a negative potential Du+ Jc(l + lxl 2)-112u = lulp-Iu (Jc< 0) has 
been studied in [28] in detail. The critical number of l dividing the global 
existence and blow-up for small data is two. 

This paper is organized as follows: In the next section we give the 
notation used in this paper and then state our main results concerning scat­
tering. In Section 3 some fundamental lemmas and key estimates are proved. 
In Section 4 we prove the result concerning the initial value problem with data 
given at t = 0 and investigate the asymptotic behavior of solutions. In Section 
5 we discuss the solvability of the final value problem with data given at 
t = ±oo. In the final section the blow-up theorem is proved. 
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2. Scattering 

Following Klainerman [11 ]-[12], we introduce several partial differen­
tial operators as follows: ao = a/ at, aj = a/ ax} L1 = ta1 + x1at (j = I, ... , n), 
[h1 = Xkal - x1ak (I :S:: k < [ :S: n), Lo= tat+ x1a1 + · · · + Xnan. These oper-
ators ao, ... , an, L1, ... , Ln, Q12, ... , Qn-ln and Lo are denoted by I'o, ... , I'v 
in this order, where v = (n2 + 3n + 2)/2. For a multi-index rx = (rx0, ... , rxv) 
we denote ri0 ... r~, by I'°'. It is also necessary to define the norm for 1 ::;; p, 

q < 00 

(2.1) 

where r = lxl, ( E sn-l _ It is clear that the LP,q norm coincides with the usual 
LP norm when p = q. We also define 

for I :s:;p < oo, 

(2.2) for I ::;; q < oo, 

In [13] Li and Yu utilized effectively these types of norms for the existence 
theory of solutions to fully nonlinear wave equations. Let N be a non-negative 
integer and lfF be a characteristic function of a set of Rn+ 1. We define the 
norm 

(2.3) llu( t, ·) llr,N, p,q, 'l' := L II lfF( t, • )I'°'u(t, ·) llv,q (1 :S:: p, q :S: oo) 
io:l~N 

for any function u(t, x) for which the above right-hand side is finite for every 
t. When lfF = I in (2.3), we omit the sub-index IJF. When p = q, we omit q. 

When N = 0, we omit I' and N. In sum, the notation of the norm in (2.3) is 
abbreviated to 

(2.4) { 
llu(t, ·)llr,N,p,q, 

llu(t, ·)llr,N,p,q,'l' = llu(t, ·)llr,N,p,'f', 

llu(t, ·)llp,q, '[', 

if lfF=l, 
if p = q, 
if N = 0. 

According to the rule, we denote by llu(t, ·)IIP the usual U norm. 
For a positive integer k, we mean by Hk = Hk(Rn) the usual Sobolev 

space of functions whose derivatives up to order k belong to L 2. We shall work 
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with the homogeneous Sobolev space if;= iI;(Rn) (s ER, 1 < r < oo ). The 
space iI2 will be simply denoted by ifs. For a comprehensible description of 
the definition of the homogeneous Sobolev space and fundamental properties such 
as completeness and the embedding theorem, refer to the appendix of [ 1], 
[4]. For any interval I and any Banach space B we denote by C(I; B) (resp. 
BC(I; B)) the space of continuous (resp. bounded continuous) functions from I 
to B. We denote by a(p) the variable defined by a(p) = 1/2 - 1/p. The 
variables fi(p), y(p) and J(p) are also defined by 

2 1 1 
a(p) = -+ l fi(p) = - 1 y(p) = -b(p). 

n n- n 
(2.5) 

The Holder conjugate exponent of p is denoted by p': 1/p + 1/p' = 1. We 
denote by I the closure of an interval I in RU { ±oo }. 

Put w := ~- The initial data will be taken in the space Xx Y defined 
by 

(2.6) X= {fEL2 (R 3)niJ1(R 3 )1 

llflll = L IIQ"flli + L ll(x)wQ"flli < oo }, 
lal-o:2 lal<e::2 

(2.7) Y= {gEH-1(R3)nL2 (R3)1 

llgllt = L IIQ"w-1glli + L ll(x)Q"glli < 00 }· 

lal-o:2 lal <e::2 

Here Q"=Qf12 Q~3'Qf3' for a multi-index a=(a12,a23,a13) and (x)= 
(1 + lxl 2) 112 . Xx Y is the Hilbert space with the norm defined by 
ll(f,g)lllxY = llflll + llgllt- Now we can state our main theorems. 

Theorem 1. Suppose that n = 3 and 2 < y < 2 + 1 /2. There exists a con­
stant J > 0 depending only on y and A with the following property: For any 

(f, g) EX x Y with II (f, g) llxx y < J the integral equation 

Jt sin w(t - r) 
(2.8) u(t) = uo(t) - ---(Vy* u2 (r))u(r)dr 

0 w 

(uo(t) = (coswt)f + (w- 1 sinwt)g) has a unique solution u(t, x) satisfying 

(2.9) (lal::; 1,IPI ::;2). 

Moreover, there exists a unique pair of functions u+,g+), u-,g-) EX X y 
satisfying 
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(2.10) for some constant C1 > 0, 

(2.11) ll(I'°'.QPu(t, ·) - I'°'.QPu±(t, ·),.QPco- 181u(t, ·) - .QPco-1oiu±(t, ·)lluxu 

--+ 0 (t--+ ±oo) 

for any !al s 1 and 1/31 s 2. Here u±(t) = (coscot)f± + (co- 1 sincot)g±. 

563 

The next theorem is concerned with the final value problem with data given 
at t = -oo. 

Theorem 2. Suppose that n = 3 and 2 < y < 2 + I /2. There exists a 

constant c5 > 0 depending only on y and A with the following property: For any 

(f_,g_) EX x Y with ll(f_,g_)llxxY <c5 the integral equation 

It sinw(t-r) 
(2.12) u(t)=u_(t)- -oo w (Vy*u2(r))u(r)dr 

(u_(t) = (coswt)f- + (w- 1 sinwt)g_) has a unique solution u(t, x) satisfying 

(2.13) 

(2.14) ll(I'°'.QPu(t, ·) - I'°'.QPu_(t, ·),.QPw- 101u(t, ·) - .QPw-181u-(t, ·))lluxu 

--+ 0 (t--+ -00) 

for any !al s 1, 1/31 s 2. Moreover, this solution u satisfies 

(2.15) ll(u(0, ·), 01u(O, ·))llxxY S C2ll(f_, g_)llxxY 

for some constant C2 > 0. 

Remark. Let B, mean an open ball of X x Y centered at the origin with 
radius r > 0. By Theorem 2 we know the existence of the wave operator for 
negative time as a mapping from B0 into Bc20 . Theorem 1 together with 
Theorem 2 implies the existence of the scattering operator as a mapping from B0 

into Bc1 c2o for sufficiently small c5 > 0. 

3. Preliminaries 

In this section we prove a number of lemmas and propositions which play 
central roles in the proof of our theorems. Let x, = x, (t, x) be the charac­
teristic function of the set {(t,x) E Rn+I I !xis (1 + ltl)/2} and put x2 := 

1 - Xi. Moreover, let r/Ja = r/Ja(x) be the characteristic function of the set 
{ x E Rn I !xi s a} (a > 0). Those three characteristic functions will be fre­
quently used throughout this paper. 
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(3.1) 

(3.2) 

(3.3) 

K unio HIDANO 

Lemma 3.1. For any 0 ER the following commutation relations hold: 

[Qkl, w 0] = 0, 1 =::::: k < ls n, 

[Lo, w 0] = -0w 0 . 

Proof They all can be easily verified with the help of the Fourier 
transform. Thus we omit the details. □ 

Lemma 3.2. (1) Let n 2: 2. The following inequalities hold for any 

function for which the norm on the right-hand side is finite: 

(3.4) 

(3.5) 

llu(t, ·)IIP,xi s C(l + Jtl)-i5(p)llu(t, ·)llr,1,2, 

11(1 + ltl +I· lf(p)u(t, ·)lips CJlu(t, ·)llr,1,2, 

where 2 ::;:p < oo for n = 2, 2 ::;:p s 2n/(n - 2) for n 2: 3, 

(3.6) Il<ltl -I • l>Vu(t, ·)112, ll<ltl - I· l)81u(t, ·)lb S CJlu(t, ·)llr,1,2, 

where <ltl - Jxl) = 1 + I ltl - lxl 1. 
(2) Let n 2: 3. The inequality 

(3.7) 

holds for 2 s p s 2n/(n - 2). 

Proof The inequality (3.5) follows from Propositions 3.3 and 3.4 in 

Ginibre and Velo [2]. The inequality (3.4) is also an immediate consequence of 
the previous propositions in [2] (see also the comment given after the proof 

of proposition 3.4 in [2], especially the bottom line of page 247 in [2]). The 

inequality (3.4) actually can be derived from the standard Sobelev inequality by 
a simple scaling argument. See, e.g., [14] on page 1214-1216 for this matter. 

The inequality (3.6) is an elementary result and follows from the fact that the 

differential operators a1, a1 can be represented as 

(3.8) 

n 
tLo - "xL· ~ J 1 

J=I 
81=---~-

t2 - lxl2 

The inequality (3.7) follows directly from the Holder inequality and the Sobolev 
embedding H 1(Rn) '---+ L 2n/(n-2l(Rn). D 

The classical LP - L q estimate of Strichartz [29] is successfully injected into 

our framework. This is done in the following lemma due to Ginibre and Velo 
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[2]. In particular, this lemma is very useful for the estimate for oi-181u(t) in the 
U (p > 2) norm (see (4.29) below). 

Lemma 3.3. Let I be any interval of R. Let n ~ 2 and 2 < p s 2(n + I)/ 
(n- I). Suppose that I'"uE C(I;L2) for any lcxl s 1. Then u(t),w- 1a1u(t) E 

LP and they satisfy the estimate 

(3.9) llu(t, ·)IIP' llw-181u(t, ·)IIP 

s Cl tl-y(p) Eo( u( t), 81u(t) t(p)/l Qo( t, u( t), a1u( t)) (l-a(p))/2 . 

If in addition 81u E C(I; iI-1 ), then 

(3.10) llw- 1a1u(t, ·)lips C(I + ltl)-r(p\llu(t, ·)llr, 1,2 + ll81u(t, ·)III-i-,). 

Here Eo(u(t), 81u(t)) = IIVu(t, ·)II;+ ll81u(t, ·)II; and 

Qo(t, u(t), 81u(t)) 

n 

= L IIL1u(t, ·)II;+ L 11.Qk/U(t, ·)II;+ ll(Lo + (n - I))u(t, ·)11r 
}=I I ,s,k<l ,s,n 

Proof The inequality (3.9) is a direct consequence of [2, (3.17)]. The 
inequality (3.10) easily follows from (3.9) and the Sobolev embedding 
H 1(Rn) '-------+ U(Rn). □ 

The following estimate (3.13) represents a generalization of the Li-Yu 
inequality in [13]. The estimate (3.11) is a variant of (3.12) and indispensable 
to our proof (see (4.65) below). 

Lemma 3.4. Let n~2 and assume I/2<s<n/2. Set I/q=I/2+s/n. 

Let ;5 be arbitrary with O s J s n/2 - s. Then the following inequalities hold: 

(3.11) II lxl 0vllJ-i-, s ca0 llvllq,¢" + ca-(n!l-sl+0 llvll1,2,1-¢a' 

(3.12) llvllJ-i-, s Cllvllq,¢" + ca-(n/2-slllvll1,2,1-¢a· 

Here constants C are independent of a and v. Moreover 

(3.13) 111 · l 6h(t, ·)lljf-• 

S C(l + ltl)Jllh(t, ·)llq,x1 + C(l + ltl)-(n/2-s)+Jllh(t, ·)ll1,2,x2 • 

Proof The proof of (3.12) can be found in Li and Zhou [14]. Their 
proof is based on the Sobolev embedding ifs(Rn) '-------+ Lq(Rn), the inequality 

(3.14) 
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(see [14, (2.31)]) and the duality argument. Noting that a stronger inequality 

(3.15) 

actually follows from the slight modification of Li-Zhou's proof of (3.14), we 
easily obtain (3.11) by repeating the same argument as in the proof of (3.12). 
For completeness the proof of (3.15) will be given in Appendix. The inequality 
(3.13) is a direct consequence of (3.11). □ 

We shall need the generalized Strichartz estimates for inhomogeneous wave 
equations (see the proof of Proposition 4.7 below). 

Lemma 3.5 ([3, Lemma 2.3]). Let n ;:::: 2. For any (r1, q1) and (r2, q2) with 
r1,r2 < oo, 0 s 2/qi = y(r1) < 1 and Os 2/q2 = y(r2) < 1, for any to El the 
operator 

h 1----+ J' ei(t-r)wh(r)dr 
to 

is bounded from Lq[(J· il1(ri)) to Lq2 (I· frP(r2l) with norm umifiormly bounded 
' r{ ' r2 

with respect to I and to. 

Remark. It has been recently proved that a larger set of the pair (r, q) can 
be allowed for n ;:::: 4. See [15], [5] and [10]. 

Proposition 3.1. Assume n = 3. For any (f, g) EX x Y, u0(t) := 
(coswt)f + (w- 1 sinwt)g satisfies 

(3.16) 10(1 s 1,IPI s2, 

(3.17) L III'"QPuo(t, ·)112 + L IIQPw- 10,uo(t, ·)112 s Cll(f,g)llxxY· 
lal c,; I IPI c,;2 
IPlc,;2 

Proof We need the following three equalities: 

(3.18) j = l, 2, 3 

(3.19) lsk<ls3 

(3.20) 

These equalities can be easily checked with the help of the Fourier transform. 
We also need the commutation relations 
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(3.21) [coswt,.Q"] = [sinwt,.Q"] = 0 

for any a. Then Proposition 3.1 is a simple result. We omit the details. D 

4. Proof of Theorem 1 

For any (f, g) EX x Y let us consider the integral equation (2.8). In what 
follows the space dimension is assumed to be three and we consider real-valued 
solutions only for simplicity. We introduce the set of functions Z,5 (c5 > 0) as 
follows: 

z, ,~ { u ~ u(t, x) I 

I'".QfiuEC(R;L2),(lal s l,IPI s2), .QPa1uEC(R;ir1),(I/JI s2), 

u(O,x) =f(x),81u(O,x) = g(x), 

llullz = L supllI'a.Qfiu(t,·)11 2 + L supll.Qfiw-181u(t,·)ll 2 sc5}. 
lal s I tER 1//1 s2 tER 

l//ls2 

Z,5 is nonempty, complete metric space with the metric llu - vllz (u, v E Z,5) if 
ll(f,g)llxxY is sufficiently small relative to c5. From now on we simply denote 
ll(f,g)llxxY by A. It follows from Proposition 3.1 that uo E Zc3A for a suitable 
constant C3 2 1. 

In order to prove Theorem 1 we define the mapping 

(4.1) M: u f---+ Mu= uo(t) - Io[u](t) 

f I sinw(t - r) = uo(t) - ----(Vy* u2 (r))u(r)dr, 
0 w 

We shall show the following proposition. 

Proposition 4.1. If A is sufficiently small, then M carries Z2c3A into itself 
and satisfies 

(4.2) II Mu - Mvllz s ½ llu - vllz, 

Then, as a consequence of the contraction mapping principle, M has a 
unique fixed point in Z2c3A which is a solution to the integral equation (2.8). 
The proof of uniqueness is similar to that of Proposition 4.1. Hence, in the rest 
of this section, we shall devote ourself to the proof of Proposition 4.1. We 
begin with the following proposition which implies that there exist universal 
constants C, C' such that 
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(4.3) CL sup IIQ/J rau(t, ·)112::::; L sup 11raQfiu(t, ·)112 
lalc:;I tER lalc:;I tER 

I/JI c:;2 I/JI c:;2 

for all u E Z2c3A-

::::; C' L sup IIQ/J rau(t, ·)112 
lalc:;l IER 

I/JI c:;2 

Proposition 4.2. Let 6jk be the Kronecker delta. The following commu­
tation relations hold: 

(4.4) 

(4.5) [Lj, Qki] = 6jkL1 - 6j1Lk, 

(4.6) [Qab, Qkl] = <)bk(Xa81 - X/8a) - 6b1(xa8k - Xk8a) 

- 6ak(Xb81 - X/8b) + 6a1(xb8k - Xk8b), 

(4.7) 

Proof They can be checked by direct computations. □ 

Proposition 4.3. Let u E Z 2c3A. There exists a constant C depending on y 
such that the following equalities hold: 

(4.8) Lj[(Vy*u2)u] 

= C(w-(3-y) Lju2)u - (3 - y)C(w-(S-y)aAu2)u + C(w-(3-Ylu2)Lju, 

(4.9) Qki[(Vy * u2)u] = C(w-(3-Y)Qk1u2)u + C(w-(3-Ylu2)Qk/U, 

(4.10) Lo[(Vy * u2 )u] 

= C(w-(3-y) Lou2)u + (3 - y)C(w-(3-y)u2 )u + C(w-(3-y)u2 )Lou. 

Proof Since Vy * u2 = cw-(3-Ylu2 with C depending only on y (see [24, 
Chapter V]), these three equalities can be checked with the help of the Fourier 
transform and Lemma 3.1. We omit the details. D 

For a nice function h = h(t, x) we have 

( 4.11) L Jt sinw(t - r) h(r)dr 
7 (J w 

= sinw(t - a-) [xjh(o-)] + Jt sinw(t - r) [LJh(r)]dr, 
w (J w 
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( 4.12) Qkl Jt sinOJ(t- r) h(r)dr = Jt sinOJ(t - r) Qk1h(r)dr, 
u OJ u OJ 

( 4.13) Lo It sinOJ(t- r) h(r)dr 
u OJ 

= asinOJ(t- a) h(a) + 211 sinOJ(t- r) h(r)dr 
OJ u OJ 

+ It sinOJ(t - r) [Loh(r)]dr. 
u OJ 

Combining (4.11)-(4.13) with (4.8)-(4.10), we have the following proposition. 

Proposition 4.4. Let u E Z2c3,1 and let C be the same constant as in 
Proposition 4.3. The following equalities hold: 

(4.14) L/o[u](t) 

( 4.15) 

( 4.16) 

= CsinOJt [xJ(OJ-(3-y)f2)J] 
OJ 

+ cI1 sinOJ(t - r) [(OJ-(3-y) L1u2(r))u(r)]dr 
0 OJ 

+ C(3 - y) sinOJt [(OJ-(5-rla-j2)/] 
OJ J 

- C(3 - y) t cosOJ(t - r)[(OJ-(5-rla1u2(r))u(r)]dr 

It sinOJ(t - r) ( ) + C(3 - y) ---[(OJ- s-y a1u2(r))aru(r)]dr 
0 OJ 

+ cft sinOJ(t- r) [(OJ-(3-y)u2(r))LJu(r)]dr, 
0 OJ 

Lolo[u](t) = C ----[(OJ- 3-r Lou2(r))u(r)]dr It sinOJ(t - r) ( ) 

0 OJ 

+ C(5 - y) ---[(OJ- 3-r u2(r))u(r)]dr It sinOJ(t - r) ( ) 

0 OJ 

+ C ----[(OJ- 3-y u2(r))Lou(r)]dr. It sinOJ(t - r) ( ) 

0 OJ 
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Proof It is enough to prove (4.14) because the others are easier to 
show. In view of (4.8) and (4.11) we notice that it suffices to show how to deal 
with the resulting term involving w-(5-r) a1aru2. Carrying out integration by 
parts with respect to the time variable, we see that 

( 4.17) 

sinwt ( ) 2 It ( ) = ---[(co- S-y 81f )f] + cosw(t- r)[(w- S-y a1u2(r))u(r)]dr 
CO O 

-I1 sinw(t - r) [(w-(5-rla1u2 (r))8ru(r)]dr. 
0 co 

Combining (4.8), (4.11) with (4.17), we have (4.14). □ 

Acting Qfl (1/31 s 2) on (4.14)-(4.16), we finally have the following three 
equalities by (3.2), (3.21 ): 

(4.18) Qfl L1Io[u](t) 

= Csinwt Qfl[x1(w-(3-y) f2)f] 
co 

+CL ( /31) It sinw~ - r) [(w-(3-y)Qfl'L1u2(r))Qfl-fl'u(r)]dr 

fl' <;,fl /3 0 

+ C(3 _ y) sin wt L ( /31) [(w-(S-y)Qfl' aJ12)Qfl-fl'j] 

co fl' <;,fl /3 

- C(3 - y) L ( 13
1) It cosw(t - r)[(w-(S-y)Qfl' a1u2(r))Qfl-fl' u(r)]dr 

fl' <;,fl /3 0 

+ C(3 - y) L ( /31) It sinw(t - r) [(w-(5-y)Qfl' 81u2(r))Qfl-fl' a,u(r)]dr 
fl' <;,fl /3 0 co 

+ CL ( /31) It sin co~ - r) [(w-(3-y) Qfl' u2( r) )Qfl-fl' L1u( r)]dr, 
fl' <;,fl /3 0 

(4.19) QflQktlo[u](t) 

= CL ( /31) It sinw~ - r) [(w-(3-y)Qfl' Qk1u2( r) )Qfl-fl' u( r)]dr 
fl' <;,fl /3 0 

+CL ( /31) It sin w(t - r) [(w-(3-y) Qfl' u2( r) )Qfl-fl' Qk1u( r)]dr, 
fl' <;,fl /3 0 co 
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(4.20) Qfl Lolo[u](t) 

=CL ( /3,) It sinw~ - r) [(w-(3-y)Qfl'Lou2(r))Qfl-fl'u(r)]dr 
fl' 5fl /J O 

+ C(5 - y) L ( /3,) It sinw~- r) [(w-(3-y)Qfl' u2( r))Qfl-fl' u( r)]dr 
fl' 5fl /J O 

+CL ( /3,) Jt sinw(t- r) [(w-(3-y)Qfl'u2(r))Qfl-fl'Lou(r)]dr, 
fl' 5fl /3 0 w 

where 

and the summation is taken over all the multi-indices /J' = (/3;, /3~, p;) such 
that /J; s f]1 for j = I, 2, 3. Now we are in a position to estimate raQfl Mu 

(!al s 1, I/JI s 2). Recalling (4.3), we start with the estimate for Qfl LJ0 [u]. 

First, we estimate the fifth term on the right-hand side of (4.18) in the 
L 00 ( R; L 2) norm. We find that our task is to show 

(4.21) 

By duality we see that 

(4.22) supl((w-(5-Y)Qfl' 81u2 (r))Qfl-fl' Oru(r), ¢,)I 

= supl ((w-(S-y)Qfl 1 01u2 (r))¢,,: Qfl-fl'w- 18ru(r)) I 

3 

S L supi(w-1ok[(w-(5-rlakQfl' 81u2 ( r) )¢,], Qfl-fl' w- 1 oru( r))I 
k=l 

3 

+ L supi(w- 1ok[(w-(S-y)Qfl' Oju2( r) )okrp], Qfl-fl' w- 1 Dru( r) )I 
k=I 

3 

= L supl((w-(S-y) okQfl' 81u2 ( r))w- 1okQfl-fl' w- 18ru( r), ¢,)I 
k=I 

3 

+ L sup!( (w-(S-y) Qfl' 81u2( r) )w-1 okQfl-fl' w- 18ru( r), DkfP) I 
k=I 
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3 

S L II ( w-(S-y) okQfi' OjU2 ( r) )w-1 okQfi-fi' w- 1 a,u( r) IIH-1 
k=I 

3 

+ L II (w-(S-y) Qfi' Oju2 ( r) )w-1 okQfi-fi' w- 1 a,u( r) 112, 
k=I 

where by (·, •) we mean the L2 inner product and the supremum is taken over 
all ¢ E iI 1 with 11¢; iI 1 II = 1. Further, thanks to (4.4), we find that the proof of 
(4.21) is reduced to that of 

(4.23) ll(w-(S-y)3ka/Qfi'u2(r))w- 1okQfi-fi'w-10,u(r)IIH-' E L 1(R), 

( 4.24) II ( w-(S-y) 0/Qfi' u2 ( r) )w-1 okQfi-fi' w-1 a,u( T) lb E L 1 (R) 

for 1 s k, l s 3. First we show (4.23). 

Proposition 4.5. Assume that 2 < y < 5/2. (1) It is possible to choose 
s > 0 satisfying 

(4.25) 
13 5 

-3y+-<s<-y+-. 
2 2 

(2) The norm in (4.23) is estimated from above as 

(4.26) ... S C(l + lrl)-(y-3/2+(s+l)/3) 

x (z:= IIQfiu(r, ·)Iii, 1,2) L (IIQfiu(r, ·)llr,1,2 + IIQfiw-18,u(r, ·)112) 
1/Jls:2 1/ils:2 

for s satisfying (4.25). 

Remark. The condition - 3y + 13 /2 < s 1s equivalent to y - 3 /2 + 
(s+l)/3>1. 

Proof The proof of (1) is easy. Thus we omit 1t. Let us choose s 

satisfying (4.25) and put l/p1 = 1/2 - s/3, I/p1 + l/p2 = 1/2 + 1/3, 1/2 = 
1/p3 - (3 - y - s)/3. Employing the Hardy-Littlewood-Sobolev inequality first 
and then the Holder inequality, we see that the norm in (4.23) is estimated as 

(4.27) · · · S Cll(w-(S-y)3ka,Qfi'u2(r))w- 1okQfi-fi'w-10,u(r)ll6/S 

S Cllw-(S-y) OkO/Qfi' u2 ( r) IIPl 11w-1 okQfi-fi' w- 1 a,u( r) IIP2. 

Using the embedding iis '-------+ U 1 first and then (3.13) with b = 0, we get 
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(4.28) 11w-(S-y)aka/Qfi'u2 (r)IIP1 :::;; qca-(J-y-s)Qfi'u2(r)ll2 

:::;; CIIQfi'u2(r)llp,,x1 + C(l + lrl)-312+(J-y-s)IIQfi'u2(r)ll1,2 

:S:: C(l + lrl)-312+(J-y-s) L IIQfiu(r)lli',1,2· 
I/ii :c:;2 
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At the second inequality, the inequality (3.13) was applicable because 1/2 < 
3 - y - s < 3/2 holds now. At the last inequality we were able to employ the 
inequality (3.4) with p = 2p3 . We also used the fact that the Sobolev space on 
the sphere W 2•2 (S2 ) (L2 type of order 2) forms an algebra. 

Let us turn our attention to the estimate for the second norm on the last 
line in (4.27). Since 1/ p 2 = (I+ s)/3 and 0 < s < -y + 5/2 < 1/2, we find 
2 < P2 < 3. Hence, employing the well-known multiplier theorem (see, e.g., 
[23] on page 15) first and then (3.10), we obtain 

(4.29) 11w-1okQfi-fi'w- 10,u(r)IIP2 :s; qw-1a,QP-fi'u(r)IIP2 

:S:: C(l + l,l)-y(p2\IIQfi-fi'u(r)llr,1,2 + IIQfi-fi'a,u(r)IIH-1 )-

Since -3/2+(3-y-s)-Y(P2)=-y+3/2-(s+I)/3, we obtain (4.26) by 
(4.27)-(4.29). □ 

The estimate for the norm in (4.24) is given in the next proposition. 

Proposition 4.6. Assume 2 < y < 11 / 4. ( 1) It is possible to choose 
s :::::: 3 / 4 satisfying 

( 4.30) 
15 7 

-3y+- < s < -y+-. 
2 2 

(2) The norm in (4.24) is estimated from above as 

(4.31) ... :s; C(l + lrl)-(y-3/2+s/3) 

x (L IIQfiu(r)lli',1,2) L (IIQfiu(r)llr,1,2 + IIQfiw-10,u(r)ll2) 
I/ii :c:;2 I/ii :c:;2 

for s satisfying (4.30). 

Remark. The condition -3y + 15/2 <sis equivalent to y - 3/2 + s/3 > 1. 

Proof (1) is obvious. Let us take s z 3/4 satisfying (4.30) and put 
1/p1 =1/2-s/3, 1/2=1/p1 +1/p2, 1/2=1/p3 -(4-y-s)/3. Employing 
the Holder inequality first and then the embedding ifs '-----+ LP1 , we see that the 
norm in (4.24) is estimated as 
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(4.32) ... s 11w-(S-y)81.QP'u2 (r)IIP1llw-1ok.QP-P'w-1aru(r)IIP2 

s q,gP' u2( r) IIH-(4-y-,) 11w-1ok.QP-P' w- 1aru( r) IIP2. 

Since 1/2 < 4 - y- s < 3/2, we can employ (3.13) with 5 = 0 in showing 

( 4.33) P' 2 11.Q u (r)IIH-(4-r-,J 

s q,gP'u2(r)IIP3,X1 + C(l + lrl)-(3/2-(4-y-s))II.QP'u2(r)ll1,2 

s C(l + lrl)-(3/Z-(4-y-s)) L II.QPu(r)lli,1,2 
1/Jl,,;2 

as we did in (4.28). On the other hand, since p2 > 2 by the conditions y > 2 
ands< -y + 7 /2 and the conditions 2 3/4 implies p2 s 4, we can use (3.10) to 
show 

(4.34) 11w- 1ok.QP-P'w-1aru(r)IIP2 s qw-10TQP-P'u(r)IIP2 

s C(l + lrl)-y(p2)(11.QP-P'u(r)llr,1,2 + ll,gP-P'aru(r)IIH-1)-

Since -3/2 + (4 - y - s) - y(p2 ) = -y + 3/2 - s/3, we have shown (4.31). D 

Combining Propositions 4.5 and 4.6, we have shown (4.21). Let us turn 
our attention to the last term on the right-hand side of (4.18). In order to 
estimate it the generalized Strichartz estimate plays a crucial role. 

Proposition 4.7. Assume that 2 < y < 5/2. The L''/J(R;L2 ) norm of the 
last term on the right-hand side of (4.18) is estimated as 

(4.35) • • • s C (L sup II.QPu(t)ll}, 1,2) L sup IIL1.QPu(t)ll 2. 
IPI ,,;2 tER I ,,;j ,,;3 tER 

1/Jl,,;2 

Proof For any y with 2 < y < 5/2 choose and fix a small number B such 
that O < B < 5/2-y. Then we choose and fix (r,q) as follows: 1/r = 5/2-
y- B, 2/q = y(r). Observe that O < 2/q = y(r) < I for 2 < y < 5/2. Thus we 
may employ Lemma 3.5 with (r1,q1) = (r,q), (r2,q2) = (2, oo) and we find that 
our task is to estimate 

(4.36) 

Define p 1, p2 and s as follows: 1/r' = 1/ p 1 - (1 - /J(r))/3, 1/ p 1 = 1/2 + 1/ p2 

and s = I/r. Observe that p 1 > I by the conditions I/r = 5/2 - y - B, 

B < 5/2 - y and that the equality 1/ p2 = 1/2 - s/3 holds. By the embeddings 
iIJ, <.......o,iff,(r)-I and ifs <.......o, LP2 we see that 
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(4.37) II ( w-(3-y) QP' u2 ( r) )Q/3-/3' L1u( T); iJf,(r)-111 

s C11 ( w-( 3-y) QP' u2( r) )Q/3-/3' L1u( r) IIP 1 

s qw-(3-Yl Q/3' u2( r) IIP2 IIQ/3-/3' L1u( r) 112 

s qw-(3-y-s)QP' u2( r) ll2IIQ/J-/J' L1u( r) 112· 

Taking account of the condition 1/r = 5/2 - y - c, we can easily verify that 
1/2 < 3 - y - s < 3/2. Thus we may employ (3.13) with J = 0 to show 

+ C(l + lrl)-312+(3-y-s)IIQP'u2(r)ll1,2 

s C(l + irl) 312-y-s L llfJPu(r)lli,1,2· 
I/JI-; 2 

At the last inequality we have used the inequality (3.4) with p = 2p3. Finally it 
is easy to check that (1 + lrl)-y-s+3/2 E Lq' (R) thanks to the condition y > 2. 
Thus we have completed the estimate for the norm in (4.36). □ 

Next we shall estimate the second term on the right-hand side of (4.18). 
Our task is to show 

( 4.39) 

Proposition 4.8. Assume that 2 < y < 5 /2. ( 1) It is possible to choose 
s > 0 satisfying 

( 4.40) 

(2) The norm in (4.39) is estimated from above as 

(4.41) · · · s C(l + lrl)-(s/3+y-?/6) ( L sup llfJPu(r)lli, 1,2) 
I/Jl-;2 IER 

for s satisfying (4.40). 
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Remark. It follows from the condition -3y + 13/2 < s that s/3 + y-

7 /6 > 1. 

Proof The proof of (1) is easy. To show (2) we choose p1,p2 and 

p3 as follows: 1/p1 =1/2-s/3, 1/p1 +1/p2 =1/2+1/3, 1/2=1/p3 -

(3 - y - s)/3. Employing the Sobolev embedding and the Holder inequality, 

we see that the norm in (4.39) is estimated as 

( 4.42) ... ::;; q ( w-(3-y) QP' L1u2 ( T) )Qfl-/J' u( T) 116/5 

::,; C1Iw-(3-YlQ/J'L1u2(r)llr, IIQ/J-/J'u(r)llr2· 

Moreover, making use of the embedding if'<-----+ LP1 first and then (3.13) with 

<5 = 0, we get 

(4.43) llw-(3-y)Q/J'L1u2(r)llr, ::;; qw-(3-y-s)Q/J'L1u2(r)ll2 

::;; qQfl'Lu2(r)II + C(l + lrl)-3/2+(3-y-s)IIQ/J'L-u2(r)II 
'l P3,X1 .I 1,2 

At the last inequality we have used (3.4). Finally we employ (3.5) to show 

(4.44) IIQ/J-/J'u(r)llr2 ::;; C(l + lrl)-y(p2)IIQP-P'u(r)llr,1,2· 

Since (y + s - 3/2) + y(p2 ) = s/3 + y - 7 /6, (4.41) follows from (4.42)-(4.44). 
□ 

As for the fourth term on the right-hand side of ( 4.18), we can prove for 

2<y<3 

(4.45) 

by repeating essentially the same argument as in the proof of Proposition 
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4.6. • The only difference is in the use of (3.5) instead of (3.10). We omit the 
proof of (4.45). 

It is also easy to prove by the standard argument that the L 00 (R;L 2 ) norm 
of the third term on the right-hand side of (4.18) is estimated from above by 

Cllflli-
As far as (4.18) is concerned, only the first term on the right remains to be 

estimated. Observing 

(4.46) ri\x1(w-(3-y) f 2 )f) = L (/J/J') (w-( 3-YlQfJ'J2 )Qf3-/3' (x1f), 
/J'<;,/3 

we need to bound the ir 1 norm of (w-(3-Y)Qf3'j2 )Qf3-/3' (x1f). Let p 1 be the 
number defined by 2/3 = 1/p1 - (3 - y)/3. Then we see that p 1 > 1 for y > 2 
and 1/2p1 ~ 1/6 for y < 3. Hence we get by using the Sobolev embedding and 
the Holder inequality 

(4.47) ll(w-(3-Y)QfJ'J2 )Qf3-/3' (x1f)IIH-1 

S Cll(w-(3-Y)QfJ'J2 )Qf3-/3' (x1f)ll6/5 

s qw-(3-YlQ/J'f2ll3;2IIQ/J-/J' (x1f)ll6 

s C L (/J/J:,) IIQ/3" fll2p1 IIQ/J'-/J''f ll2p1 IIQ/3-/3' (xJi) 116 S Cllflli-
/3" -5, /3' 

At the last inequality we have used (3.7) to estimate IIQ/3-/3' (xJi)ll 6 . Hence the 
estimate for the first term on the right-hand side of (4.18) is complete and we 
have shown 

( 4.48) L sup IIQ/JLJo[u](t)lb s Cllflli + Cllull1 
l<;,j<;,3 IER 

1/Jl-,;,2 

for u E Z2c3A, providing that 2 < y < 5/2. 
Let us turn our attention to the estimate for Q/3 Qk1Io [u] and Q/3 Lolo [u]. 

In view of (4.19)-(4.20) we get for 2 < y < 5/2 

(4.49) L sup IIQ/JQk1Io[u](t)lb + L sup IIQ/JLolo[u](t)lb s Cllull1 
l<;,k-5,/-5,3 tER 1/Jl<;,2 tER 

1/Jl -,;,2 

by repeating the same argument as m the proof of Propositions 4.7-4.8. 
We omit the proof of (4.49). 

It remains to show 
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( 4.50) L sup IIQ/38alo[u](t)ll2 ::;; Cllullt 
0<a<3 !ER 

1fi1s;2 

( 4.51) 

Following the proof of Proposition 4.8, we can easily show (4.51). The proof 
of (4.50) is easy. Thus we omit it. Hence it has been shown that 

(4.52) IIMullz::;; lluollz + IIIo[u]llz::;; C3A + Cllflli + Cllulli 

for u E Z2c3A- It follows from (4.52) that M carries Z2c3A into itself, provided 
that A is sufficiently small. Repeating the same argument as above, we can 
show that M satisfies (4.2) and hence is the contraction mapping. Thus we 
have completed the proof of Proposition 4.1. 

Our next task is to prove (2.10)-(2.11). Define u±(t) by 

J
±oo sinw(t - r) 

(4.53) u± (t) = u(t) - ----(Vy* u2 (r))u(r)dr 
t w 

for the solution u to (2.8). The second term on the right-hand side of (4.53) is 
well-defined in BC(R; H 1 ). We prove the following proposition. 

Proposition 4.9. Let C be the same constant as in Proposition 4.3. Then 
u± defined in (4.53) satisfy 

(4.54) (lal::;; 1, 1/31 ::;; 2). 

Moreover, the following equalities hold in BC(R; L 2): 

(4.55) QPLiu±(t) 

= Q/3 L1u(t) 

- CL ( /31) J±oo sinw(t- r) [(w-(3-y)Qf3'Liu2(,))Qf3-/3' u(r)]dr 
/3' 5,/3 /3 t w 

+ C(3 - y) L ( /31) J±oo cosw(t- r)[(w-(S-y)Q/3' a1u2(r))Qf3-/3' u(r)]dr 
/3' <;,/3 /3 t 

- C(3 - y) L ( /31) J±oo sinw(t - r) [(w-(5-y)Q/3' 81u2(,))Qf3-/3' aru(r)]dr 
/3' <;,/3 /3 t w 

- CL ( /31) J±oo sin w~ - r) [(w-(3-y) Q/3' u2( r) )Q/3-/3' L1u( r)]dr, 
/3' <;,/3 /3 t 
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= QflQk/U(t) 
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- CL ( /31) J±oo sincvz- r) [(cv-(3-y) Qfl' Qk/U2( r))Qfl-/J' u( r)]dr 
/J' sf] /3 t 

~QflLou±(t) 

- CL ( /31) J±oo sin wz- r) [(w-(3-y) Qfl' Lou2( r) )Qfl-/J' u( r)]dr 
/J' sf] /3 1 
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- C(5 - y) L ( /31) J±oo sincv(t- r) [(cv-(3-y)Qfl' u2(r))Qfl-/J' u(r)]dr 
fl' sf] /J t CV 

Proof We begin with the proof of (4.55). In view of (4.11), (4.14) and 
(4.18) we have only to show 

(4.58) llsinw~ - u) Qfl[xj(w-(3-rlu2(u))u(u)]lli----+ 0, 

(4.59) llsincv~ - u) [(cv-(5-y)Qfl' o1u2(u))Qfl-/J' u(u)]ll2----+ 0 

as u----+ ±oo. First we prove (4.58). Since [Qkt, x1] = xkr5;1 - x1r5Jk, it suffices 
to show for 1 ::;; k ::;; 3, /31 + /3 11 ::;; /3 

(4.60) (u----+ ±oo ). 

Since 2 < y < 5/2, we can pick /Ji (0 < /Ji < 1) sufficiently close to 1 such 
that 1]1 "?.y-3/2, 1J 1 >5-2y and 0<l-1]1 <2(y-2). Put 1]2 :=l-1]1. 

Recalling Vy* (Qfl'u2) = cw-(3-r)Qfl'u2, we easily see that the norm in (4.60) 
is estimated as 
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(4.61) · · · :S: C/l lxl(w-(3-rlQfi'u2(u))Q1311 u(u)ll 6;5 

:S: q ( co-(3-r+l/1) IQ/3' u2( u) I) Ix! 1/2 Q/3" u( u) 116;5 

+ Cll(co-(3-Yl(lxll/1 IQ/3' u2(u)l))lxJ'72 Qfi" u(u)ll6/5· 

To estimate the first term on the last line in (4.61) we puts:= 1/2 - 3ry2/2 and 
pick p1,P2 such that l/p1 = 1/2 - s/3, l/p1 + l/p2 = 5/6. Since the equality 
rt2 = 2(1/2 - 1/p2) holds, we have 

( 4.62) II ( co-(3-r+l/1) IQ/3' u2( u) I) lxl 1/2 Q/3" u( u) 11 6;5 

:S: llw-(3-r+l/1) IQ/3' u2 ( u) I llp1 11 lxl 2(1/2-I/p2) Q/3" u( u) llp2 

:S: qco-(3-r+l/1-s)IQ13'u2(u)I II IIQ13"u(u)II · 2 r,1,2 

At the last inequality we were able to use (3.5). Moreover, since the inequality 
1/2 < 3 - y + ry1 - s < 3/2 is true, we apply the inequality (3.13) with £5 = 0 to 
get 

(4.63) llw-(3-r+l/1-s)IQ13'u2(u)l ll2 

:S: C[IQP'u2(u)llp1.x1 (~=__!___ 3-y+rt1 -s) 
2 p3 3 

+ C(l + lul)-3/Z+(3-Y+'11-s)IIQ13'u2(u)ll1,2 

:S: C( 1 + lul)-(2(y-2)-l/2)/2 '"' 11Qf3u( u) 112 . L., r, 1,2 
1/31 «;2 

At the last inequality we were able to use (3.4). Since 2(y - 2) - ry2 > 0, it 
follows from (4.62)-(4.63) that the first term on the last line in (4.61) converges 
to zero as u --+ ±oo. 

We turn our attention to the second term on the last line in (4.61). Recall 
that ry 1 has been picked sufficiently close to one such that ry 1 z y - 3 /2, ry 1 > 
5 - 2y and O < 1 - ry 1 < 2(y - 2). Moreover, we have set ry2 := 1 - ry 1. Now 
we takes as s:=-y+3/2+rt1 and pickp1,P2 such that 1/pi=l/2-s/3, 
l/p1 + l/p2 = 5/6. Since the inequalities 2!Y.(p2) - rt2 > 0 and 1/6 :S: l/p2 :S: 
1/2 are satisfied, it follows from the inequality (3.5) 

( 4.64) 11 ( co-(3-r\ixl 1/1 IQ/3' u2 ( u) I)) lxl "2Q 13" u( u) ll 6;5 

:S: llw-(3-Yl(lxll/1 IQ/3' u2(u)l)llp1 II lxl"2 Q/3" u(u)llp2 

:S: C(l + lul)-Zix(p2 )+1/z llco-(3-Y\lxl 1/1 IQ/3' u2 (u)I) llp1 IIQ/3" u(u) llr, 1,2· 
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Observe that the inequality 1/2 < 3 - y - s < 3/2 and the equality 171 = 
3/2-(3-y-s) hold. Employing the inequality (3.13) with 6=171, we 
continue the estimate as 

(4.65) JJw-(3-rl(JxJ~1 J.Qfi' u2(a)J)IIP1 

:s; CJlw-(3-r-s) (lxl ~1 I.Qfi' U 2 ( a) I) 112 

:s; C(l + Ja-1)~111.Q u (a)llp3,xI + CJI.Q u2(a)ll1,2 /i , 2 Ii' (21 -_ pl3 - 3 - 3y - s) 
:s; CL 11.Qfiu(a)lli, 1,2· 

I/ii :s:2 

At the last inequality we have employed (3.4) with p = 2p3. Combining (4.64)­
(4.65), we have shown that the second term on the last line in (4.61) also 
converges to zero as a------> ±oo. Therefore the proof of (4.58) is complete. 
Next we need to show (4.59). However the proof of (4.59) is much easier than 
that of (4.58). Indeed we have only to repeat essentially the same argument as 
in the proof of Propositions 4.5-4.8. Thus the proof of (4.59) is omitted and 
we have finished the proof of (4.55). The proof (4.56)-(4.57) is much easier, 
therefore we omit it. Further the proof of the fact 8a.Qfiu±, Qfiw-181u E 

BC(R; L 2) (a= 0, ... , 3, I/JI :s; 2) is trivial. Hence it is also omitted. We have 
finished the proof of Proposition 4.9. □ 

Now we are ready to show (2.10). It follows from the definition of (4.53) 
that for t ER 

(4.66) (I/JI ::::;2). 

Moreover, it also follows from (3.6) and Proposition 4.9 that for t ER, I/JI :s; 2 

(4.67) ll<ltl - I· J)V.Qfiu±(t)ll2, ll<ltl - I· J).Qfi81u±(t)ll2 

:s; CJI.Qfiu± (t) llr, 1,2 :s; CA. 

In particular, taking t = 0, we get (2.10). (2.11) is an immediate consequence 
of (4.53), (4.55)-(4.57). Therefore the proof of Theorem 1 is complete. □ 

5. Proof of Theorem 2 

The proof of Theorem 2 is quite similar to that of Theorem 1. Thus we 
only sketch the proof. For any (f _, g _) E X x Y let us consider the integral 
equation (2.12). The set WJ (l5 > 0) of functions defined in (-oo,0] x R 3 is 
introduced as follows: 
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w, ,~ { u ~ u(t,x) I r•QPu E C((-w, O]; L '), (1•1 s I, IPI s 2), 

QP01u E C((-oo,0];H-1), (I/JI:::: 2), 

fluff w = L SUP_ IIT"Qf3u(t, ·)lb+ L SUP_ ffQPw-'01u(t, ·)112 :::; ()}. 
lctl,:; 1 tER I/JI ,:;2 tER 

I/JI :s:2 

W,5 is nonempty, complete metric space with the metric flu - vii w (u, v E W,5). 
Denoting lf(f _,g_)flxxY by A, we easily see from Proposition 3.1 that 
u_ E Wc3A for a suitable constant C3. For the proof of Theorem 2 we define 
the mapping 

(5.1) M: u f---+ Mu= u_(t) - L 00 [u](t) 

It sinw(t - r) 
= u_(t) - -oo w (Vy* u2(r))u(r)dr, 

As in the proof of Theorem 1, it can be shown that the mapping M carries 
W2c3A into itself and is the contraction mapping. Therefore it has a unique 
fixed point u in W2c3A which is a solution to the integral equation (2.12). 
Following the argument in (4.66)-(4.67), we can easily prove (2.15). 

It remains to prove the required uniqueness. We shall be on the same lines 
as in Reed [20] (see [20] on page 75). Let u and v be the solutions to the 
integral equation (2.12) verifying (2.13)-(2.14). By modifying the contraction 
argument slightly, we can take T < 0 with I Tl large such that 

(5.2) sup ll(T"Q/Ju(t) - I'"Qf3v(t),Qf3w-101u(t) - Qf3w-101v(t)fluxL2 = 0. 
IE(-oo,T) 

Therefore u = v on (-oo, T]. Next we need to extend this uniqueness to the 
whole interval (-oo, 0]. Note that u is a solution to the integral equation 

(5.3) 
sinw(t - T) 

u(t) = (cosw(t - T))v(T) +----o1v(T) 
w 

-It sinw(t - r) (Vy* u2(,))u(r)dr 
T W 

Ill (T,O) X R 3 . 

Since v is also a solution to (5.3), it is possible to extend the uniqueness to the 
whole interval ( - oo, 0] by the standard argument. Hence we have finished the 
proof of Theorem 2. D 
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6. Blow up 

In this section we use the following result concerning the local solutions to 
the Cauchy problem 

(6.1) 

(6.2) u(0, x) = f(x), 

t E (0, T), 

o1u(0, x) = g(x), 

where Vy(x) = Jlxl-r as before. 

Proposition 6.1. Let O < y < 3 and (f, g) E H 1 x L 2. 

(1) There exists a maximal interval I= (0, T+) and a unique solution 
(u, o1u) E C(I; H 1 x L 2) to the problem (6.1)-(6.2). If T+ < oo, then 

(6.3) llu(t)IIH1 + ll81u(t)ll 2 - oo (t - T+)-

(2) If initial data (f, g) is spherically symmetric, then u( t, •) is also 
spherically symmetric as long as it exists. 

(3) If suppfUsuppgc{lxl<R} for some R>O, then suppu(t,-)c 
{lxl < R + t} for any t < T+. 

(4) Let k be a non-negative integer. If (f, g) E Hk+I x Hk, then the 
solution given by ( 1) satisfies 

(6.4) (u,81u,a;u) E C(I;Hk+I X Hk X Hk- 1). 

(5) Let ;t < 0 and f = 0. If g E H 4 and g ~ 0, then u(t, x) ~ 0 for all 
(t,x) El x R 3. 

Proof The results of (1), (3)-(4) are proved in Menzala-Strauss [16] (see 
Theorems 1, 3 and 4 in [16]). The statement (5) follows from (6.4) and Keller's 
comparison theorem for classical solutions [9]. Finally, the statement (2) is an 
immediate consequence of ( 1) and the invariance of the equation ( 6.1) under 
rotation. D 

We need the following lemma. 

Lemma 6.1 ([22, Lemma 4]). Suppose that F(t) E C2[a,b) and that 

for t E [a, b ), where C1, C2 are positive constants. If p > 1, r ~ I and (p - 1 )r > 
q - 2, then b must be finite. 

The second purpose of this paper is to prove the following theorem. 

Theorem 6.1. Suppose that 0 < y < 2, ;t < 0 and f = 0. Let g E H 4 and 
g ~ 0 (¢: 0). Moreover, assume that g is spherically symmetric and suppg c 
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{lxl < R} for some R > 0. Then the maximal existence time T+ given by (1) of 

Proposition 6.1 must be finite. 

Proof Without loss of generality we may take R = l and ,1, = -1. Note 
that the corresponding solution is non-negative and supp u( t, ·) c { !xi < t + l} 
for any t < T+. Assume T+ = oo. Then the function JR3 u(t,x)dx must be in 
the C2-class for all time. However we shall get the contradiction. 

Our proof is divided into two cases: the cases O < y < l and 1 ::s; y < 2. 
We begin with the former. Since u vanishes outside { !xi < t + l}, we get by 
integrating ( 6.1) over R3 

(6.5) dd:J u(t,x)dx=-J (Vy*u2)(t,x)u(t,x)dx. 
t R3 R3 

Since u(t, •) is spherically symmetric, we may write u(t, x) as v(t, r) (r = Ix!). 
Then the right-hand side of (6.5) can bt: written as 

(6.6) 

Since y < l, we easily get 

(6.7) 1 J'+IJ I-yd 217 ( ) 1-y - p p~-r-17 . 
r r-ry r 

We therefore obtain from (6.5)-(6.7) 

(6.8) 

By an elementary computation we see 

Jr/2 J' Jt+l = (r - 11)-(l-r)112drt + (r - 11r(l-y)112drt + (11 - rr(l-rl11 2d11 
0 r/2 r 

::; C(t + l)2+y_ 
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Hence we get by the Holder inequality and (6.9) 

(6.10) L+
1 r,2v2 (t,ry)lr-ryl 1-ydry 2 C(t+ 1)-(2+r)(L+l ry 2v(t,ry)dryr 

Inserting (6.10) into (6.8), we finally obtain for all t > 0 

(6.11) :t: L, u(t, x)dx z C(t + 1)-(3+y) (L, u(t, x)dx Y. 
Set F(t) = JR3 u(t, x)dx. Since F"(t) z O for all t > 0, we get F(t) z tllgllL1 by 
integrating F"(t) twice. Thus these exists T1 > 0 such that the inequalities 

F(t) z C(t + 1), 

hold for all t E [T1, oo ). However this contradicts Lemma 6.1 because of y < 1 
and hence the maximal existence time T+ is finite. We have completed the 
proof of the blow-up for the case O < y < 1. 

Next we prove the blow-up for the case 1 s y < 2. Our first task is to 
modify the inequalities in (6.7)-(6.8). Since 1 - y s 0, we get 

( 6.12) 

Inserting (6.12) into (6.6) and noting r,ry st+ 1, we have 

( 6.13) dd:J u(t,x)dxz ( Cl)YJ u2 (t,x)dxJ u(t,x)dx. 
t R3 t + R' R3 

Next it is necessary to show llu(t, ·)lb z C > 0 for all t z 1. We follow the 
argument in [6], [22] (see [22] on page 383). Since u is non-negative and the 
fundamental solution is positive, the inequality u(t,x) z u0 (t,x)(= (w- 1 sinwt)g) 
is true for all (t, x) EI x R 3 . Hence we have by the Holder inequality for t z 1 

(6.14) J uo(t,x)dx s J u(t,x)dx s C(t + l)llu(t, ·)11 2 . 
1-Islxlst+l 1-Islxlst+I 

On the other hand, we get 

( 6.15) d2 J 
d 2 uo(t, x)dx = 0 

t R3 

by integrating Duo= 0 over R 3 . Integrating (6.15) twice, we have 

( 6.16) J uo(t,x)dx = tJ g(x)dx. 
R3 R3 
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Since suppu0 (t,·) c {t- 1 s lxl st+ 1} by the Huygens principle, it follows 
from (6.14) and (6.16) that 

( 6.17) 
Ct C 

llu(t, ·)112 2 t + 1 2 2 
for t 2 1. 

Therefore we have shown by (6.13) and (6.17) that fort?: 1 

(6.18) 

where F(t) = fR 3 u(t,x)dx as before. Since F'(O) = f g(x)dx > 0 and F"(t)?: 
0, we see F'(t) 2 0 for all t 2 0. Thus, multiplying (6.18) by F'(t), we see 
(F'(t/)' 2 C((t + 1)-y F(t) 2 )' for t 2 1. Integrating this inequality from 1 to 
t, we get 

(6.19) F'(t) 2 ?: C(t+ 1)-yF(t)2 +F'(1)2- C2-YF(1)2. 

Since y < 2 and 

F(t) ?: I uo(t, x)dx = t I g(x)dx, 
R3 RJ 

we see that the right-hand side of (6.19) is estimated from below by 
(C/2)(t+ 1)-yF~t)2 for large t. Hence the inequality 

(6.20) F'(t) 2 C(t+ 1)-Yl2F(t) 

holds for large t. This implies 

( 6.21) F(t) 2 exp[C(t + l)l-y/2] 

for large t. Inserting (6.21) into (6.13), we get 

(6.22) dd: I u(t, x)dx?: C(t + 1)-y exp[C(t + l)l-y/Z] I u2 (t, x)dx 
t R 3 lxl,c;t+l 

?: C(t + 1)-r-3 exp[C(t + 1)1-r/2]F(t) 2 

for large t. At the last inequality we have used the Holder inequality. Since 
1 - y/2 > 0 for y < 2, we have F"(t)?: CF(t) 2 for large t. As before, this 
implies F'(t)?: CF(t) 312 for large t. However, F(t) must become infinity in a 
finite time. This is a contradiction. Thus the maximal interval (0, T+) must 
be finite. Therefore we have completed the proof of the blow-up. □ 
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Appendix 

Here we prove the inequality (3.15). It is convenient to use the spherically 
symmetric Paley-Littlewood dyadic decompositions which are defined in the 
following way. Let t/1 E C0 (Rn) be spherically symmetric with Os t/J s 1, 
t/J(x) = 1 for lxl s 1 and t/J(x) = 0 for lxl 2 2. Define radial functions <p0 (x) = 

t/J(x) - t/J(2x) and rp1(x) = <p0 (2-lx) for j = ±l, ±2,.... Then it is easily seen 
that supp<p1 c {xE Rn 121- 1 s lxl s 21+1}, <p1 s 1 and 

00 

L <p1(x) = 1 for lxl > 0. 
j=-00 

In this sum there are at most two nonvanishing terms for every lxl. It is easy 
to observe that we get for j = ±l, ±2, ... 

1 n 
-<s<-
2 2 

by proceeding in the same way that the inequality (2.45) in Li-Zhou [14] 
is obtained. In this inequality the constant C is completely independent of 
j. Recall that in the sum of ( *) there are at most two nonvanishing 
terms. Thus for every r > 0 we can choose j such that r( E supp <pl and 
<p1(r() 2 1/2 for all ( E sn-1. Since 21- 1 s lxl s 21+1 on supp<p1, the inequality 

rn/Z-sllv(r·)llu(s"-1) s Cllvllk, holds with the constant C independent of r. 
This immediately implies (3.15). □ 
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